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Abstract

The computability-theoretic and reverse mathematical aspects of various combinatorial principles, such as
Konig’s Lemma and Ramsey’s Theorem, have received a great deal of attention and are active areas of
research. We carry on this study of effective combinatorics by analyzing various partition theorems (such as
Ramsey’s Theorem) with the aim of understanding the complexity of solutions to computable instances in
terms of the Turing degrees and the arithmetical hierarchy.

Our main focus is the study of the effective content of two partition theorems allowing infinitely many col-
ors: the Canonical Ramsey Theorem of Erdos and Rado, and the Regressive Function Theorem of Kanamori
and McAloon. Our results on the complexity of solutions rely heavily on a new, purely inductive, proof
of the Canonical Ramsey Theorem. This study unearths some interesting relationships between these two
partition theorems, Ramsey’s Theorem, and Konig’s Lemma, and these connections will be emphasized.

We also study Ramsey degrees, i.e. those Turing degrees which are able to compute homogeneous sets for
every computable 2-coloring of pairs of natural numbers, in an attempt to further understand the effective
content of Ramsey’s Theorem for exponent 2. We establish some new results about these degrees, and obtain

as a corollary the nonexistence of a “universal” computable 2-coloring of pairs of natural numbers.
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Chapter 1

Introduction

1.1 Logic and Combinatorics

The connections between mathematical logic and combinatorics have a rich history. This dissertation focuses
on one aspect of this relationship: understanding the strength, measured using the tools of computability
theory and reverse mathematics, of various partition theorems. To set the stage, recall two of the most
fundamental combinatorial principles, Ramsey’s Theorem and Konig’s Lemma. We denote the set of natural

numbers by w and use the notation [A]™ to denote the set of subsets of A of size n.

e Ramsey’s Theorem [23]: For every n,p > 1 and every f: [w]™ — p, there exists an infinite H C w

such that f is constant on [H]|™. An H such that f is constant on [H]" is called homogeneous for f.

e Ko6nig’s Lemma: Every infinite bounded tree has a branch.

Konig’s Lemma and Ramsey’s Theorem are intimately related, as several proofs of partition theorems
in set theory (such as Ramsey’s Theorem) utilize paths through trees, and vice-versa. In the realm of large
cardinals, those cardinals on which the appropriate analogue of Ramsey’s Theorem hold are exactly those
on which the appropriate analogue of Konig’s Lemma hold (see [16, Theorem 7.8]).

Another interesting thread in the investigation of the logical strength of partition theorems is the use
of infinitary methods to prove finite combinatorial results. One can use Ramsey’s Theorem together with
Konig’s Lemma to derive the finite version of Ramsey’s Theorem. This may seem like a curiosity since
the finite version of Ramsey’s Theorem can be proved using nothing but basic finite combinatorics, but
the connection runs more deeply. In 1977, Paris and Harrington [21] proved that a natural finite partition
theorem stronger than the finite version of Ramsey’s Theorem is true but not provable in Peano Arithmetic,
an important system which seems to correspond to our notion of finitary proof. Hence, any proof of this finite

combinatorial result needs, in a precise sense, to use infinite sets. More recently, Kanamori and McAloon



[17] found another, perhaps more natural, finite partition theorem about regressive functions which is true

but not provable in Peano Arithmetic.

Our interest is in the effective content of partition theorems such as Ramsey’s Theorem. For example,
we may ask whether every computable f: [w]?> — 2 must have a computable homogeneous set. If the answer
is negative, we may wonder about the complexity of homogeneous sets for computable f: [w]?> — 2 as
measured using the tools of computability theory, such as the Turing degrees and the arithmetic hierarchy.
From a related but distinctly different perspective, we may seek to understand the strength of set existence
axioms inherent in Ramsey’s Theorem, as measured by tools of reverse mathematics. We might expect that
the above mentioned relationship between partitions theorems and Konig’s Lemma manifests itself in their

corresponding computability-theoretic or reverse mathematical strengths.

In Chapter 2, we begin by discussing the various combinatorial principles that play a key role in this
dissertation. We give proofs of Konig’s Lemma and Ramsey’s Theorem which will be relevant to later
chapters, and summarize known results about the computability-theoretic and reverse mathematical strength

of these principles. We also introduce the Canonical Ramsey Theorem and the Regressive Function Theorem.

In Chapter 3, we analyze the Canonical Ramsey Theorem, a generalization of Ramsey’s Theorem due to
Erdos and Rado in which the number of colors need not be finite. Known proofs of this result make use of
Ramsey’s Theorem (using Ramsey’s Theorem for exponent 2n to obtain the Canonical Ramsey Theorem for
exponent n), but we give a new purely inductive proof. Analyzing this proof, we provide upper bounds on

the Turing degrees and position in the arithmetical hierarchy of canonical sets for computable partitions.

In Chapter 4, we analyze the Regressive Function Theorem of Kanamori and McAloon, whose finitary
version was mentioned above. This result is an easy consequence of the Canonical Ramsey Theorem, so
results on the Turing degrees and position in the arithmetical hierarchy of solutions for computable regressive
functions give lower bounds for the Canonical Ramsey Theorem, aside from having intrinsic interest. We

succeed in giving a sharp characterization of solutions for computable regressive functions for all exponents.

In Chapter 5, we study (s-)Ramsey degrees, i.e. those Turing degrees which are able to compute infinite
homogeneous sets for computable (stable) f: [w]?> — 2. We show that these degrees are meager and have
measure 0. We also improve various known results, and show that there is no “universal” computable
partition, in contrast to the situation for Weak Konig’s Lemma, the Canonical Ramsey Theorem, and the
Regressive Function Theorem.

In Chapter 6, we study generalized notions of cohesiveness. Hummel and Jockusch studied higher ana-
logues of cohesiveness for Ramsey’s Theorem, and we initiate a study of analogues of cohesivness for the

Canonical Ramsey Theorem and the Regressive Function Theorem.



In Chapter 7, we study the above partition theorems from the viewpoint of reverse mathematics. We

show that many of the above principles are equivalent to ACAy over RCAg, but a few special cases arise when

considering exponent 1 and when quantifying over all exponents.

1.2 Notation and Conventions

We record here the notation and conventions that will be used throughout the dissertation.

Notation 1.2.1.

(1)

(10)

(11)

w denotes the set of natural numbers and P(w) denotes the set of subsets of w. If we are working in a
model M of a subsystem of second-order arithmetic, we let N denote the set of natural numbers in the

sense of 9.
We identify each n € w with its set of predecessors, so n = {0,1,...,n —1}.
a,b,c,de i, j.k,lmmn,p,q,rstaf,. .. will denote elements of w (and sometimes —1).

x,Y,2,u,. .. will denote finite subsets of w. We identify a finite subset of w of size n with the n-tuple

listing = in increasing order. When dealing with 1-element sets, we identify a and {a}.
XY Z ST, .. will denote subsets of w.

A,B,C,H,I,J,M,V,... will denote infinite subsets of w.

Given X C w, let X<% be the set of finite strings of elements of X.

0,T,... will denote elements of w<*. The empty string is denoted by e. We identify a € w with the

corresponding string in w<* of length 1.
D.FM,OU, ... will denote subsets of P(w).

If z is a finite subset of w of size n, and i < n, we denote the (i + 1)t element of x, in increasing order,

by x(7).

Suppose that 0,7 € w<¥. We write ¢ C 7 to mean that 7 extends o, and we let o * 7 be the
concatenation of o and 7. We let |o| be the length of . If i < |o|, we let () be the (i + 1)5* element
of .

We identify each X C w with its characteristic function, and hence we identify P(w) with 2¢.

3



o€ an C w, we write 0 C to mean that (the characteristic function o extends o.
13) If 2<% and X i X h he ch istic f i ) X d
(14) If 0 € 2<%, we let Z(0) = {X Cw: 0 C X} be the basic open neighborhood of 2¢ determined by o.

(15) Suppose X,Y Cw. Let X\Y ={a€w:a€ X anda ¢ Y}, and let X = w\X. Let X @Y be the set
Z C w defined by Z(2n) = X(n) and Z(2n+ 1) =Y (n).

(16) Suppose that X,V C w. We write X C* Y to mean that X\Y is finite. We write X =* Y to mean

that X C*Y and Y C* X.
(17) Given Z Cw and n > 1, we let [Z]" ={a C Z : |z| = n}.

(18) If x C w is finite and a € w, we write < a if a is greater than every element of z. If x C w is finite

and Z C w is nonempty, we write < Z if every element of z is less than every element of Z.

(19) Suppose that n > 1, B is infinite, f: [B]"*! — w, z € [B]", and a € B. When we write f(z,a), we
implicitly assume that z < a, and we let f(z,a) = f(z U {a}). Also, if n =1 and a,b € B, when we

write f(a,b), we implicitly assume that a < b, and we let f(a,b) = f({a,b}).
(20) Let (-) denote a fixed effective bijective function from w<* to w.

(21) Let ¢,i € w. Fix ag, a1,...,a,—1 € w such that ¢ = {(ag, a1,...,an_1). If i <n, we let (¢); = a;, and if

i >n, welet (¢); =0.
(22) Let {@e}ecw be an effective listing of the partial Turing functionals.
(23) a,b,c,... will denote Turing degrees.
(24) If X C w, we denote the Turing degree of X by deg(X).
(25) Let A be Lebesgue measure on 2¢.

(26) Given an infinite set A, let p4: w — w be the function defined by letting pa(n) be the (n+1)%" element

of A in increasing order.

We make use of the following ordering in several constructions.

n

Definition 1.2.2. For each n € w, we define a total ordering <,, of [w]™ as follows. For x,y € [w]™, we let

x <p y if and only if  # y and (i) < y(7), where i is the greatest integer less than n with x(7) # y(7).

Definition 1.2.3. Given p > 1, let m1: w X p — w denote the projection onto the first coordinate and

mo: w X p — p denote projection onto the second coordinate.



Chapter 2

Background and Motivation

Konig’s Lemma and Ramsey’s Theorem stand out as two of the most important and far-reaching combinato-
rial principles about w. There has been an extensive study of the strength of these combinatorial principles
using the tools of computability theory and reverse mathematics. From the viewpoint of computability
theory (see [29] for the necessary background information about computability theory), one may ask where
solutions to computable instances of these problems lie either in the Turing degrees or the arithmetical
hierarchy. Also, one may seek to classify the strength of these statements with respect to the reverse math-
ematics hierarchy (see [28] for the necessary background information about reverse mathematics). Before
embarking on our analysis of various partition theorems on w, we will discuss some of the known results for

Konig’s Lemma and Ramsey’s Theorem.

2.1 Effective Analysis of Konig’s Lemma

To analyze Konig’s Lemma, we first need a way to talk about trees. For our purposes, it is important to

distinguish between arbitrary bounded trees and computably bounded trees.

Definition 2.1.1.
(1) A treeis a subset T of w<* such that forall c € T, if 7 € w<“ and 7 C o, then 7 € T.
(2) If T is a tree and S C T is also a tree, we say that S is a subtree of T.

(3) A tree T is bounded if there exists h: w — w such that for all 0 € T and k € w with |o| > k, we have

o(k) < h(k). If there exists such an h which is computable, we say that T is computably bounded.
(4) A branch of a tree T is a function f: w — w such that f [n € T for all n € w.

Theorem 2.1.2 (Ko6nig’s Lemma). FEvery infinite bounded tree has a branch.



Proof. Let T be an infinite tree and let h: w — w be such that o(k) < h(k) whenever 0 € T and |o| > k.
We define a sequence o9 C 01 C 09 C ... inductively such that o € w<“ and |o}| = k for all k € w. We
maintain the invariant that {7 € T : o5 C 7} is infinite. Let oy = € be the empty string. Suppose that we
have defined oy, and that {r € T : o, C 7} is infinite. If {7 € T : o), * a C 7} is finite for all a < h(k),
then {7 € T': 0x C 7} = {0k} UU,<py{7 € T : ok xa C 7} is finite, a contradiction. Thus, we may let
Ok+1 = 0 * a for the least a < h(k) such that {T € T : o), * @ C 7} is infinite.

Define f: w — w be letting f(k) = ox+1(k). Then f is a branch of T O

An effective analysis of Koénig’s Lemma depends on both the complexity of f and the complexity of the
bound. We will mostly be concerned with subtrees of 2<“ (that is, trees which are bounded by h(k) = 1). It
is straightforward to effectively code computably bounded computable trees by computable subtrees of 2<%,

so for our purposes there is no loss in restricting attention to the following case.
Corollary 2.1.3 (Weak Kénig’s Lemma). Every infinite subtree of 2<% has a branch.

A simple analysis of the proof of Konig’s Lemma shows that every computable infinite subtree of 2<%
has a 0”-computable branch. However, instead of asking whether the sets {7 € T : o, * a C 7} are infinite
(a 2-quantifier question), we may ask whether {7 € T : o, *a C 7 and |7| = m} is nonempty for every m (a

1-quantifier question due to the bound). This leads to the following:

Theorem 2.1.4 (Kreisel [18]). Every computable infinite subtree of 2<% has a 0'-computable branch.

Hence, every computable infinite subtree of 2<% has a AY branch.

Definition 2.1.5. Let a and b be Turing degrees. We write a > b to mean that every infinite b-computable

subtree of 2<% has an a-computable branch.

The notation a > b was introduced in Simpson [27], and many of the basic properties of this ordering can

be found there. The following well-known lemma gives some equivalent characterizations of this ordering.
Lemma 2.1.6 (Scott [25], Solovay). Let a and b be Turing degrees. The following are equivalent:

(1) a>b

(2) Every partial {0, 1}-valued b-computable function has a total a-computable extension.

(3) a is the degree of a complete extension of the theory of Peano Arithmetic with an additional unary
predicate symbol P, azioms P(n) for alln € B and ~P(n) for alln ¢ B (where B is a fized set in b),

and induction axioms for formulas involving P.



Using the existence of a computable tree in which the branches code complete extensions of Peano

Arithmetic, it follows that there is a “universal” computable subtree of 2<%,

Corollary 2.1.7. There exists an infinite computable subtree T of 2<% such that given any branch Br of

T, and any infinite computable subtree S of 2<%, there exists a branch Bg of S such that Bs <t Br.

It has long been known that there is a computable infinite subtree of 2<“ with no computable branch.
Relativizing this and Theorem 2.1.4, it follows that a > b’ — a > b — a > b. In [15], Jockusch and Soare

established the following strengthening of Theorem 2.1.4.
Theorem 2.1.8 (Low Basis Theorem [15, Theorem 2.1]). There exists a > 0 with a’ = 0.
Jockusch and Soare also established the following cone avoidance theorem.

Theorem 2.1.9 (Jockusch and Soare [15, Theorem 2.5]). Suppose that {by}re. is a family of nonzero

degrees. There exists a > 0 such that by, £ a for all k € w.

In terms of reverse mathematics, the existence of a computable infinite subtree of 2<% with no computable
branch implies that Weak Konig’s Lemma is not provable in RCAg. Combining the axioms of RCAy with

Weak Konig’s Lemma gives the important system WKLg.

2.2 Effective Analysis of Ramsey’s Theorem

Definition 2.2.1.

(1) Suppose that n,p > 1, B C w is infinite, and f: [B]™ — p. Such an f is called a p-coloring of [B]™ and
n is called the ezponent. We say that a set H C B is homogeneous for f if H is infinite and f(z) = f(y)
for all z,y € [B]".

(2) Suppose that n,p > 1, B C w is infinite, and f: [B]"™! — p. We say that a pair (4, g), where A C B

n

is infinite and g: [A]™ — p, is a prehomogeneous pair for f if f(x,a) = g(x) for all € [A]™ and all

a € A with z < a.

Theorem 2.2.2 (Ramsey’s Theorem [23]). Suppose that n,p > 1, B C w is infinite, and f: [B]" — p.

There exists a set homogeneous for f.

Specker [30] was the first to analyze the effective content of Ramsey’s Theorem, and he showed that there
exists a computable f: [w]? — 2 with no computable homogeneous set. Before discussing further bounds on

the complexity of homogeneous sets, we first give a few proofs of Ramsey’s Theorem.
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Our proofs of Ramsey’s Theorem break down into the following three steps, and differ only in their proofs

of (1):
(1) Given f: [B]"*! — p, construct a prehomogeneous pair (4, g) for f.
(2) Apply induction to g: [A]" — p.
(3) Show that any set homogeneous for g is homogeneous for f.
Before proving the existence of prehomogeneous pairs, we first establish (3) to verify their utility.

Claim 2.2.3. Suppose that n,p > 1, B C w is infinite, f: [B]"T* — p, and (A, g) is a prehomogeneous pair

for f. If H C A is homogeneous for g, then H is homogeneous for f.

Proof. Let H C A be homogeneous for g. Let x,y € [H]|" and a,b € H with z < a and y < b. We have

f(z,a) = g(x) = g(y) = f(y,b), hence H is homogeneous for f. O

We next prove that prehomogeneous pairs exist. We give three proofs, because each of the techniques
are relevant for later constructions, and each can be used to provide a different computability-theoretic
analysis. To facilitate the constructions, we first define a notion of prehomogeneous triple which will provide

an approximation to a desired prehomogeneous pair.

Definition 2.2.4. Suppose that n,p > 1, B C w is infinite, and f: [B]"*! — p. We call a triple (2,1, g)
where z C B is finite, I C B is infinite, z < I, and g: [2]® — p, a prehomogeneous triple for f if for all

x € [z]" and all @ € zU T with = < a, we have f(x,a) = g(z).

Proposition 2.2.5. Suppose that n,p > 1, B C w is infinite, and f: [B]"*! — p. There exists a prehomo-

geneous pair (A, g) for f.

Proof 1. This proof is the most straightforward, and proceeds by repeatedly thinning down a set of candi-
dates to add to the prehomogeneous pair, while ensuring that this set of candidates is always infinite. We

inductively define a sequence (@, Im, gm)mew such that

e a, € B.

I, C B is infinite.

gm: [{a; 1 <m}™ —p.
i a0<a1<"'<am—1<am<ImgInL—1g"'gjlglo-

i gOgglg"'ggnL-



e ({a;:i <m}, Iy, gm) is a prehomogeneous triple for f.

We begin by letting a_y = —1, I_; = B, and g_; = 0.
Suppose that we have defined our sequence through stage m > —1. We first let a,,+1 = min(Zl,,),
I, = Ly —{am+1}, and gm41(x) = gm(x) for all € [{a; : ¢ < m}]™. List the elements of [{a; : i < m+1}]"

"N I =0, let Iyy1 = I, and gimi1 = G-

whose greatest element is a,,+1 as xg, 21, ...,%;—1, where [ = (n_

Otherwise, we proceed inductively through the zy, defining g,,+1(2x) and infinite sets Jy, J1, . .., J; such that
I, =Jy2Jy 2 D J; along the way. Let Jy = I/,,. Suppose that k < I, and we have defined Jj. Since Jj
is infinite, there exists ¢ < p such that there are infinitely many b € Jy with f(zx,b) = ¢. Fix the least such
q, and let gpy1(zk) = ¢ and Ji41 = {b € Ji : f(x,b) = ¢q}. Proceed to the next value of k < I, if it exists.

Once J; has been defined, let I,,,+1 = J;. One easily checks that the invariants are maintained. This
completes stage m + 1.

Finally, let A = {a,, : m € w} and g = |J,,c,, gm- Then (4, g) is a prehomogeneous pair for f. O

Proof 2. This proof makes use of an infinite bounded tree 7" in which the branches code prehomogeneous
pairs. Let B = {by < by < by < ...}. We first give an intuitive picture of the construction. We inductively
place the elements of B on a tree ordered by < in the following manner. To begin, put bg,bs,...,b,—1 on a
tree with by at the root and by < by < --- < b,_1. Suppose that we've placed b; for all ¢ < m. We now
work our way up the tree to place b,, as a new leaf. Start at node b,_;. If we're at node b;, look to see if
there is an immediate <-successor by to b; such that f(z,by) = f(x,by) for all € [{b; : b < b;}]™ whose
last element is b;. If so, move to node by and continue up the tree. Otherwise, place b,, as a new leaf with
bj < by,. Notice that a branch of this tree will code a prehomogeneous pair.

More precisely, we define a sequence {7}, }mew Of trees and a sequence {£,, }me. of functions such that
o T, Cw<¥.

e IhChhCT,C....

o |T,| =m.

o Uy Ty, — B with range(£,,) = {b; : i < m}

o (0 Cli ClC...

Given o € T,,,, we think of ¢,,(c) as a label from B for the node o € T,,. We initially define T,, and ¢,
for all m < n. For k € w, let 0* be the string of k zeros. Given m < n, let T,,, = {0* : k < m} and let

L0 (0F) = by, for all k < m.



Suppose that m > n, and we have defined T, and £,,. Let £, 11(7) = £, (7) for all 7 € T,,,. Define
a sequence of elements of T, inductively as follows. For k with 0 < k < n, let o, = 0*. Suppose
that k > n — 1 and we have defined o; for all ¢« < k. List the elements of [{,(00),lm(01),- -, lm(ok)]™
whose last element is ¢,,(0%) as o <, 1 <n -+ <n Z;—1 (recall Definition 1.2.2) where [ = (nfl) Let
¢ = (f(zo,bm), f(@1,bm), ..., f(Ti—1,bm)). If o xc € T)p, let oxy1 = ok * ¢ and continue the induction.
Otherwise, let Ty,41 = Ton U {0k * ¢}, and let £,,,41(0g * ¢) = b,,. Notice that the induction must stop at
some finite stage because |T;,,| = m.

Let T = T and £ = | L. Now T is an infinite tree and is bounded by h: w — w defined

mew mew ~Mm

by h(k) = max({0} U {{ao,a1,...,a1-1) : Il = (nlfl) and a; < p whenever 1 < ¢ <[}). By Konig’s Lemma,
T has a branch f. For each k € w, let o, = f [ k. Let A = {l(ok) : k € w} and define g: [A]" — p as
follows. Suppose that k1 < kg < -+ < k,, in w. List the elements of [{(0),¥(01),4(02),...,L(ok,)]"™ whose
last element is £(oy,) as 2o <n 1 <p -+ <n 2j—1, and fix i < such that x; = {€(ox,), l(0k,),- -, (oK, )}-

Let g(l(ok,),l(0ky)y .-, €(0k,)) = (0k,+1)i- Then (A, g) is a prehomogeneous pair for f. O

Proof 8. This proof is similar to the first, but we make use of an ultrafilter to guide our inductive construction.

Let U be a nonprincipal ultrafilter on w with B € U, i.e. Y C P(w) such that
e Beldand ) ¢ U.

e Forall XY e Plw),f X €eld and X CY, then Y € Y.

For all XY € U, we have X NY € U.

For all X € P(w), either X € U or X € U.

e For all cofinite X € P(w), we have X € U.
We inductively define a sequence (@, Im, gm)mew such that
e a,, €B.
e [, CBandlI, eU.
® gm: [{a; : i <m}]™ — p.
e pp<a1 < - <apm1<an<Il,Cl, 1C---CI Clj.

® 90E91C - C Gm-

({a; : i <m}, I, gm) is a prehomogeneous triple for f.
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We begin by letting a_1 = —1, I_y = B, and g_; = 0.

Suppose that we have defined our sequence through stage m > —1. We first let a1 = min(l,),
Il = I, — {am+1}, and gmy1(z) = gm(x) for all = € [{a; : i <m}]|™. Let F be the set of those elements of
[{a; : i < m+ 1}]™ whose last element is ap,1. If F =0, let I,11 = I/, and gmi1 = gm. Suppose F # 0.
For each z € F, there is exactly one ¢ < p such that Z,, = {b € I], : f(z,p) = q} € U (since I}, € U,
Uq<p Zyq=1,, and Z, ;N Z, , = ) whenever ¢,r < p with g # r). For each z € F, let ¢, be the unique ¢
with Z, o € U. Let Ii1 = (\,cr Zu,q., and notice that I,,11 € U. For each x € F, let gyy1(x) = ¢ One
easily checks that ({a; : 4 <m+ 1}, I;41,gm+1) is a prehomogeneous triple for f.

Finally, let A ={a;, :m € w} and g = Then (A4, g) is a prehomogeneous pair for f. O

mew m-

We finally give a proof of Ramsey’s Theorem.

Proof of Theorem 2.2.2. The proof is by induction on n. Suppose that n = 1 so that we have f: [B]! — p.
Since B is infinite and p € w, there exists ¢ < p such that the set A, = {b € B : f(b) = ¢} is infinite. Notice
that A, is homogeneous for any such g.

Suppose that the theorem holds for n, and we are given f: [B]"™' — p. By Proposition 2.2.5, there exists
a prehomogeneous pair (A,g) for f. Applying the inductive hypothesis to g, there exists H C A which is

homogeneous for g. By Claim 2.2.3, H is homogeneous for f. O

Examining the above proofs, we see that the key feature in analyzing the computability-theoretic com-
plexity of homogeneous sets resides in the complexity of prehomogeneous pairs for computable f. A simple
analysis of the first proof shows that if B and f are computable, then there is a prehomogeneous pair (4, g)
for f such that deg(A @ g) < 0”. By applying induction and relativizing, we get the result that if B C w
is infinite and computable, and f: [B]™ — p is computable, then there is a homogeneous set H for f with
deg(H) < 0?"2), However, an analysis of the second proof shows that if B and f are computable, then the
tree T constructed is 0’-computable and computably bounded, so we get the following better result (using

the Low Basis Theorem relative to 0’ for the last statement).

Proposition 2.2.6. Suppose that n,p > 1, B C w is infinite and computable, f: [B]" T — p is computable,
and a > 0'. There exists a prehomogeneous pair (A, g) for f such that deg(A @ g) < a. In particular, there

exists a prehomogeneous pair (A, g) for f such that deg(A @ g)’ < 0”
If we apply induction and relativize, we conclude the following.

Theorem 2.2.7 (Jockusch [12, Theorem 5.6]). Suppose that n > 2, p > 1, B C w is infinite and

n

computable, f: [w]™ — p is computable, and a > 0"~V There exists a homogeneous set H for f such that

deg(H) < a.
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To analyze the third proof, we need to replace the ultrafilter by another object which plays a similar role.

Definition 2.2.8. A set V C w is r-cohesive if V' is infinite and for every computable set Z, either V N Z is

finite or V N Z is finite.

The following easy claim establishes the usefulness of r-cohesive sets in our context, by characterizing

them as the infinite sets which are homogeneous, modulo finite sets, for all computable f: [w]! — p.
Claim 2.2.9. Let V be an infinite set. The following are equivalent:

(1) V is r-cohesive.

(2) For every computable f: [w]* — 2, there exists a finite 2 C w such that V\z is homogeneous for f.

(3) For every p > 2 and every computable f: [w]' — p, there exists a finite = C w such that V\z is

homogeneous for f.

To see how r-cohesive sets can play a role analogous to the ultrafilter in Proof 3 above, suppose that V C B
is r-cohesive and f: [B]"™! — pis computable. Given x € [B]" and ¢ < p, theset Z, , = {b € B : f(x,b) = ¢}
is computable, so either either V N Z, , is finite or V' ﬂfq is finite. Applying this for each g < p, it follows
that there exists a unique ¢ < p such that V' N Z,q is finite. Thus, the r-cohesive set guides our inductive
construction like the ultrafilter does in Proof 3 of Theorem 2.2.5.

Jockusch and Stephan [9] (see also [10] for a correction) characterized the Turing degrees of jumps of

r-cohesive sets.

Theorem 2.2.10 (Jockusch and Stephan [9, Theorem 2.2(ii)]). Suppose that a > 0'. There erists

an r-cohesive set V' such that deg(V)' < a. Furthermore, every r-cohesive set V satisfies deg(V) > 0’.

Using this result and a suitable r-cohesive set in place of the ultrafilter in Proof 3 above gives another
proof of Proposition 2.2.6. However, by a much more detailed analysis of this approach when n = 2, Cholak,

Jockusch, and Slaman improved this by a jump.

Theorem 2.2.11 (Cholak, Jockusch, Slaman [1, essentially Lemma 4.6]). Suppose p > 1, B Cw is
infinite and computable, f: [B]?> — p is computable, and a > 0'. There exists a homogeneous set H for f

such that deg(H)' < a.

In an interesting reversal of the role of cohesiveness, Cholak, Jockusch, and Slaman also established that
there exists a computable f: [w]? — 2 such that all homogeneous sets satisfy a cohesiveness property slightly

weaker than that for r-cohesive sets.
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Definition 2.2.12. A set V C w is p-cohesive if V' is infinite and for every primitive recursive set Z, either

V N Z is finite or V N Z is finite.

Proposition 2.2.13 (Cholak, Jockusch, Slaman [1, Theorem 12.5]). There exists a computable

f: [w]? — 2 such that every set homogeneous for f is p-cohesive.
Jockusch and Stephan [9] also characterized the Turing degrees of p-cohesive sets.

Theorem 2.2.14 (Jockusch and Stephan [9, Theorem 2.1]). For every degree a, a is p-cohesive if

and only if a’ > 0'.

Combining Theorem 2.2.14 and Proposition 2.2.13, we get the following corollary showing that Theorem
2.2.11 is sharp.

Corollary 2.2.15. There exists a computable f: [w]?> — 2 such that deg(H)' > 0’ for all sets H homogeneous
for f.

Therefore, as remarked on pp. 50-51 of [1], we get a corollary about Ramsey’s Theorem for exponent 2

similar to Corollary 2.1.7 about Kénig’s Lemma with “jump universal” in place of “universal”.

Corollary 2.2.16. There exists a computable f: [w]*> — 2 such that that given any set Hy homogeneous for

[, and any computabdle g: [w]* — 2, there exists a set Hy homogeneous for g with H,, <p Hj.

Another fundamental step in understanding the strength of Ramsey’s Theorem for exponent 2 was taken
by Seetapun, who proved the following cone avoidance theorem, hence establishing that is impossible to code

anything into homogeneous sets for a computable f: [w]?> — p.

Theorem 2.2.17 (Seetapun [26]). Suppose that p > 1, B C w is infinite and computable, f: [B]> — p is
computable and {by}recw is a family of nonzero degrees. There exists a set H homogeneous for [ such that

by & deg(H) for all k € w.

In contrast, the following two propositions show that the halting problem can be coded into the homoge-
neous sets of a computable f: [w]?> — 2 and a c.e. f: [w]> — 2. They will play important roles in the coding

techniques used throughout this dissertation.

Proposition 2.2.18 (Jockusch [12, Lemma 5.9]). For everyn > 3, there exists a computable h: [w]™ — 2
such that for all sets H homogeneous for h, we have h([H])?) = {0} and H > 0(»=2),

Proposition 2.2.19 (Jockusch and Hummel [8, Lemma 3.7]). There exists a c.e. h: [w]?> — 2 (that
is, {z € [w]? : h(x) = 1} is c.e.) such that for all sets H homogeneous for h, we have h([H]?) = {0} and
H>r0.
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We first show how we can use a relativization of Proposition 2.2.18 together with the Limit Lemma to
lift results for exponent 2 to higher exponents. We state the theorem in relativized form to facilitate the

inductive proof.

Proposition 2.2.20. Suppose that X Cw, n > 2, p > 1, B C w is infinite and X -computable, f: [B]" — p
is X -computable, and a > deg(X)"~1). There exists a homogeneous set H for f such that deg(H)' < a.
Furthermore, for every X C w and every n > 2, there exists an X -computable f: [w]™ — 3 such that for all

sets H homogeneous for f, we have deg(H ® X) > deg(X)"~2) and deg(H © X)' > deg(X)"~ 1.

Proof. We prove the first statement by induction on n. The case n = 2 follows by relativizing Theorem 2.2.11.
Suppose that n > 2 and the result holds for n. Suppose that B and f: [B]"*! — p are X-computable, and
a > deg(X)(™. Relativizing Proposition 2.2.6 to X, there exists a prehomogeneous pair (A, g) for f with

n

deg(A®g)’ < deg(X)”. By the inductive hypothesis, there exists a set H homogeneous for g: [4]" — p with
deg(H)" < a since a > deg(X)™ = deg(X")"=2) > (deg(A @ g)")"?) = deg(A ® ¢g)"~ Y. By Claim 2.2.3,
H is homogeneous for f.

We prove the second part of the proposition in following strong form. For every X C w and every
n > 2, there exists an X-computable f: [w]™ — 3 such that for all sets H homogeneous for f, we have
FH]™) # {2}, deg(H @ X) > deg(X)™ 2 and deg(H @ X)' > deg(X)™ V. The case n = 2 follows
by relativizing Corollary 2.2.15. Suppose that n > 2 and the result holds for n. Fix an X’-computable
g: [w]™ — 3 such that for all sets H homogeneous for g, we have g([H]") # {2}, deg(H & X') > deg(X )1
and deg(H @ X')' > deg(X)™. By the Limit Lemma, there is an X-computable g; : [w]"*' — 3 such that
g(x) = limg g1 (z, s) for all z € [w]™. Notice that if H homogeneous for g1, then H is homogeneous for g. By
Proposition 2.2.18 relativized to X and the fact that n+1 > 3, there exists an X-computable h: [w]" T — 2
such that for all infinite sets H homogeneous for h, we have h([H]?) = {0} and H @& X >7 X’'. Define an
X-computable f: [w]"t! — 3 by

g1(y) ifh(y) =0
fly) =
2 ifh(y) =1

Suppose that H is homogeneous for f. If f([H]"™!) = {2}, then for all y € [H|"*!, either h(y) = 1 or
g1(y) = 2. By Ramsey’s Theorem applied to the function h | [H]"™1 : [H]*T! — 2, there exists an infinite
set I C H such that either h([I]"*1) = {1} or h([I]"!) = {0}, and hence g; ([I]"*!) = {2}, both of which
are impossible. Therefore, f([H]"™!) # {2}, and hence H is homogeneous for both h and g;. Since H is

homogeneous for h, we have H® X >p X'. Since every set homogeneous for g; is also homogeneous for g, we

have g1 ([H]") # {2}, deg(H @ X') > deg(X)™ Y and deg(H @ X')’ > deg(X)™. Hence, f([H]"!) # {2},
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deg(H @ X) > deg(H @ X') > deg(X)™ 1 and deg(H @ X)' > deg(H ® X')" > deg(X)™). O

The following question of whether we can replace the 3-coloring from the previous proposition by a

2-coloring is open.

Question 2.2.21. For each n > 3, does there exist a computable f: [w]™ — 2 such that for all sets H

homogeneous for f, we have deg(H) > 0"=2) and deg(H)' > 0(»~1) 2

Jockusch also characterized the location of homogeneous sets for computable f in the arithmetical hier-

archy.

Theorem 2.2.22 (Jockusch [12, Theorem 5.1, Theorem 5.5]). Suppose that n,p > 2, B C w is infinite
and computable, and f: [B]" — p is computable. There ezists a 11 homogeneous set for f. Furthermore,

n

or each n > 2, there exists a computable f: [w]" — 2 with no X0 set homogeneous for f.
n g

We give a proof of the first part of this theorem in the case n = 2, as it will be useful to refer to when

we generalize it in Chapter 3.

Proof. Suppose that n = 2, p > 2, B is computable, and f: [B]> — p is computable. We seek to build a
prehomogeneous pair (4, g) such that A = {ag < a; < az < ...} is I3 by using a 0’-oracle to enumerate its
complement. We imitate Proof 1 of Theorem 2.2.5 above, but we must be careful to avoid the 2-quantifier
question of whether certain sets are infinite. Hence, when building our set, we ask only 1-quantifier questions
which give approximate answers to whether certain sets are infinite. Of course, we can be misled, but our
approximations will eventually be correct and we can discard progress that has been made along tainted
paths.

The construction is a movable marker construction using a 0’-oracle. We denote by af the position of
the (i + 1)%* marker A; at the beginning of stage s. At the beginning of each stage s, we will have a number
n® such that the markers currently having a position are exactly the A; for i < n®; and for each i < n®, we
will have a number ¢, representing the current approximation to g(af). Let 8° be the greatest position of
any marker up to stage s (8° = 0 if s = 0). Given these and k < n®, we say that a number b is k-acceptable

at s if
e be B.
o b> %

e Forall i <k, f(af,b) = ¢.
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Construction: First set n® = 0. Stage s > 0: Assume inductively that we have n® such that the markers
currently having a position are exactly the A; for i < n®, along with ¢§ for all i < n°. Enumerate into A all
numbers b < * such that b # af for all i < n®. Using a 0’-oracle, let k* be the largest k < n® such that
there exists a number which is k-acceptable at s. Note that k® exists because every sufficiently large element
of B is 0-acceptable at s.

Case 1: k* = n°: Set n°*T! = n® +1 and place the marker A,s on the least k*-acceptable number. Leave
all markers A; with ¢ < n® in place, and let qf“ = ¢ for all i < n®. Also, let ¢5I' = 0. (Place a new marker,
and give it the first color.)

Case 2: k° < n®: Set n*t! = k% + 1 and detach all markers A; with k% < ¢ < n®. Leave all markers A;
with ¢ < k° in place and let qf“ = ¢; for all i < k®. Also, let q,‘Zjl = ¢j. + 1. (Discard mistakes and move

to the next color.)

End Construction.

Claim 2.2.23. For all k € w, each limit limg aj and lim, g exists, so we may define ar = lim,aj, and

qr = lim, gj,. Furthermore q;, < p for all k € w.

Proof. We proceed by induction. We assume that the Claim is true for all ¢ < k and prove it for k. Let ¢ be
the least stage such that for all ¢ < k and all s > ¢, we have a] = a;, and ¢] = ¢;. At stage t, the marker Ay
is placed on a number b via Case 1 of the construction, so n'™* = k + 1. Since each of a$ and ¢} for i < k
have come to their limits, we must have k° > k and hence n® > k+ 1 for all s > ¢ by construction (because if
s >t is least such that k* < k, then we enter Case 2, so ¢, changes). Therefore, by construction, we never
again move the marker Ay, so aj = a}iﬂ for all s >t + 1 and we may let a = lim, aj,.

We now show that lim, ¢; exists by showing that there are at most p — 1 stages s > ¢ such that £° = k.
This suffices, because ¢; increases by 1 only at such s. Suppose then that there exists p stages s > ¢ such
that k* = k. For each ¢ < p, there is a unique s, > ¢ such that qzq = q, and k°7 = k. Given any ¢q < p, since
k®« = k, there are no numbers which are (k + 1)-acceptable at s,. Let r = max{s, : ¢ < p}, and let b be
the least number which is k-acceptable at r (such a number exists because otherwise we have k" < k, which
we know is not true). If we let ¢ = f(ag,b), then b is (k + 1)-acceptable at s, (since §% < 3" as s, < 1),
contradicting the fact that no number is (k + 1)-acceptable at s,. It follows that there are at most p — 1

stages s > t such that k° = k, so the proof of the Claim is complete. O

Claim 2.2.24. Let q < p be least such that {k : qi = q} is infinite. Then H = {ay : q. = q} is a 113

homogeneous set for f.
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Proof. To see that H is I13, perform the above construction, with the additional action of enumerating the
number aj. at stage s if ¢j. > ¢. Then a; is not enumerated if and only if g5 < ¢. Since {ay : qx < ¢} is
finite, it follows (by removing this finite set) that H is II3. Suppose that i < j and a;,a; € H. Let s be least
such that a} = a;. By construction, a; was (i + 1)-acceptable at s, hence f(ai,a;) = ¢; = g. It follows that

H is a I19 homogeneous set for f. O
O

In terms of reverse mathematics, for each exponent n > 3, Ramsey’s Theorem for exponent n is equivalent
to ACAg over RCAq (see [28]). The reverse mathematical strength of Ramsey Theorem for exponent 2 is
still somewhat mysterious, although [1] has considerably clarified the issue. It follows from the Low Basis
Theorem and Theorem 2.2.22 that WKLy does not imply Ramsey’s Theorem for exponent 2. By using
Theorem 2.2.17, Seetapun proved that Ramsey’s Theorem for exponent 2 does not imply ACAy over RCA,
hence Ramsey’s Theorem for exponent 2 is not equivalent to any of the usual systems of reverse mathematics

over RCAy.

2.3 The Canonical Ramsey Theorem

In Chapter 3, we study analogous questions for the Canonical Ramsey Theorem, a partition theorem due to
Erdés and Rado about functions f: [w]™ — w, i.e. colorings with infinitely many colors. Of course, we can

not expect to always have homogeneous sets, as witnessed by the following simple functions f: [w]? — w:
(1) fla,b) =a
(2) fla,b) =b
3) f(a,b) = (a,b)

However, the Canonical Ramsey Theorem for exponent 2 says that given any f: [w]?> — w, there exists an
infinite set C' C w which either is homogeneous, or on which f behaves like one of the above functions.

Precisely, given any f: [w]? — w, there exists an infinite C' such that either
(1) For all ay,by,as,bs € C with a1 < by and as < ba, we have f(a1,b1) = f(az,b2).
(2) For all aq,by,as,be € C with a1 < by and as < be, we have f(a1,b1) = f(az,b2) < a1 = as.
(3) For all ay,b1,a2,bs € C with a1 < by and as < ba, we have f(aj,b1) = f(az,b2) < by = bs.

(4) For all a1,by,as,bs € C with a; < by and as < by, we have f(ay,b1) = f(az,b2) < a1 = az and by = bs.
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In the general case of an f: [w]™ — w, we get 2™ different possibilities.

Definition 2.3.1. Suppose that n > 1, B C w is infinite, f: [B]" — w, and u C n. We say that a set C C B
is u-canonical for f if C is infinite and for all 21, x9 € [C]™, we have f(z1) = f(z2) < 21 [ u =22 [ u. We

say that a set C' C B is canonical for f if there exists u C n such that C' is u-canonical for f.

Theorem 2.3.2 (Canonical Ramsey Theorem [4]). Suppose that n > 1, B C w is infinite, and

f:[B]™ = w. There exists C C B canonical for f.
Ramsey’s Theorem is an immediate consequence of The Canonical Ramsey Theorem.

Claim 2.3.3. Suppose that n,p > 1, B C w is infinite, and f: [B]™ — p. If C C B is canonical for f, then

C' is homogeneous for f.

Proof. Suppose that C' C B is u-canonical for f, where u C n. Suppose that there exists ¢ < n such that
i € u. Fix zj, € [C]" for all k € w such that g < 1 < 22 < .... For any j, k € w with j # k, we have
xj [ u # xp | u, hence f(x;) # f(xr). This contradicts the fact that f(xx) < p for each k € w. It follows

that there is no ¢ < n such that ¢ € u, so u = (). Therefore, C is homogeneous for f. O

In the original inductive proof of the Canonical Ramsey Theorem (see [4]), in order to prove the result
for exponent n > 2, Erdés and Rado used Ramsey’s Theorem for exponent 2n together with the Canonical
Ramsey Theorem for exponent n—1. Using Theorem 2.2.22, an effective analysis of their proof gives the result
that every computable f: [w]?> — w has a II{ canonical set. However, as n increases, the use of induction
causes the arithmetical bounds to grow on the order of n?. Rado [22] discovered a noninductive proof of
the Canonical Ramsey Theorem which still used Ramsey’s Theorem for exponent 2n to prove the result for
exponent n. An effective analysis of his proof shows that given n > 2 and a computable f: [w]™ — w, there
exists a AJ, | canonical set for f.

Below, we give a new, purely inductive proof of the Canonical Ramsey Theorem. Analyzing this proof,

we decrease the bounds:

Theorem 2.3.4. Suppose that n > 2 and f: [w]" — w is computable. There exists a 119, 5 set C' canonical
for f.

We also analyze the Turing degrees of canonical sets for computable colorings, and show a close connection

with the analysis of Kénig’s Lemma and Ramsey’s Theorem.

Theorem 2.3.5. Suppose that n > 2, a > 02"=3) and f: [w]® — w is computable. There exists C C w

such that C is canonical for f and deg(C) < a.
For n = 2, we show that the above bounds are sharp.
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2.4 The Regressive Function Theorem

As mentioned in Chapter 1, Paris and Harrington [21] discovered a partition theorem slightly stronger than
the finite version of Ramsey’s Theorem, and Kanamori and McAloon [17] provided another finitary partition
theorem, which is true but not provable in Peano Arithmetic. In Chapter 4, we analyze the infinitary version

of Kanamori and McAloon’s partition theorem from the viewpoint of computability theory.

Definition 2.4.1. Suppose that n > 1 and B C w is infinite. A function f: [B]" — w is regressive if for all

x € [B]", we have f(z) < min(z) whenever min(x) > 0, and f(x) = 0 whenever min(z) = 0.

Definition 2.4.2. Suppose that n > 1, B C w is infinite, and f: [B]™ — w is regressive. A set M C B is

minhomogeneous for f if M is infinite and for all z,y € [M]"™ with min(z) = min(y) we have f(z) = f(y).

Theorem 2.4.3 (Regressive Function Theorem [17]). Suppose that n > 1, B C w is infinite, and

f:[B]™ — w is regressive. There exists a minhomogeneous set for f.

The following claim shows that the Regressive Function Theorem is an immediate consequence of the

Canonical Ramsey Theorem.

Claim 2.4.4. Suppose that n > 1, B C w is infinite, and f: [B]™ — w is regressive. If C C B is canonical

for f, then C' is minhomogeneous for f.

Proof. If n = 1, then every infinite subset of w is minhomogeneous for f, so we may assume that n > 2.
Suppose that C' C B is u-canonical for f, where u C n. Suppose that there exists ¢ with 0 < 7 < n such that
i € u. Let ¢cg = min(C). Fix z; € [O]"~! for all k € w such that ¢y < 79 < 71 < 22 < .... For any j, k € w
with j # k, we have (co,z;) [ w # (co,zx) | w, hence f(co,x;) # f(co, ). This contradicts the fact that
f(co, k) < co for each k € w. Tt follows that there is no ¢ with 0 < ¢ < n such that ¢ € u, so either u =
or u = {0}. If w = @, then C is homogeneous for f, and hence minhomogeneous for f. If u = {0}, then for
all z,y € [C]™, we have f(z) = f(y) < = | {0} =y [ {0} < min(z) = min(y), so C' is minhomogeneous for
[ O

In Chapter 4, we analyze the Regressive Function Theorem, and establish a sharp characterization for
the location of minhomogeneous sets for computable f in terms of the Turing degrees and the arithmetical

hierarchy.

Theorem 2.4.5. Suppose that n > 2, f: [w]"® — w is computable and regressive, and a > 0"~V . There
exists a set M minhomogeneous for f such that deg(M) < a. Furthermore, for every n > 2, there exists a

computable regressive f: [w]® — w such that deg(M) > 0"~V for every set M minhomogeneous for f.
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Theorem 2.4.6. Suppose that n > 2 and f: [w]" — w is computable and regressive. There exists a 10

n

minhomogeneous set for f. Furthermore, for every n > 2, there exists a computable regressive f: [w]" — w

with no X% set minhomogeneous for f.

2.5 Summary

Putting together the characterizations of Turing degrees of solutions for computable instances of Konig’s

Lemma and the above partition theorems for exponent 2, we see a close connection.
Summary 2.5.1. Let a be a Turing degree. The following are equivalent:
(1) a> 0
(2) Every computable f: [w]?> — 2 has a homogeneous set H such that deg(H)' < a.
(3) Every computable regressive f: [w]?> — w has a minhomogeneous set M such that deg(M) < a.
(4) Every computable f: [w]?> — w has a canonical set C such that deg(C) < a.

For exponents n > 3, the Turing degrees characterizing the location of solutions for Ramsey’s Theorem
and the Regressive Function Theorem increase by one jump for each successive value of n, while our upper
bounds for solutions for the Canonical Ramsey Theorem increase by two jumps for each successive value of
n.

In terms of the arithmetical hierarchy, each of the above partition theorems for exponent 2 have IT3
solutions for computable instances, but not necessarily X9 solutions. For exponents n > 3 the location
of solutions for Ramsey’s Theorem and the Regressive Function Theorem increase by one jump for each
successive value of n, while our upper bounds for solutions for the Canonical Ramsey Theorem increase by

two jumps for each successive value of n.
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Chapter 3

The Canonical Ramsey Theorem and
Computability Theory

3.1 A New Proof

Our proof of the Canonical Ramsey Theorem is inductive and similar in broad outline to the proof of
Ramsey’s Theorem given in Chapter 2. The basic question is how to define a “precanonical pair” (A, g)
so that that we can carry out the same outline to prove the Canonical Ramsey Theorem. For simplicity,
consider a function f: [w]?> — w. We will enumerate A in increasing order as ag, ay, . ... We begin by letting
ap = 0. If there exists ¢ € w such that there are infinitely many b € w with f(ag,b) = ¢, then we can define
g(ap) = ¢, restrict attention to the set In = {b € w : f(ag,b) = ¢}, and after letting a; = min Iy, continue in
this fashion. In this case, we’ve made progress toward achieving a u-canonical set with 1 ¢ u, because if we
fix ag and vary b € Iy, we do not change the value of f. If we succeed infinitely many times in this manner
with a fixed ¢, then the corresponding elements form a (-canonical set, while if we succeed with infinitely
many different ¢ in this manner, then the corresponding elements form a {0}-canonical set. Notice that this
decision (one fixed ¢ versus infinitely many distinct ¢) amounts to finding a canonical set for exponent 1 for

g restricted to the set of successes.

The problem arises when for each ¢ € w, there are only finitely many b € w with f(ag,b) = c¢. Now we
must seek to make progress toward achieving a u-canonical set with 1 € u. We therefore let Iy = {b € w :
flap,b) # f(ag,b’) for all ¥’ < b}, so that if we fix ag and vary b € Iy, we always change the value of f. We
now want to let g(ag) be some new, infinitary color d distinct from each ¢ € w. Suppose that we then set
a1 = min Iy, and again are faced with the situation that for each ¢ € w, there are only finitely many b € I
with f(a1,b) = ¢. We first want to thin out Iy to an infinite set Ij so that f(a;,bo) = f(aj,b1) — bop = b1

whenever 0 < 4,5 < 1 and bg,b; € I} (which is possible by the assumption about ag,a;). This allows
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both ag and a; to be in the same wu-canonical set with 1 € u. Next, we need to assign an appropriate
infinitary color to g(ai) so that a canonical set for g will be an wu-canonical set for f. Thus, if the set
{beI}: f(ap,b) = f(a1,b)} is infinite, we let g(a1) = g(ap) and we let I; be this set. Otherwise we will set
g(a1) to a new infinitary color and let Iy = {b € I}, : f(ao,b) # f(a1,b)}. If we succeed infinitely many times
in this manner with a fixed infinitary color d, then the corresponding elements form a {1}-canonical set,
while if we succeed with infinitely many different d in this manner, then the corresponding elements form a
{0, 1}-canonical set. Notice again that this decision (one fixed d versus infinitely many distinct d) amounts
to finding a canonical set for exponent 1 for g restricted to those elements assigned infinitary colors.

In general, given f: [B]"*! — w, we can pursue the above strategy to get an infinite set A C B and a
function g: [A]" — w x 2, where we interpret each (¢,0) € w X 2 as a finitary color and each (d,1) € w x 2 as
an infinitary color. Now, before we can apply induction, it is important to thin out our set A to a set D so
that either g maps all elements of [D]™ to finitary colors, or g maps all elements of [D]™ to infinitary colors.
Of course, we can do this with a simple application of Ramsey’s Theorem for exponent n. Although this
strategy will succeed in proving the Canonical Ramsey Theorem, the use of Ramsey’s Theorem is costly to
an effective analysis. We therefore pursue a slightly different approach which will roll this use of Ramsey’s
Theorem into the induction. Hence, we extend the notion of canonical sets to functions f: [B]" — w X p
for p € w by also stipulating that a canonical C' set must have the property that f maps all elements of
[C]™ into the same column of w X p. Then, the above strategy will give us an infinite set A and a function
g: [A]" — w X 2p, where we interpret (c¢,q) € w X 2p with 0 < ¢ < p as a finitary color corresponding to
column ¢ and (d, q) € w x 2p with p < g < 2p as an infinitary color corresponding to column g — p of w X p.
Applying induction to this g will give us the result because the resulting canonical set will be mapped by g

entirely into one column of w x 2p.

Definition 3.1.1. Suppose that n,p > 1, B C w is infinite, f: [B]" — w x p, and u C n. We say that a set
C is u-canonical for f if

(1) CCB

(2) C is infinite.

(3) C is homogeneous for 72 o f: [B]"™ — p.
(4) If 21,22 € [C]", then f(21) = f(z2) & z1 [u= 122 [ u.

We say that a set C' is canonical for f if there exists u C n such that C' is u-canonical for f.
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Remark 3.1.2. Suppose that n > 1, B C w is infinite, f: [B]" — w, and v C n. Define f*: [B]" — w x 1
by letting f*(z) = (f(x),0). Notice that for any infinite set C' C w, C' is u-canonical for f (as in Definition

2.3.1) if and only if C' is u-canonical for f* (as in Definition 3.1.1). Therefore, in the following, we identify

n

a function f: [B]" — w with the corresponding function f*: [B]" — w X 1.

For the reasons mentioned above, we prove the Canonical Ramsey Theorem by induction on n in the

following strong form.

Theorem 3.1.3. Suppose that n,p > 1, B C w is infinite, and f: [B]™ — w X p. There exists a set C C B

such that C' is canonical for f.

Definition 3.1.4. Suppose that n,p > 1, B C w is infinite, and f: [B]"*! — w x p. We call a pair (A4, g),

where A C B is infinite and g: [A]™ — w X 2p, a precanonical pair for f if:
(1) For all z € [A]™ with g(z) = (¢, q) where 0 < ¢ < p, we have f(z,a) = (¢, q) for all @ € A with a > z.

(2) For all z € [A]™ with g(z) = (d, q) where p < ¢ < 2p, we have ma(f(x,a)) = ¢ — p for all a € A with

a> .

(3) For all 21,25 € [A]™ with g(x1) = (d1,q) and g(x2) = (da, q) where p < ¢ < 2p, and all a;,ay € A with
ay > x1 and ag > X9,

(a) If a1 # ag, then f(z1,a1) # f(x2,a2)

(b) If a; = ag, then f(xl,al) = f(l‘g,ag) — d1 = d2.
We first show that the above definition of “precanonical pair” allows our outline to succeed.

Claim 3.1.5. Suppose that n,p > 1, B C w is infinite, f: [B]"™! — w x p, and (A, g) is a precanonical pair

for f. Suppose that C C A is u-canonical for g, where u C n.
(1) If ma(g([C]™)) = {q} where 0 < q < p, then C is u-canonical for f (now viewing u as a subset of n+1).
(2) If ma(g([C]™)) = {q} where p < q < 2p, then C is (uU {n})-canonical for f.

Proof. (1) For any = € [C]” and a € C with < a, we have m2(f(z,a)) = m2(g(x)) = ¢ by condition (1)
of Definition 3.1.4, hence C is homogeneous for 7o o f. Let x1,29 € [C]", a1,a2 € C with 21 < a; and
Z2 < az. By condition (1) of Definition 3.1.4, we have f(z1,a1) = g(x1) and f(x2,a2) = g(z2). Therefore,
flx1,a1) = f(xa,a2) < g(x1) = g(x2) < 1 [ u = x2 | u. Hence, C' is u-canonical for f.

(2) For any « € [C]™ and a € C with = < a, we have m3(f(x,a)) = ¢ — p by condition (2) of Definition

3.1.4, hence C is homogeneous for 75 o f. Let x1,z2 € [C]", a1,as € C with x; < a1 and x5 < as. Suppose
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first that 21 | u = x2 [ uw and a; = as. Then g(x1) = g(x2) and a; = ay. Therefore, by condition (3b) of
Definition 3.1.4, we have f(z1,a1) = f(z2,a2). Suppose now that x; | u # x2 [ wor a; # as. If a; # ag, then
f(z1,a1) # f(x2,az2) by condition (3a) of Definition 3.1.4. If x; [ u # x2 [ v and a1 = ag, then g(z1) # g(z2)
and a; = ag, so f(x1,a1) # f(x2,a2) by condition (3b) of Definition 3.1.4. Therefore, f(z1,a1) = f(z2,a2)

if and only if 21 [ w =22 | v and a1 = ag, so C'is (v U {n})-canonical for f. O

Next, we show that precanonical pairs exist by a method along the lines of Proof 1 of Proposition 2.2.5.
We build a precanonical pair (A4, g) in stages which consist of selecting a new element for A and thinning
out the set of potential later elements to make them acceptable to the new element and its chosen color. To
facilitate this construction, we first define a notion of precanonical triple which will provide an approximation

to a desired precanonical pair.

Definition 3.1.6. Suppose that n,p > 1, B C w is infinite, and f: [B]"*! — w x p. We call a triple (2,1, g)

where z C B is finite, I C B is infinite, z < I, and g¢: [2]™ — w X 2p, a precanonical triple for f if:
(1) For all x € [z]™ with g(x) = (¢, ¢q) where 0 < g < p, we have f(z,a) = (¢,q) for all a € zUT with a > z.

(2) For all z € [z]™ with g(z) = (d, q) where p < g < 2p, we have m2(f(z,a)) =g —p for all a € zU I with

a>x.

(3) For all z1,x9 € [2]™ with g(z1) = (d1,q) and g(z2) = (d2,q) where p < ¢ < 2p, and all ay,a2 € zU T

with a; > z1 and as > w3,

(a) If a1 # ag, then f(z1,a1) # f(x2,a2)

(b) If a; = ag, then f(:cl,al) = f(l‘g,ag) Ad d1 = d2.

Proposition 3.1.7. Suppose that n,p > 1, B C w is infinite, and f: [B]""' — w x p. There exists a

precanonical pair (A, g) for f.
Proof. We inductively define a sequence (G, I, Gm)mew such that

e a,, €B.

I,, C B is infinite.
e g [{ai i <m}" — wx 2p.
i a0<a1<"'<a’m—1<am<ImgIm—1g"'gllgIO-

i gOgglg"'ggnL-
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e ({a; :i <m}, Iy, gm) is a precanonical triple for f.

We begin by letting a_y = —1, .y = B, and g_; = 0. Suppose that we have defined our sequence
through stage m > —1. We first let apy1 = min(ly,), I, = I, — {am+1}, and gmi1(x) = gm(z) for all
x € [{a; i <m}|". Let F = [{a; : i < m+1}]", and list the elements of F whose greatest element is a,11 as
Ty <p X1 <p +-+ <n x1—1 (recall Definition 1.2.2), where [ = (Z‘fll) Ifl=0,let Inpr =1, and gmi1 = gm.
Otherwise, we proceed inductively through the xy, defining g,,+1(zx) and infinite sets Jy, Ji,...,J; such
that I = Jop 2 J1 2 -+ D J; along the way. Let Jy = I],. Suppose that k& < [, and we have defined Jj.
First, since Jy is infinite, there exists ¢ < p such that there are infinitely many b € Ji, with mo(f(z,b)) = q.
Fix the least such ¢, and let Hy, = {b € Jy, : ma(f(x,b)) = ¢}.

Case 1: There exists ¢ € w such that there are infinitely many b € Hy with f(zk,b) = (¢,q). In this
case, let gm41(zk) = (¢,q) and let Jyy1 = {b € Hy : f(zk,b) = (¢c,q)}. Proceed to the next value of k <1, if
it exists.

Case 2: Otherwise, for every ¢ € w, there are only finitely many b € Hy with f(xg,b) = (¢,q). Let
D={yeF:y<,axiand ma(gm+1(y)) = g+ p}, and notice that for each y € D and each ¢ € w, there is at
most one b € Hy, with f(y,b) = (¢, q) (if max(y) < @41, this follows from the fact that ({a; : ¢ < m}, Ly, gm)
is a precanonical triple for f and Hj, C I,,,, while if max(y) = am41, say y = a; with 1 <4 < k, this follows
from the fact that Hy C J;11, so f(y,b1) # f(y,bs) for all by, by € Hy, with by # be by construction). We
now inductively define an increasing h: w — Hy, such that f(xg, h(7)) # f(y, h(j)) whenever i # j € w and
y € DU{zk}. Let h(0) = min(Hy). Suppose that we have defined h(t). By the assumption of Case 2 and the
above comments, there exists b € Hy, with b > h(t) such that f(zg,b) & {f(y,h(i)) 1y € DU{xx},0 <i <t}
and f(y,b) ¢ {f(zk, h(7)) : 0 <i <t} for all y € D (since each of these sets is finite), and we let h(t + 1) be
the least such b. Let H;, = {h(t) : t € w}.

Subcase 1: There exists y € D such that {b € Hj, : f(x,b) = f(y,b)} is infinite. In this case, choose the
least such y (under the ordering <), let gm+y1(zk) = gm+1(y), and let Jyy1 = {b € H, : f(zk,b) = f(y,b)}.
Proceed to the next value of k < [, if it exists.

Subcase 2: Otherwise, for every y € D, there are only finitely many b € Hj, with f(z,b) = f(y,b).
Thus, there are only finitely many b € Hj, such that there exists y € D with f(zx,b) = f(y,b). Let
gm+1(zk) = (d, ¢+ p), where d is least such that gn,+1(y) # (d,¢+p) for all y € D and let Jy4q1 = {b € H, :
f(zg,b) # f(y,b) for all y € D}. Proceed to the next value of k < [, if it exists.

Once we reach k = [, we let I,,+1 = J;. One easily checks that the invariants are maintained (i.e. that
am < amt1 < Imy1 C Ly m C gma1, and ({a; : i < m+ 1}, L1, gm+1) Is a precanonical triple for f).

This completes stage m + 1.
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Finally, let A = {a,, : m € w} and g = |J,,c., m- Then (A, g) is a precanonical pair for f. O

Proof of Theorem 8.1.3. The proof is by induction on n. Suppose that n = 1 so that we have f: B — w x p.
Fix an infinite A C B and ¢ < p such that mo(f(A)) = {q}. If there exists a ¢ € w such that there are
infinitely many a € A with f(a) = (¢,q), let C = {a € A : f(a) = (¢,q)}, and notice that f(a1) = f(az)
for all ay,as € C, so C is (-canonical for f. Otherwise, there are infinitely many ¢ € w such that there is
an a € A with f(a) = (¢,q). Letting C = {a € A : f(a) # f(b) for all b < a with b € A}, we see that
f(a1) # f(ag) for all a;,as € C, so C'is {0}-canonical for f.

Suppose that the theorem holds for n, and we're given f: [B]"*! — w x p. By Proposition 3.1.7, there
exists a precanonical pair (A, g) for f. Applying the inductive hypothesis to g: [A]™ — w x 2p, there exists

C C A which is canonical for g. By Claim 3.1.5, C is canonical for f. O

3.2 Computability-Theoretic Analysis

If we analyze the proof of Proposition 3.1.7 for a given computable B and computable f: [B]" — w X p, we
can easily see that there exists a precanonical pair (4, g) for f with A® g <7 0. Tt seems that we need
a 0"-oracle to decide the 3-quantifier (3¥3) question of whether to enter Case 1 or Case 2. However, by
making use of an r-cohesive set, we can lower the complexity to a 2-quantifier question.

Recall the characterization of the Turing degrees of jumps of r-cohesive sets from Theorem 2.2.10. The
Low Basis Theorem relative to 0’ yields an a > 0’ such that a’ = 0”. Using this a in Theorem 2.2.10 yields

the following corollary.
Corollary 3.2.1 (Jockusch and Stephan [9]). There exists an r-cohesive set V' such that V" <p 0".

Below, we will need r-cohesive sets of low complexity inside a given infinite computable set. The following

easy lemma provides these.

Lemma 3.2.2. Suppose that B is an infinite computable set. If V is r-cohesive, then pg(V') C B is r-cohesive
and pg(V) =r V.

Proof. Notice that pg(V) is infinite and pp(V) =r V because pp is computable and strictly increasing.
Let Z be a computable set. Since V' is r-cohesive and pgl(Z) is computable, either V' N pgl(Z) is finite or
% ﬁm is finite. If V N pz'(Z) is finite, then V C* m, so pp(V) C* pB(M) C Z, and hence
pp(V) N Z is finite. If V ﬂm is finite, then V C* p3*(Z), so pp(V) C* pr(p5'(Z)) C Z, and hence

pp(V) N Z is finite. It follows that pp(V) is r-cohesive. O
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Proposition 3.2.3. Suppose that n,p > 1, B C w is infinite and computable, and f: [B]"*1 — w x p is
computable. There exists a precanonical pair (A, g) for f such that A® g <t 0”. Furthermore, if n =1 and

a>> 0/, then there exists a precanonical pair (A, g) for f with deg(A & g) < a.

Proof. By Corollary 3.2.1 and Lemma 3.2.2, there exists an r-cohesive set V' C B such that V" <1 0”. For
each x € [V]" and each (c,q) € w x p, the set Z(. ;) = {b € B : f(x,b) = (c,q)} is computable, so either
VN Zq is finite or V' N m is finite.

We now carry out the above existence proof of a precanonical pair for f [ [V]": [V]" — w X p using a
V"-oracle and characteristic indices (relative to V') for all infinite sets. As we proceed through the proof,
the first noncomputable (relative to V') step is the construction of Hy, where we need to find the least ¢ < p
such that Hy = {b € Ji : m2(f(zk,b)) = ¢} is infinite, which we can do using a V"-oracle. Next, we need
to decide whether to enter Case 1 or Case 2. By the last sentence of the above paragraph, we enter Case 1
if and only if (3¢)(Im)(Vb)[b € Hp, Ab > m — f(xk,b) = (¢,q)]. Again, we can decide this question using
a V"-oracle. If we enter Case 2, the next noncomputable (relative to V) step is the decision whether to
enter Subcase 1 or Subcase 2. Since D is finite, and for each y € D we need to determine whether a given
V-computable set is infinite, we can again decide this question using a V"-oracle. The rest of the steps of
the proof are V-computable, so we end up with a precanonical pair (A, g) for f | [V]™ (hence for f) such
that A@® g <p V" <7 0",

Suppose now that n = 1 and a > 0’. By Theorem 2.2.10 and Lemma 3.2.2, there exists an r-cohesive
set V' C B such that deg(V)" < a. For each a € B and g < p, the set Z, = {b € B : ma(f(a,b)) = q} is
computable, so either V N Z, is finite or V N Z, is finite (since V is r-cohesive). Therefore, for each a € V/,
limpey m2(f(a,b)) exists, and we denote its value by g,. Notice that we can use a V’-oracle to compute g,
given a € V. Similarly, for each a € V and ¢ € w, the set Z. = {b € B : m1(f(a,b)) = ¢} is computable, so
either V N Z, is finite or V N Z, is finite. Therefore, for each a € V, either limyecy 71 (f(a, b)) exists (and is
finite) or limpey m1(f(a, b)) = co.

Let Y = {a € V : limpey m1(f(a,b)) < co}. Notice that a € Y if and only if (3c)(Im)(¥b)[(b > m A b €
V) — m(f(a,b)) = ¢, hence Y € £V

Case 1: Y is infinite: Choose an infinite I C Y such that I <; V’. For each a € V, we can use a V'-oracle
to determine whether a € I, and if so to compute ¢, = limyey m1(f(a,d)). We now construct a precanonical
pair (A, g) for f using a V'-oracle. First, let ag be the least element of I and let g(ag) = (Cags 9ay ). If we have
already defined ag, a1, ..., am, let an41 be the least b € I such that b > a,, and f(a;,0) = g(a;) = (¢a;, qa;)
for all 4 with 0 <4 < 'm, and let g(am1) = (Caprrs Gamy, ). Letting A = {a,, : m € w}, we see that (4, g) is

a precanonical pair for f [ [V]™ (hence for f) such that deg(A @ g) < deg(V)' < a.

27



Case 2: Y is finite: Fix « such that limpey m1(f(a, b)) = oo for all ¢ € V with a > a. We now construct
a precanonical pair (4, g) for f using a V'-oracle. First, let ag be the least element of V' greater than «, and
let g(ap) = (0,p+qq,). Suppose that we have already defined ag, a1, ..., an and g(ag), g(a1), ..., g(am), and

assume inductively that for all sufficiently large b € V', we have
(1) For all i <m, ma(f(ai, b)) = qa,.
(2) For all i,j,k < m with i <k and g4, = qa;, f(ai,ax) # f(a;,b).
() For all i, j < m with o, = guy, £(a5,5) = f(a,b) < gla:) = g(ay).

Using a V’-oracle, let a,,+1 be the least b € V such that b > a,, and (1), (2), and (3) hold for b. Let
D={icw:0<i<mand q, = qa,,,}- Foreach i € D, theset Z; = {b € B : b > amq1
and f(a;,b) = f(ams1,b)} is computable, so either V N Z; is finite or V N Z; is finite. Also, the set
Zoo ={b€ B :b>ams1 and f(ams1,b) ¢ {f(ai,b) : i € D}} is computable, so either V N Z, is finite or
V N Zy is finite. Putting this together with the fact that the sets in the list (V' N Zi)iGDU{oo} are pairwise
disjoint and have union equal to {b € V : b > a;,41}, it follows that exists exactly one j € D U {oo} with
1% OZ finite. Moreover, we can find this j using a V'-oracle (by running through 8 € B in increasing order
and asking a V'-oracle if all elements of V' greater than [ lie in one fixed Z;). If j € D, let g(am+1) = g(a;),
and if j = oo, let g(am+1) = (d,p + qa,.,, ), where d is the least element of w — {7m1(g(a;)) : i € D}. Then for

all sufficiently large b € V', we have
(1) For all i <m+ 1, ma(f(ai, b)) = qa,-
(2) For all i,j,k <m +1 with i <k and q4; = qa,, f(a;,ar) # f(a;,b).
(3) For all 4,j <m +1 with g4, = qa,, f(ai,b) = f(a;,b) < g(a;) = g(a;).

Hence, the induction hypothesis holds, and we may continue. Letting A = {a,, : m € w}, we see that (A, g)

is a precanonical pair for f [ [V]™ (hence for f) such that deg(A @ g) < deg(V)’ < a. O

We are now in a position to give upper bounds on the Turing degrees of canonical sets for computable

f. We prove the result in relativized form to facilitate the induction.

Theorem 3.2.4. Suppose that X Cw, n,p > 1, B C w is infinite and X -computable, and f: [B]" — w x p
is X -computable. If n = 1, then there exists an X-computable set C C B canonical for f. If n > 2 and

a>> deg(X)?"=3) there exists a set C C B canonical for f such that deg(C) < a.
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Proof. We prove the theorem by induction on n. First, if n = 1, notice that the set C' produced in the base
case of the proof of Theorem 3.1.3 is X-computable if both B and f are. Suppose now that n = 2, B and
f:[B]? — w x p are X-computable, and a > deg(X)’. By Proposition 3.2.3 relativized to X, there exists
a precanonical pair (A, g) for f with deg(4A @ g) < a. By the inductive hypothesis, there exists a set C
canonical for g: [A]! — w x 2p with deg(C) < deg(A @ g) < a. By Claim 3.1.5, C' is canonical for f.
Suppose that n > 2 and the theorem holds for n. Suppose that B and f: [B]"*! — w x p are X-
computable, and a > deg(X )(2"’1). By Proposition 3.2.3 relativized to X, there exists a precanonical
pair (A,g) for f with A& g < X”. Applying the inductive hypothesis to g: [A]" — w X 2p, there exists
C C A canonical for g: [A]" — w x 2p with deg(C) < a since a > deg(X)?"~D = (deg(X)")?"=3) >

deg(A @ g)(*=3). By Claim 3.1.5, C' is canonical for f. O

We immediately obtain bounds for the location of canonical sets in the arithmetical hierarchy. These

bounds will be improved in the next section.

Corollary 3.2.5. Suppose that n > 2, p > 1, B C w is infinite and computable, and f: [B]" — w X p is

computable. There exists a AY,_; set C C B canonical for f.

Proof. As noted in the Chapter 2, a relativization of Theorem 2.1.4 implies that 02*=2) > 0(27=3) There-
fore, by Theorem 3.2.4, there exists a set C' C B canonical for f such that deg(C') < 02"~2). Any such C is
Agn—l' D

The proof of Proposition 3.2.3 for the case n = 1 relied on the ability to form a set of reasonably low
complexity which either consisted entirely of elements needing to be assigned finitary colors, or entirely of
elements needing to be assigned infinitary colors. We next show that this special feature of n = 1 is essential

to finding precanonical pairs below any a > 0’.

Theorem 3.2.6. There erists a computable f: [w]> — w such that deg(A) > 0" whenever (A,g) is a

precanonical pair for f.

Proof. By Proposition 2.2.19, there exists a c.e. ho: [w]? — 2 (that is, {z € [w]? : ho(z) = 1} is c.e.) such
that for all sets H homogeneous for hg, we have ho([H]?) = {0} and H >7 0’. By the same result relative
to 0/, there exists a 0'-c.e. hy: [w]? — 2 (that is, {z € [w]? : hy(z) = 1} is 0’-c.e.) such that for all sets H
homogeneous for hy, we have hy([H]?) = {0} and H © 0 > 0".

Define h: [w]? — 2 by

1 if either ho(x) =1 or hy(z) =1
h(z) =

0 otherwise
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Notice that {z € [w]? : h(xz) = 1} is 0/-c.e. Suppose that H is homogeneous for h. Then h([H]?) = {0}

because if h([H]?) = {1}, then an application of Ramsey’s Theorem to the function hy: [H]?> — 2 given by

0 if ho(z) =1
ha(@) = o(z)

1 if ho(z) =0 and hy(z) =1

would give an infinite set I such that either hy([I]?) = {1} or ha([I]?) = {1}, a contradiction. Thus, H is
homogeneous for both hy and ho. It follows that H > 0’ and hence H >3 H & 0" >1 0”.

Since {z € [w]? : h(z) = 1} is 0'-c.e., it is X9, so there exists a computable R(x,a,b) such that h(x) =

— (Ja)(Vb)R(z,a,b) for all z € [w]?. Define f: [w]®> — w as follows. Given x € [w]? and s € w with = < s,

let

Fas) = (na < s)(Vb < s)R(x,a,b) if (3a < s)(Vb < s)R(x,a,b)

s otherwise

Notice that f is computable. Furthermore, for all z € [w]?, we have h(z) = 1 « lim, f(x, s) exists and is
finite, and h(x) = 0 < lim, f(x,s) = co. Suppose that (4, g) is a precanonical pair for f. For any y € [A]?,
we either have f(y,a1) = f(y,a2) for all a1,as € A with y < a1 < ag (if m2(g(y)) =0), or f(y,a1) # f(y,a2)
for all aj,as € A with y < a1 < ay (if ma(g(y)) = 1). Therefore, given y € [A]?, if we let a1, as € A be least
such that y < a1 < ag, we have h(y) =1 < f(y,a1) = f(y,a2) and h(y) =0 < f(y,a1) # f(y, a2). Hence,
h ] [A]?: [A]?> — 2 is A-computable. Since every set H homogeneous for h | [A]? satisfies h([H]?) = {0}, it
follows from [12, Theorem 5.11] (relativized to A) that h | [A]?, and hence h itself, has an A-computable

homogeneous set. Since every set homogeneous for h has degree above 0", we have deg(A) > 0”. O

Therefore, the bounds for canonical sets given by Theorem 3.2.4 are the best possible from an effective
analysis of the above proof of the Canonical Ramsey Theorem. We show in Chapter 4 that the bound given

by Theorem 3.2.4 for exponent 2 is sharp.

3.3 Arithmetical Bounds

Corollary 3.2.5 provided bounds in the arithmetical hierarchy for canonical sets for computable f: [w]® —
w X p. In particular, we established that every computable f: [w]? — w has a AY canonical set. We first
improve this result by showing that every computable f: [w]?> — w x p has a IIJ canonical set.

Our proof of this result resembles in broad outline Jockusch’s proof of Theorem 2.2.22; but requires

significant care. We first outline the idea of the proof. For simplicity, assume that f: [w]? — w. Using a
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0’-oracle, we enumerate the complement of a set A, which will be part of a precanonical pair for f. Instead
of using an oracle to decide what color to assign to a new element, we blindly assign a color to a new
element, hoping that the corresponding thinned set will be infinite, and continue. If we ever discover that
the corresponding set is finite using a 0’-oracle, we change the color, and discard all of the work performed
after assigning the bad color.

As long as we proceed through the possible colors intelligently, this outline will work, and will produce an
infinite 19 set A which is part of a precanonical pair. However, if we proceed through the colors naively, we
may not be able to extract a I19 canonical set from A. For example, suppose that we first proceed through
the finitely many possible infinitary colors (there are only finitely many because all infinitary colors distinct
from the ones assigned to previous elements are equivalent), and then proceed through the finitary colors in
increasing order. If at the end of this construction every color is assigned to only finitely many elements of
A, it seems impossible to drop elements in the construction to thin out A to a II9 canonical set. We want
to drop elements that repeat earlier colors, but there does not seem to be a way to safely do this since the
color at any given stage may change.

We thus carry out the construction in a slightly less intuitively natural manner which will allow us to
extract a I19 canonical set. The idea is to first assign a new element a new infinitary color, then infinitary
colors already in use by previous elements, then new finitary colors, and finally finitary colors already in
use by previous elements. Of course, there are infinitely many new finitary colors at any stage, so we need
a way to determine when to stop and move into used finitary colors. This can be done because the only
reason why we reject all of the infinitary colors for a number a is because the set {f(a,b) : b € Z} (where
Z is the currently thinned out out we are working inside) is bounded (see Lemma 3.3.3 below), and we can
find a bound using a 0’-oracle. Following this strategy, we will be able to extract a II9 canonical set from A.
For example, if there are infinitely many distinct infinitary colors, we can perform the construction with the
additional action of dropping any element from our final set if it ever needs to change color. This will result
in a I19 {0, 1}-canonical set. On the other hand, if there are finitely many distinct infinitary colors, and one
infinitary color d which occurs infinitely often, then for the least such d we can perform the construction,
dropping any element from our final set if it ever needs to take on a finitary color or a used infinitary color
greater than d. Modulo finitely many mistakes, this will result in a I1J {1}-canonical set. The remaining
cases are handled in a similar manner.

We now carry out the above sketch in the more general setting of a computable f: [B]? — w X p so that

we can lift the result to higher exponents.

Theorem 3.3.1. Suppose that p > 1, B C w is infinite and computable, and f: [B]*> — w x p is computable.
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There exists a 113 set C C B canonical for f.

Proof. We first use a 0’-oracle construction to enumerate the complement of an infinite set A = {ag < a; <
as < ...} C B. The construction is a movable marker construction using a 0’-oracle. We denote by af the
position of the (i +1)%* marker A; at the beginning of stage s. At the beginning of each stage s, we will have
a number n® such that the markers currently having a position are exactly the A; for i < n®, and for each
i < n®, we will have numbers e; and ¢ with ¢; < 2p. Let 8° be the greatest position of any marker up to
stage s (8% = 0 if s = 0), and let m® = max({0} U {m1(f(b1,b2)) : b1 < ba < B°}). Given these and k < n?,

we say that a number b is k-acceptable at s if

e be B.

b> G

e For all i < k with ¢f < p, f(ai,b) = (ef,q7).

For all i < k with ¢f > p, ma(f(a$,b)) = ¢ —p.

For all ¢ < k with ¢f > p, m1(f(a$, b)) > m®.

For all i,j < k with ¢f = ¢; > p, f(af,b) = f(a},b) < €] = e},

Construction: First set n® = 0. Stage s > 0: Assume inductively that we have n® such that the markers
currently having a position are exactly the A; for ¢ < n®, along with e and ¢; for all ¢ < n®. Enumerate
into A all numbers b < 3° such that b # a for all i < n®. Using a 0’-oracle, let k* be the largest k < n® such
that there exists a number which is k-acceptable at s. Note that k® exists because every sufficiently large

element of B is O-acceptable at s. For each ¢ < 2p, let B = {ef:i < k® and ¢} = q}.

Case 1: k* = n*: Set n*t! = n® + 1 and place marker A, on the least k*-acceptable number. Leave

s+1
i

_ 8 s+1
= e and g;

all markers A; with ¢ < n® in place, and let e = ¢; for all i < n®. Also, let e =2p-1

s+1

and let ;1" = min(w — E3, ;). (Place a new marker, and give it the first new infinitary color in the last

column.)

Case 2: k° < n°: Set n*t! = k% + 1 and detach all markers A; with k° < i < n®. Leave all markers A;

with ¢ < k* in place and let ef“ = e? and qf“

=q; for all t < k®. Let a* = aj., " = e}. and ¢* = ¢qj.. We
now have nine subcases to decide the values eZ;H and q,‘:jlz (Change a color, column, or both.)

Subcase 2.1: ¢* > p, E;. # 0 and e* ¢ Ej.: Let ¢ =¢* and ff! = min E?.. (Take the first used
infinitary color for this column.)

Subcase 2.2: ¢* > p, e* € Ej., and " # max E . Let qu‘l = ¢* and ei,‘fl =min{d € Ej. : d > e*}.

(Take the next used infinitary color for this column.)
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Subcase 2.3: ¢* > p and either E. = () or e* = max Ej.: Let qul =g¢*—1and erl =min(w—Eg._4).

(Move either to the next infinitary column, or move to the last finitary column, and assign the first unused
color.)

Subcase 2.4: ¢* < p, e* ¢ Ej., and there exists b which is k*-acceptable at s with fla*,b) > e*: Let

¢ =q¢ and ' = minfc e w:c ¢ Ej. and ¢ > e*}. (Take the next unused finitary color for this
column.)

Subcase 2.5: ¢* <p, e* ¢ E;., E;. # 0, and every b which is k*-acceptable at s satisfies f(a*,b) < e*:

s+1

Let q;. stl

=q* and e} = min E;.. (Take the first used finitary color for this column.)

Subcase 2.6: ¢* < p, e* € Eg*, and e* # max Eg* : Let qijl

= ¢* and ;"' = min{c € Ej ic>e}.
(Move to the next used finitary color for this column.)

Subcase 2.7: 0 < ¢" <p, Ej. = 0, and every b which is k®-acceptable at s satisfies f(aj.,b) < e*: Let

q,‘ij‘l =¢q*—1and eijl = min(w — E5. ;). (Move to the next finitary column, and assign the first unused
color.)

Subcase 2.8: 0 < ¢* <p, e* € E}., and e* = max E . : Let qul =¢* —1 and erl = min(w — Ej._).

(Move to the next finitary column, and assign the first unused color.)
Subcase 2.9: Otherwise: Let ¢;7' = 0 and ;' = e* + 1. (This case won’t occur for any true element
of A))

End Construction.

Claim 3.3.2. For all k € w, each limit lim, a3, lim, 7, and lim, e}, exists, so we may define a, = lim; af,

gr = lim, gj, and ej, = lim, e3.

Proof. We proceed by induction. We assume that the claim is true for all ¢ < k and prove it for k. Let ¢
be the least stage such that for all i < k and all s > ¢, we have aj = a;, ¢ = ¢;, and e] = e;. At stage ¢,
marker Ay is placed on a number b via Case 1 of the construction (since otherwise there exists ¢ < k such
that either ¢/ # ¢f or el™' # e!), so n'*! = k+ 1. Since each of af, ¢7, and e for i < k have come to their
limits, we must have k* > k and hence n® > k+1 for all s > ¢ by construction (because if s > t is least such
that £ < k, then we enter Case 2, so one of ¢j. or e}. changes). Therefore, by construction, we never again
move marker Ay, so af = a’,fjl for all s > ¢t + 1 and we may let a, = lim, aj.

We now show that lim, ¢; and limge; both exist by showing that £° = £ for only finitely many s > .
This suffices, because ¢; and ej change only at such s. Suppose then that k* = k for infinitely many s > ¢.
Let Z = {(d,q) : p < ¢ < 2p and d € E U {min(w — E/)} Following the construction through the first

|Z| many stages s > t with k* = k, we see that for all (d,q) € Z, there is a unique s(4,4) > t such that
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ez(d’q) =d, qz(d"” = q, and k*@o = k. For each (d,q) € Z, since k*¢o = k, there are no numbers which are

k + 1)-acceptable at s(g ). Let 11 = max{s,) : (d,q) € Z}. We need the following lemma.
(d,q) (d.q)

Lemma 3.3.3. For all s > r1, if b is k-acceptable at s, then m (f(ak,b)) < m™.

Proof. Suppose that the lemma is false. Then there exists s > r; and a b which is k-acceptable at s such
that 1 (f(ak,b)) > m™. Let ¢ = p+m2(f(ax,b)). For each d with (d,q) € Z, notice that b is k-acceptable at
5(d,q) (since t < s(q.q) <71 < 5), but not (k + 1)-acceptable at s ). Therefore, for each d with (d,q) € Z,
either 71 (f(ak, b)) < m*@o <m™ or there exists i < k with ¢; = ¢ such that f(a;,b) = f(ak,b) < e; # d.
Since 71 (f(ak,b)) > m™, it follows that for all d with (d,q) € Z, there exists ¢ < k with ¢; = ¢ such that
f(ai,b) = f(ar,b) < e; # d. Letting d = min(w — E), we have e¢; # d for all i < k with ¢; = ¢, so we
may choose j < k with ¢; = ¢ and f(a;,b) = f(ar,b). Letting d = e;, there exists i < k with ¢; = ¢ such
that f(a;,b) = f(ak,b) < e; # e;. Since f(a;,b) = f(ax,b), this implies that f(a;,b) = f(a;,b) < e; # ej,
contrary to the fact that b is k-acceptable at s. This is a contradiction, so the proof of the lemma is

complete. O

We now return to the proof of the claim. Notice that at stage r1, we set q,?“ =qg=p—1,s0 q,i“ <q <p

for all s > r1 by construction. Now, as we continue to follow the construction through stages s with k° = k,
we must eventually reach a stage s > r; with k* = k such that we do not enter Subcase 2.4 (otherwise, we
enter Subcase 2.4 infinitely often, so after m™ such iterations, we reach an s > r with k° = k and e > m™
where every b which is k-acceptable at s satisfies w1 (f(ag,b)) < m™ < e by Lemma 3.3.3). Let ro be the
least such stage. If E<t1 = [, then we either enter Subcase 2.7 and set qZQH =gq—1 (if ¢ > 0), or we enter
Subcase 2.9 (if ¢ = 0). If Eé # (), then at stage ro we enter Subcase 2.5 and then repeatedly enter Subcase
2.6 whenever k° = k until we run through all elements of Eé, at which point we either enter Subcase 2.8 or
Subcase 2.9. Therefore, in either case, we reach a stage r3 > 7o where we either set q?“ = q—1 or we enter
Subcase 2.9. Now, the above argument works for the new value of ¢, so running through each ¢ with ¢ < p
in reverse order, we see that we eventually reach a stage r, where we enter Subcase 2.9.

Let b be the least number which is k-acceptable at r4 (such a number exists because otherwise we have
k™ < k, which we know is not true). By construction, there exists a stage sy < 74 such that e;° =
m(f(ak, b)), ¢;° = m2(f(ak,b)), and k*° = k. Then, b is (k + 1)-acceptable at so, so k% > k+ 1, a

contradiction. It follows that there could not have been infinitely many s > t with k* = k, so the proof of

the claim is complete. O

Claim 3.3.4. Let g < 2p be greatest such that {k : q, = q} is infinite.
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(1) Suppose that ¢ > p and {ex : qx = q} is infinite. Then {ar : qx = q and e, # e; for all i < k with

¢ = q} is a 119 {0,1}-canonical set for f.

(2) Suppose that (1) does not hold and q > p. Then there exists d such that {k : qx = q and ex, = d} is

infinite, and for the least such d, the set {ay : q = q and ey = d} is a 113 {1}-canonical set for f.

(8) Suppose that ¢ < p and {ex : qx = q} is infinite. Then {ar : qx = q and e, # e; for all i < k with

¢ = q} is a 11 {0}-canonical set for f.

(4) Suppose that (3) does not hold, but ¢ < p. Then there exists ¢ such that {k : qr = q and ey, = ¢} is

infinite, and for the least such c, the set {ay : qx = q and ey = c} is a 113 (-canonical set for f.

Proof. (1) Suppose that ¢ > p and {ey : g = ¢} is infinite. Let C' = {ag : ¢ = ¢ and e # ¢; for all i < k
with ¢; = q}. Notice that C is infinite because {ex : ¢ = ¢} is infinite. To see that C is I13, perform the

above construction, with the additional action of enumerating the number af. at stage s if either
® g <q.
e g;. = g and we enter Case 2.
Then ay, is not enumerated if and only if either
® qr >q.
e g = q and ex # e; for all i < k with ¢; = q.

because at the first s (if any) with af = a, and ¢f = ¢, we set e} to a number different from e; for all
i < k with ¢; = ¢, and entrance into Case 2 at any point will result either in ¢, < ¢ or ey = e; for some
i < k with ¢; = q. Since {a : qx > ¢} is finite, C is II (because removing finitely many elements from a
119 set leaves a II3 set). Suppose that i < k, j < I, k <, and a;,a;,ar,a; € C. Let s be least such that
aj = a;. If k <1, then q; is (max{j, k} +1)-acceptable at s by construction, hence f(a;,a;) > m® > f(a;,az).
If k =1and i # j, then a; is (max{7,j} + 1)-acceptable at s, hence f(a;,ar) = f(a;,ar) < e; = €j, so
flai,ar) # f(aj,ar) because e; # e;. Therefore, f(a;,ar) = f(aj,a;) < i =jand k =1 < a; = a; and
ar = a;. It follows that C is a 119 {0, 1}-canonical set for f.

(2) Suppose that (1) does not hold, i.e. {eg : g5 = ¢} is finite, and ¢ > p. Let d be least such that
{k : qx = q and ey = d} is infinite, and let C' = {a, : qx = ¢ and e, = d}. To see that C is I13, perform the

above construction, with the additional action of enumerating the number aj. at stage s if either

° qfcs <q.
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® ¢;. = ¢ and we enter Subcase 2.2 and set ezjl to a number greater than d.

Then aj. is not enumerated if and only if either
® gL > q.
e g = q and ¢y, # e; for all i < k with ¢; = ¢.
e g =q and e <d.

because at the first s (if any) with aj. = a and ¢; = ¢, we set e}, to a new number, after which the value
of ef runs through the set {e; : i < k and ¢; = ¢} in increasing order until, if ever, we set g, < g. Since
{ag 1 qx > g} U{ar : ¢t = q,ex # d, and e, # e; for all i < k with ¢; = ¢} U {ax : ¢ = ¢ and e < d}
is finite, it follows that C is I3 (because removing finitely many elements from a IT3 set leaves a I3 set).
Suppose that ¢ < k, j < I, k <[, and a;,a;,ax,a1 € C. Let s be least such that aj = a;. If & <[, then
a; is (max{j, k} + 1)-acceptable at s by construction, hence f(a;,a;) > m® > f(a;,ar). If k =1 then ay
is (max{7,j} + 1)-acceptable at s, hence f(a;,ar) = f(aj,ar) < e; = e;, so f(a;,ar) = f(a;,ar) because
e; = d = e;. Therefore, f(a;,ar) = f(aj,a;) < k =1+ a,, = a;. It follows that C is a II3 {1}-canonical set
for f.

(3) Suppose that ¢ < p and {ey, : g = ¢} is infinite. Let C' = {ay : qx = q and ey, # ¢; for all i < k with
¢; = q}. Notice that C is infinite because {ex : g = ¢} is infinite. To see that C is II9, perform the above

construction, with the additional action of enumerating the number aj. at stage s if either
® g <q.
e g;. = g and we enter Subcase 2.5.
Then ay, is not enumerated if and only if either
® qr >q.
e g = q and ei # e; for all i < k with ¢; = gq.

because at the first s (if any) with a}. = aj and ¢ = ¢, we initially set ej to a number different from e; for
all ¢ < k with ¢; = ¢, and e}, will continue to have this property until we either enter into Subcase 2.5 or we
set q,tjl < ¢, at which point e}, will never again have this property. Since {aj : g5 > ¢} is finite, it follows (by
removing this finite set) that C is II9. Suppose that i < j and a;,a; € C. Let s be least such that aj = a;.
By construction, a; is (¢ + 1)-acceptable at s, hence f(a;,a;) = (e;,¢;) = (e;, q). Therefore, whenever i < k,
j <1, and a;,aj,ax,a; € C, we have f(a;,ar) = flaj,a;) < (e:,q) = (ej,q) — €; =ej < i =] a; = aj.

It follows that C'is a I3 {0}-canonical set for f.
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(4) Suppose that (3) does not hold, i.e. {ex : gx = ¢} is finite, and ¢ < p. Let ¢ be least such that
{k : qr = q and e} = ¢} is infinite, and let C = {ay. : qx = ¢ and e, = c}. To see that C is II3, perform the

above construction, with the additional action of enumerating the number aj. at stage s if either

® g <q.

s+1

e g7, = q and we enter Subcase 2.6 and set e/J" to a number greater than c.

Then aj, is not enumerated if and only if either

® gL > q.

e ¢ = q and ey, # e; for all i < k with ¢; = q.

e g =qand ¢ < c.
because at the first s (if any) with a}. = aj and ¢; = ¢, we initially set e; to a number different from e; for
all i < k with ¢; = ¢, and e, will continue to have this property until e begins to run through {e; : i < k
and ¢; = ¢} in increasing order until, if ever, we set qf, < q. Since {ax : qx > ¢} U {ax : g = q,ex # ¢, and
e # e; for all i < k with ¢; = ¢} U {ar : ¢t = ¢ and ey < ¢} is finite, it follows (by removing this finite
set) that C is I13. Suppose that i < j and a;,a; € C. Let s be least such that aj = a;. By construction,
aj is (i + 1)-acceptable at s, hence f(a;,a;) = (e;,¢;) = (¢,q). Therefore, whenever ¢ < k, j < [, and

ai,aj,ag, a; € C, we have f(a;,a) = (c,q) = f(aj,a;). It follows that C is a II3 (-canonical set for f. O
O

Again, using a relativized version of the result for exponent 2 and induction, we can get bounds for higher

exponents.

Theorem 3.3.5. Suppose that X Cw, n >2, p>1, B Cw is infinite and X -computabdle, and f: [B]™ —

w X p is X-computable. There exists a Hg;LX_Q set C' canonical for f.

Proof. We prove the theorem by induction on n. Theorem 3.3.1 relativized to X gives the result for n = 2.
Suppose that the theorem holds for n > 2, and that B and f: [B]"*! — w x p are X-computable. By
Proposition 3.2.3 relativized to X, there exists a precanonical pair (4, g) for f with A® g <r X”. Applying
the inductive hypothesis to ¢g: [A]" — w x 2p, there exists C' C A canonical for g such that C is Hg;fi/;.

Notice that C' is Hg;lx. By Claim 3.1.5, C' is canonical for f. O

Remark 3.3.6. By Claim 2.3.3, if n > 1 and f: [w]™ — 2, then any set C' canonical for f is homogeneous
for f. Therefore, for each n > 2, there exists a computable f: [w]™ — 2 with no X% set canonical for f by

Theorem 2.2.22. It follows that Theorem 3.3.5 gives a sharp bound in the arithmetical hierarchy for n = 2.

37



Chapter 4

The Regressive Function Theorem
and Computability Theory

4.1 h-Regressive Functions

In Chapter 2, we introduced regressive functions and the Regressive Function Theorem. For our purposes,

it will be convenient to relax the definition of a regressive function.

Definition 4.1.1. Suppose that n > 1, h: w — w and B C w is infinite. A function f: [B]" — w is
h-regressive if for all z € [w]™, we have f(z) < h(min(x)) whenever h(min(z)) > 0, and f(z) = 0 whenever

h(min(z)) = 0.

Remark 4.1.2. Notice that a function f: [B]" — w is regressive if and only if it is (-regressive, where

t: w — w is the identity function.

Definition 4.1.3. Suppose that n > 1, h: w — w, B C w is infinite, and f: [B]™ — w is h-regressive. A set

M is minhomogeneous for f if M C B, M is infinite, and for all z,y € [M]™ with min(z) = min(y) we have

By making very minor changes to the proof of Claim 2.4.4, we obtain the following.

Claim 4.1.4. Suppose thatn > 1, h: w — w, B Cw is infinite, and f: [B]™ — w 1is h-regressive. If C C B

is canonical for f, then C is minhomogeneous for f.

Therefore, by the Canonical Ramsey Theorem, every h-regressive function has a minhomogeneous set.
Although h-regressive functions will be a convenient tool for us, their minhomogeneous sets provide no more

complexity than those for regressive functions.
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Proposition 4.1.5. Suppose that n > 1, h: w — w is computable, B C w is infinite and computable, and

n

[ [B]™ — w is h-regressive and computable. There exists a computable regressive g: [B]™ — w such that any

set M C B minhomogeneous for g computes a minhomogeneous set for f.

Proof. We may assume that h is strictly increasing (otherwise, replace h by the function h*: w — w defined
by h*(0) = h(0) and h*(k + 1) = max({h/(k) + 1, h(k + 1)}), and notice that h* is computable and that f is
h*-regressive). Define p: w — w by letting p(a) be the largest b < a such that h(b) +1 < a if there is exists a
b with h(b) + 1 < a, and letting let p(a) = 0 otherwise. Notice that p is computable, increasing, and satisfies
lim, p(a) = oo.
Define g: [B]™ — w by setting
flplar),...,plap))+1 i 0<plar) <--- < play)

glat,...,a,) =
0 otherwise

If g(a1,...,an) #0, then 0 < p(a;) < --- < p(ay), hence

g(alv ey an) = f(p(a1)7 cee 7p(a’n)) + 1
< h(p(ar)) +1

<ay,

S0 g is regressive.
Suppose that M C B is minhomogeneous for g. Suppose that a1,a] € M with a1 < a} and 0 <
p(a1) = p(a}). Since lim, p(a) = oo, there exists az < a3 < -+ < a, € M such that a] < az and

0 < p(ay) =p(a)) < plaz) < plag) < --- < p(ay). Since M is minhomogeneous for g, we have

0= g(alaa/laa?n .. 'aan)
= g(alaa23a3a .. '7an)
= f(p(a'l)7p(a'2)ap(a3)a T ap(an)) + 1

#0,

a contradiction. Hence, if a,b € M with a # b and 0 < p(a), p(b), then p(a) # p(b).
Since M is infinite, p is increasing and computable, and lim, p(a) = oo, it follows that the set p(M) is

infinite and p(M) <r M. Suppose that a3 < -+ < an,b; < -+ < b, € M with 0 < p(ay) < -+ < p(a,),
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0 <p(h) < - <p(b,) and p(ar) = p(b1). Since 0 < p(a1) = p(b1), we know from the above that a; = b;.

Therefore, since M is minhomogeneous for g, we have

flpar), ... ,plan)) +1 = g(a, ..., an)
= g(bl,,bn)

so f(p(ar),...,p(an)) = f(p(b1),...,p(by,)). It follows that p(M)\{0} is a minhomogeneous set for f which

is M-computable. [

4.2 Upper Bounds

Although the Regressive Function Theorem follows immediately from the Canonical Ramsey Theorem, we
can obtain better bounds on the Turing degrees and position in the arithmetical hierarchy of minhomogeneous
sets for computable f using a direct proof similar to Proof 3 of Ramsey’s Theorem in Chapter 2. We follow
the outline by defining preminhomogeneous pairs, proving their utility and existence, and then applying

induction.

Definition 4.2.1. Suppose that n > 1, B C w is infinite, and f: [B]"*! — w is regressive. We call a pair
(A, g) where A C B is infinite and g: [A]" — w, a preminhomogeneous pair for f if for all z € [A]™ and all

a € A with z < a, we have f(x,a) = g(z).

Claim 4.2.2. Suppose that n > 1, B C w is infinite, f: [B]"*! — w is regressive, and (A, g) is a preminho-
mogeneous pair for f. Then g is regressive, and any M C A minhomogeneous for g is minhomogeneous for

f.

Proof. Given any = € [A]", fix a € A with < a and notice that g(z) = f(z,a) < min(z) if min(z) > 0
and g(z) = f(xz,a) = 0 if min(z) = 0, so g is regressive. Suppose that M C A is minhomogeneous for
g. Fix 21,29 € [M]™ and aj,a2 € M with 21 < a1, 2 < ag, and min(z1,a;) = min(xs,as). We have
min(x;) = min(xs), hence f(z1,a1) = g(x1) = g(z2) = f(x2,a2). Therefore, M is minhomogeneous for

1. O

Proposition 4.2.3. Suppose that n > 1, B C w is infinite and computable, f: [B]" T — w is regressive and
computable, and a > 0'. There exists a preminhomogeneous pair (A, g) for [ such that deg(A & g) < a. In

particular, there exists a preminhomogeneous pair (A, g) for f such that (A @ g)" <7 0”.
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Proof. By Theorem 2.2.10 and Lemma 3.2.2, we may fix an r-cohesive set V' C B such that deg(V) < a.
Suppose that z € [B]". We have f(z,a) < min(z) for all @ € B, so the sets Z, = {a € B : © < a and
f(z,a) = ¢} for ¢ with 0 < ¢ < min(z) are computable, pairwise disjoint, and have union {a € B : z < a}.
Since V is r-cohesive, for each ¢ with 0 < ¢ < min(z), either VNZ, is finite or VNZ, is finite. Therefore, there
exists a unique ¢, with 0 < ¢, < min(z) such that V' N Z,, is finite. Moreover, notice that the function from
[B]™ to w given by x +— ¢, is V’'-computable (since given x € [B]", we can run through b € B in increasing
order asking a V'-oracle if all elements of V' greater than b lie in a fixed Z. for some ¢ with 0 < ¢ < min(x)).

We use a V'-oracle to inductively construct a preminhomogeneous pair (A, g) for f. Let ap,a1,...,a,-1
be the first n elements of V. Suppose that m > n — 1 and we have defined ag, a1, ..., a,,. Using a V'-oracle,
let ay+1 be the least b € V such that b > a,, and f(z,b) = ¢, for all z € [{a; : i < m}|™ (notice that am,41
exists because V' C B is infinite and f(x,b) = ¢, for all sufficiently large b € V). Let A = {a,, : m € w} and
define g: [A]™ — w by g(z) = ¢;. Then deg(A ® g) < deg(V)’ < a and (A, g) is a preminhomogeneous pair
for f.

The last statement follow from the fact that there exists a > 0’ with a’ < 0” by relativizing the Low

Basis Theorem to 0’. O

Remark 4.2.4. Proposition 4.2.3 can also be proved using an effective analysis of a proof using trees similar

to Proof 2 of Proposition 2.2.5.

Theorem 4.2.5. Suppose that X C w, n > 2, B C w is infinite and X -computable, f: [B]" — w is X-

computable, and a > deg(X )™~V . There exists a set M C B minhomogeneous for f such that deg(M) < a.

Proof. We prove the theorem by induction on n. First, suppose that n = 2, B and f: [B]?> — w are X-
computable, and a > deg(X)’. By Proposition 4.2.3 relativized to X, there exists a preminhomogeneous
pair (A, g) for f with deg(A® g) < a. Since A is trivially minhomogeneous for g, it follows from Claim 4.2.2
that A is minhomogeneous for f.

Suppose that n > 2 and the theorem holds for n. Suppose that B and f: [B]"*! — w are X-computable,
and a > deg(X)™. By Proposition 4.2.3 relativized to X, there exists a preminhomogeneous pair (A, g)
for f with (A @ g)’ <r X”. Applying the inductive hypothesis to g: [A]" — w, there exists M C A
minhomogeneous for g with deg(M) < a since a > deg(X)™ = (deg(X)")"=2) > (deg(A @ g)")(»2 =
deg(A @ g)("~V). By Claim 4.2.2, M is minhomogeneous for f. O

We can also use the above results to give bounds on the location of minhomogeneous sets in the arith-

metical hierarchy.
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Theorem 4.2.6. Suppose that X C w, n > 2, B C w is infinite and X -computable, and f: [B]" — w is

regressive and X -computable. Then f has a 119X minhomogeneous set.

Proof. We prove the theorem by induction on n. Theorem 3.3.1 relativized to X C w together with Claim
2.4.4 gives the result for n = 2. Suppose that we know the theorem for n > 2, and that B C w is infinite
and X-computable, and f: [B]""! — w is regressive and X-computable. By Proposition 4.2.3 relativized to
X, there exists a precanonical pair (A4, g) for f with (A® g)’ <r X"”. Applying the inductive hypothesis to
g: [A]" — w, there exists M C A minhomogeneous for g such that M is 1%4®9. Then M is Hz’i‘?@g)/, so it

follows that M is 1%, and hence H?L’fl. By Claim 4.2.2, M is minhomogeneous for f. [

n—1 -

Remark 4.2.7. Theorem 4.2.6 in the case n = 2 can also be proved without appealing to Theorem 3.3.1

by using a more natural generalization of the proof of Theorem 2.2.22 in the case n = 2.

4.3 Lower Bounds

We next turn our attention to lower bounds, aiming to show that the bounds given by Theorem 4.2.5 and

Theorem 4.2.6 are sharp.

Theorem 4.3.1. There exists a computable regressive f: [w]? — w such that deg(M) > 0 for every set M

which is minhomogeneous for f.

Proof. By Proposition 4.1.5, it suffices to find a computable f: [w]?> — w and a computable h: w — w such
that f is h-regressive and deg(M) > 0’ for every set M which is minhomogeneous for f.
Let K = {e : pc(e) |} be the usual computably enumerable halting set, and let {K}se,, be a fixed

computable enumeration of K. Define f;: w? — 2 by

@f{(n) if m = (e,n) and wf{(n) le {0,1}
fl(mvt) =

0 otherwise

Notice that f; is computable. Define a computable f: [w]?> — w as follows. Given a,b € w with a < b, let
fla,b) = (f1(0,b), f1(1,b),..., f1(a,b)). Notice that f is h-regressive, where h: w — w is the computable
function given by h(k) = max({0} U {{ag,a1,...,ax) +1:0 < a; <1 fori<k}).

Suppose that M is a minhomogeneous set for f. For each e € w, define g.: w — 2 as follows. Given
n € w, find the least aen,ben € M with (e,n) < @en < bepn, and let g.(n) = f1({e,n),ben). Notice that g.

is M-computable for each e € w.
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Let e,n € w. Since M is minhomogeneous for f, we know that f(aen,b) = f(aen,b’) for all b,/ € M
with b,b" > ac.n, so fi({e,n),b) = fi({e,n),v) for all b,y’ € M with b, > a.,. Hence, if X (n) | € {0,1},
then g.(n) = fi((e,n),ben) = X (n) because fi((e,n),t) = pX(n) for all sufficiently large t € w.

Therefore, for all e € w, if pX is {0, 1}-valued, then g, is a total M-computable extension. It follows that
M computes a total extension of every partial {0, 1}-valued 0’-computable function, hence deg(M) > 0’ by
Lemma 2.1.6. O

We can use the previous theorem to obtain lower bounds for exponents n > 2.

Theorem 4.3.2. For every X C w and n > 2, there exists an X -computable regressive f: [w]" — w such

that deg(M ® X) > deg(X)"=V for every set M minhomogeneous for f.

Proof. We prove the result by induction on n. The case n = 2 follows by relativizing Theorem 4.3.1. Suppose
that the theorem holds for n > 2. Fix a X’-computable regressive g: [w]® — w such that deg(M ¢ X') >
(deg(X)")"=1) = deg(X)(™ for every set M which is minhomogeneous for g. By the Limit Lemma, there
exists a computable g;: [w]"™! — w such that lim, g1(z,a) = g(z) for all x € [w]" and g1(y) < min(y)
for all y € [w]™*!. By Proposition 2.2.18 relativized to X and the fact that n + 1 > 3, there exists an
X-computable f;: [w]"*! — 2 such that for all infinite sets H homogeneous for f;, we have f1([H]?) = {0}

and H @ X >7 X'. Define an X-computable f: [w]"T! — w by

0 if fi(y) =1

gi(y) +1 if fi(y) =0

fly) =

Notice that f(y) < ¢1(y) + 1 < min(y) + 1 < min(y) + 2 for all y € [w]"™!, hence f is h-regressive, where
h: w — w is the computable function given by h(k) = k+2. By Proposition 4.1.5 relativized to X, it suffices
to show that deg(M @ X) > deg(X)™ for all sets M minhomogeneous for f.

Suppose that M is minhomogeneous for f. For each a € M, let ¢, = f(a, ) for some (any) x € [M]™ with
a<uz. Let Z={a€ M :c, =0} Since f1([Z]"T!) = 1, it follows that Z is finite. For any a € M\Z, we have
ca # 0, hence fi([M\Z]"™)=0and M & X =r (M\Z)® X >r X'. Furthermore, for any x € [M\Z]" and
any b € M\Z with x < b, we have g1 (x,b)+1 = f(2,b) = Cmin(s), hence g(z)+1 = cpmin(y) for all x € [M\Z]".
It follows that M\Z is minhomogeneous for g, hence deg(M @© X) > deg(M @ X') > deg(X)(™). O

As an immediate corollary of Theorem 4.3.2, we get the following corollary giving a lower bound for the

position of minhomogeneous sets in the arithmetical hierarchy.
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Corollary 4.3.3. For every n > 2, there exists a computable regressive f: [w]" — w with no X% minhomo-

geneous set.

Proof. By Theorem 4.3.2 with X = (), there exists a computable regressive f: [w]™ — w such that deg(M) >
0"~ for every set M minhomogeneous for f. Suppose that M is Y% minhomogeneous set for f. Let
M; C M be an infinite AY subset of M, and notice that M; is minhomogeneous for f. Since M is AV, it
follows that deg(M;) < 0"~1). Thus, it is not the case that deg(M;) > 0»~ a contradiction. Therefore,

there is no ¥ set minhomogeneous for f. O

Remark 4.3.4. Corollary 4.3.3 also follows from the corresponding result for Ramsey’s Theorem (Theorem
2.2.22). Fix f: [w]® — 2 such that no ¥ set is homogeneous for f. Define f*: [w]® — w by letting
f*(z) = f(z) if min(z) > 2 and f*(z) = 0 if min(z) < 2, and notice that f* is regressive. Suppose that M*
is 2 and minhomogeneous for f*. Let M be an infinite AY subset of M* with 0,1 ¢ M, and notice that
M is also minhomogeneous for f*. Define g: M — w by letting g(a) = g(z) for some (any) = € [M]"™ with
a = min(z), and notice that g <p M. If My = {a € M : g(a) = 0} is infinite, then Mj is homogeneous for
f and M, is A% (since My <1 M), a contradiction. Otherwise, M; = {a € M : g(a) = 1} is infinite, so
M; is homogeneous for f and M; is A% (since My <7 M), a contradiction. Therefore, there is no X9 set

minhomogeneous for f*.

Corollary 4.3.5. For every n > 2, there exists a computable regressive f: [w]® — w such that every 119

minhomogeneous set M satisfies deg(M) > 0™,

Proof. By Theorem 4.3.2 with X = (), there exists a computable regressive f: [w]™ — w such that deg(M) >
0™~ for every set M minhomogeneous for f. If M is a TI% minhomogeneous set for f, then deg(M) > 0(»—1)

and deg(M) is c.e. relative to 0»~ 1. Therefore, by the Arslanov Completeness Criterion, deg(M) > 0™, [

Combining Theorem 4.2.5 and Claim 4.3.2, we obtain the following corollary, analogous to Corollary

2.1.7.

Corollary 4.3.6. For every n > 2, there is a “universal” computable regressive f: [w|* — w, i.e. an f such
that given any set My minhomogeneous for f and any computable regressive g: [w]™ — w, there exists a set

My minhomogeneous for g such that My <7 Mjy.
Using Claim 2.4.4, we get similar results for canonical sets for computable f: [w]" — w.

Corollary 4.3.7. For every n > 2, there exists a computable f: [w|™ — w such that deg(C) > 0= for

every set C canonical for f.
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The next corollary was discussed in Remark 3.3.6, but we also obtain it immediately from Corollary 4.3.3.

Corollary 4.3.8. For every n > 2, there exists a computable f: [w]" — w with no X0 canonical set.

n

Corollary 4.3.9. For every n > 2, there exists a computable f: [w]™ — w such that every I canonical set

C satisfies deg(C) > 0.
Also, combining Theorem 3.2.4 and Corollary 4.3.7 for n = 2, we get the following.

Corollary 4.3.10. There is a “universal” computable f: [w]> — w, i.e. an f such that given any set Cy

2

canonical for f and any computable g: [w]* — w, there exists a set Cy canonical for g such that Cy <t Cj.

In contrast, we show in the next chapter that there does not exist a “universal” computable f: [w]? — 2

for Ramsey’s Theorem.

4.4 Open Questions

In the previous chapter, we gave upper bounds for canonical sets for computable f: [w]” — w, in terms of
both the Turing degrees and the arithmetical hierarchy. In this chapter, we provided lower bounds. These
bounds give sharp characterizations when n = 2, but the above upper bounds increase by two jumps for each
successive value of n while the lower bounds increase by only one for each successive value of n. In light of

Theorem 3.2.6, I conjecture that the upper bounds provided in Theorem 3.2.4 and Theorem 3.3.5 are sharp.

Conjecture 4.4.1. For every n > 3, there exists a computable f: [w]" — w such that deg(C) > 02n=3) for

every set C' canonical for f.

Conjecture 4.4.2. For every n > 3, there exists a computable f: [w]" — w with no £9,,_, canonical set.
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Chapter 5

Ramsey Degrees

5.1 Definitions and Basic Results

Definition 5.1.1. Suppose that n,p > 1, B C w is infinite, and f: [B]"™* — p. We say that f is stable if

limpe g f(x,b) exists for every x € [B]™.

Stable functions, apart from their intrinsic interest, arise when we restrict f to an r-cohesive subset of
B. Therefore, by combining knowledge about r-cohesive sets and homogeneous sets for stable f, we can
approach the general question of the complexity of homogeneous sets for arbitrary f. See Corollary A.1.4

for a formal version of this equivalence in second-order arithmetic.
Definition 5.1.2.

(1) A Turing degree a is Ramsey if every computable f: [w]? — 2 has an a-computable homogeneous set.

(2) A Turing degree a is s-Ramsey if every computable stable f: [w]?> — 2 has an a-computable homoge-

neous set.

We first show that the study of stable computable f: [w]? — 2 is equivalent to the study of infinite subsets

of AY sets and their complements (or equivalently to the study of arbitrary 0’-computable f: [w]' — 2).
Claim 5.1.3 (see [12, Proposition 2.1] and [1, Lemma 3.5]).

(1) If Y € AY, then there exists a stable computable f: [w]?> — 2 such that for all sets H homogeneous for

f, either HCY or HCY.

(2) If f: [w]? — 2 is computable and stable, then there exists Y € AY such that for all infinite sets A

satisfying either ACY or ACY, A computes an infinite homogeneous set for f.

Therefore, a Turing degree a is s-Ramsey if and only if for every AY set Y, there is an infinite a-computable

subset of either Y orY.

46



Proof. (1) Fix Y € AY. By the Limit Lemma, there exists a computable f: [w]?> — 2 such that Y (a) =
lim;, f(a,b) for all @ € w. Since lim; f(a,b) exists for all a € w, f is stable. Suppose that H is an infinite
homogeneous set for f. If f(a,b) = 0 for all a,b € H with a < b, then for all « € H, we must have
limy, f(a,b) = 0, hence H C Y. Similarly, if f(a,b) = 1 for all a,b € H with a < b, then for all a € A, we
have limy, f(a,b) = 1, hence H C Y.

(2) Let f: [w]> — 2 be computable and stable. Since f is stable, the limit lim, f(a,b) exists for every
a € w, and the set Y defined by Y (a) = lim, f(a,b) is AY by the Limit Lemma. Fix an infinite set A such
that either ACY or ACY. If A CY, define ¢;, recursively by letting ¢, be the least a € A such that ¢; < a
and f(c;,a) =1 for all i < k. Then {c¢x : k € w} is an A-computable homogeneous set for f. Similarly, if
A CY, define ¢, recursively by letting ¢z be the least a € A such that ¢; < a and f(c;,a) = 0 for all i < k.

Then {cy, : k € w} is an A-computable homogeneous set for f. O

To construct a Ramsey degree, we must consider every computable f: [w]? — 2. We first show that it

suffices to handle the simpler class of primitive recursive f: [w]? — 2.

Proposition 5.1.4. If f: [w]? — 2 is computable, then there exists a primitive recursive g: [w]? — 2 such

that every set homogeneous for g computes a set homogeneous for f.

Proof. Fix e such that f = ¢.. Define p: w — w by letting p(s) be the greatest m < s such that (Va <
m)(Vb < m)[a < b — @e s(a,b) |] (if no such m exists, set p(s) = 0). Notice that p is primitive recursive,

increasing, and satisfies lim, p(s) = co. Now define a primitive recursive g: [w]? — 2 by

Peb(p(a),p(b)) if pla) < p(b)

0 otherwise

Suppose that H is homogeneous for g. Notice that p(H) is infinite and p(H) <p H since p is increasing
and limg p(s) = oo. Now for all a,b € H with a < b and p(a) < p(b), we have g(a,b) = p.(p(a),p(d)) =
f(p(a),p(b)). Therefore, for all ¢,d € p(H) with ¢ < d, there exist a,b € A with a < b such that f(c¢,d) =

g(a,b). Since H is homogeneous for g, it follows that p(H) is homogeneous for f. O

By iterating Seetapun’s Theorem (Theorem 2.2.17), we can extend it to a result about Ramsey degrees.
Hummel and Jockusch (see [7, Theorem 3.17]) use this technique to prove a version of this result which

avoids one cone. We first prove a lemma in the spirit of the Kleene-Post-Spector Theorem on exact pairs.

Lemma 5.1.5. Let {c;};c. be a sequence of degrees with cg < ¢1 < cg < .... Suppose that {bg}recw s a

sequence of degrees such that by % ¢; for all k,i € w. There exists a degree a such that ¢; < a for all i € w
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and by, % a for all k € w.

Proof. Let (-): w? — w be a fixed effective bijective coding of pairs of natural numbers. Fix By, such that
deg(By) = by, for each k € w and fix C; such that deg(C;) = c¢; for each i € w. We build a set A such that

{a €w: (i,a) € A} =* C; for all i € w meeting the requirements

® Riepy : 9 # B
for all e, k € w. We inductively build a sequence { f,; }mew of partial functions such that
e foChHhCfC...
o {(i,a):i<m} Cdom(fnm).
e {(i,a) :i>m}Ndom(f,,) is finite.
e range(fy,) C 2.
o {acw: fn((i,a)) =1} =* C, for all i <m.

Let fo = 0. Suppose that m = (e, k) and we have defined f,,. If there exists ¢ € w<* such that

Ca)[(VI <|o[)(fm(D) 1= o(l) = fm (D)) A (¥E(a) 17 Br(a))],

let o be the least such (under some canonical ordering), and let f* = f,,, Uo. Otherwise, let f* = f,,. Let
fm+1(b) = b for all b € dom(f*) and let fi,,41({m,a)) = C,(a) for all a with (m,a) ¢ dom(f*). Notice that
the above invariants are maintained.

Let A= U,,c, fm and let a = deg(A). Since {a € w: (i,a) € A} =* C; for every i € w, it follows that
a > c; for every i € w. Fix e,k € w and let m = (e, k). Suppose that R,, is not satisfied, i.e. 2 = By. In
the definition of f,,11, it must have been the case that ¢ did not exist. We show that By, is f,,-computable.
Given a, search using an f,-oracle until we find the least o, a, and s (in some canonical ordering) such that
¢? (a) | and o(l) = fin(l) for all [ < |o| with f,(I) |. Notice that we must have ¢Z(a) |= Bx(a), so this
procedure computes By using an f,-oracle, contrary to the fact that f,, =7 ®;<nC; and By 417 ®j<mC;.

It follows that R,, is satisfied for every m, hence by f afor all k € w. O]

Proposition 5.1.6. Suppose that f: [w]?> — 2 is computable and {by }rew is a collection of nonzero degrees.

There exists a Ramsey degree a such that by % a for all k € w.

Proof. Let {fi}icw be a listing of all computable functions f: [w]? — 2. We first inductively define an

increasing sequence of degrees {c;};c., such that by ﬁ c; for all k,i € w. Let cg = 0. Suppose that c; is
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defined and by, j{ c; for all k£ € w. Since f; is c;-computable and by, ﬁ c; for all k£ € w, we may use Seetapun’s
Theorem relative to ¢; to conclude that there is a set H homogeneous for f; with by ﬁ deg(H) & ¢; for all
k € w. Fix such an H and let ¢;; = deg(H) & ¢;.

By Lemma 5.1.5, there exists a degree a such that ¢; < a for all i € w and by £ a for all k € w. For
each i € w, we have a > c¢;41, so there exists and a-computable homogeneous set for f;. Therefore, a is

Ramsey. O

Corollary 5.1.7. For any degree b, there exists a Ramsey degree a with bNa = 0. In particular, there is

a minimal pair of Ramsey degrees.

Proof. Let b be a degree. Let {by}reco be a listing of all nonzero degrees less than or equal to b. By

Proposition 5.1.6, there is a Ramsey degree a such that by, « a for all k € w. We then have bna=0. O

5.2 Measure and Category

Sacks (see [24]) proved the following basic results about measure and category of degrees.
Theorem 5.2.1. Suppose that a is a nonzero degree. Then {b : b > a} is meager and has measure 0.

Using Theorem 5.2.1 and the results from Chapters 2-4, it follows that

n

(1) For each n > 2, the set {a : every computable f: [w]” — w has an a-computable canonical set} is

meager and has measure 0.

(2) For each n > 2, the set {a : every computable regressive f: [w]” — w has an a-computable minhomo-

geneous set} is meager and has measure 0.

(3) For each n > 3, the set {a : every computable f: [w]™ — 2 has an a-computable homogeneous set} is

meager and has measure 0.

However, in light of Theorem 2.1.9 and Theorem 5.1.6, we cannot hope to use this method to answer similar
questions for {a: a > 0} or the set of Ramsey degrees. Nevertheless, Jockusch and Soare [15, Theorem 5.1
and Corollary 5.4] established that {a : a > 0} is meager and has measure 0, and we proceed to do the same

for the set of Ramsey degrees.

Definition 5.2.2. A set A is called hyperimmune if it is infinite and there is no computable function f such

that
(1) Df(i) N Df(j) = () whenever i # j.
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(2) Dy NA#Q for all 4.
where D; is the (i + 1) finite set in the usual canonical coding of finite sets by natural numbers.

Proposition 5.2.3 (see [29, Theorem V.2.3]). An infinite set A is hyperimmune if and only if there is

no computable function h: w — w majorizing p4.

We first prove a general lemma which will provide a unified method for the proofs of Proposition 5.2.5

and Proposition 5.3.2.

Lemma 5.2.4. If h <r K, then there exists an infinite and coinfinite D € AY such that there are infinitely

man with pp > and there are infinitely man wit > .
y k with pp(k) > h(k) and th infinitely many k with p5(k) > h(k)

Proof. We build D by finite extensions using a K-oracle, i.e. we produce a sequence of finite binary strings

00 G o1 C oz C ... using K such that D = 0m. We begin by letting o9 = €. Suppose that we have

mew
defined o,,,.

If m is even, let k be the number of ones in o,,. Using a K-oracle, calculate h(k). If h(k) < |opn], let
Om+1 = Om * 1, and notice that for any infinite D D oy, we have pp(k) = o] > h(k). If h(k) > |om], let
Oma1 = O * 0MF)=loml 4 1 and notice that for any infinite D D o,,, we have pp(k) = h(k).

If m is odd, let k& be the number of zeros in o,,. Using a K-oracle, calculate h(k). If h(k) < |op], let
Om+1 = Om * 0, and notice that for any coinfinite D O o, we have pp(n) = |op| > h(k). If h(k) > |opm],
let 0ppp1 = o * 1B =1oml 4 0 and notice that for any coinfinite D D o,,, we have pp(k) = h(k).

Since we insert a one in 0,11 when m is even and we insert a zero in o,,+1 when m is odd, it follows
that there are at least m ones and at least m zeros in g, o for every m. Therefore, D and D are infinite.

Clearly by construction there are infinitely many & with pp(k) > h(k) and there are infinitely many k with

pp(k) > (k). O

The next proposition is well-known (for example, let D be a A9 1-generic set), but provides a simple

application of the above lemma.
Proposition 5.2.5. There exists D € AY such that D and D are hyperimmune.

Proof. Fix h <p K such that for every total computable function f, the set {k € w : h(k) > f(k)} is cofinite
(for example, let h(k) = max({0} U {p(k) : € < k and ¢.(k) |}). By Lemma 5.2.4, there exists an infinite
and coinfinite Ay set D such that there are infinitely many k with pp(k) > h(k) and there are infinitely
many k with p5(k) > h(k). Thus, if f is a total computable function, it follows that there are infinitely
many k with pp(k) > f(k) + 1 > f(k) and there are infinitely many k with p5(k) > f(k) +1 > f(k) (since

k+— f(k) + 1 is computable). Therefore, D and D are hyperimmune by Proposition 5.2.3. O
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Theorem 5.2.6. If A is hyperimmaune, then A\({X € 2¥ : X computes an infinite subset of A}) = 0.

Proof. First notice that for each i, the set {X € 2¥ : X is an infinite subset of A} is Borel, so the set
{X €2¥: X computes an infinite subset of A} = [J;=,{X € 2¢ : ¢;* is an infinite subset of A} is also Borel.
It follows that all of these sets are measurable.

We prove the contrapositive. Let A be a set such that A({X € 2¥ : X computes an infinite subset of
A}) > 0. We will show that A is not hyperimmune by constructing a computable f satisfying (1) and (2)
of Definition 5.2.2. By countable subadditivity of the measure A, we have that A({X € 2 : X computes
an infinite subset of A}) < Y2 A{X € 2¥ : ¥ is an infinite subset of A}). Our assumption that
A{X € 2¥ : X computes an infinite subset of A}) > 0 together with the above inequality implies that
A{X € 2% : pX is an infinite subset of A}) > 0 for some fixed e. Let M = {X € 2¢ : ©X is an infinite
subset of A} and set § = AM > 0. Since M is a measurable set, we may choose 01,09, ...,0,; € 2<% with
AMAUL, Z(0;)) < 8. Fixay e Q with § <y < 2.

We define a computable function f recursively so that { D) }reo Witnesses that A is not hyperimmune.
Suppose that k& > 0 and we have already defined f(¢) for all i < k. Let ap = max({0} U Uf;ol Dy i))-
Let Z = {7 € 2% : (3i)(3a)(3s)[1 < i < m,T 2 04,0 > ag, and @] ((a) |= 1)}. Search until we find
Ty, Tay ..., T € Z with A(U;Zl Z(1;)) > . We may carry out this search effectively since we can effectively
find an index for Z as a c.e. set and we can effectively find the measure of a finite union of basic open sets.

We now argue that this search must terminate. We first show that M N %, Z(03) € U, <, Z(7). Let
X e MNUL,Z(0;). Then ¢ is an infinite subset of A and there exists an i with 1 <4 < m such that
o; C X. Thus, there exists an a > ag with ¢X (a) |= 1, and since o; C X, we may choose an s € w and
a7 € w<¥ such that o; € 7 C X and ¢ ((a) |= 1. Tt follows that 7 € Z, and since 7 C X, we see that
X €U ez Z(7).

We have AM NUL, Z(0;)) + AM\ UL, Z(03)) = AM =6, so

AMN | Z(0:) = 6 = AM\ | Z(04))

i=1 =1

> 5 — A(MA 6 I(oy))

i=1

5

5 — =

073
)
T3
> .

Therefore, A\({J, <, Z(7)) > 7 from above, so there exists 71, 7,...,7 € Z with )\(Uézl (1)) > ~. It follows
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that the search must terminate.

For each j with 1 < j < [, effectively find an a; > ag with ¢’ (a;) |= 1. Set Dy = {a1,a2,...,a}.
This ends the definition of f(k), but we use the established notation to show that Dy N D¢y = () for all
i < k and that Dy N A # 0.

We have Dy N Dyiy = 0 for all i < k since max({0} U Ui:ol D)) = ag < Dyxy. To establish
that D) N A # 0, we first show that M N U;Zl Z(r;) # 0. Suppose that M N U§:1 Z(r;) = 0. Then
U\ Z() € (U7 Z(0:))\M and so

m

AMA | Z(e3) = M Z(0:)\M)

i=1 i=1

a contradiction.
Fix X e M N U;Zl Z(7;). Choose j with 1 < j < such that 7; C X. Since p¢’ (a;) |= 1, it follows that

©X(a;) |=1, hence a; € A because X € M. Therefore, a; € Dyy N A, and the proof is complete. O

Remark 5.2.7. The converse of Theorem 5.2.6 is not true. Let A be a noncomputable introreducible set
which is not hyperimmune (such a set exists because every nonzero degree is introreducible but there exist
nonzero hyperimmune-free degrees). A is not hyperimmune but A\({X € 2* : X computes an infinite subset
of A}) = A({b : b > deg(A)}) = 0. Also, by [15, Theorem 5.5], there exists an immune set A such that
A{X € 2¥ : X computes an infinite subset of A}) = 1. It follows that the collection of sets A such that
A{X € 2¥: X computes an infinite subset of A}) = 0 strictly contains the collection of hyperimmune sets

and is strictly contained in the collection of immune sets.

Corollary 5.2.8. There exists a computable stable f: [w]?> — 2 such that A({X € 2* : X computes a

homogeneous set for f}) = 0. In particular, A({a : a is s-Ramsey}) = 0.

Proof. By Proposition 5.2.5, there exists D € A9 such that D and D are hyperimmune. By Claim 5.1.3,
there exists a stable computable f: [w]?> — 2 such that for all sets H homogeneous for f, either H C D or

H C D. Using Theorem 5.2.6, it follows that A({X € 2 : X computes a homogeneous set for f})=0. O

Theorem 5.2.9. Let A be infinite. A is immune if and only if {X € 2¢ : X computes an infinite subset of

A} is meager.
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Proof. (<) If A is not immune, then A contains an infinite c.e. subset, and hence an infinite computable
subset. Therefore, every set computes an infinite subset of A, so {X € 2¥ : X computes an infinite subset of
A} = 2“ is not meager.

(—) Suppose that {X € 2¥ : X computes an infinite subset of A} is not meager. There exists some e
such that the closure of {X € 2¢ : X is an infinite subset of A} contains a nonempty open set (otherwise,
each such set is nowhere dense, so {X € 2¥ : X computes an infinite subset of A} would be meager since it
is the countable union of these sets). Fix such an e and let M = {X € 2¥ : X is an infinite subset of A}.
Since cl(M) (the closure of M) contains an open set, we may choose o € 2<% with Z(o) C cl(M). Notice
that given any nonempty open set O C cl(M), we must have O N M # .

Let C ={k€w: (3I7)(3s)[r 2 0 Al (k) |=1]}. Note that C is infinite and c.e. (C' is infinite because
there exists X € Z(0) N M by the above comments). Let k € C. Choose 7 2 o with (k) |=1. If k ¢ A,
then Z(7) would be a nonempty open subset of Z(o) C cl(M) such that Z(7) "M = @, contrary to the above

remarks. Therefore k € A. It follows that that C' C A, and hence A is not immune. O

Corollary 5.2.10. There exists a computable stable f: [w]> — 2 such that {X € 2* : X computes a

homogeneous set for f} is meager. In particular, {a : a is s-Ramsey} is meager.

Proof. Proof. By Proposition 5.2.5, there exists D € A9 such that D and D are hyperimmune. By Claim
5.1.3, there exists a stable computable f: [w]? — 2 such that for all sets H homogeneous for f, either H C D
or H C D. Using Theorem 5.2.9, it follows that {X € 2% : X computes a homogeneous set for f} is
meager. O

O

5.3 s-Ramsey Degrees

Definition 5.3.1 (Downey, Jockusch, Stob [3]). A degree a is array noncomputable (abbreviated ANC)

if for each h <, K, there is an a-computable function g such that g(k) > h(k) for infinitely many k.

Proposition 5.3.2. There exists B € AY such that deg(A) is ANC for every infinite set A with either
ACB or ACB.

Proof. Fix a computable enumeration {K}sc, of K. Define a function h: w — w by letting h(k) be the
least s such that K | k = K, | k, and notice that h <7 K. By Lemma 5.2.4, there exists D € AY such that

there are infinitely many k with pp(k) > h(k) and there are infinitely many k& with p5(k) > h(k). Suppose

53



that A is an infinite set such that either A C D or A C D. Since pa <7 A and either p4(k) > pp(k) for all

k or pa(k) > pp(k) for all k, it follows from [3, Theorem 1.3] that deg(A) is ANC. O

Corollary 5.3.3 (see [3, Theorem 2.1]). Ifa is s-Ramsey, then a bounds a 1-generic degree. In particular,

a is not minimal.

Remark 5.3.4. At the end of [3], Downey, Jockusch, and Stob remark that the ANC degrees have measure

0 (using a result of Kurtz). Hence, we get another proof that the s-Ramsey degrees have measure 0.
The following result gives more information about the complexity of s-Ramsey degrees.

Theorem 5.3.5 (Downey, Hirschfeldt, Lempp, Solomon [2]). There exists D € AY such that every

infinite set A with either A C D or A C D is not low.
Corollary 5.3.6. There does not exist a low s-Ramsey degree.

We extend Corollary 5.3.6 in two directions, first by showing that the only AY s-Ramsey degree is 0/,

and then that there is no lowy s-Ramsey degree.
Theorem 5.3.7. The only AY s-Ramsey degree is 0'.

Proof. Suppose that D is a AY set such that K €7 D. We will construct a AJ set B such that D does not

compute any infinite subset of B or B. We have the following requirements:
o Ry.: If P is {0, 1}-valued, total, and infinite, then there is an a with p”(a) =1 and B(a) = 0.
e Ro.i1: If 9P is {0, 1}-valued, total, and infinite, then there is an a with ¢”(a) =1 and B(a) = 1.

For each e, define a partial function u,. by letting u.(a) be the use of 2 on input a if p2(a) | and letting
ue(a) T otherwise. Also, define a computable partial function 6 by letting 6(a) = (ut)[a € K] if a € K and
6(a) T otherwise.

The idea of the proof is as follows. Suppose that i = 2e +d with 0 < d < 1. If o is {0, 1}-valued, total,
and infinite, we need to exhibit an a with ¢?(a) = 1 and B(a) = d. We work on requirement R; by finding
an a such that our approximation to the computation ¢ (a) at stage s produces a 1, claiming the least
such available a, and ensuring that B,(a) = d. Since we need to ensure that the computable approximation
{Bs}scw settles down on each a, we must temper this strategy in order to prevent two conflicting requirements
from claiming the same a at infinitely many stages. Therefore, we impose the additional requirement that
in order for R; to claim a at s, we must have a > ¢ and the current approximate use of the computation

©P(a) is less than the maximum of the approximations to §(b) for all b < a. Now if P (a) |# 1 or 9P (a) 1,
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then R; will claim a at only finitely many stages s (in the latter case this follows because the value of the
approximation of the use must tend to infinity). If o2 (a) = 1, then the set of stages at which R; claims a will
either be finite or cofinite, depending on the size of the use of the computation. Thus, each requirement will
have only a finite set of values of a which it is unable to eventually claim and furthermore the approximation
{B;}sew will eventually settle down on each a. Now suppose that ¢2 is {0, 1}-valued, total, and infinite.
We need to argue that requirement R; succeeds in claiming an a with ¢ (a) = 1 on a cofinite set of stages.
The only way this could fail is if for almost all a with »”(a) = 1, the use of the computation exceeds
max{0(b) : b < a and 6(b) |}. However, we can argue that such a situation would imply the existence of a
D-computable function h such that for all k, we have k € K < k € Kj ), contrary to the hypothesis that
K <7 D.

Fix a computable approximation {Ds}sc., of D. Given e and s, let uc s(a) be the use of 23 on input a
if ¢P:(a) | and let ue s(a) T otherwise. Also, given s, let f5(a) = (ut < s)[a € K¢] (if a ¢ K, then 65(a) 1).

We give a computable approximation {B;}sc, of the set B. At stage s, proceed as follows. We run
through substages i in increasing order from i = 0 to ¢ = s working on requirement R;. At substage

i =2e+d with 0 < d <1, let a; s be the least a < s, if it exists, such that

(1) a>i.

(3) ue,s(a) < max{fs(b) : b < a and 6,(b) |}.
(4) a has not yet been claimed at stage s.

If a; s exists, set Bs(a;,s) = d, say that requirement R; claims a, ; at stage s, and move to the next substage.
If a; s does not exist, simply move to the next substage. At the end of the substages, conclude stage s by
setting Bg(a) = 0 for each a which was not claimed during stage s.

For each i,a € w, let Z; , = {s € w : R; claims a at stage s}. We prove the following for each i,a € w

(where i = 2e+d with 0 < d < 1):
(1) If 9P (a) |# 1, then Z; , is finite.
(2) If 9P (a) T, then Z; , is finite.
(3) If P (a) |=1, then Z; , is either finite or cofinite.

(4) limg Bs(a) exists.
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Fix a. We first prove items (1), (2), and (3) by induction on i. Suppose that i = 2e +d with 0 < d <1
and that for all j < 4, the set Zj , is either finite or cofinite. First notice that Z; , = 0 if a < 4, so we may
assume that a > 4. If there exists j < i such that Z;, is cofinite, then Z;, is finite because at most one
requirement may claim a at a given stage. Suppose that Z; , is finite for all j < 4. Fix ¢y such that for all
j <iandall s> ty, R; does not claim a at stage s. Let m = max({0} U {6(b) : b < a and 6(b) |} and fix
t1 > to such that 6,(b) |= 6(b) for all b < a with 6(b) |.

Suppose first that ¢?(a) |# 1. Fix ty > t; such that <p£g (a) |# 1 for all s > t5. Then for all s > o,
requirement R; does not claim a at stage s. Hence, Z; , is finite.

Suppose that P (a) 1. Fix ta > t; such that D(b) = Dy(b) for all b < m and all s > to. Then for
all s > ty, if pP3(a) = 1, we must have uc s(a) > m = max{0s(b) : b < a and 04(b) |} because otherwise
¢©P(a) = 1. It follows that for all s > t5, requirement R; does not claim a at stage s. Hence, Z; , is finite.

Suppose now that 2 (a) = 1 and uc(a) > m. Fix ty > ¢; such that for all s > t5, we have p23(a) =1
and D(b) = D(b) for all b < u.(a). Then for all s > ¢35, requirement R; does not claim a at stage s because
Ue,s(a) > m = max{0s(b) : b < a and 6,(b) | }. Hence, Z, , is finite.

Finally, suppose that ¢ (a) = 1 and uc(a) < m. Fix t > t; such that for all s > t5, we have 23 (a) = 1
and D(b) = Dy (b) for all b < u.(a). Then for all s > t5, requirement R; claims a at stage s. Hence, Z, , is
cofinite.

Therefore, for each i, the set Z; , = {s € w : R; claims a at stage s} is either finite or cofinite. Item (4)
now follows because Z; , = () if i > a, hence lim,; Bs(a) = 0 if Z; , is finite for all ¢ < a and lim, B,(a) = d if
i =2e+d with 0 < d <1 is such that Z; , is cofinite. This ends the proof of (1)-(4).

Define B by letting B(a) = lim, Bs(a), and notice that B is A9 by the Limit Lemma. We end the proof
by showing that each requirement R; is satisfied. Suppose that i = 2e + d with 0 < d < 1, and that ¢?
is {0, 1}-valued, total, and infinite. Let A = {a € w:a > i and p2(a) = 1}, and let y = {a € A: Z;, is
cofinite for some j < i}. Notice that A\y <7 D since A <r D and y is finite (for each j < i, there is at
most one a with Z; , cofinite). Define h: w — w as follows. Given k € w, let aj be the least element of A\y
greater than or equal to k, and let h(k) = ue(ag). Since u. <7 D, it follows that h <p D.

If for all k € w we have k € K < k € Ky, then K <7 h <r D, contrary to hypothesis. Thus, we may
let [ = min{k € w: k € K\Kj) }. We then have
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(4) (1) > h(l) = ue(ay).
or all 7 < ¢, there exists ¢ such that R; does not claim a; at any stage s > 1.
5) For all j < ¢, th i h that R; d lai

Therefore, we may fix t > a; such that for all s > t, we have 2z (a;) = 1, 05(1) = 0(1), te,s(ar) = ue(ar), and
for each j < 4, R; does not claim a; at stage s. Thus, for every s > ¢, requirement R; claims some b < g
at stage s. Since Z;; is either finite or cofinite for each b < qy, it follows that Z;; is cofinite for exactly
one b < g;. By the above argument, we must have ¢ (b) = 1, and by construction, B(b) = d. Therefore,

requirement R; is satisfied. O

Theorem 5.3.7 extends Corollary 5.3.6, but it does not provide a fixed stable computable f: [w]? — 2
such that all A homogeneous sets for f have degree 0’. We are thus left with the following question, which

is the corresponding extension of Theorem 5.3.5.

Question 5.3.8. Does there exists a AY set D such that every infinite AY set A with either A C D or

A C D has degree 0" ?

5.4 s-Ramsey Degrees and Universality

Recall from Theorem 2.2.11 that given a computable f: [w]?> — 2 and an a >> 0, there exists a set H
homogeneous for f with deg(H)' < a. By the Low Basis Theorem relative to 0’ there exists an a > 0’ such

that a’ = 0”. Using this a in the above yields the following corollary.

Corollary 5.4.1 (Cholak, Jockusch, Slaman [1]). Suppose that f: [w]?> — 2 is computable. There exists

a set H homogeneous for f with H" <r 0".

We now proceed to show that there is no fixed degree a with a” < 0” such that every computable (stable)

f: [w]? — 2 has an a-computable homogeneous set, i.e. there is no low, s-Ramsey degree.

Theorem 5.4.2. Suppose f: w? — 2 satisfies f"" <7 0". For eache, let Z. = {a € w: f(e,a) = 1}. There

exists D € AY such that for all e, if Z, is infinite, then Ze ¢ D and Z. ¢ D.

Proof. We give a K-oracle construction of the set D. By the Recursion Theorem relative to K, we may

assume that we have an index d such that D = ¢X. We have the following requirements:
® Ry : Z is finite or (Ja)[f(e,a) = 1 and D(a) = 0].
® Roei1: Z. is finite or (Ja)[f(e,a) = 1 and D(a) = 1].

We can rewrite these requirement as:
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e Ry : (Im)(Va)[a > m — f(e,a) =0]V
(3a)[f (e, a) = 1A (3t)(Vs > t)[py; (a) = 0]].

® Root1: (Im)(Va)la > m — f(e,a) =0] Vv
(3a)[f(e,a) = 1A (3t)(Vs > t)[py s (a) = 1]].

Notice that each of these requirements is Eg , and furthermore we can effectively find an index for each
as such. Therefore, for each i, we can effectively find an m,; such that R; is satisfied if and only if m; € f”.
By the Limit Lemma relative to K and the fact that f” <; 0” =7 K’, there exists a function g: w? — 2
with ¢ <7 K such that for all m, we have m € f” < limszg(m,s) = 1 and m ¢ f” < limsg(m,s) = 0.
Furthermore, an index I such that g = ¢ may be found effectively. Notice that, for all 4, R; is satisfied if
and only if lim, g(m;, s) = 1.

We now give our K-oracle construction of the set D in stages, defining D(s) at stage s. Given s, find the
least ¢ < s, if it exists, such that g(m;, s) = 0, and call it 5. If i5 does not exist, let D(s) = 0. Otherwise, if
is is even, let D(s) = 0, and if i, is odd, let D(s) = 1. This ends the construction.

We now verify that R; is satisfied for all ¢ by induction. Suppose that R; is satisfied for all j < 7, but
R; is not satisfied. There exists ¢ > ¢ such that g(m;,s) =1 for all j < ¢ and g(m;,s) = 0 whenever s > t.
Hence, by construction, is = i for all s > ¢. Therefore, if i is even, say ¢ = 2e, then D(s) = 0 for all s > ¢,
so R; is satisfied (if Z, is infinite, then there exists a > ¢ with f(e,a) = 1), a contradiction. Similarly, if ¢ is

odd, say i = 2e + 1, then D(s) =1 for all s > ¢, so R; is satisfied, a contradiction. O
The following definition and proposition are essentially due to Jockusch [11].

Definition 5.4.3. Let a be a Turing degree and C a class of functions. We say that the class C is a-
subuniform if there exists an a-computable f: w? — w such that for every g € C, there exists e € w such

that g(a) = f(e,a) for all a € w.

Proposition 5.4.4. Suppose that a > 0 and h: w — w is computable. Let C = {g : g is a computable
function with g(a) < h(a) for all a € w}. Then C is a-subuniform. Furthermore, an f witnessing that C is

a-subuniform may be chosen such that f(e,a) < h(a) for all e,a € w.

Proof. Let T be the set of all 0 € w<“ such that
e o((e,a)) < h(a) for all e, a with (e,a) < |o].
e o({e,a)) = e |s|(a) for all e,a with (e,a) < |o| such that ¢, |, (a) | < h(a).
e 0(j)=0if j < |o| with j # (e, a) for all e, a.
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Notice that T is a computable infinite tree which is bounded by the computable function m — h((m);).
Since a > 0, T has an a-computable branch f*. Define a computable f: w? — w by letting f(e,a) =
f*({eya)). Suppose that g € C and fix e € w with g = .. Let a € w, and suppose g(a) # f(e,a) so that
ve(a) # f*((e,a)). If we let s € w be such that (e,a) < s and @ s(a) |, then f* | s ¢ T, a contradiction. If
follows that g(a) = f(e,a) for all a € w. O

Corollary 5.4.5. If X" <7 0", then there exists D € AY such that X does not compute any infinite subset

of D or D.

Proof. Relativizing Proposition 5.4.4 and the Low Basis Theorem to X, there exists f: w? — 2 low over X
such that for every X-computable set Z, there exists an e € w with Z = {a € w : f(e,a) = 1}. We have
"= (f") =r (X') = X" <7 0". Therefore, by Theorem 5.4.2, there exists D € AY such that for all infinite
X-computable sets A, A ¢ D and A ¢ D. O

Corollary 5.4.6. There is no s-Ramsey degree a satisfying a” < 0”.

Corollary 5.4.7. Suppose that f: [w]* — 2 is computable. There exists a set Hy homogeneous for f and a

computable stable g: [w]® — 2 such that Hy £ Hy for all sets Hy, homogeneous for g.

Proof. Suppose that f: [w]?> — 2 is computable. By Theorem 2.2.11 and the Low Basis Theorem relative to
0’, there exists Hy homogeneous for f such that Hf <7 0”. By Corollary 5.4.6, deg(Hy) is not s-Ramsey,

so there exists a computable stable g: [w]?> — 2 such that Hy £1 Hy for all sets H, homogeneous for g. [
Corollary 5.4.8.

(1) There is no “universal” computable f: [w]?> — 2, i.e. a computable f: [w]*> — 2 such that for all
computable g: [w]*> — 2 and all sets Hy homogeneous for f, there is a set Hy homogeneous for g such

that Hy <g Hy.

(2) There is no “universal” computable stable f: [w]* — 2, i.e. a computable stable f: [w]*> — 2 such that
for all computable stable g: [w]?> — 2 and all sets Hy homogeneous for f, there is a set Hy homogeneous

for g such that Hy <7 Hy.

5.5 Open Questions

A fundamental question about the relation between Ramsey’s Theorem for exponent 2 and Kénig’s Lemma

is the following.
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Question 5.5.1. Does there exist a (stable) computable f: [w]*> — 2 such that deg(H) > O for all sets H

homogeneous for f? Does every (s-)Ramsey degree a satisfy a > 07

Hummel and Jockusch [7, Theorem 2.10] proved that there exists a computable f: [w]? — 2 such that
H is effectively immune relative to 0 for all sets H homogeneous for f. The following strengthening of this

result remains open.

uestion Dedie 0€S ere ertst a computaote LW — Suc a €g U > or all sets
Question 5.5.2. Does th jst tabl 2 2 such that deg(H)UO' o’ Il sets H

homogeneous for f¢ Does every Ramsey degree a satisfy au 0’ > 0'?

Roughly, Corollary 5.4.8 says that we can not combine all computable f: [w]?> — 2 into a single universal

g: [w]? — 2. The following question about combining two computable 2-colorings into one remains open.

Question 5.5.3. Do there exist computable fi: [w]?> — 2 and fy: [w]> — 2 such there is no computable
g: [w]* — 2 with the property that every set H, homogeneous for g computes both a set Hy, homogeneous

for fi and a set Hy, homogeneous for fo?

Remark 5.5.4. The number of colors in the above g is crucial. If fi: [w]> — 2 and fo: [W]?> — 2 are
computable, then g: [w]?> — 4 defined by g(z) = fi(z) + 2 f2(z) is computable and has the property that

every set H, homogeneous for g is both homogeneous for f; and homogeneous for f.

The following purely combinatorial proposition is a first step toward resolving Question 5.5.3

2 92

Proposition 5.5.5. There exist (computable) f1: [w]? — 2 and fo: [w]?> — 2 such there is no g: [w]

with the property that every set Hy, homogeneous for g is both homogeneous for fi and homogeneous for f.

2 92

Proof. Let (-,-): [w]?> — w be a fixed effective bijective coding of pairs of natural numbers. Define f; : [w]
and fp: [w]? — 2 by
o 0 ifi=j
fl({<laa>a <]7 b>}) -

1 otherwise

0 ifi=j (mod 2)
f2({<z,a>,<],b>}) =

1 otherwise

For each i € w, let A; = {{i,a) : a € w}. Notice that an infinite set H is homogeneous for both f; and fo if

and only if one of the following is true.
(1) There exists an ¢ such that H C A;.
(2) For all even i, we have |[H N A;| < 1, and for all odd 4, we have H N A; = (.
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(3) For all odd 4, we have |H N A;| <1, and for all even 4, we have H N A; = (.

Suppose that g: [w]? — 2 is such that every set H homogeneous for g is homogeneous for both f; and f,. For
each i € w, apply Ramsey’s Theorem to g | [4;]%: [4;]?> — 2 to obtain B; C A; such that B; is homogeneous
for g. For each i € w, let ¢; < 2 be such that g([B;]?) = {q¢:}.

Fix i € w. Suppose that j,b € w with ¢ # j and (j,b) € B;. If Z = {a € w : (i,a) € B; and
g({(i,a), (j,b)}) = ¢;} is infinite, then H = {(4,b)} U {(3,a) : a € Z} is a homogeneous set for g which does
not satisfy any of (1)-(3) above (since H N A; is infinite and |H N A;| = 1), a contradiction. Therefore, for
all sufficiently large a with (i,a) € B;, we have g({(i,a), (j,0)}) =1 — q.

Suppose now that there exists ¢ € w such that Z = {j € w: ¢; = 1 — ¢;} is infinite. Fix such an ¢ and
enumerate Z as jo < jz < j4 < .... Fix bg, by with by # by such that (i, bp), (i,b1) € B;, and let jo = j; = i.

Suppose we have already defined b, b1, ..., b, with m > 1 and assume inductively that
o (ji,br) € By, for all k < m.
o g({Ujr, bi), G, b)) = ¢; for all k.1 with 0 < k <1 < m.

We now define b,,+1. By the previous paragraph, for each k& < m, all sufficiently large a with (j,,41,a) €
By, ... satisfy g({(Jm+1,a), (Jr,bx)}) = 1 — qj,,., = qi- Therefore, we may let b,,1 be the least a such that
(Jmy1,0) € By, ., and g({(jm+1,a), (jk.br)}) = ¢ for all k& < m. Then the inductive hypothesis holds and
we may continue. However, the set H = {(jmm,bm) : m € w} is a homogeneous set for g which does not
satisfy any of (1)-(3) above (since |[H N A;| =2 and |H N A;,,| =1 for all m € w), a contradiction.

Since at least one of the sets {j € w: ¢; =0} and {j € w : ¢; = 1} is infinite, it follows from the previous
paragraph that ¢; = ¢; for all 4, j € w. Let ¢ = ¢; for some (all) i € w. Fix by such that (0,by) € By. Suppose

we have already defined by, by, ..., b, with m > 0 and assume inductively that
o (k,bg) € By, for all k < m.
o g({(k,br),(l,b))})=1—gqforall k,l with 0 <k <l <m.

We now define b,,11. As above, for each k& < m, all sufficiently large a with (m + 1,a) € B,,4+1 satisfy
g({{m+1,a),{k,bx)}) =1 — q. Therefore, we may let b,,11 be the least a such that (m +1,a) € B,,+1 and
g({{m + 1,a),(k,br)}) = 1 — ¢ for all K < m. Then the inductive hypothesis holds and we may continue.
However, the set H = {{m,b,,) : m € w} is a homogeneous set for g which does not satisfy any of (1)-(3)

above (since |[H N A;| =1 for all j € w), a contradiction. O
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Chapter 6

Generalized Cohesive Sets

6.1 Notions of Cohesiveness

Recall the definition of r-cohesive sets in Chapter 2 and the equivalent characterization given by Claim 2.2.9.

Claim 6.1.1. A set V is r-cohesive if and only if it is infinite, and for every computable f: [w]' — 2, there

exists a finite z C w such that V\z is homogeneous for f.

With this characterization in mind, it is possible to extend the definition of cohesiveness to higher

exponents.

Definition 6.1.2 (Hummel and Jockusch [7, Definition 1.3]). Fix n > 1. A set V is n-r-cohesive if V

n

is infinite, and for every computable f: [w]™ — 2, there exists a finite set z such that V\z is homogeneous

for f.

Similarly, we can define notions of cohesiveness for the Canonical Ramsey Theorem and the Regressive

Function Theorem.

Definition 6.1.3. Fix n > 1.

n

o A set V is n-c-cohesive if V' is infinite, and for every computable f: [w]™ — w, there exists a finite set

z such that V'\z is canonical for f.

e A set V is strongly n-c-cohesive if V' is infinite, and for every p > 1 and every computable f: [w]™ —

w X p, there exists a finite set z such that V'\z is canonical for f.

e A set V is n-g-cohesive if V is infinite, and for every computable regressive f: [w]™ — w, there exists

a finite set z such that V'\z is minhomogeneous for f.

Remark 6.1.4. By Claim 2.3.3 and Claim 2.4.4, every n-c-cohesive set is both n-r-cohesive and n-g-cohesive.

62



To inductively construct n-c-cohesive sets, it seems that we need to construct strongly n-c-cohesive sets.

Fortunately, we have the following simple result.
Claim 6.1.5. For anyn > 1, a set V is n-c-cohesive if and only if it is strongly n-c-cohesive.

Proof. Clearly, if V is strongly n-c-cohesive then V' is n-c-cohesive. Suppose that V is n-c-cohesive, and let
f: [w]™ — w X p be computable. Since 1 o f: [w]™ — w and w3 0 f: [w]™ — p are computable, there exists a
finite set z; such that V'\z; is canonical for 7 o f and there exists a finite set z2 such that V'\z, is canonical

for my o f. By Claim 2.3.3, V\z3 is homogeneous for 5 o f. Therefore, V'\ (21 U 22) is canonical for f. O

6.2 1-c-cohesive Sets

Madan and Robinson [19] studied 1-c-cohesive sets, which they called 1-1 sets (notice that an infinite set A
is 1-c-cohesive if and if only if every computable f: w — w is either eventually constant on A or eventually

1-1 on A). Their paper (see [19, Theorem 1.2]) contains the following fact.
Theorem 6.2.1. FEvery 1-c-cohesive set is dense immune, and hence of high degree.

The following result also appears in [19, Theorem 3.1], and is originally due to Owings [20].
Theorem 6.2.2. If P is co-maximal, then P is I1-c-cohesive.

Since maximal sets appear in every high c.e. degree, it follows that every high c.e. degree contains a

1-c-cohesive set. We now generalize this result.

Theorem 6.2.3. Ifa is high (i.e. a’ > 0") and B is infinite and computable, then a contains a 1-c-cohesive

subset of B.

Proof. Suppose that a’ > 0. We first show that there is an a-computable 1-c-cohesive subset of B. Fix e
such that B = p.,. Using a 0”-oracle, we inductively define a function g: w — w as follows. Let g(0) = eo.
Suppose that we have defined g(k) for some k > 0 and that oy is total, {0, 1}-valued, and infinite. If ¢}, is
not total (a question we can answer using a 0”-oracle), let g(k+1) = g(k). Suppose that @y, is total. Using a
0”-oracle again, determine whether ¢y, is unbounded on @), i.e. whether (Vm)(3b)[pg(k)(b) = 1 A @r(b) >
m.

If oy is unbounded on @ 4, use a 0”-oracle to let g(k + 1) be the least e € w such that:
e o, is total, {0, 1}-valued, and infinite.

® ©Vg(k)(b) =1 for all b with ¢ (b) = 1.
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o vi(a) # @i(b) for all a,b € w with a # b and ¢.(a) = 1 = p.(b).

To see that such an e exists, inductively define a strictly increasing computable function p as follows. Let
p(0) be the least b such that ¢y (b) = 1. Suppose that we have defined p(i) for all i < [. There exists b
with @) (b) = 1 such that b > p(i) and @i (b) # @& (p(i)) for all i <[ since ¢y is unbounded on ¢y 4. Let
p(l + 1) be the least such b, which can be found effectively. Since p is computable and strictly increasing,
there is an e such that . = range(p), and this e satisfies the above.

If oy is bounded on @), proceed as follows. There exists ¢ such that the set Z. = {b € w : g1y (b) =1
and @ (b) = ¢} is infinite. Fix the least such ¢ using a 0”-oracle. Since Z. is computable, there exists e such
that ¢, = Z., and we let g(k 4 1) be the least such e (which we can again find using a 0”-oracle).

Notice that
e g is 0”-computable.

® V4 is total, {0, 1}-valued, and infinite for all k € w.

® B=py0) 2 Pg(1) 2 Pg(2) 2 ----
e For all k € w with ¢y total, ¢ ) is canonical for ¢y

2 — w such that g(k) = lim, g1 (k, s) for

Since deg(g) < 0” and a’ > 0”, there exists an a-computable g; : w
all k € w. We now define an 1-c-cohesive set V' with V' C B by inductively defining its principal function py

using an a-oracle. Let py (0) = min(B). Suppose that py(m) is defined. Let s,,41 be the least s such that

(3b)[pv(m) <b<sAbe BA(Yk <m)[og, (k,s),s() 1= 1]

Notice that such an s exists because for all sufficiently large ¢, we have g1(k,t) = g(k) for all & < m. Let
pv(m + 1) be the least b satisfying the above with s = sp,41.

We now show that V' is a 1-c-cohesive subset of B. Clearly, V' C B by construction. Suppose that ¢y,
is total. Fix ¢t such that gy (i,s) = ¢(i) for all ¢ < k and all s > ¢t. By construction, for all m > max{k,t},
we have gy (pv(m)) = 1. Therefore, letting z = {py (i) : i < max{k,t}}, we see that V\z C ¢4). Since
©g(k) is canonical for ¢, it follows that V'\z is canonical for ..

Therefore, there is an a-computable 1-c-cohesive subset of B. Since there is an arithmetical 1-c-cohesive
subset of B (from the above), and any infinite subset of a 1-c-cohesive subset of B is a 1-c-cohesive subset
of B, it follows from [13, Theorem 1] that the degrees of 1-c-cohesive sets are closed upwards. Hence, there

is a 1-c-cohesive subset of B of degree a. O
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6.3 n-c-cohesive Sets

We can lift results about 1-c-cohesive sets to higher exponents by uniformly building a set A and a family of
functions gz which simultaneously code (modulo finite sets) precanonical pairs for all computable f: [w]"+! —

w, and using a relativized n-c-cohesive set.

Theorem 6.3.1. Suppose that X C w, n > 1, B C w is infinite and X-computable, and a is a Turing
degree which is high relative to deg(X)"=2) (i.e. a > deg(X)?"2) and a’ > deg(X)®™) ). There exists an

a-computable set V. C B which is n-c-cohesive relative to X.

Proof. The proof is by induction on n. The case n = 1 follows by relativizing Theorem 6.2.3. Suppose that
the result holds for n. Let X C w, B C w be infinite and X-computable, and let a be a Turing degree which
is high relative to deg(X)®™). Since {e € w : X is total} <7 X", the function f: w — w defined recursively

by

F(0) = (ne)lps is totall

f(k+1) = (ue)[e > f(k) and ¢ is total]

is X”'-computable. Using an X"-oracle, we uniformly build a set A C B with A = {ag < a1 < az < ...},
and functions gy for each k € w. For each k € w, if we let Ay = {a; : ¢ > k}, then gi: [4x]" — w x 2, and
(Ag, gx) will be a precanonical pair for 4,055(,6) (viewing <pf(k) as a function from [w]"*! to w). The proof is
completely analogous to the proof of Proposition 3.2.3 relative to X, except that in the construction of A,
once we define a,,11, we proceed in order for each k¥ < m + 1 to thin out the set constructed according to
each of the X-computable functions Lp;f( ) and define gi on all elements of [{a; : k <1 < m+1}]" whose last
element is a,+1.

By the inductive hypothesis relative to X” and Claim 6.1.5 relative to X", there is a strongly n-c-
cohesive set V relative to X" such that V' C A and deg(V) < a (since a is high relative to deg(X)(?") =
deg(X")27=2)). Suppose that h: [w]"T! — w is X-computable, and fix k € w with h = cpf(k). Then
gk [Ak]" — w x 2 is X"-computable, so there is a finite set z such that V'\z is canonical for gi. By Claim

3.1.5, V\z is canonical for f. Therefore, V' is an a-computable (n + 1)-c-cohesive subset of B. O

Corollary 6.3.2. Suppose that n > 1, B C w is infinite and computable, and a is a Turing degree which is

high relative to 0"=2). There exists an n-c-cohesive set of degree a.

Proof. Since there is an arithmetical n-c-cohesive subset of B (from Theorem 6.3.1), and any infinite subset

of a n-c-cohesive subset of B is also an n-c-cohesive subset of B, it follows from [13, Theorem 1] that the
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degrees of n-c-cohesive subsets of B are closed upwards. Therefore, by Theorem 6.3.1, there is an n-c-cohesive

subset of B of degree a. O

6.4 n-g-cohesive Sets

Notice that given any regressive f: [w]! — w, every infinite set is trivially minhomogeneous for f. Therefore,
every infinite set is 1-g-cohesive relative to every X C w.

Again, we can lift results about 1-g-cohesive sets to higher exponents by uniformly building a set A and
a family of functions gy which simultaneously code (modulo finite sets) preminhomogeneous pairs for all

n+1

computable regressive f: [w] — w, and using a relativized n-g-cohesive set.

Theorem 6.4.1. Suppose that X Cw, n > 1, B C w is infinite and X -computable, and a is a Turing degree

such that a > deg(X)("_l). There exists an a-computable set V- C B which is n-g-cohesive relative to X.

Proof. The proof is by induction on n. The case n = 1 is trivial from the above. Suppose that the result
holds for n. Let X C w, B C w be infinite and X-computable and let a be a Turing degree such that
a > deg(X)™. By the relativized Low Basis Theorem, we may fix b > deg(X) with b’ < deg(X)’ and
c > deg(X)" with ¢/ < deg(X)"” . By Proposition 5.4.4 relativized to X, the class of X-computable regressive
functions from [w]"™! to w is b-subuniform, so there exists a b-computable f: w x [w]" ™ — w such that the
function y — f(k,y) is regressive for all k, and for all X-computable regressive g: [w]"*! — w, there exists
k € w such that g(y) = f(k,y) for all y € [w]" L.

For each k € w, let fi: [w]"™ — w be such that fi(y) = f(k,y) for all y € [w]"*. Using the fact that
¢ > deg(X)" > b’, we use a c-oracle to uniformly build a set A C B with A = {ag < a; < az < ...}, and
functions g, for each k € w. For each k € w, if we let Ay = {a; : ¢ > k}, then gi: [A]" — w, and (Ag, gk)
will be a preminhomogeneous pair for fr. The proof is completely analogous to the proof of Proposition
4.2.3 relative to b, except that in the construction of A, to determine a,,+1, we consider the values fi(z,b)
for all € [{a; : k < i < m}|™ and define g on all elements of [{a; : &k < i < m + 1}]™ whose last element is
Gm+1, for each k < m.

By the inductive hypothesis relative to c, there is an n-g-cohesive set V relative to ¢ such that V. C A and
deg(V) < a (since a > deg(X)™ = deg(X")»~1) > c(»~1). Suppose that h: [w]"*! — w is X-computable
and regressive, and fix k € w with h = f. Then gi: [4x]" — w is c-computable, so there is a finite set z
such that V\z is minhomogeneous for g;. By Claim 4.2.2, V'\z is minhomogeneous for f. Therefore, V is

an a-computable (n + 1)-g-cohesive subset of B. O
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Corollary 6.4.2. Suppose thatn > 1, B C w is infinite and computable, and a is a Turing degree such that

a> 01, There exists an n-g-cohesive set of degree a.

Proof. Since there is an arithmetical n-g-cohesive subset of B (from Theorem 6.4.1), and any infinite subset
of an n-g-cohesive subset of B is also an n-g-cohesive subset of B, it follows from [13, Theorem 1] that the
degrees of n-g-cohesive subsets of B are closed upwards. Therefore, by Theorem 6.4.1, there is an n-g-cohesive

subset of B of degree a. O

Remark 6.4.3. By Theorem 4.3.2, given n > 2, every n-g-cohesive set V satisfies deg(V) > 01,

Therefore, for n > 2, Theorem 6.4.1 gives a sharp characterization of the degrees of n-g-cohesive sets.
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Chapter 7

Reverse Mathematics

7.1 The Reverse Mathematics of Partition Theorems

In this section, we obtain some basic reverse mathematics corollaries from the computability-theoretic anal-

ysis we’ve carried out thus far.
Definition 7.1.1. The following definitions are made in second-order arithmetic.
(1) RT} is the statement that every f: [N]” — p has a homogeneous set.
(2) RT™ is the statement that for all p > 1, every f: [N]” — p has a homogeneous set.
(3) RT is the statement that for all n,p > 1, every f: [N]” — p has a homogeneous set.
(4) CRT™ is the statement that every f: [N]” — N has a canonical set.
(5) CRT is the statement that for all n > 1, every f: [N]” — N has a canonical set.
(6) REG™ is the statement that every regressive f: [N]™ — N has a minhomogeneous set.
(7) REG is the statement that for all n > 1, every regressive f: [N]* — N has a minhomogeneous set.
(8) ACA] is the statement that for all sets Z and all n, the n'" jump of Z exists.

(9) BT (where I is a set of formulas) is the statement of I-bounding, i.e. for any formula 0(a,b) € T' we

have
(Ve)[(Va < ¢)(Fb)b(a,b) — (Im)(Va < ¢)(Ib < m)b(a,b)]
Proposition 7.1.2. The following are equivalent over RCAq

(1) ACAo
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(2) CRT"™ for any fized n > 2.

(3) REG™ for any fized n > 2.

(4) RT™ for any fized n > 3.

(5) RT, for any fized n > 3 and p > 2.

Proof. To see that (1) implies (2), examine the proof of Theorem 3.1.3 and notice that it can be formalized
(in a completely straightforward manner) in ACAj. Since the proofs of Claim 2.4.4 and Claim 2.3.3 can be
carried out in RCAy, it follows that (2) implies (3) and (4). Formalizing the proof of Theorem 4.3.1 in RCA
gives (3) implies (1). Clearly, (4) implies (5), and formalizing the proof of Proposition 2.2.18 in RCA( gives
(5) implies (1). O

Remark 7.1.3. At the end of [17], Kanamori and McAloon state that the implication REG? — ACA over
RCAy is due to Clote. Hirst (see [6, Theorem 6.14]), in his thesis, proved that the stronger statement “Every

h-regressive f: [N]? — N has a minhomogeneous set” implies ACA, over RCA,.
Proposition 7.1.4. The following are equivalent over RCAq:

(1) ACA,

(2) CRT

(3) REG

(4) RT

Proof. To see that (1) implies (2), examine the proof of Theorem 3.1.3 and notice that it can be formalized
for all exponents n (in a completely straightforward manner) in ACAj. Since the proofs of Claim 2.4.4 and
Claim 2.3.3 can be carried out in RCAg, it follows that (2) implies (3) and (4). Formalizing the proof of
Theorem 4.3.2 in RCA gives (3) implies (1), and formalizing the proof of Proposition 2.2.18 in RCA, gives
(4) implies (1). O

Proposition 7.1.5. The following are equivalent over RCAq:
(1) BIIY
(2) BXS

(3) RT!
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(4) CRT!

Proof. The equivalence of (1) and (2) is standard and can be found in [5, Lemma 2.10]. The equivalence of
(1) and (3) is due to Hirst [6, Theorem 6.4], and can also be found in [1, Theorem 2.10]. Since the proof of
Claim 2.3.3 can be carried out in RCA, it follows that (4) implies (3).

We now show that (3) implies (4). Let 9 be a model of RCAg + RT! and let N be the set of natural
numbers in M. Suppose that f: N — N and f € 9. If there exists p € N such that f(n) < p for all
n € N, then there exists a set H € 9 which is homogeneous for f since RT;) 11 holds in 9, and such an H is
canonical for f. Suppose then that the range of f is unbounded, i.e. for every p € N, there exists an n € N
with f(n) > p. Since M satisfies A comprehension, we may recursively define a function g € 9 as follows.
Let g(0) = 0, and given g(n), let g(n+ 1) be the least k& € N such that & > g(n) and f(k) > f(g(n)). Since g
is strictly increasing, and g € 9, it follows that range(g) is infinite and range(g) € 9. Notice that range(g)

is canonical for f. O

7.2 Open Questions

Many open questions about the reverse mathematical strength of RT3 (and simple corollaries of it) remain.

The following is perhaps the most fundamental.

Question 7.2.1 (Seetapun). Does RT3 imply WKLy over RCAq ?

Definition 7.2.2. The following definitions are made in second-order arithmetic.
(1) SRTZ is the statement that every stable f: [N]2 — 2 has a homogeneous set.

(2) CAC is the statement that every infinite partially ordered set has either an infinite chain or an infinite

antichain.
Question 7.2.3. Does SRT2 imply RT3 over RCA,?

Question 7.2.4. Does CAC imply RT2 over RCAq?
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Appendix A

A Corrected Proof

A.1 RCA; F RT2 — COH

Definition A.1.1. In second-order arithmetic, let COH be the statement that for any sequence of sets

(R;)ien, there is an infinite set A such that for all i € N, either A C* R; or A C* R;.

Definition A.1.2. In second-order arithmetic, let SRT3 be the statement that every stable f: [N]?> — 2 has

a homogeneous set.

Cholak, Jockusch, and Slaman (see [1, Lemma 7.11]) claimed that RCAy - RT3 < (SRT3+ COH), but
their proof of RCAg - RT3 — COH is seriously flawed. We now give a correct proof of this fact (Jockusch

and Lempp [14] have independently discovered a similar proof).
Claim A.1.3. RCA; - RTZ — COH.

Proof. The proof is similar to the proof of [1, Theorem 12.5], but we need a slightly more refined argument
to show that the proof goes through in RCA( (the proof easily goes through in RCAg + X9-IND).

Let 9 be a model of RCAg + RT3 and let N be the set of natural numbers in 9. Let (R;)ien € M be
a sequence of sets. By including additional sets in the sequence (R;);en, if necessary, we may assume that
for all a,b € N with a < b, there exists i € N such that R;(a) # R;(b). Define d: [N]> — N by letting d(a, b)
be the least ¢ € N such that R;(a) # R;(b). Define f: [N]*> — 2 by letting f(a,b) = Rg(ap)(a). Notice that
d, f € 9 since M E RCA,.

Since M = RT2, there exists A € M which is homogeneous for f. Let (a,)nen enumerate A in increasing
order. Suppose first that f([A]?) = {0}. We prove by induction on i € N that for all finite sets X C N, if
Ri(a,) = 1 and R;(a,41) = 0 for all n € X, then |X| < 2° — 1. Notice that for any n € N, if Ry(a,) = 1

and Rg(an.1) = 0, then d(ay,any1) = 0 and so f(an,a,+1) = 1, contrary to the fact that f([A]?) = {0}.
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Therefore, if X C Nis a finite set such that Ro(a,) = 1 and Ro(a,+1) = 0foralln € X, then | X|=0=2-1,
and the result holds for ¢ = 0.

Suppose that i € N, ¢ > 0, and the result holds for all j < i. Notice that, by the inductive hypothesis, for
all finite sets Y C N and all j < 4, if Rj(a,) =0 and R;(an41) =1 for alln € Y, then |Y| <27, Let X CN
be a finite set such that R;(a,) = 1 and R;(a,+1) = 0 for all n € X. Since f([A]?) = {0}, it must be the case
that d(an,ant1) < i for all n € X, and moreover Ry, a,,,)(@n) = 0 and Rg(a, qa,.,)(@nt1) = 1. For each
j<iletY;={n€X:d(an,ans1)=j}. Then X =Ji_;¥;, hence |X| < Y ¢ |¥;| < Y12/ =2' — L.
Thus, the result holds for i.

Since the inductive statement is I1{, and RCA proves order induction for II{ statements, it follows that
for all i € N and all finite sets X C N, if R;(a,) = 1 and R;(an4+1) = 0 for all n € X, then |X]| < 2 — 1.
Similarly, if f([A]?) = {1}, then by interchanging the roles of 0 and 1 in the above arguments, we see that
for all i € N and all finite sets X C N, if R;(a,) = 0 and R;(an4+1) = 1 for all n € X, then |X]| < 2 — 1.
Therefore, for all i € N, either A C* R; or A C* R;. It follows that 9t = COH. O

Corollary A.1.4. RCA, F RT2 < (SRT2+ COH).

Proof. Clearly, RCAg - RT3 — SRT2 and Claim A.1.3 gives RCAy = RT3 — COH. To see that RCA,
(SRT2+ COH) — RTZ, let M be a model of RCAg + SRT3+ COH and let N be the set of natural numbers in
9. Let f: [N]2 — 2 with f € 9. For eachi € N, let R; = {j > i: f(i,) = 0}, and notice that (R;);en € 9.
Since 9 E COH, there exists an infinite A € 9 such that for all i € N, either A C* R; or A C* R;. Let
(@n)nen enumerate A in increasing order. Define g: [N]? — 2 by letting g(n,m) = f(an, a.,) and notice that
g € M and g is stable. Since 9 F SRT3, there exists H € 9 homogeneous for g. We then have g(H) € M
and g(H) is homogeneous for f. It follows that 9t F RT3. O
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