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Chapter 1

Introduction

1.1 Sums of Squares

Question 1.1.1. Which numbers can be written as the sum of two squares? As we will eventually see,
solving this problem boils down to determining which primes can be written as the sum of two squares. For
example, 5=1+4,13=4+9, 61 = 25 + 36, etc.

We first start with a simple necessary condition.

Proposition 1.1.2. If p is an odd prime which can be written as the sum of two squares, then p = 1
(mod 4).

Proof. 1t is straightforward to check that for all n € Z, either n? =0 (mod 4) or n? =1 (mod 4). Thus, the
sum of two squares must equal one of 0, 1, or 2 modulo 4, and so can not be 3 modulo 4. Now every odd
number is congruent to either 1 or 3 modulo 4, so if p is an odd prime which can be written as the sum of
two squares, then p =1 (mod 4). O

Suppose that p is a prime which is the sum of two squares. We can then fix a,b € Z with p = a® +b2. In
the Gaussian integers Z[i] we have

p=a*+b*= (a+bi)(a— bi)

so the number p, which is prime in Z, factors in an interesting manner over the larger ring Z[i]. There is a
converse to this as well. In fact, we will eventually be able to show the following theorem.

Theorem 1.1.3. Let p € Z be an odd prime. The following are equivalent.
1. There erist a,b € Z with p = a® + b>.
2. p is reducible (and hence no longer prime) in Z][i].
3. —1 is a square modulo p, i.e. there exists v € Z such that x> = —1 (mod p).
4. p=1 (mod 4).

Putting the above information together, it follows that p can be written as the sum of two squares exactly
when p (which is prime/irreducible in Z) fails to be irreducible in the larger ring Z[i]. We have turned a
number-theoretic question into one about factorizations in a new ring. In order to take this perspective, we
need a solid understanding of factorizations in the ring Z[i]. For example, is the ring a UFD so that we have
unique factorizations into irreducibles? If not, how badly does factorization break down?
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Moreover, the above theorem establishes a connection with the squares in the ring Z/pZ. Determining
which elements in these rings are squares is a fascinating problem and leads to the beautiful result known
as Quadratic Reciprocity. Thus, from this simple example, we see how basic number-theoretic questions can
be understood and hopefully solved using the perspective of the algebraic objects you studied in Abstract
Algebra. This course is largely devoted to justifying this claim.

1.2 Pythagorean Triples

Suppose that you want to understand all Pythagorean triples, that is triples (a, b, ¢) of positive integers with
a’® +b? = 2. To find these, it suffices to find all so-called primitive Pythagorean triples, that is Pythagorean
triples (a, b, ¢) with ged(a, b, ¢) = 1, because a general Pythagorean triple is an integer multiple of a primitive
ones.. These are called primitive triples. Given a primitive triple (a, b, ¢), we have

A =a?+b* = (a+bi)(a—bi)

Now one can show (and we will do this), that ged’s make sense in Z[i] and that a+bi and a — bi are relatively
prime assuming that (a, b, ¢) is primitive. We will then be able to show that if the product of two relatively
prime elements of Z[i] is a square, then each of the factors must be a square. In particular, we can fix
m,n € Z with
a+bi = (n+mi)?
We then have
a+bi=(n>—m?) +2mn-i

We conclude that a = n? — m? and b = 2mn. From here, it is easy to show that ¢ = m? 4+ n?. The converse

also holds (any triple (a, b, c) generated this way is a Pythagorean triple), so we obtain a way to parametrize
all primitive Pythagorean triples. There are other more elementary ways to derive these parameterizations
(and we will see them), but this method is faster, generalizes better, and “explains” the formulas in a more
satisfying fashion.

1.3 Solving Other Diophantine Equations
Suppose that we try to find all integer solutions to
2=y +1

The solution (1,0) is clear, but are there any others? Notice that if y is odd, then the right-hand side is
congruent to 2 modulo 4, but 2 is not a cube modulo 4. Thus, we can assume that y is even. We can factor
the right-hand side as

o’ = (y+i)(y — 1)

We will be able to show that y 44 and y — 4 are relatively prime in Z[i], so both are cubes. In particular, we
can write
y+i=(a+0bi)® = (a® - 3ab®) + (3a%b — b%)i
o)
y = a(a® — 3b%) 1 =0(3a® — b?)

The right-hand equation implies b = +£1. If b= 1, we get 1 = 3a®> — 1, so 2 = 3a?, a contradiction. If b = —1,
we get 1 = —(3a%2 — 1), so —3a? = 0 and a = 0. Thus, we conclude a = 0 and b = —1. Therefore, z = 1 and
this gives y = 0.
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Suppose that we try to find all integer solutions to
=9 +19
If you follow the above, you might try to factor this as
2 = (y+ V=19)(y — V-19)

where we are working in the ring Z[v/—19]. With some work, one can show that if (x,y) is a solution, then
the only common divisors of y + +/—19 and y — v/—19 are +1, so they are relatively prime. As above, one
then hopes that each of the factors on the right are cubes, and working out similar but more complicated
computations would lead one to conclude that there are no solutions. This would all be great except for the
fact that

182 +19=1343="7°

so (18,7) is a solution. There is something different about the ring Z[v/—19] = {a+bv/—19 : a,b € Z} which
makes this argument fail, and the fundamental fact is that Z[v/—19] is not a UFD. However, it turns out
that a slightly larger ring is a UFD, and using this one can show that the only solutions are (£+18,7). This
illustrates how the ring-theoretic structure of certain generalizations of Z have implications for Z itself.

1.4 Fermat’s Last Theorem

We know that there exist nontrivial solutions to 22 + y? = 22. Fermat’s Last Theorem is the statement that

if n > 3, then there are no solutions to

with each of x,y, z positive integers. Fermat scribbled a note in the margin of one of his books stating that
he had a proof but the margin was too small to contain it. For centuries, mathematicians attempted to prove
this result. If there exists a nontrivial solution for some n, then some straightforward calculations show that
there must be a nontrivial solution for either n = 4 or for some odd prime p. Fermat did show that

2t oyt =
has no nontrivial solutions. Suppose then that p is an odd prime and we want to show that

2P =P 4 yP

has no nontrivial solution. The idea is to factor the right-hand side. Although it may not be obvious at this
point, by setting ¢ = 2™/ it turns out that

o +yP = (z+y)(@+ )@+ Cy) - (o +P7My)
Thus, if (z,y, 2) is a nontrivial solution, we have
P = (z+y)(e+Cya+Cy) (@ + P y)
The idea then is to work in the ring
Z[¢] = {ao + ar1¢ + as® + -+ ap_1¢(P " 1 a; € Z}

Again, one can show that if (z,y,z) is a nontrivial solution, then the factors on the right are “relatively
prime” in Z[¢]. Lamé put forward this argument and claimed it implied that the factors on the right must
then be p'* powers, from which he derived a contradiction and hence claimed a proof of Fermat’s Last
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Theorem. Liouville pointed out that this argument relied essentially on the ring Z[(] being a UFD (though
he did not have that terminology). There do exist rings where Z[(] does not have unique factorization, but
this was major progress.

In an attempt to “fix” this lack of unique factorization and also to pursue generalizations of Quadratic
Reciprocity, Kummer introduced so-called “ideal numbers” which can be used to restore unique factorization
in these types of rings. These “ideal numbers” were later abstracted and generalized by Dedekind into the
ideals of ring theory. Thus, investigations in number theory itself led to some fundamental concepts in
abstract algebra. It turns out that by moving from elements to ideals, one restores a certain type of unique
factorization.

1.5 The Fundamental Theorem of Arithmetic

Throughout this section, the key ring-theoretic fact about the integers that we will use repeatedly is that an
integer is prime if and only if it is irreducible. Recall that primes are irreducible in every integral domain,
but the converse is not true (and we will certainly see examples of this throughout the course). However, in
this section, pay careful attention to when we are using using the stronger property of being prime (rather
than just irreducible).

Proposition 1.5.1. Every nonzero nonunit n € Z is a product of primes.

Proof. We first prove the result for n € N by strong induction. If n = 2, we are done because 2 itself is
prime. Suppose that n > 2 and we have proven the result for all k£ with 1 < k < n. If n is prime, we are
done. Suppose that n is not prime and fix a divisor ¢ | n with 1 < ¢ < n. Fix d € N with ¢d = n. We
then have that 1 < d < n, so by induction, both ¢ and d are products of primes, say ¢ = p1ps - px and
d = q1q2 - - - g¢ with each p; and ¢; prime. We then have

n=cd=pipz--Prqig2- - qe

so n is a product of primes. The result follows for n € N follows by induction.
Suppose now that n € Z is negative. We then have that —n €€ N and —n > 2. Therefore, from above,
we may write n = pips - - - pr where the p; are prime. We then have

—n = (=p1)p2- Pk
Since —p; is also prime, the result follows. O

Definition 1.5.2. Let p € Nt be prime. Define a function ord,: Z — NU{co} as follows. Let ord,(0) = oo,
and given a € Z — {0}, let ord,(a) be the largest k € N such that p* | a.

Lemma 1.5.3. Let p € NT be prime, let a € Z, and let k € N. The following are equivalent.
1. ordy(a) =k
2. p* | a and p**1 ta
3. There exists m € 7 with a = p*m and ptm

Proof. e 1 — 2 is immediate.

e 2 — 1: Suppose that p* | @ and p**1 { a. We clearly have ord,(a) > k. Suppose that there exists £ > k
with p? | a. Since ¢ > k, we have £ > k + 1. This implies that phtl | p?, so since pf | a we conclude
that p**! | a. This contradicts our assumption. Therefore, there is no £ > k with p’ | a, and hence
ordy(a) = k.
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e 2 — 3: Suppose that p* | a and p**! { a. Fix m € Z with a = p*m. If p | m, then we may fix
n € Z with m = pn, which would imply that a = p*pn = p**1n contradicting the fact that p**1 { a.
Therefore, we must have p { m.

e 3 — 2: Fix m € Z with a = p*m and p { m. We clearly have p* | a. Suppose that p**1 | a and fix
n € Z with a = p**'n. We then have p*m = p**1n, so m = pn. This implies that p | m, which is a
contradiction. Therefore, p**! { a.

O]

Theorem 1.5.4. Let p € NT be prime. We have the following.

1. ordy(ab) = ordy(a) + ord,(b) for all a,b € Z.

2. ordy(a™) =n-ordy(a) for alla € Z and n € NT.

3. ord,(a +b) > min{ord,(a), ord,(b)} for all a,b € Z.

4. ordy(a+ b) = min{ordy(a), ord,(b)} for all a,b € Z with ord,(a) # ord,(b).
Proof. See Homework 1. O
Lemma 1.5.5. Let p € Z be prime.

1. For any prime q that is an associate of p, we have ord,(q) = 1.

2. For any prime q that is not an associate of p, we have ord,(q) = 0.

3. For any unit u, we have ord,(u) = 0.

Proof. 1. Suppose that ¢ is a prime that is an associate of p. Fix a unit v with ¢ = pu. Notice that if
p | u, then since u | 1, we conclude that p | 1, which would imply that p is a unit. Since p is not a unit,
it follows that p { u. Therefore, ord,(¢) = 1 by Lemma 1.5.3.

2. Suppose that ¢ is a prime that is not an associate of p. Since ¢ is prime, it is irreducible, so its only
divisors are units and associates. Since p is not a unit nor an associate of ¢, it follows that p 1 ¢.
Therefore, ord,(q) = 0.

3. This is immediate because if p | u, then since u | 1, we could conclude that p | 1. This implies that p
is a unit, which is a contradiction.
O

Lemma 1.5.6. Let n € Z with n # 0. Letting P be the set of primes, we have that
{p €P:ord,(n) >0}
is finite.

Proof. If ord,(n) > 0, then p | n, hence p < |n| because n # 0. The result follows from the fact that for any
nonzero n, the set {m € Z : m <|n|} is finite. O

Lemma 1.5.7. Let n € Z and let p € NT be prime. Suppose that u is a unit, that g; are primes, and that
n =uqiq2 - gk

We then have that exactly ord,(n) many of the g; are associates of p.
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Proof. Since
n = uqi1q2 " qk

we have
ordy(n) = ord,(uq1qz - - - qi)
k
= ord,(u) + Z ord,(q;)
i=1
k
= Z ordy(¢;)
i=1

The terms on the right are 1 when g¢; is an associate of p and 0 otherwise. The result follows. O

Theorem 1.5.8 (Fundamental Theorem of Arithmetic). Every nonzero nonunit n € Z factors uniquely into
a product of primes up to order and associates. In other words, suppose that n ¢ {—1,0,1} and that

ugiqz - qe =N = Wriry -+ Ty

where u and w are units, and each of the g; and r; are primes. We then have that k = { and there exists
o € Sk such that q; and r,(;y are associates for all i.

Proof. Let p be an arbitrary prime. We know from the lemma that exactly ord,(n) many of the g¢; are
associates of p, and also that exactly ordy,(n) many of the r; are associates of p. Thus, for every prime
p, there are an equal number of associates of p on each side. Matching up the elements on the left with
corresponding associates on the right gives the required permutation. O

Proposition 1.5.9. Let m,n € Z. The following are equivalent.
1. m and n are associates.
2. ord,(m) = ord,(n) for all primes p.
Proof. Suppose first that m and n are associates. Fix a unit v with m = nu. For any prime p, we then have
ord,(m) = ord,(nu)
= ordy(n) + ord,(u)
= ordy(n)

Suppose conversely that ord,(m) = ord,(n) for all primes p. Notice that k¥ = 0 if and only if ord,(k) = oo
for all primes p. Also, notice that k is a unit if and only if ord,(k) = 0 for all primes p because every nonzero
nonunit is a product of primes. Thus, the result holds if either of m or n (or both) are 0 or units. Assume
then that both m and n are nonzero nonunits. Write m and n as products of primes, say

m=4q1q92 -4k

and
n=mriro-- Ty

Now using the above lemma, for any prime p, we have that exactly ord,(m) many of the g; are associates
of p, and exactly ordy,(n) many of the r; are associates of p. Since ord,(m) = ordy(n) for all primes p, we
conclude that for any prime p, the number of associates of p amongst the ¢; equals the number of associates
of p amongst the r;. Thus, k¥ = ¢ and we may match up associate pairs in the two factorizations. By
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rearranging the products, we may assume that ¢; are r; are associates for every ¢. For each i, fix a unit u
with r; = u;q;. We then have
n="rire---Tk
= (u1q1)(u2g2) - - - (urqr)
=Ugug Uk - 4192 -4k
= (U1u2 . uk)m

Since the product of units is a unit, we conclude that ujus - - - uy is a unit. Therefore, m and n are associates.
O

Proposition 1.5.10. Let d,n € Z. We have that d | n if and only if ord,(d) < ord,(n) for all primes p.

Proof. Suppose that d | n. Fix k € Z with n = dk. For any prime p, we have ord,(n) = ordy(d) + ord, (k).
Since ord,(k) > 0, we conclude that ord,(d) < ord,(n) for any prime p.

Suppose conversely that ordy,(d) < ord,(n) for all primes p. Let F = {p € P: ord,(n) > 0}. We know
from above that F' is finite, so we may let

k= H pordp(n)fordp(d)
peEF
For any p € F, we have ord,(k) = ord,(n) — ord,(d) and therefore
ordy(dk) = ordy(d) + ord, (k)
= ordy(d) + (ord,(n) — ordy,(d))
= ordy(n)
Also, for any prime p € P\F, we have ord,(d) < ord,(n) =0, so
ordy,(dk) = ord,(d) + ordy(k)
=040
= ordy(n)

It follows that n and dk are associates. In particular, we have that dk | n. Since d | dk, we conclude that
d|n. O

Proposition 1.5.11. Let m,n € Z. We have ged(m,n) = 1 if and only if for all primes p, at most one of
ordy(m) or ordy(n) is nonzero.

Proof. Suppose there exists a prime p such that both ord,(m) > 0 and ord,(n) > 0. Fix such a prime p.
We then have that p a common divisor of m and n, so ged(m,n) # 1.

Conversely, suppose that ged(m,n) # 1. Let d = ged(m,n). Since d > 1, we may fix a prime p | d. We
then have that p is a common divisor of m and n, so ord,(m) > 1 and ord,(n) > 1. O

Proposition 1.5.12. Let m € Z and let n € N*t. We have that some associate of m is an n'" power in 7
if and only if n | ordy(m) for all primes p.

Proof. Suppose first that some associate of m is an n'” power in Z. We may then fix u,d € Z such that u is
a unit and mu = d"™. For any prime p, we then have that

ord,(m) = ord,(u™*d")
= ord,(u™") +n - ord,(d)
=n-ordy(d)
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Therefore, n | ord,(m) for every prime p.

Suppose conversely that n | ord,(m) for all primes p. Let F = {p € P : ord,(m) > 0} and recall that F
is finite. For each p € F, fix e, € Z with ord,(m) = ne,. Notice that e, > 0 for all p € F because n > 0 and
each ord,(m) > 0. Define

d= H per

peF
We then have
0= [ v
peEF
hence ord,(d™) = ne, = ordy(m) for all primes p. Therefore, m and d" are associates. O

Corollary 1.5.13. Let m € Z be nonzero and let n € NT.

1. Suppose that n is odd. We then have that m is an n'™ power in Z if and only if n | ord,(m) for all
primes p.

2. Suppose that n is even. We then have that m is an n*" power in Z if and only if m > 0 and n | ordy,(m)
for all primes p.

Proof. The first statement follows from the fact that if n is odd, then each unit of Z (i.e. each of £1) is a
n'" power because 1” = 1 and (—1)" = —1. Therefore, if some associate of m is an n*" power, then m itself
must also be an n** power.

The second statement follows from the fact that 1 are the only units and the fact that if n is even, then
all n*" powers are positive. Thus, if m is an n*" power, then m > 0. Conversely, if m > 0 and some associate
of m is an n'" power, then that associate must be m itself because the only associates of m are £m. O

Theorem 1.5.14. Suppose that a,b € Z are relatively prime and that ab is a square. If both a > 0 and
b >0, then both a and b are squares.

Proof 1. Suppose that both a > 0 and b > 0. Since ab is a square, we know that 2 | ordy,(ab) for all primes
p, hence 2 | ordy,(a) 4+ ord,(b) for all primes p. Furthermore, since ¢ and b are relatively prime, we know
that for each prime p, at most one of ord,(a) or ord,(b) is nonzero. Let p be prime. If ord,(a) = 0, then
trivially 2 | ordy(a). If ord,(a) # 0, then ord,(b) = 0, hence ord,(a) = ordy,(a) + ord,(b) and so 2 | ord,(a).
Therefore, 2 | ord,(a) for all p. Since a > 0, we conclude that a is a square. The proof that b is a square is
completely analogous (or simply note that ab = ba). O

Proof 2. First suppose that a = 0. Since a and b are relatively prime, this implies that b = 1, so clearly both
a and b are squares. Similarly, if b = 0, then a = 1 and we are done.

Now suppose that a = 1. We then have that b = ab so since ab is a square we clearly have that b is a
square. Similarly, if b = 1, then a = ab is a square.

Suppose then that a,b > 2. Write each of a and b in terms of its unique prime factorization:

1, (9

a = pl p2 .. .pgk

b= p[131p22 . _pgk
where we are assume that the p; are distinct primes and «;, §;,7; > 0 for all ¢ (although some may be zero).
We then have

ab = p?1+[‘31p32+[52 . .pngrﬂk
Now ab is a square, so by Proposition 1.44 in the notes we conclude that «; + 3; is even for all 4.
We now show that a is a square. Fix ¢ with 1 <14 < k. If o; = 0, then «; is certainly even. Suppose that

a; > 0. We must have 3; = 0 because otherwise p; would divide both a and b, which would contradict the
fact that a and b are relatively prime. Therefore, a; = a; + §; is even. We have shown that «; is even for all
i, so a is a square. The proof that b is a square is completely analogous (or simply note that ab = ba). O
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Notice that we needed to assume that a,b > 0. To see why this is true, simply notice that 6 = (—2)-(—3),
but —2 and —3 are not squares in Z.

1.6 Primes

Proposition 1.6.1. There are infinitely many primes.

Proof. We know that 2 is a prime, so there is at least one prime. We will take an arbitrary given finite list of
primes and show that there exists a prime which is omitted. Suppose then that p1,ps, ..., pr is an arbitrary
finite list of prime numbers with k£ > 1. We show that there exists a prime not in the list. Let

n=ppz---pr+t1

We have n > 3, so by the above corollary we know that n is divisible by some prime ¢. If ¢ = p;, we would
have that ¢ | n and also ¢ | p1p2 - Pk, 0 q | (n — p1p2 - - px). This would imply that ¢ | 1, a contradiction.
Therefore q # p; for all 7, and we have succeeded in finding a prime not in the list. O

Theorem 1.6.2. There are infinitely many primes p =3 (mod 4).

Proof. We know that 3 is a prime, so there is at least one such prime. We will take an arbitrary given finite
list of primes and show that there exists a prime which is omitted. Suppose then that pi,ps,...,pr is an
arbitrary finite list of prime numbers with & > 1 such that p; = 3 (mod 4) for all i. We show that there
exists a prime not in the list. Let

n=4pips---pr — 1

Notice that n >4 — 1 > 3, so n is a product of primes. Now n = —1 = 3 (mod 4), so n is odd, and hence 2
can not appear in the product. Also, all primes other than 2 are odd, so all such primes must be congruent
to one of 1 or 3 modulo 4.

Notice that if a = 1 (mod 4) and b = 1 (mod 4), then ab = 1 (mod 4). Since n = 3 (mod 4), it is
impossible that all of these prime divisors of n are congruent to 1 modulo 3. We conclude that some prime
q in the factorization of n satisfies ¢ = 3 (mod 4). For this ¢, we have that ¢ | n. Now suppose that ¢ = p;
for some i. We would then have that ¢ | n and ¢ | 4p1p2 - - - px, hence q | (4p1p2 -+ -pr — n), i.e. g | 1. This
is contradiction, so it follows that ¢ # p; for any i. We have thus found a prime ¢ such that ¢ =3 (mod 4)
and q # p; for all 4, so ¢ is a prime congruent to 3 modulo 4 which is not in the list of p;. O

1.7 Pythagorean Triples from an Elementary Viewpoint
Definition 1.7.1. A Pythagorean triple is a triple of positive integers (a,b,c) with a®> + b? = 2.
Definition 1.7.2. A Pythagorean triple (a, b, ¢) is primitive if ged(a,b,c) = 1.

Proposition 1.7.3. A Pythagorean triple (a,b,c) is primitive if and only if every pair of elements from
(a,b,c) are relatively prime.

Proof. Let (a,b,c) be a Pythagorean triple. If every pair of elements from (a, b, ¢) are relatively prime, then
ged(a,b) = 1, so trivially ged(a,b,¢) =1 and hence (a, b, ¢) is primitive. Suppose conversely that some pair
from (a, b, ¢) are not relatively prime. We have the following cases.

e Suppose that ged(a,b) # 1. Fix a prime p dividing both a and b. We then have that p | a® and p | b2,
so p | (a? + b?) which is to say that p | ¢2. Since p is prime, we conclude that p | c. Therefore, p is a
divisor of each of a,b, ¢, hence ged(a, b, ¢) # 1.
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e Suppose that ged(a,c) # 1. Fix a prime p dividing both a and ¢. We then have that p | a and p | ¢?,
so p | (¢ — a?) which is to say that p | b2. Since p is prime, we conclude that p | b. Therefore, p is a
divisor of each of a,b, ¢, hence ged(a, b, ¢) # 1.

e Suppose that ged(b, c) # 1. Fix a prime p dividing both b and c¢. We then have that p | b* and p | ¢?,
so p | (¢ — b?) which is to say that p | a®. Since p is prime, we conclude that p | a. Therefore, p is a
divisor of each of a,b, ¢, hence ged(a, b, ¢) # 1.

Thus, in all cases, we have that ged(a, b, c) # 1, so (a, b, ¢) is not primitive. O
Proposition 1.7.4. Every Pythagorean triple is an integer multiple of a primitive Pythagorean triple.

Proof. Let (a,b,c) be a Pythagorean triple. Let d = ged(a, b, ¢). We then have

(9 + (¢ Z_M_CQ_(C)Z

d d)  d2 42 \d

so (a/d,b/d,c/d) is also a Pythagorean triple. If it is not primitive, then it is straightforward to argue that
d # ged(a, b, ¢). O

Proposition 1.7.5. Let (a,b,c) be a primitive Pythagorean triple. We then have that exactly one of a or b
is even, and also that c is odd.

Proof. If both a and b are even, then ged(a,b) > 2, so from above we have that (a,b,c) is not primitive.
Suppose that both @ and b are odd. We then have that a®> = 1 (mod 4) and b2 =1 (mod 4), so a® + b* =2
(mod 4). This implies that ¢*> = 2 (mod 4) which is a contradiction because the only squares modulo 4 are
0 and 1.

Since exactly one of a and b is even, we can’t have that c is even for otherwise some pair of elements
would not be relatively prime. O

Notice that if (a,b,c) is a Pythagorean triple, then trivially (b, a,c) is a Pythagorean triple. We now
determine all primitive Pythagorean triples with b even.

Theorem 1.7.6. Let (a,b,c) be a primitive Pythagorean triple with b even. There exist relatively prime
positive integers m < n having distinct parities (i.e. one even and one odd) such that

a=n?>—m? b=2mn c=m?+n?

Furthermore, every such triple is a primitive Pythagorean triple with b even.
Proof. We have a® 4+ b? = ¢2, so b?> = ¢® — a2 and hence
b’ =(c—a)(c+a)

We claim that ged(c — a, ¢+ a) = 2. Suppose that d is a common divisor of ¢ — a and ¢ + a. We then have
that d | [(c—a)+ (c+a)], so d | 2¢c. We also have d | [(c+a)— (c—a)], so d | 2a. It follows that d | ged(2b, 2¢).
Since ged(2b,2¢) = 2 - ged(b,c) = 2 -1 = 2, it follows that either d =1 or d = 2. Since a and ¢ are both odd,
we conclude that ¢ — a and ¢ + a are both even. Therefore, ged(c — a, ¢+ a) = 2.

Fix r,s,t € NT with ¢ —a = 2r, ¢+ a = 2s, and b = 2t. We then have

(2t)% = 27 - 25

SO
4% = 4rs
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and hence
t2=rs

Notice that ged(r,s) =1 (if d > 1 is a common divisor of r and s, then 2d > 2 is a common divisor of ¢ — a
and ¢+ a). Since rs is a square and ged(r, s) = 1, it follows that each of r and s are squares. Fix m,n € N*
with 7 = m? and s = n2. We now have

c—a=2m? and c+a=2n?

Therefore

2a = (c+a) — (c — a) = 2n* — 2m? = 2(n* — m?)
so a = n? — m?. We also have

2¢ = (c—a) + (c+a) = 2m? — 2n? = 2(m* + n?)
so ¢ = m? + n?. Finally, we have

b = (c—a)(c+a) =2m? - 2n* = (2mn)*

so b = 2mn. Notice that m < n because ¢ — a < ¢+ a. Also, ged(m,n) = 1 because ged(r,s) = 1 and any
common divisor of m and n is a common divisor of r = m? and s = n2. Finally, m and n have distinct
parities because otherwise each of a, b, ¢ would be even, contrary to the fact that (a,b,c) is primitive.

We now prove the last statement. Let m < n be relatively prime positive integers with distinct parities.
Let

a=n?>—m? b=2mn c=m?+n?

We then have

a® + 0% = (n? —m?)? + (2mn)?
=nt —2m?*n? + m* + 4m3n?
=m* +2m?n? 4+ n*
= (m? +n?)?
= 02

so (a,b, c) is a Pythagorean triple. Clearly, b = 2mn is even. Thus, to finish the argument, we need only show
that (a,b,c) is primitive. Suppose that p € Z is a common divisor of a, b, and ¢. Notice that a = n? — m?
is odd because m and n have distinct parities, so p # 2. Now p divides ¢ + a = 2n? and also p divides
c—a = 2m?2. Since p is an odd prime, this implies that p is a common divisor of m and n, which contradicts

the fact that m and n are relaticely prime. O
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Chapter 2

Elementary Number Theory from an
Algebraic Viewpoint

2.1 The Ring Z/nZ

Let n € Nt and consider the principal ideal nZ = (n). Since nZ is an ideal of Z, we may form the quotient
ring ZnZ. Recall that elements of a quotient ring are additive cosets of nZ. Thus, a typical element of Z/nZ
has the form a + nZ for some a € Z. Also recall that two cosets a + nZ and b 4+ nZ are equal exactly when
a— b € nZ, which is equivalent to saying that n | a —b. Thus, a +nZ = b+ nZ if and only if a = b (mod n).
In other words, the relation on Z defined by equality of cosets is the same relation as modular arithmetic.
In fact, the quotient ring construction is just a generalization of modular arithmetic. In what follows, we
will typically write @ rather than a 4+ nZ.

Recall that the key reason you studied ideals in abstract algebra was that the naive operations of addition
and multiplication of cosets via representatives are well-defined. These naive definitions are

(a+nZ)+ (b+nZ) = (a+b) +nZ

and
(a+nZ)-(b+nZ)=ab+nZ

Saying that these operations are well-defined means that if a + nZ = ¢ + nZ and b 4+ nZ = d + nZ, then
(a+b)+nZ=(c+d)+2

and
ab+ nZ = c¢d + nZ

Restated in terms of modular arithmetic, this says that if a = ¢ (mod n) and b = d (mod n), then
a+b=c+d (modn)

and
ab=cd (mod n)

If you have forgotten how to justify these well-defined properties directly (rather than from the more general
ring-theoretic construction), you should work through them.
To summarize, given a,b € Z, the following all express the same thing.

ed=0"0

17
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e a+nZ=b+nz
e a=b (mod n)
e n|(a—"0)
e n|(b—a)

Much of this chapter is devoted to the study of the commutative ring Z/nZ. As an additive group, Z/nZ
is fairly easy to understand because it is trivially a cyclic group of order n generated by 1. However, the
multiplicative structure is much more interesting. In particular, we will spend time trying to understand the
multiplicative group of units U(Z/nZ).

2.2 FEuler’s Theorem and Fermat’s Theorem

Recall that for any a € Z, we have that @ € U(Z/nZ) if and only if ged(a,n) = 1. Thus, |U(Z/nZ)| is
the number of integers a € {0,1,2,...,n — 1} such that ged(a,n) = 1. We introduce a special function to
describe this situation.

Definition 2.2.1. We define a function p: NT — N* as follows. For each n € NT, we let
en)=1{ae{0,1,2,...,n—1} : gcd(a,n) = 1}|
The function o is called the Euler o-function or Euler totient function.

Therefore, by definition, we have |U(Z/nZ)| = ¢(n) for all n € N*. Notice that p(p) = p — 1 for all
primes p because all numbers in the set {1,2,...,p — 1} are relatively prime to p.

Theorem 2.2.2 (Euler’s Theorem). Let a € Z and n € N*. If ged(a,n) = 1, then a¥™ =1 (mod n).

~—

Algebraic Proof. Cousider the group G = U(Z/nZ). Since ged(a,n) = 1, we have that @ is a unit in Z/nZ
and so is an element of the multiplicative group G. Now |G| = ¢(n) from above, so by Lagrange’s Theorem

in group theory, we know that [@| divides |G| = ¢(n). Thus, @™ =T in G, i.e. a¥™ =1 (mod n). O
Elementary Proof. Let by, ba,...,b,n) be the numbers between 0 and n — 1 which are relatively prime to n.
Consider the list of numbers aby, aba, ..., ab,(,). Notice that each of these numbers is relatively prime to n,

and none of them are congruent to the others (because a has a multiplicative inverse modulo n). Thus, each
element of the latter list of numbers is congruent to exactly one of the numbers in the former list. It follows
that

b1 b+ by(n) = (aby) - (abs) - - - (abyny) (mod n)

and thus
(by -by--- btp(n)) = g™ . (by - by - "%(n)) (mod n)

Now the product by - by - - - by () is relatively prime to n because each b; is relatively prime to n. Multiplying
both sides by the inverse of this element, we conclude that

1=a*™ (mod n)

Corollary 2.2.3 (Fermat’s Little Theorem). Suppose that p € N is prime.

o IfacZ andpfta, then a?~! =1 (mod p).
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e For all a € Z, we have a? = a (mod p).

Proof. Since p is prime, we know that ¢(p) = p—1. Thus, the first part follows immediately from the Euler’s
Theorem. We now prove the second part. Suppose that a € Z is arbitrary. If p | a, then p | aP trivially, so
a? =0 = a (mod p). On the other hand, if p { a, then ged(a,p) = 1, so a?~! =1 (mod p) by the first part.
Multiplying both sides of this by a, we conclude that a? = a (mod p). O

2.3 Chinese Remainder Theorem

Theorem 2.3.1 (Chinese Remainder Theorem - Elementary Version with Two Moduli). Suppose that the
numbers m,n € Z are relatively prime and a,b € Z. There exists x € Z such that

x=a (mod m) and x=b (modn)

Furthermore, if g € Z is one solution to the above congruences, then an arbitrary x € Z is also a solution
if and only if x = x¢ (mod mn).

Proof 1 - Elementary Nonconstructive Proof. Let m,n € Z be such that ged(m,n) = 1. Consider the mn
many numbers in the set S = {0,1,2,...,mn — 1}. Now if ¢,j € S are such that ¢ = j (mod m) and ¢ = j
(mod n), then m | (i — j) and n | (i — ), so mn | (i — j) because gcd(m,n) = 1, which implies that i = j
because —mn < i —j < mn. Therefore each of the mn many numbers in S given distinct pairs of remainders
upon division by m and n. Since the number of such pairs is m - n and |S| = mn, it follows that every pair
of remainders appears exactly once. In particular, given a,b € Z, there exists xy € S such that both

zo=a (modm) and xp=0b (modn)

We now verify the last statement. Let a,b € Z. Suppose that x( is one solution. Suppose first that = = z
(mod mn). We then have that © = z¢p = a (mod m) and ¢ = 9 = b (mod n), so x is also a solution.
Suppose conversely that @ = a (mod m) and z = a (mod n). We then have that x = xg (mod m) and
x = x9 (mod n), so m | (x —axp) and n | (x — xg). Since m and n are relatively prime, it follows that
mn | (x — x), hence = xg (mod mn). O

Proof 2 - Elementary Constructive Proof. Since ged(m,n) = 1, we may fix k, ¢ € Z with km+¥¢n = 1. Notice
that km =1 (mod n) so k is the multiplicative inverse of ™ in Z/nZ. Similarly, we have fn =1 (mod m),
so £ is the multiplicative inverse of m in Z/mZ. Let xo = bkm + afn. We check that x( satisfies the above
congruences:

e Since fn =1 (mod m), we have aln = a (mod m). Now bkm = 0 (mod m), so adding these congru-
ences we get £o = a (mod m).

e Since km = 1 (mod n), we have bkm = b (mod n). Now afn =0 (mod n), so adding these congruences
we get zp = b (mod n).

The verification of the last statement is identical to the proof above. O
Example 2.3.2. Find all x € Z which simultaneously satisfy

x=3 (mod 14) and =8 (mod?9)
Solution. Notice that 2-14 + (—3) -9 = 1 which can be found by inspection or by the Euclidean Algorithm:

14=1-9+5
9=1-5+4
5=1-4+1

4=4-140
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Therefore, working backwards, we have

1=5-14
=5-(9-5)
=(=1)-9+2-5
=(-1)-9+2-(14—9)
=2.144(-3)-9

The proof of the Chinese Remainder Theorem lets g = 8-2-14 4+ 3 - (—3) - 9 = 143. Thus, the complete
solution is all z which satisfy = 143 (mod 126), i.e. all z which satisfy x = 17 (mod 126). O

Although the elementary proofs are fairly direct and straightforward, we get much more information and
elegance by abstracting the above ideas to the following version. There are no fundamentally new ideas in
the this proof compared to the elementary one, but

Theorem 2.3.3 (Chinese Remainder Theorem - Algebraic Version with Two Moduli). If m,n € Z are

relatively prime, then
Z)(mn)Z =2 Z/mZ X Z/nZ

as rings via the map ¢(k + (mn)Z) = (k+ mZ,k + nZ). In particular, the map ¢ is surjective so for all
a,b € Z, there exists a unique k € {0,1,2,...,mn — 1} such that

k+mZ =a+ mZ and k+nZ =b+nZ

Proof. Define a function ¢: Z — Z/mZ x Z/nZ by ¢(k) = (k+ mZ,k +nZ). We then have that ¢ is a ring
homomorphism, and

ker() = {k € Z: (k) = (0 +mZ,0 +nZ)}
={keZ:(k+mZk+nZ)=(0+mZ,0+nZ)}
={k€Z:k+mZ=0+mZand k+nZ=0+nZ}
={k€Z:m|kandn|k}
={keZ:mn|k} (since ged(m,n) = 1)
= (mn)Z

Therefore, by the First Isomorphism Theorem, we have
Z/(mn)Z = ran(y)

as rings via the function

k+ (mn)Zw— (k+ mZ,k + nZ)

Now both of rings Z/(mn)Z and Z/mZ x Z/nZ have mn many elements, and the map above is injective,
S0 it must be surjective. Alternatively, one can prove that the function is surjective constructively using the
elementary proof. Thus

Z)(mn)Z = Z/mZ x Z/nZ

Both the existence and uniqueness statements follow. O

The fact that the above function is surjective is really just the elementary version of the Chinese Re-
mainder Theorem. However, the algebraic proof shows that the function taking an integer modulo mn to
the pair of remainders modulo m and n, gives a ring isomorphism. Thus, this “breaking up” of an integer
modulo mn into the pair modulo m and modulo n separately preserves both addition and multiplication.
This added information is very useful and will allow us to reduce certain problems to easier ones.
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Example 2.3.4. Find all x € Z which simultaneously satisfy
> =4 (mod 6) and  x3>=3 (mod 5)

Solution. Simple inspection shows that:

e 72 =4 (mod 6) if and only if either x =2 (mod 6) or z =4 (mod 6).

e 23 =3 (mod 5) if and only if x = 2 (mod 5).
Therefore, an integer x € Z satisfies our original two equations if and only if either:

e £ =2 (mod 6) and x =2 (mod 5).

e £ =4 (mod 6) and z =2 (mod 5).

The solution to the first (either by the following the constructive proof or by inspection) is ¢ = 2 (mod 30).
The solution to the second is @ = 22 (mod 30). Thus, « € Z is a solution to our original congruences if and
only if either z =2 (mod 30) or z = 22 (mod 30). O

Theorem 2.3.5 (Chinese Remainder Theorem - Abstract Version with Two Ideals). Let R be a commutative
ring. Let I and J be ideals of R which are comazximal, i.e. I + J = R. We then have that IJ = 1N J and
the map ¢: R — R/I x R/J defined by

o(r)=(r+ILr+J)

is a surjective homomorphism with kernel IJ = I N J. Therefore, by the First Isomorphism Theorem, we
have
R/IJ=R/IxR/J

Proof. Since I +J = R, we may fix ¢ € I and y € J with z +y = 1. The map ¢ is clearly a ring
homomorphism, but we need to check that IJ = I N J, that ker(¢) = I N J, and that ¢ is surjective.

We always have IJ C I NJ for any ideals I and J. We need to show that INJ C IJ. For any c € INJ,
we have

c=c-l=c-(x4+y)=ac+cyelJ

Therefore, I NJ C IJ, and hence INJ =1J.
We have

ker(¢) ={a € R:¢(a) =(0+ 1,0+ J)}
={aeR:(a+I,a+J)=(0+1,0+J)}
={a€R:a€landacJ}
=INnJ

Finally, we must check that ¢ is surjective. Fix a,b € R. We need to find r € R with ¢(r) = (a+1,b+1).
In other words, we must find r € Rsuch that r+ I =a+ I andr+J=0+J,ie.r—a€landr—>beJ.
Let 7 = xb + ya. We then have

r—a=xb+ya—a
=a2b+ (y—1)a
=zb+ (—x)a
=((b—a)x
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sor —a € I. We also have

r—b=axb+ya—>b

=(x—1)b+ya

=(—y)b+ya

=(a—D)y
sor—>beJ. O
Theorem 2.3.6 (Chinese Remainder Theorem - Elementary Version). Suppose that my, ma,...,mg € Z are
pairwise relatively prime and ay,as,...,ap € Z. There exists x € Z such that

x=a; (modm;)

for all i. Furthermore, if xo € Z is one solution to the above congruences, then an arbitrary x € 7 is also a
solution if and only if x = x¢ (mod n).

Proof. Let n = mymg---my. For any i, the numbers -7 and m; are relatively prime, so we may fix ¢; such
that - -¢; =1 (mod m;). Let
k
n
To = Z p lia;
1=1
We check that xg satisfies the above congruences.
Fix an arbitrary 4. Since -2~ - £; =1 (mod m;), we have - - f;a; = a; (mod m;). Now for any j # i, we

have that m; | -2~ so - - Eja; =0 (mod m;). Adding together each of the congruences, we conclude that
J J

2o = a; (mod my).

We now verify the last statement. Suppose that x is one solution. Suppose first that © = z¢ (mod n).
We then have that © = xg = a; (mod m;) for all 4, so x is also a solution. Suppose conversely that = = a;
(mod m;) for all &. We then have that = xg (mod m;) for all i, so m; | (x — xg) for all i. Since the m; are
pairwise relatively prime, it follows that n | (x — xg), hence = z¢ (mod n). O

Example 2.3.7. Find all integers x such that x3 = 53 (mod 120).

Solution. Notice that 120 = 12-10=4-3-10=22-3-2-5 = 23.3.5. Notice that since 8, 3, and 5 are
relatively prime in pairs, we have that 3 = 53 (mod 120) if and only if the following three congruences are
true:

3 =53  (mod 8) 23 =53 (mod 3) 3 =53 (mod 5)

i.e. if and only if
z3=5 (mod 8) > =2 (mod 3) 2> =3 (mod 5)
By inspection in these small cases, these congruences are equivalent to
x=5 (mod 8) x=2 (mod 3) x=2 (mod 5)
We have n = 8- 3-5. Our first goal is to find integers ¢1, {5, and ¢35 such that
15¢; =1 (mod 8) 4003 =1 (mod 3) 2403 =1 (mod 5)

i.e. such that
701 =1 (mod 8) /=1 (mod 3) 403=1 (mod 5)
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Thus, we may take {1 = 7, {5 = 1, and ¢3 = 4. The proof of the Chinese Remainder Theorem lets
rg=15-7-5+40-1-2+24-4-2="797

Thus, the complete solution is all x which satisfy © = 797 (mod 120), i.e. all & which satisfy « = 77
(mod 120). O

Theorem 2.3.8 (Chinese Remainder Theorem - Algebraic Version). If mi,ma,...,my € Z are pairwise
relatively prime, then

Z/(m1m2~--m5)Z = Z/mQZ X Z/mQZ X oo X Z/ng

as rings via the map
ok +mimsg---meZ) = (k+mi1Z,k + moZ, ... . k+ mZ)

In particular, the map ¢ is surjective so for all a; € Z, there exists a unique k € {0,1,2,...,mymg---my—1}
such that

k+m;Z = a; + m;Z
for all i.
Theorem 2.3.9 (Chinese Remainder Theorem - Abstract Version). Let R be a commutative ring. Let

I, I, ..., Iy be ideals of R which are comazimal in pairs, i.e. I; + I; = R whenever i # j. We then have
that I1Iy---Ip =TI NIaN---N1I; and the map ¢: R — R/} x R/Is x -+ x R/I; defined by

¢(T‘):(T+Il7’l“+[27...,’r‘+[z)

is a surjective homomorphism with kernel I11y--- I, = L NIsN---N1,. Therefore, by the First Isomorphism
Theorem, we have

R/IlfglggR/Il XR/IQ X R/I[

2.4 The Euler Function

Proposition 2.4.1. Let R and S be commutative rings. We then have that U(R x S) are precisely the
elements of the form (u,w) where w € U(R) and w € U(S). In other words, U(R x S) = U(R) x U(S).

Proof. Suppose first that (u,w) € U(R x S). We may then fix (z,y) € R x S with (u,w) - (z,y) = (1r, 1s).
This implies that (ux,wy) = (1g,1ls), so ux = 1g and wy = 1lg. Thus, v € U(R) and w € U(S), so
(u,w) € U(R) x U(S).

Suppose conversely that (u,w) € U(R) x U(S). We then have that u € U(R) and w € U(S), so we may
fixx € R and y € S with uz = 1z and wy = 1g. We then have

(’U,,’LU) ! (‘ray) = (umva) = (1Ra 15)
which is the multiplicative identity of R x S, so (u,w) € U(R x S). O
Proposition 2.4.2. Suppose that R and S are commutative rings and ¢: R — S is a ring isomorphism. We

then have that u € U(R) if and only if 1(u) € U(S). Furthermore, the function |y gy (that is, v restricted
to U(R)) is an isomorphism of abelian groups from U(R) onto U(S).
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Proof. The first statement is immediate from the general idea that isomorphisms preserve all algebraic
properties. However, here is a formal proof. Suppose that u € U(R). We may then fix w € R with uw = 1x.
Applying ¢ we conclude that ¥(uw) = (1g) = lg, so ¥(u) - Y(w) = 1g. Thus, ¥(u) € U(S). Suppose
conversely that w € R and ¢ (u) € U(S). Fix z € S with ¢(u) - 2 = 1g. Since ¢ is surjective, we may fix
w € R with ¢(w) = z. We then have ¥ (u) - (w) = 1g, so ¢ (uw) = ¥(1r). Since ¥ is injective, we conclude
that vw =1, so u € U(R).

We have shown that v € U(R) if and only if 1)(u) € U(S). Since 1 is surjective, we conclude that i (r)
maps U(R) bijectively onto U(S). Using the fact that ¢ is a ring homomorphism, it follows immediately
that Y|y (ry: U(R) — U(S) preserves multiplication. Therefore, ;7 (g) is an isomorphism of abelian groups
from U(R) onto U(S). O
Corollary 2.4.3. If m,n € Z are relatively prime, then

U(Z/(mn)Z) 2 U(Z/mZ) x U(Z/nZ)
as (multiplicative) abelian groups.

Proof. This follows immediately from the Chinese Remainder Theorem and the previous Proposition. [

Corollary 2.4.4. If m,n € Z are relatively prime, then p(mn) = p(m) - o(n).
Proof. If m,n € Z are relatively prime, then
p(mn) = |U(Z/(mn)Z)|
= |U(Z/mZ) x U(Z/nZ)|
= ¢(m) - ¢(n)
O

Proposition 2.4.5. If p € Nt is prime and k € N*t, then o(p*) = p¥ — pF=1 = pF=1(p —1).

Proof. Fix a prime p € Nt and k € Nt. We need to count the number of m € N with 0 < m < p*¥ — 1 such
that gcd(m, p¥) = 1. Instead, we count the complement, i.e. the number of m € N with 0 < m < p* — 1 such
that ged(m, p¥) > 1. Notice that the only positive divisors of p*¥ are the numbers in the set {1,p,p?,...,p"},
so a number m fails to be relatively prime to p* if and only if p | m. Thus, we count the numbers m with
0 <m < p* — 1 such that p | m. These numbers are

0p, 1p,2p,3p, ..., (P* " = 2)p, "' = 1)p

Thus, since we start counting with 0, there are p*~! many numbers m with 0 < m < p¥ — 1 such that

ged(m, p¥) > 1. Since we counted the complement, and there are p* total many elements m with 0 < m <
pk — 1, it follows that ¢(p*) = pF —pF~1 = pF~L(p —1). O

Corollary 2.4.6. Let n € NT with n > 2. Write the prime factorization of n as
n :pllclp;@ . _pzw.

where the p; are distinct and each k; € NT. We then have
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Proof. This follows immediately from the two previous results. O
Before moving on to another important result about ¢, we recall a few results from group theory.

Proposition 2.4.7. Let G be a group and let a € G. Suppose that |a| =n € N*. For any k € Z, we have
a* = e if and only if n | k.

Proof. Let |a| = n € Z. We then have in particular that ™ = e. Suppose first that k € Z is such that n | k.
Fix m € Z with k = nm We then have

so a* = e. Suppose conversely that k € Z and that a* = e. Since n > 0, we may write k = gn + r where

0 <r < n. We then have

Now by definition we know that n is the least positive power of a which gives the identity. Therefore, since
0 <r <nanda" = e, we must have that » = 0. It follows that k = qn so n | k. O

Proposition 2.4.8. Let G be a group and let a € G. Suppose that |a| = n. For any k € Z, we have

n

k| _
"1 = ged(n, k)
Proof. Fix k € Z and let d = ged(n, k). The order of a” is the least m > 0 such that (a*)™ = e, i.e. the least
m such that n | km. Notice that % certainly works as such an m because

n k
k-o—p. o
d- "

and % € Z because d | k. We now need to show that 2 is the least positive value of m that works. Suppose
then that m > 0 and n | km. Fix ¢ € Z such that n¢ = km. Dividing through by d gives
k

n
g

al

hence

Since ged(%, %) = 1 (this is easy to verify because d = ged(n, k)), it follows that 2 | m. Since % and m are
each positive, we conclude that % < m. Therefore, % is the least m such that n | km, and so we conclude
that |a*| = 2. O

-m

® o3
SIES

Corollary 2.4.9. If G is a cyclic group of order n, then G has exactly p(n) many elements of order n.

Proof. Since G is cyclic, we may fix a generator ¢ € G, i.e. an element with |¢] = n. We then have that
G = {2, ..., c" 1} and furthermore if 0 < i < j < n, then ¢! # ¢/. The previous result implies that
given k € {0,1,2,...,n—1}, we have |c*¥| = n if and only if gcd(k,n) = 1. Therefore, the number of elements
of G of order n equals ¢(n). O



26 CHAPTER 2. ELEMENTARY NUMBER THEORY FROM AN ALGEBRAIC VIEWPOINT

Proposition 2.4.10. Let G be a cyclic group of order n and let d | n. We then have that G has exactly
o(d) many elements of order d.

Proof. Fix a generator ¢ € G. Notice that |¢"/¢| = d (either directly or from the above result), so G' has an
element of order d. Let H = (¢"/?) and notice that H is a cyclic group of order d. Therefore, H has exactly
©(d) many elements of order d from above. To complete the proof, we need only show that every element of
G with order d must be an element of H.

Suppose then that g € G is an element with |g| = d. Since ¢ is a generator of G, we may fix k € Z with
g = c*. Since |c¥| = |g| = d, we must have that

n

gd(km) ¢

and thus ged(k,n) = 2. It follows that 2 | k and hence g = ¢ € (¢"/?) = H. Therefore, every element of
order d is an element of H. This completes the proof. O

Theorem 2.4.11. For any n € N, we have
n=> (d)
d|n
where the summation is over all positive divisors d of n.

Proof. Let n € NT. Fix any cyclic group of order G. We know that every element of G has order some
divisor of n, and furthermore we know that if d | n, then G has exactly ¢(d) many elements of order d.
Therefore, the sum on the right-hand side simply counts the number of elements of G by breaking them up
into the various possible orders. Since |G| = n, the result follows. O

Notice that the above proposition gives a recursive way to calculate ¢(n) because

p(n)=n—7 v(d)

d|n
d<n
2.5 Wilson’s Theorem
Proposition 2.5.1. Let G be a finite abelian group with elements ai,as,--- ,a,. Let by, ba, ..., by be the
elements of G which satisfy x> = e (i.e. the elements which are their own inverses). We then have
n k
H a; = H bl
i=1 i=1

Proof. Let a; € G and suppose that a;l = a; for some j # ¢. In the product of all elements of GG, we can
pair off a; with a; and have these elements cancel each other (notice that a;l = a; S0 a; gets paired with a;
as well). Thus, all elements which are not their own inverses disappear from the product, and the product
simplifies into the product of only those elements which are their own inverses. O

Proposition 2.5.2. Let p be prime. The elements of U(Z/pZ) which are their own inverse are exactly 1
and —1 = p — 1. Furthermore, if p is an odd prime, then 1 # —1.

Proof. First notice that T-1=1-1=1and —1-—1= (—1)-(—1) =1, so both of these elements are their
own inverses. Furthermore, if 1 = —1, then p | 2, so p = 2.

Suppose now that k € U(Z/pZ) is its own inverse. We then have that k2 = 1 (mod p), so p | (k* — 1)
and thus p | (k—1)(k+1). Since p is prime, this implies that either p | (k—1) or p | (k+1), i.e. either k =1
(mod p) or k = —1 (mod p). Thus, either k =T or k = —1. O
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Theorem 2.5.3 (Wilson’s Theorem). If p is prime, then (p — 1) = —1 (mod p).

Proof 1. Notice that in the ring Z/pZ, we have

Gp-11=1-23 (p-1)=1-2.3.--(p_1)

Thus, (p — 1)! is the product of all the elements in the abelian group U(Z/pZ). By the above two propositions,
this equals

I-p—1=1--1=-1
Therefore, (p —1)! = —1 (mod p). O

Proof 2. The result is trivial if p = 2, so assume that p is odd. Work over the field F' = Z/pZ. Consider
the polynomial f(z) = 2P~! — 1 in F[z]. Notice that every element of F' — {0} is a root of this polynomial
by Fermat’s Little Theorem. Thus, for each a € F — {0}, the irreducible polynomial z — a divides zP~1 — 1
in F[z]. Now each polynomial of the form x — a is irreducible in Fx], so as F[z] is UFD, we conclude that
some associate of it must appear in any factorization of £P~! — T into irreducibles. Therefore, we can write

I T= (@ -T@-2) o — (1) f()

for some f(z) € F[z]. Comparing degrees on the left and right, we must have deg(f(z)) = 0, so f(z) is a
constant. Comparing leading terms on both sides, it follows that f(z) = 1. Therefore, we have

- T=(@-D(e-2- (- E-1)

By either plugging in 0 or examining the constant terms, we conclude that

—1=-1--2--3---(—(p—1))
=(—1)p1.1.2.3---(p—1)
= (=)t (p 1)
=(p—1)! (since p is odd)
Therefore, (p — 1)! = —1 (mod p). O

2.6 U(Z/pZ) is Cyclic

One of primary goals at this point is to understand the structure of the multiplicative group U(Z/nZ).
Using the Chinese Remainder Theorem, it suffices to understand the structure of U(Z/p*Z) for primes p.
An example to keep in mind throughout this section is U(Z/8Z) = {1,3,5,7}. A simple calculation shows
that a? = 1 for all @ € U(Z/8Z). Since this group has order 4, it is not cyclic. In fact, it turns out that
U(Z/8Z) is isomorphic to the direct product of two copies of the cyclic group of order 2.

As we will see, for odd primes p, the group U(Z/p*Z) is cyclic. In this section, we prove the result when
k =1, i.e. we prove that U(Z/pZ) is cyclic for every prime p. In fact, we will prove the following stronger
result.

Theorem 2.6.1. Suppose that F is a field, and suppose that G is a finite subgroup of the multiplicative
group U(F). We then have that G is cyclic.

From this theorem, we obtain the corollary that is important to us.

Corollary 2.6.2. The group U(Z/pZ) is cyclic for every prime p.
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Proof. Immediate from the above theorem because Z/pZ is a field when p is prime. O

We give two proofs of this fact. The first uses properties of ¢ established above, while the second is more
directly algebraic. The fundamental idea fueling both proofs is the fact that a polynomial of degree n has
at most n roots when working over a field. Applying this to polynomials of the form 2% — 1 allows one to
conclude that a finite subgroup G of U(F') can not have too many elements of small order. The proofs then
use this idea to argue for the existence of an element of order n.

Proof 1 of Theorem 2.6.1. Let n = |G|. For each positive d | n, let f(d) be the number of elements of G of
order d. Fix a positive d | n, and suppose that f(d) # 0. We may then fix an element g € G of order d. Let
H = (g) and notice that |H| = d. By Lagrange’s Theorem, we have h? = 1 for all h € H, so every element
of H is a root of the polynomial z% — 1 € F[z]. Now F is a field, so we know that ¢ — 1 has at most d roots
in F', and so we have found all of them. Now every element of order d in G is a root of this polynomial, so
every element of G of order d must be in H. From above, we know that H has ¢(d) many elements of order
d. Thus, for all positive d | n, we know that either f(d) =0 or f(d) = ¢(d). It follows that f(d) < ¢(d) for
all positive d | n.

We know use this result to finish the proof. Since every element of G has order some positive divisor of
n by Lagrange’s Theorem, we have

d|n

< Z o(d) (from above)
d|n

=n (from above)

This implies that we must have f(d) = ¢(d) for all positive d | n. In particular, f(n) = ¢(n) > 0, so G has
an element of order n. Therefore, G is cyclic. O

Lemma 2.6.3. Let G be a finite abelian group and let g,h € G with |g| = m, |h| = n, and ged(m,n) = 1.
We then have that |gh| = mn.

Proof. We have

(gh)™" =g™" ™" (since G is abelian)
= (g"™)" (™)™

=€

so |gh| < mn. Suppose that k € N* is such that (gh)* = e. We then have g*h* = e. Raising each side to
the m'" power gives h¥™ = e, and hence n | km. Since ged(m,n) = 1, it follows that n | k. Similarly, if we
raise each side to the n'" power we get ¢*" = e, so m | kn. Since ged(m,n) = 1, it follows that m | k. Since
m | k and n | k, and ged(m,n) = 1, it follows that mn | k, and hence k > mn. Therefore, |gh| = mn. O

Lemma 2.6.4. Let G be a finite abelian group. Let ¢ be the smallest number such that a® = e for all a € G
(i.e. £ is the least common multiple of the orders of all the elements of G). Then G has an element of order
L.

Proof. Write the prime factorization of ¢ as

{ = p¥1pe2

pl p2 p;zk
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where the p; are distinct primes and each «; > 1. Since £ is the least common multiple of the orders of all
of the elements of G, it must be the case that p;* divides the order of some element of G for each i. Thus,
for each ¢, we may fix an element g; € G such that |g;| = p;. Let

b= 9192 gk
Using the lemma, we conclude that |b| = p{"p5? ---pp* = L. ]

With these lemmas in hand, we are not ready to give our second proof of the above theorem.

Proof 2 of Theorem 2.6.1. Suppose that |G| = n. Let ¢ be the least common multiple of the orders of all of
the elements of G. Notice that for all a € G, we have that |a| divides n be Lagrange’s Theorem. Therefore,
n is a common multiple of the orders of all the elements of G, so £ < n. We also have that 2% — 1 has n roots
in G, so we must have that n < ¢. Putting these together, we conclude that / = n. By the lemma, G has an
element of order £ = n, so G is cyclic. O

Definition 2.6.5. Let n € NT. An integer a € Z is called a primitive root modulo n if @ € Z/nZ generates
U(Z/nZ).

Corollary 2.6.6. For every prime p, the group U(Z/pZ) is cyclic, so there exists a primitive root modulo
p.

Example 2.6.7. The number 2 is primitive root modulo 3, 5, 11, and 13, but not modulo 7. The number 3
is a primitive root modulo 7.

2.7 Prime Powers

Before jumping into the general theory, we prove two important lemmas.

Lemma 2.7.1. Let p be prime and let i € N with 1 <i <p— 1. We then have that p | (’Z’)

0)-mo
il (p—1)!- (7;) — !

= ordy((p — 1)!) since p does not divide any positive natural number less than p.
1. Applying ord, to both sides of the above equation then gives

o (7)) -

Therefore, p | (7). O

Proof. By definition, we have
SO

Notice that ord,(i!) = 0
Also, we have ord,(p!) =

Lemma 2.7.2. Suppose that p is prime and that k € NT. If
a=0b (mod p¥)

then
a’? =P (mod pFtt)
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Proof. We have p* | (a —b), so we many fix m € Z with mp* = a —b. We then have that a = b+mp”, hence

a? = (b + mp*)P
p
N ] D— 1 1 p 2
=b —|—<>b (mp") +§<2)b”
_ P k+1 p —i
= 4+ b tmp +Z(z) m'p'

p
=P + P imph L 4 2k Z (f) il 2k
=2

Since 2k > k + 1 (as k > 1), it follows that a? — bP is divisible by p**1, i.e. that a? = bP (mod p**1). O

2.7.1 Powers of 2
Proposition 2.7.3. Suppose that k > 3. For all a € Z with a odd, we have

a? =1 (mod 2%)
Proof. We prove the result by induction on k. For k = 3, we have 23 = 8, and a straightforward calculation
shows that each of 1, 3, 5, and 7 satisfy a® = 1 in U(Z/8Z).
Suppose that the result is true for a fixed & > 3. We prove it for £ + 1. Let a € Z with a odd. By
induction, we have

a? =1 (mod 2%)
By Lemma 2.7.2; we conclude that
c—2
(a® )2=12 (mod 2F*1)
which says that
=1 (mod 2~ 1)
The result follows by induction. O

Corollary 2.7.4. For every k > 3, the group U(Z/2*Z) is not cyclic (i.e. there is no primitive root modulo
2% whenever k > 3).

Proof. Fix k > 3. We have that
U(Z)2"Z)| = p(2*) = 2"71

Since a number is relatively prime to 2¥ exactly when it is odd, the previous proposition tells us that every
element of the group U(Z/2*Z) has order at most 2¥=2. The result follows. O

Proposition 2.7.5. For every k > 3, the element 5 € U(Z/2*Z) has order 28=2.

Proof. We know that |U(Z/2*Z)| = ¢(2%) = 2F~1. Since U(Z/2FZ) is not cyclic, we know that the order
of 5 is not 2*~1. Since the order of 5 must divide 2¥~! by Lagrange’s Theorem, it must equal 2¢ for some
¢ <k —2. Now 2¢ | 2¥=3 whenever £ < k — 3, so to show that the order of 5 is 22 it suffices to show that

2"* #1 (mod 2%)
We prove the stronger statement that

527" =21 4 1 (mod 2)
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by induction on k£ > 3. When k = 3, this statement reads
5=44+1 (mod 8)

which is trivially true. Suppose that the result is true for some fixed k > 3. We prove it for k + 1. The
inductive hypothesis tells us that

2k73

5 =21 11 (mod 2%)

By Lemma 2.7.2, we conclude that
(5* "2 = (21 +1)2 (mod 2"*)
which says that
527 =922 1 9. 9F 1 11 (mod 21
Now 2k — 2 > k + 1 because k > 3, so 2272 = 0 (mod 2¥*1). Since 2-2¢~1 = 2% we see that

5277 =9k 41 (mod 2F*+1)
The result follows by induction. O

Proposition 2.7.6. Suppose that k > 3. In the group U(Z/2*Z), we have —1 ¢ (5).

Proof. We have 5 = 1 (mod 4), and hence 5 = 1 (mod 4) for all £ > 1. Therefore, 5 # —1 (mod 4) for
each £ > 1. Since 4 | 2F (as k > 3), it follows that 5  —1 (mod 2¥) for each £ > 1. Therefore, —1 ¢ (5). [

Corollary 2.7.7. The group U(Z/27Z) is the trivial group, the group U(Z/AZ) is cyclic of order 2, and for
all k > 3, the group U(Z/2F7) is the direct product of a cyclic group of order 28=2 and a cyclic group of
order 2.

Proof. The statements for U(Z/2Z) and U(Z/4AZ) are trivial. Fix k > 3 and consider the group U(Z/2*Z).
Let H = (5) and let K = (—1). We then have that |H| = 272 |K| =2, and HN K = {1}. Now HK is a
subgroup of U(Z/2*Z) because they are normal (as the group is abelian), so since H is a proper subgroup
of HK and |U(Z/2*Z)| = 2*~1 = 2. |H|, we conclude that HK = U(Z/2*7Z). Tt follows that G is internal
direct product of H and K, and therefore U(Z/2*7Z) =~ H x K. O

2.7.2 Powers of Odd Primes

Fix an odd prime p. We first explore U(Z/p?Z) in the hopes of finding a primitive root. Fix a primitive root
g modulo p. Now we want to determine whether ¢ is a primitive root modulo p?. Let n be the order of §
viewed as an element of Z/p?Z. We then have that

n

g" =1 (mod p?)

so since p | p? we know that
n

g"=1 (mod p)

Now the order of § when viewed as an element of Z/pZ equals p — 1, so we must have that p — 1 | n. We
also know that n divides ¢(p?) = p(p — 1) by Lagrange’s Theorem, so the only possibilities are that either
n=p—1orn=plp-—1). Of course, if n = p(p — 1), then we are happy because g will also be a primitive
root modulo p?. The problem is that this is not always guaranteed. For example, —1 is a primitive modulo
3 but is not a primitive root modulo 9. Also, 7 is a primitive root modulo 5 but is not a primitive root
modulo 25 (since 7 =1 (mod 25)). For a more interesting example, 14 is a primitive root modulo 29, but

14%®* =1 (mod 841)
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so 14 is not a primitive root modulo 292 = 841.
What do we do when we end up in the unfortunate case where n = p — 1?7 We then have that

g?"1=1 (mod p?)

Now g+ p =g (mod p), so g + p is also a primitive root modulo p. Notice that

-1
1 [ —1 o

p—1 _ p—1 p p—2 p p—1—i, 1
(9+p) g +<1)g p+§<i>g p

=2

p—1
-1 .
— ,p—1 p—2 -1 p p—1—i_1
9" +9" " plp )+_§ < ; >g p

1=

and thus

(g+p)P =g +¢" ?p(p—1) (mod p?)
=1+¢"?plp—1) (mod p?)

Now p{gand pt(p—1), so as p is prime we conclude that p{ g?=2(p — 1). It follows that p? { g?~2p(p — 1),
and so

(g+p)P " #1 (modp?)

Therefore, g + p is a primitive root modulo p?.
Theorem 2.7.8. If p is an odd prime, then U(Z/p*7Z) is cyclic.
Proof. Fix a primitive root g modulo p. If g?~! # 1 (mod p?), then the above argument shows that g is

a primitive root modulo p?. Suppose then that gP=! = 1 (mod p?). In this case, the number g + p is a
primitive root modulo p, and from above we have

(g+p)P " #1 (mod p?)

Therefore, by the above argument applied to g+ p instead of g itself, we see that g is a primitive root modulo
2
p-. O

We now aim to push this result to higher powers of an odd prime p. Fix an odd prime p and an integer
k > 3. Suppose that g is a primitive root modulo p?. We want to determine whether g is a primitive root
modulo p*. Let n be the order of g viewed as an element of Z/p*Z. Now

U(Z/p"Z)| = (") = p" ' (p - 1)
so our hope is to show that n = pk_l(p —1). We have
g"=1 (mod p")
so since p | p¥ we know that
g" =1 (mod p)

Now the order of g when viewed as an element of Z/pZ equals p — 1 (because a primitive root modulo p?
is automatically a primitive root modulo p), so we must have that p — 1 | n. By Lagrange’s Theorem, we
also know that n | ¢(p*) = p*~1(p — 1). Therefore, we must have n = p™(p — 1) for some m € N with
0 <m <k —1. Our goal is to show that m =k — 1.

Since g?~! =1 (mod p), we may write g?~! = 1 + ap for some a € Z. Now if p | a, then we would have

g '=1 (mod p?)

contrary to the fact that g is a primitive root modulo p?. It follows that p{ a. We now prove the following.
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Proposition 2.7.9. For all { € N, we have
gpé(p_l) =1+4ap't! (mod p“‘g)

Proof. We prove the result by induction. If £ = 0 this is trivial because g?~' = 1 + ap. Suppose that we
know the result for some fixed £ € N, i.e. we know that

gpé(p_l) =14 apé+1 (mod p€+2)
Using Lemma 2.7.2, we conclude that
p“’l(pfl) _ (+1\p (+3
g =(l+ap™)" (modp™™)

By the Binomial Theorem we know that

S R Z() )+ ()t

=2

Ju

p—

“ a1 (& ()

1=2

i 2(Z+1 + appp(f+1)

\_/

Now p > 3, so
p(l+1)>3(l+1)=3¢+3>(+3

so p’*3 divides the last term in the above sum. For any i with 2 < i < p — 1, we have
il+1)>20+1)=204+2>0+2

Since for any ¢ with 2 < ¢ < p — 1, we know that p | (11.’), it follows that p*3 divides every term in the
summation. Therefore,
(1+ap™™™)P =1+ ap"™  (mod p*+3)

Putting this together with the above, we conclude that

pitI(

=) =14 ap (mod p”3)
This completes the induction. O]

Theorem 2.7.10. Suppose that p is an odd prime. If g is a primitive root modulo p?, then g is a primitive
root modulo p* for all k > 2.

Proof. Let g be a primitive root modulo p? and let & > 2. Let n be the order of g in U(Z/p*Z). Following
the above arguments, we know that n = p™(p — 1) for some m € N with 0 < m < k — 1. We also know
that we may write g?~! = 1 + ap for some a € Z with p{ a. Now suppose that m < k — 2, We then have
p"(p—1) | p"~2(p — 1) and hence gpk_Q(pfl) =1 (mod p*). However, the previous proposition tells us that

k—2

g P =14 agpFt (mod p*)

This would imply that 1+ ap*~! = 1 (mod p*), contradicting the fact that p { a. Therefore, we must have
m =k —1, and thus n = p*~1(p —1). Tt follows that the order of g in U(Z/p*Z) is ¢(p*), so g is a primitive
root modulo p¥. O
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Corollary 2.7.11. If p is an odd prime, then U(Z/p*Z) is cyclic for all k € N.

Suppose now that n > 2, and write the prime factorization of n as
n=pyps? - py
By the Chinese Remainder Theorem, we know that
U(Z/nZ) = U(Z[p}'Z) x U(Z[p\*Z) x - x U(Z/p}'Z)

Since we have classified all of the groups in the direct product on the right, we can use this to understand
the structure of any U(Z/nZ).

Theorem 2.7.12. Let n > 2. We then have that U(Z/nZ) is cyclic if and only if either n = 2, n = 4,
n = p* for some odd prime p, or n = 2p* for some odd prime p.

Proof. We know that U(Z/nZ) is cyclic in each of the first three cases. If n = 2p* for some odd prime p,
then

U(Z/nZ) = U(Z)2Z) x U(Z/p*Z) = U(Z/p*7Z)

because U(Z/27Z) is the trivial group, so U(Z/nZ) is cyclic.

Suppose conversely that n is not one of the above values. If n = 2* for some k > 3, then we’ve shown above
that U(Z/nZ) is not cyclic. Otherwise, we can write n = myms where ged(my,ms) =1 and mq,ms > 3. In
this case, both ¢(mq) and p(ms) are even by the homework and

U(Z/nZ) = U(Z/miZ) x U(Z/moT)

Since each of the groups on the right have even order, they each have elements of order 2. Thus, U(Z/nZ)
has at least 2 elements of order 2, but a cyclic group has only ¢(2) = 1 many elements of order 2. Therefore,
U(Z/nZ) is not cyclic. O

2.8 When —1 is a Square Modulo p

Theorem 2.8.1. Let p be an odd prime. There exists an a € Z with a®> = —1 (mod p) if and only if p=1
(mod 4).

Algebraic Proof. Suppose first that there exists an a € Z with a®> = —1 (mod p). Working in Z/pZ, we then
have that @ # 0 and @ # 1 (since 00 =0 # —1 and —1° =1 # —1 as p > 3). In particular, @ € U(Z/pZ) and
@ is not the identity of this group. We also have

a =(a?)?=(-1"=1

Thus, the order of @ € Z/pZ is a divisor of 4. We know that this order is not 1 (since @ # 1) and it is also
not 2 because @> = —1 # 1. Therefore, the order of @ € U(Z/pZ) is 4. By Lagrange’s Theorem, it follows
that 4 | ¢(p), which is to say that 4 | p — 1. Therefore, p =1 (mod 4).

Suppose conversely that p =1 (mod 4). We then have that 4 | p— 1, so 4 | [U(Z/pZ)|. Recall that if G
is a cyclic group of order n and d is a positive divisor of n, then G has an element of order d. Since U(Z/pZ)
is a cyclic group and 4 | |[U(Z/pZ)|, we may fix a € Z with p { a such that |[a| = 4. We then have a* # 1
and (@?)? = @* = 1. Now the only solutions to 22 = 1 in Z/pZ are 1T and —1, so we conclude that @> = —1.
Therefore, a®> = —1 (mod p). O
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Elementary Proof. Suppose first that there exists an a € Z with a> = —1 (mod p). Notice that p { a because
otherwise a?> =0 # —1 (mod p). By Fermat’s Little Theorem, we have a?~' = 1 (mod p). Thus

l=a?'=()7 = (—1)17%1 (mod p)

Since p > 3, we have 1 Z —1 (mod 3) and thus % must be even. It follows that 4 | (p — 1), i.e. that p =1
(mod 4).
Suppose conversely that p =1 (mod 4). We then have that 4 | (p — 1), so % is even. Let £ = %_1. By
Wilson’s Theorem we have
(p—1)!'=-1 (mod p)

Now —k =p — k (mod p for all k, so in the product (p — 1)! we can replace the latter half of the elements

in the product (p — 1)! by the first £ negative numbers, i.e. the numbers in the list
{+1,04+2,....p—2,p—1

are each equivalent modulo p to exactly one number in the following list:

—0,—(t—1),...,-2,—1

Therefore, working modulo p, we have

)L+ (C+2) (=2 (p— 1)
)L (=0 (= 1)+ (=2) - (-1)

where the last line follows because ¢ = prl is even. Therefore, there exists a € Z with a®> = —1 (mod p),

namely a = (! = (%)!.
(A slightly cleaner way to write the above argument is simply to notice that you can list the elements of
U(Z/pZ) as

ja_(g— 1) _._’_727_71’17§7£_717Z

rather the usual way as 1,2,...,p — 1, and then apply the above two propositions.) O
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Chapter 3

Abstracting the Integers

3.1 Euclidean Domains

Both Z and F[z] (for F a field) have “division with remainder” properties. In both of these rings, the ability
to divide and always get something “smaller” allows one to prove many powerful things. In particular, this
property allowed us to prove the existence of greatest common divisors which eventually lead to unique
factorization. With such power, we will define a class of integral domains based on the idea of allowing
“division with remainder” so that our results will be as general as possible.

Definition 3.1.1. Let R be an integral domain. A function N: R\{0} — N is called a Fuclidean function
on R if for all a,b € R with b # 0, there exist q,r € R such that

a=qgb+r
and either r =0 or N(r) < N(b).
Definition 3.1.2. An integral domain R is a Euclidean domain if there exists a Fuclidean function on R.

Example 3.1.3. In algebra, you established the following.

e The function N: Z\{0} — N defined by N(a) = |a| is a Euclidean function on Z, so Z is a Fuclidean
domain.

o Let F be a field. The function N: F[z]\{0} — N defined by N(f(z)) = deg(f(x)) is a Fuclidean
function on F[z], so Flx] is a Euclidean domain.

Notice that we do not require the uniqueness of ¢ and r in our definition of a Euclidean function.
Although it was certainly a nice perk to have some aspect of uniqueness in Z and F[z], it turns out to be
be unnecessary for the theoretical results of interest about Euclidean domains. Furthermore, many natural
Euclidean functions on integral domains for which uniqueness fails, and we want to be as general as possible.

The name Fuclidean domain comes from the fact that any such integral domain supports the ability to
find greatest common divisors via the Euclidean algorithm. In particular, the notion of “size” given by a
FEuclidean function N: R — N allows us to use induction to prove the existence of greatest common divisors.
We begin with the following generalization of a simple result we proved about Z which works in any integral
domain (even any commutative ring).

Proposition 3.1.4. Let R be an integral domain. Let a,b,q,r € R with a = gb+r. For any d € R, we have
that d is a common divisor of a and b if and only if d is a common divisor of b and r, i.e.

{d € R :d is a common divisor of a and b} = {d € R : d is a common divisor of b and r}

37



38 CHAPTER 3. ABSTRACTING THE INTEGERS

Proof. Suppose first that d is a common divisor of b and r. Since d | b, d | v, and a = ¢gb+ r = bg + r1, it
follows that d | a.

Conversely, suppose that d is a common divisor of a and b. Since d | a, d | b, and r = a— ¢b = al +b(—q),
it follows that d | r. O

Theorem 3.1.5. Let R be a Fuclidean domain. FEvery pair of elements a,b € R has a greatest common
divisor.

Proof. Since R is a Euclidean domain, we may fix a Euclidean function N: R\{0} — N. We use (strong)
induction on N (b) € N to prove the result. We begin by noting that if b = 0, then the set of common divisors
of a and b equals the set of divisors of a (because every integer divides 0), so a satisfies the requirement of a
greatest common divisor. Suppose then that b € R is nonzero and we know the result for all pairs z,y € R
with either y = 0 or N(y) < N(b). Fix ¢, € R with a = gb + r and either r = 0 or N(r) < N(b). By
(strong) induction, we know that b and r have a greatest common divisor d. By the Proposition 3.1.4, the
set of common divisors of a and b equals the set of common divisors of b and r. It follows that d is a greatest
common divisor of a and b. O

As an example, consider working in the ring Q[z] and trying to find a greatest common divisor of the
following two polynomials:

flz)=2a°+ 32> +22% +6 g(x) = 2% — 2% + 42 — 32 +3
We apply the Euclidean Algorithm as follows (we suppress the computations of the long divisions):

2® 4323 + 222+ 6= (x + 1)(2* —2® + 422 — 32+ 3) + (2® + 3)
ot — 24 42? —3r+3=(2> —z+1)(2* +3)+0

Thus, the set of common of f(z) and g(z) equals the set of common divisors of 2% +3 and 0, which is just the
set of divisors of 2% + 3. Therefore, 2 + 3 is a greatest common divisor of f(z) and g(x). Now this is not the
only greatest common divisor because we know that any associate of 22 + 3 will also be a greatest common
divisor of f(z) and g(x). The units in Q[z] are the nonzero constants, so other greatest common divisors
are 222 + 6, %xQ + g, etc. We would like to have a canonical choice for which to pick, akin to choosing the
nonnegative value when working in Z.

Definition 3.1.6. Let F' be a field. A monic polynomial in F|x] is a nonzero polynomial whose leading term
15 1.

Notice that every nonzero polynomial in F[z] is an associate with a unique monic polynomial (if the
leading term is a # 0, just multiply by a~! to get a monic associate, and notice that this is the only way to
multiply by a nonzero constant to make it monic). By restricting to monic polynomials, we get a canonical
choice for a greatest common divisor.

Definition 3.1.7. Let F be a field and let f(x),g(x) € F[z] be polynomials. If at least one of f(x) and g(x)
is nonzero, we define ged(f(x), g(x)) to be the unique monic polynomial which is a greatest common divisor
of f(z) and g(x). Notice that if both f(x) and g(x) are the zero polynomial, then 0 is the only greatest
common dwisor of f(x) and g(z), so we define ged(f(z),g(x)) = 0.

Now z2 + 3 is monic, so from the above computations, we have
ged(z® + 323 + 227 4+ 6,2 — 2% + 42? — 32 +3) = 2% + 3

We now provide another incredibly important an example by showing that the Gaussian Integers Z[i] are
also a Euclidean domain.
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Definition 3.1.8. Working in the field C, we define the following.

. Q) = {g+7i:qreQ}

o Zi|={a+bi:abeZ}

Notice that Q(i) is a subfield of C and Zl[i] is a subring of Q(i) and thus of C. The ring Z[i] is called the
Gaussian Integers.

To see that Q(¢) is a field, suppose that a € Q(¢) is nonzero and write & = ¢ + ri. We then have that
either ¢ #0 or r # 0, so

11

a  q+ri
1 q—ri
7q+m'.q—ri
_q-ri
T

q -r .
+ 1
R+r2 242

Since both s and > are elements of Q, it follows that 2 € Q(3).

2+r 2+r

Definition 3.1.9. We define a function N: Q(i) — Q by letting N(q + ri) = ¢*> + r%. The function N is
called the norm on the field Q(4).

Proposition 3.1.10. For the function N(q+ ri) = ¢*> +r? defined on Q(i), we have
1. N(a) >0 for all « € Q(3).
N(a) =0 if and only if a = 0.

N(q) = ¢* for all q € Q.
N(a) €N for all a € Z[].

Cuo e e

N(aB) = N(a)- N(B) for all a, 3 € Q(i).

Proof. The first four are all immediate from the definition. Suppose that a, 8 € Q(i) and write o = ¢ + 74
and 3 = s+ ti. We have

N(af) = N((q+ri)(s + ti))
= N(qs + rsi+ qti —rt)
= N((gs —rt) + (rs+ qt)i)
( s—rt)? + (rs +qt)?
= — 2qsrt + 12t2 4+ 1r2s% + 2rsqt + ¢*t?
= 8"+ 1757 + ¢ + 7t
=(¢*+7?) - (s* + %)
= N(q+7i)- N(s+ )
= N(a) - N(B)
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We first use this result to classify the units of Z[i].
Proposition 3.1.11. We have U(Z[i]) = {1,-1,i,—i}.

Proof. We have 1-1=1, (—=1)-(—1) =1, and ¢ - (—i) = 1, so all of these elements are units. Suppose now
that o € Z[i] is a unit and fix § € Z[i] with o8 = 1. We then have

1=1*+40?
= N(1)
= N(af)
= N(a) - N(B)
Since N(«) and N(() are integers, it follows that N(«) | 1 in Z. Using the fact that N(«) > 0, it follows
that N(«) = 1. Write @ = a + bi where a,b € Z. We then have
1 =N(a)=a®+ b
We conclude that |a| < 1 and |b| < 1. Since a,b € Z, we can work through the various possibilities to deduce
that (a,b) is one of the following pairs: (1,0), (—1,0), (0,1), or (0, —1). Therefore, @ € {1, —1,4, —i}. O
Theorem 3.1.12. Z[i] is a Euclidean domain with Euclidean function N(a + bi) = a® + b?.

Proof. We already know that Z[i] is an integral domain. Suppose that «, 3 € Z[i] with § # 0. When we
divide « by (3 in the field Q(¢) we get % = s+ ti for some s,t € Q. Fix integers m,n € Z closest to
s,t € Q respectively, i.e. fix m,n € Z so that |m —s| < 3 and |n —t| < 1. Let v = m + ni € Z[i], and let
p = a — By € Z[i]. We then have that a = 8 + p, so we need only show that N(p) < N(8). Now

N(p)

I
®
\i

(s+ti)—B-7)

(s +ti) — (m +ni)))
(s =m) + (t = n)i))
“N((s—=m)+ (t —n)i)
8) - ((s =m)? + (t —n)?)
(

1 1
B) 14‘1)

QEQQ

=

IN
= 2 11 2=

I
wim 223z s

A

2

= =
S

where the last line follows because N(G) > 0. O

We work out an example of finding a greatest common of 8 + 97 and 10 — 5i in Z[i]. We follow the proof
to find quotients and remainders. Notice that

8+9i  8+9i 1045

10—5i 10—5i 10+ 5i

80 + 40i + 90i — 45
100 + 25

35 + 130i

125

T %
25 25
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Following the proof (where we take the closest integers to % and %), we should use the quotient ¢ and
determine the remainder from there. We thus write

849i =i (10— 5i) + (3 — 1)

Notice that N(3 —4) = 9+ 1 = 10 which is less than N (10 — 5¢) = 100 + 25 = 125. Following the Euclidean
algorithm, we next calculate
10-5  10-5i 3+1
3—i  3—i 3+i
304100 — 150 + 5

9+1
35— 5i
10
71
o9t

Following the proof (where we now have many choices because % is equally close to 3 and 4 and —% is equally
close to —1 and 0), we choose to take the quotient 3. We then write

10— 5i =3 (3—i) + (1 — 2i)

Notice that N(1 —2¢) = 1+ 4 = 5 which is less than N(3 —i) = 9+ 1 = 10. Going to the next step, we
calculate

3—i  3—i 142i

1-2i 1-2i 1+2i

_ 346i—i+2
- 1+4

_ 5+5i
5

=141

Therefore, we have
3—i=(1+4)-(1-2{)+0

Putting together the various divisions, we see the Euclidean algorithm as:
8+9i=1i-(10—5i)+ (3—1)
10-5i=3-(3—14)+ (1 —2i)
3—i=(1+4)-(1—-20)+0

Thus, the set of common divisors of 8 + 97 and 10 — 5¢ equals the set of common divisors of 1 — 2¢ and 0,
which is just the set of divisors of 1 — 2i. Since a greatest common divisor is unique up to associates and the
units of Z[i] are 1, —1,4, —i, it follows the set of greatest common divisors of 8 + 9¢ and 10 — 5 is

{1-2i,—1+2i,2+i —2—4}

3.2 Principal Ideal Domains

We chose our definition of a Euclidean domain to abstract away the fundamental fact about Z that we can
always divide in such a way to get a quotient along with a “smaller” remainder. As we have seen, this ability
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allows us to carry over to these more general rings the existence of greatest common divisors and the method
of finding them via the Euclidean Algorithm.

Recall back when we working with Z that we had another characterization of (and proof of existence
for) the greatest common divisor. We proved that the greatest common divisor of two nonzero integers a
and b was the least positive number of the form ma + nb where m,n € Z. Now the “least” part will have
no analogue in a general integral domain, so we will have to change that. Perhaps surprisingly, it turns out
that the way to generalize this construction is to work with ideals. As we will see, in hindsight, what makes
this approach to greatest common divisors work in Z is the fact that every ideal of Z is principal. We give
the integral domains which have this property a special name.

Definition 3.2.1. A principal ideal domain, or PID, is an integral domain in which every ideal is principal.

Before working with these rings on their own terms, we first prove that every Euclidean domains is a PID
so that we have a decent supply of examples. Our proof generalizes the one for Z in the sense that instead of
looking for a smallest positive element of the ideal we simply look for an element of smallest “size” according
to a given Euclidean function.

Theorem 3.2.2. Fvery Fuclidean domain is a PID.

Proof. Let R be a Euclidean domain, and fix a Euclidean function N: R\{0} — N. Suppose that I is an
ideal of R. If I = {0}, then I = (0). Suppose then that I # {0}. The set

{N(a): a € I\{0}}

is a nonempty subset of N. By the well-ordering property of N, the set has a least element m. Fix b € I
with N (b) = m. Since b € I, we clearly have (b) C I. Suppose now that a € I. Fix ¢,r € R with

a=qgb+r

and either »r = 0 or N(r) < N(b). Since r = a — ¢gb and both a,d € I, it follows that r € I. Now if r # 0,
then N(r) < N(b) = m contradicting our minimality of m. Therefore, we must have r = 0 and so a = ¢b. It
follows that a € (b). Since a € I was arbitrary, we conclude that I C (b). Therefore, I = (b). O

Corollary 3.2.3. Z, Flz] for F a field, and Z[i] are all PIDs.

Notice also that all fields F' are also PIDs for the trivial reason that the only ideals of F are {0} = (0) and
F = (1). In fact, all fields are also trivially Euclidean domain via absolutely any function N: F\{0} — N
because you can always divide by a nonzero element with zero as a remainder.

It turns out that there are PIDs which are not Euclidean domains, but we will not construct examples
of such rings now. Returning to our other characterization of greatest common divisors in Z, we had that if
a,b € Z not both nonzero, then we considered the set

{ma+nb:m,n € Z}

and proved that the least positive element of this set was the greatest common divisor. In our current ring-
theoretic language, the above set is the ideal (a,b) of Z, and a generator of this ideal is a greatest common
divisor. With this change in perspective/language, we can carry this argument over to an arbitrary PID.

Theorem 3.2.4. Let R be a PID and let a,b € R.
1. There exists a greatest common divisor of a and b.

2. If d is a greatest common divisor of a and b, then there exists r,s € R with d = ra + sb.

Proof.
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1. Let a,b € R. Consider the ideal
I={ab)={ra+sb:r,s€ R}
Since R is a PID, the ideal I is principal, so we may fix d € R with I = (d). Since d € (d) = (a,b), we
may fix r,s € R with ra 4+ sb = d. We claim that d is a greatest common divisor of a and b.

First notice that a € I since a = la + 0b, so a € (d), and hence d | a. Also, we have b € I because
b= 0a+ 1b, so b € (d), and hence d | b. Thus, d is a common divisor of a and b.

Suppose now that ¢ is a common divisor of ¢ and b. Fix m,n € R with a = ¢m and b = ¢n. We then
have

d=ra+sb
=r(cm) + s(cn)
= c(rm + sn)
Thus, ¢ | d. Putting it all together, we conclude that d is a greatest common divisor of a and b.

2. For the d in part 1, we showed in the proof that there exist r,s € R with d = ra + sb. Let d’ be any
other greatest common divisor of a and b, and fix a unit u with d’ = du. We then have

d' = du = (ra+ sb)u = a(ru) + b(su)
O

If you are given a,b € R and you know a greatest common divisor d of a and b, how can you explicitly
calculate r, s € R with ra + sb = d? In a general PID, this can be very hard. However, suppose you are in
the special case where R is a Euclidean domain. Assuming that we can explicitly calculate quotients and
remainders for repeated division (as we could in Z, F[x], and Z[i]), we can calculate a greatest common
divisor d of a and b by “winding up” the Euclidean algorithm backwards as in Z.

For example, working in the Euclidean domain Z[i], we computed in the last section that 1 — 2¢ is a
greatest common divisor of 8 + 9i and 10 — 5¢ by applying the Euclidean algorithm to obtain:

8+9i=1-(10—5i) + (3—1)
10-5i=3-(3—14)+(1—2¢)
3—i=(1+4)-(1—-20)+0
Working backwards, we see that
1-2i=1-(10—-5%) 4+ (—3) (3 —1)
=1-(10—-53) + (—3) - [(84+97) —i - (10 — 57)]
= (1+3i)- (10 — 5i) + (—3) - (8 + 9i)

It is possible to define a greatest common divisor of elements a1, as,...,a, € R completely analogously
to our definition for pairs of elements. If you do so, even in the case of a nice Euclidean domain, you can
not immediately generalize the idea of the Euclidean Algorithm to many elements without doing a kind
of repeated nesting that gets complicated. However, notice that you can very easily generalize our PID
arguments to prove that greatest common divisors exist and are unique up to associates by following the
above proofs and simply replacing the ideal (a,b) with the ideal (a1, as,...,a,). You even conclude that it
possible to write a greatest common divisor in the form rya; + reas + - - - + rpa,. The assumption that all
ideals are principal is extremely powerful.

With the hard work of the last couple of sections in hand, we can now carry over much of our later work
in Z which dealt with relatively prime integers and primes. The next definition and ensuing two propositions
directly generalize corresponding results about Z.
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Definition 3.2.5. Let R be a PID. Two elements a,b € R are relatively prime if 1 is a greatest common
divisor of a and b.

Proposition 3.2.6. Let R be a PID and let a,b,c € R. If a | bc and a and b are relatively prime, then a | c.

Proof. Fix d € R with bc = ad. Fix r;s € R with ra 4+ sb = 1. Multiplying this last equation through by c,
we conclude that rac + sbc = ¢, so
¢ =rac+ s(be)
= rac+ s(ad)
= a(rc+ sd)

It follows that a | c. O
Proposition 3.2.7. Suppose that R is a PID. If p is irreducible, then p is prime.

Proof. Suppose that p € R is irreducible. By definition, p is nonzero and not a unit. Suppose that a,b € R
are such that p | ab. Fix a greatest common divisor d of p and a. Since d | p, we may fix ¢ € R with p = dc.
Now p is irreducible, so either d is a unit or c is a unit. We handle each case.

e Suppose that d is a unit. We then have that 1 is an associate of d, so 1 is also a greatest common divisor
of p and a. Therefore, p and a are relatively prime, so as p | ab we may use the previous corollary to
conclude that p | b.

1'=d, so p|d. Since d| a, it follows that p | a.

e Suppose that ¢ is a unit. We then have that pc™
Therefore, either p | a or p | b. It follows that p is prime. O
Definition 3.2.8. Let R be a commutative ring.

o A prime ideal of a ring R is an ideal P # R such that whenever ab € P, either a € P or b € P.

o A maximal ideal of a ring R is an ideal M # R such that there is no ideal I with M C I C R.

Proposition 3.2.9. Let R be a commutative ring and let p € R be nonzero. The ideal (p) is a prime ideal
of R if and only if p is a prime element of R.

Proof. Suppose first that (p) is a prime ideal of R. Notice that p # 0 by assumption and that p is not a unit
because (p) # R. Suppose that a,b € R and p | ab. We then have that ab € (p), so as (p) is a prime ideal
we know that either a € (p) or b € (p). In the former case, we conclude that p | a, and in the latter case we
conclude that p | b. Since a,b € R were arbitrary, it follows that p is a prime element of R.

Suppose conversely that p is a prime element of R. Suppose that a,b € R and ab € (p). We then have
that p | ab, so as p is a prime element we know that either p | @ or p | b. In the former case, we conclude
that a € (p) and in the latter case we conclude that b € (p). Since a,b € R were arbitrary, it follows that (p)
is a prime ideal of R. O

Recall the following important theorem from algebra.

Theorem 3.2.10. Let I be an ideal of the commutative ring R.
e [ is a prime ideal of R if and only if R/I is an integral domain.
e [ is a maximal ideal of R if and only if R/ is a field.

Corollary 3.2.11. In a commutative ring R, every mazimal ideal is a prime ideal.
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Proposition 3.2.12. Let R be a PID and let a € R be nonzero. The following are equivalent.

1. {a) is a mazimal ideal.

2. (a) is a prime ideal.

3. a is a prime.

4. a is irreducible.

Proof. Notice that 1 — 2 — 3 — 4 from the above results (or see Section 10.5 of the Algebra notes). We
prove that 4 — 1. Suppose that a is irreducible, and let M = (a). Since a is not a unit, we have that 1 ¢ (a),
so M # R. Suppose that I is an ideal with M C I C R. Since R is a PID, there exists b € R with I = (b).
We then have that (a) C (b), so b | a. Fix ¢ € R with a = be. Since a is irreducible, either b is a unit or c¢ is
a unit. In the former case, we have I = (b) = R, and in the latter case we have that b is an associate of a so
I=()={a)=M. O

Corollary 3.2.13. If R is a PID, then every nonzero prime ideal is mazimal.

Notice that we need to assume that the ideal is nonzero because {0} is a prime ideal of Z that is not
maximal. In fact, in every integral domain that is that a field, {0} is nonmaximal prime ideal.

3.3 Factorizations and Noetherian Rings

We now seek to seek to prove an analogue of the Fundamental Theorem of Arithmetic in “nice” integral
domains (say Euclidean domains or even PIDs). We have developed most of the tools to do this when we
showed that irreducibles are prime in any PID. This fact in Z (that if p is “prime” in Z and p | ab, then
either p | a or p | d) was the key tool used to establish the Fundamental Theorem of Arithmetic. However,
there is one other aspect of the Fundamental Theorem of Arithmetic that is easy to overlook. Namely, why
does even exist a factorization into irreducibles of every (nonzero nonunit) element? In Z, this is easy to
argue by induction because proper factors are smaller in absolute value. In Euclidean domains with “nice”
Euclidean functions (say where N(b) < N(a) whenever b | a and b is not an associate of a), you can mimic
this argument. For example, it is relatively straightforward to prove that in Z[i] every (nonzero nonunit)
element factors into irreducibles. But what happens in a general PID?

Let’s analyze where a problem could arise. Suppose R is an integral domain and that a € R is nonzero
and not a unit. If a is irreducible, we have trivially factored it into irreducibles. Suppose then that a is not
irreducible and write a = bc where neither b nor c¢ is a unit. If either b or c is irreducible, we are happy
with that piece, but we may need to factor b or ¢ (or perhaps both) further. And from here, their factors
may break up further still. How do we know that this process of repeatedly breaking down element must
eventually stop? There does not seem to be any strong reason to believe that it does if we do not have a
way of saying that factors are “smaller”. In fact, there are integral domains where some elements are not
products of irreducibles and so this process goes on forever. However, this process must stop in any PID, and
we go about developing the tools to prove that now. The key idea is to turn everything into ideals because
that is the only aspect of a PID we have control over. Recall the following basic facts from algebra.

Proposition 3.3.1. Let R be a commutative ring. For any a,b € R we have a | b if and only if (b) C (a).

Proof. First notice that if a | b, then b € (a), hence (b) C (a) because (b) is the smallest ideal containing b.
If conversely we have (b) C (a), then clearly b € (a), so a | b. O

Corollary 3.3.2. Let R be an integral domain. For any a,b € R, we have {a) = (b) if and only if a and b
are associates.
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Proof. If {(a) = (b), then both a | b and b | a by the previous proposition, so a and b are associates. Conversely,
if @ and b are associates, then both a | b and b | a, hence (a) = (b) from the previous proposition. O

Corollary 3.3.3. Suppose that R is an integral domain and a,b € R. Ifb | a and b is not an associate of
a, then {a) C (b).

Proof. This follows immediately from the previous two results. O

Suppose now that R is an integral and a € R is nonzero and not a unit. Write a = bc where b and ¢ are
both not units. We then have that neither b nor ¢ is an associate of a, so (a) C (b) and (a) C (c¢). Thus,
in terms of ideals, we have become larger. If we factor further still, we get even larger ideals. So we have
turned the question on its head and need to think about whether this process of ever larger ideals can go on

forever. We define a special class of rings where this does not happen.
Definition 3.3.4. A commutative ring R is said to be Noetherian if whenever
LCLCz3C...

is a sequence of ideals, there exists N € N such that I, = In for all k > N. Equivalently, there is no strictly
increasing sequence of ideals
LECLCI3C...

Proposition 3.3.5. Let R be a commutative ring. We then have that R is Noetherian if and only if
every ideal of R is finitely generated (i.e. for every ideal I of R, there exist ay,az,...,am € R with I =

(al, as, ..., am>).
Proof. Suppose first that every ideal of R is finitely generated. Let
LCLCIz3C...

be a sequence of ideals. Let

J:UIk:{TGR:TGIkforsomekGN*}
k=1

We claim that J is an ideal of R. First notice that 0 € I; C J. Suppose that a,b € J. Fix k, ¢/ € Nt with
a € I and b € I;. We then have a,b € Iaxqrey © J. Suppose that a € J and 7 € R. Fix k € NT with
a € I,. We then have that ra € I, C J.

Since J is an ideal of R and we are assuming that every ideal of R is finitely generated, there ex-
ist ay,as9,...,a;, € R with J = (a1,as9,...,a,). For each i, fix k; € N with a; € I,. Let N =
max{ki,ka,...,kn}. We then have that a; € Iy for each i, hence J = (aj,as,...,am) C In. There-
fore, for any n > N, we have

InCI,CJClIN
hence I,, = Iy.

Suppose conversely that some ideal of R is not finitely generated and fix such an ideal J. Define a
sequence of elements of J as follows. Let a; be an arbitrary element of J. Suppose that we have defined

ai,asg,...,a € J. Since J is not finitely generated, we have that
(ar,a2,...,an) C J
so we may let a1 be some (any) element of J\(a1,aq,...,a;). Letting I, = (a1, as,...,a,), we then have

LCLCI;C...

so R is not Noetherian. O
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Corollary 3.3.6. Every PID is Noetherian.
Proof. This follows immediately from the fact that in a PID every ideal is generated by one element. O

Theorem 3.3.7. In a Noetherian integral domain, every nonzero nonunit element can be written as a
product of irreducibles.

Definition 3.3.8. Let {0,1}* be the set of all finite sequences of 0’s and 1’s (including the “empty string”
A). A tree is a subset T C {0,1}* which is closed under initial segments. In other words, if o € T and T is
an initial segment of S, then T € S.

For example, the set {),0,1,00,01,011,0110,0111} is a tree.

Lemma 3.3.9 (Konig’s Lemma). Every infinite tree has an infinite branch. In other words, if T is a tree
with infinitely many elements, then there is an infinite sequence of 0’s and 1’s such that every finite initial
segment of this sequence is an element of T.

Proof. Let T be a tree with infinitely many elements. We build the infinite sequences in stages. That is, we
define finite sequences o9 < 01 < g2 < ... recursively where each |o,| = n. In our construction, we maintain
the invariant that there are infinitely many element of T" extending o,.

We begin by defining o0y = A and notice that there are infinitely many element of T" extending A because
A is an initial segment of every element of T trivially. Suppose that we have defined o,, in such a way that
|or| = n and there are infinitely many elements of T extending o,,. We then must have that either there
are infinitely many elements of 7" extending 0,0 or there are infinitely many elements of 7" extending o, 1.
Thus, we may fix an ¢ € {0,1} such that there are infinitely many elements of T' extending o, and define
Ont1 = Onl.

We now take the unique infinite sequence extending all of the o, and notice that it has the required
properties. [

Proof 1 of Theorem 3.3.7 - With Kénig’s Lemma. Suppose that ¢ € R is a nonzero nonunit. Recursively
factor a into nonunits down a tree stopping the growth at any irreducibles you reach. This tree can not
have an infinite path because this would give a strictly increasing sequence of principal ideals. Therefore,
by K”onig’s Lemma, the tree is finite. It follows that a is the product of the leaves, and hence a product of
irreducibles. O

Proof 2 of Theorem 3.3.7 - Without Konig’s Lemma. Suppose that a € R is a nonzero nonunit which is not
a product of irreducible elements. We define a sequence of elements di,ds,... in R as follows. Start by
letting d; = a. Assume inductively that d,, is a nonzero nonunit which is not a product of irreducibles. In
particular, d,, is itself not irreducible, so we may write d,, = bc for some choice of nonzero nonunits b and c.
Now it is not possible that both b and ¢ are products of irreducibles because otherwise d,, would be as well.
Thus, we may let d, 11 be one of b and ¢, chosen so that d,, ;1 is also not a product of irreducibles. Notice
that d,41 is a nonzero nonunit, that d,,11 | d,, and d, ;1 is not an associate of d,, because neither b nor ¢
are units. Therefore,

(di) G (da) & -

contradicting the above proposition. It follows that every nonzero nonunit is a product of irreducibles. [
Corollary 3.3.10. In every PID, every nonzero nonunit element can be written as a product of irreducibles.
Proof. Immediate from the fact that every PID is Noetherian. O

We existence out of the way, we now move on to uniqueness of factorization into irreducibles. We try to
generalize the results about the integers as much as possible.
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Definition 3.3.11. Let R be an integral domain and p € R be irreducible. Define a function ord,: R —
NU{oc} as follows. Given a € R, let ord,(a) be the largest k € N such that p* | a if one ezists, and otherwise
let ordy,(a) = co.

Lemma 3.3.12. Let R be a PID. Let p € R be irreducible, let a € R, and let k € N. The following are
equivalent.

1. ordy(a) =k

2. p* | a and pFtlta

3. There exists m € R with a = p*m and ptm
Proof. e 1 — 2 is immediate.

e 2 — 1: Suppose that p* | @ and p**1 { a. We clearly have ord,(a) > k. Suppose that there exists £ > k
with p® | a. Since £ > k, we have £ > k + 1. This implies that p**! | p, so since p’ | a we conclude
that p**! | a. This contradicts our assumption. Therefore, there is no ¢ > k with p | a, and hence
ordy(a) = k.

e 2 — 3: Suppose that p* | @ and p**! { a. Fix m € R with a = p*m. If p | m, then we may fix
n € R with m = pn, which would imply that a = p*pn = p**!n contradicting the fact that p*+! { a.
Therefore, we must have p { m.

e 3 — 2 Fix m € R with a = p"m and p { m. We clearly have p* | a. Suppose that p**! | ¢ and fix
n € R with a = p¥*'n. We then have p*m = p**'n, so m = pn. This implies that p | m, which is a
contradiction. Therefore, p**! { a.

O

The following theorem was essential in proving the Fundamental Theorem of Arithmetic. As usual, the
key fact is that irreducibles are prime in PIDs.

Theorem 3.3.13. Let R be a PID. Let p € R be irreducible. We have the following.
1. ordy(ab) = ordy(a) + ordy(b) for all a,b € R.
2. ordy(a™) =n-ordy(a) for alla € R and n € NT.

Proof. We follow the proofs in Homework 1. Let a,b € R. First notice that if ord,(a) = oo, then p* | a for
all k € N, hence p* | ab for all k € N, and thus ord,(ab) = co. Similarly, if ord,(b) = oo, then ord,(ab) = co.
Suppose then that both ord,(a) and ord,(b) are finite, and let k = ord,(a) and ¢ = ord,(b). Using Lemma
3.3.12, we may then write a = p¥m where p{m and b = p‘n where p { n. We then have

ab = pFmp'n = p**t - mn

Now if p | mn, then since p is prime (as it is irreducible and we are in a PID), we conclude that either p | m
or p | n, but both of these are contradictions. Therefore, p  mn. Using Lemma 1.6 again, it follows that
ordy(ab) =k + ¢. O

Lemma 3.3.14. Let R be a PID, and let p € R be irreducible.
1. For any prime q that is an associate of p, we have ord,(q) = 1.
2. For any prime g that is not an associate of p, we have ord,(q) = 0.

3. For any unit u, we have ord,(u) = 0.
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Proof. 1. Suppose that ¢ is a prime that is an associate of p. Fix a unit u with ¢ = pu. Notice that if
p | u, then since u | 1, we conclude that p | 1, which would imply that p is a unit. Since p is not a unit,
it follows that p { u. Therefore, ord,(¢) = 1 by Lemma 3.3.12.

2. Suppose that ¢ is a prime that is not an associate of p. Since ¢ is prime, it is irreducible, so its only
divisors are units and associates. Since p is not a unit nor an associate of ¢, it follows that p 1 ¢.
Therefore, ord,(¢q) = 0.

3. This is immediate because if p | u, then since u | 1, we could conclude that p | 1. This implies that p
is a unit, which is a contradiction.
O

Lemma 3.3.15. Let R be a PID. Let a € R and let p € R be irreducible. Suppose that u is a unit, that ¢;
are irreducibles, and that

a=uq1qz2 - - qk
We then have that exactly ord,(a) many of the g; are associates of p.

Proof. Since

a=uqi1q2---qk

we have
ordy(a) = ord,(uq1q2 - - - qx)
k
= ord,(u) + Z ord,(q;)
i=1
k
= Z ordy(q;)
i=1

The terms on the right are 1 when ¢; is an associate of p and 0 otherwise. The result follows. O

Definition 3.3.16. A Unique Factorization Domain, or UFD, is an integral domain R such that:
1. Fvery nonzero nonunit is a product of irreducible elements.

2. If qig2---qn = r172 ... 7y, Where each q; and r; are irreducible, then m = n and there exists a permu-
tation o € S,, such that p; and qq ;) are associates for every i.

Theorem 3.3.17. Every PID is a UFD. Moreover, if R is a PID and

ugiqz - qe = wWriry - Ty

where u and w are units, and each of the q; and r; are irreducible, then k = { and there exists o € Sy, such
that q; and rq(;) are associates for all i.

Proof. Let R be a PID. We know from above that every PID is Noetherian, and hence every nonzero nonunit
in R is a product of irreducibles. Suppose now that

uqiqz - -qp = wWriry -1y

where u and w are units, and each of the ¢; and r; are irreducible. Let p be an arbitrary prime. We know
from the lemma that exactly ord,(n) many of the ¢; are associates of p, and also that exactly ord,(n) many
of the r; are associates of p. Thus, for every prime p, there are an equal number of associates of p on each
side. Matching up the elements on the left with corresponding associates on the right gives the required
permutation. O
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3.4 Factorizations in the Gaussian Integers and Sums of Squares

Proposition 3.4.1. An element a € Z[i] is a unit if and only if N(a) = 1. Therefore, U(Z[i]) =
{17_157;a _Z}7

Proof. Suppose that « € Z[i] is a unit. Fix 8 € Z[i] with o8 = 1. We then have
1=N(1) = N(ap) = N(a)N ()

Now N(«) and N(f) are both nonnegative integers, so N(«) | 1 in the integers, Therefore, N(«) = 1,
Suppose conversely that « € Z[i] satisfies N(«) = 1. Write o = a + bi where a,b € Z, We then have

1= N(a)= N(a+bi)=a®>+b*= (a+bi)(a— bi)

Since a — bi € Z[i], it follows that a — bi has an inverse so is a unit.
Finally, to find all the units, we need only find all o € Z[i] with N(«) = 1. That is, we need only find
those pairs a,b € Z so that
a4+ b* = N(a+bi)=1
If either |a| > 2 or |b| > 2, then a® +b? >4 > 1. If both |a| = 1 = |b], then a® + b =1+ 1 =2 > 1. If both

la] = 0 = |b], then a® +b%> =0+ 0 =0 < 1. Thus, we must have exactly one of a or b in the set {1,—1} and
the other equal to the 0. This gives the four units {1, —1,4, —i}, O

Now 5 is of course prime (irreducible) in Z. However, we have
5=(2+414)(2—1)

and neither 2 4 ¢ nor 2 — ¢ is a unit, so 5 is not irreducible in Z[]

The case of 3 is different. Of course, 3 is prime (irreducible) in Z, but we just saw above that there is
no reason to believe a priori that 3 is prime (irreducible) in Z[i]. However, we now check that this is indeed
the case. Suppose that a, 8 € Z[i] with 3 = a5. We then have that

9= N(3) = N(af) = N(a)N(3)

Therefore, we must have that N(a) and N(f) are natural numbers which divide 9 in the integers. Thus,
N(a) € {1,3,9}. However, we can not have N(a) = 3 because there are no solutions to a? + b* = 3 in
the integers. It follows that N(«a) € {1,9}. If N(«) = 1, then « is a unit by the previous Proposition. If
N(a) =9, then we must have N(8) = 1, so § is a unit by the previous Proposition. Therefore, whenever
a, € Z[i] and 3 = af, then either « is a unit or 8 is a unit. It follows that 3 is irreducible (and hence
prime) in Z[i].

Before examining the case of 5 further, we prove a simple lemma.

Lemma 3.4.2. If o € Z[i] and N(«) is a prime in Z, then « is prime in Z[i].

Proof. Suppose that o = v in Z[i]. We then have that
N(a)=N(By) = N(B)N()

Since this is a product in Z and N(«) is prime in Z, it follows that either N(8) = 1 or N(v) = 1, so either
[ is a unit or v is a unit. O

We saw above that 5 = (2 +4)(2 — 7). The question arises as to whether the factors on the right break
down further. Notice that
NQ2+i)=22+1>=5
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and
N2-i)=2>+(-1)2=5

Therefore, by the lemma, both of these factors are irreducible in Z[i]. Therefore, the factorization
5=2+4+14)(2-1)
is the unique prime factorization in the ring Z[i]. Notice that we also have
5= (14 2i)(1 — 23)

and both 1+ 2 and 1 — 2 are irreducible in Z[i] since they have norm 5. However, we have 1+ 2i = i(2 — 1)
and 1 — 2 = —i(2 — i), so the elements of this factorization are indeed associates of the one above,

Theorem 3.4.3. Suppose that p is prime element of Z. We then have that p can be written as the sum of
two squares in Z if and only if p is no longer prime in Z][i]

Proof. Suppose first there exist a,b € Z with p = a® 4+ b2. Notice that both a # 0 and b # 0 because p is not
a square is Z. In the ring Z[i], we then have that

p=a’+b* = (a+bi)(a— bi)

Now neither a+ bi nor a — bi is a unit because a # 0 and b # 0 from above (so neither of them is 1, —1, 4, —i).
Therefore, p is not irreducible and hence not prime in Z[i].

Suppose conversely that p is no longer prime in Z[i]. We then have that p is not irreducible in Z[i], so
there exist nonunits a, 8 € Z[i] with p = a3. We then have

p* = N(p) = N(af) = N(a)N(5)

Since N(a) and N(f) are both natural numbers, we have that they are both in the set {1,p,p?}. However,
both are nonunits, so we know that N(a) # 1 and N(5) # 1. It follows that N(a) = p = N(8), Writing
a = a + bi, we have

p= N(a)= N(a+bi)=a>+b

S0 p is the sum of two squares in Z. O
Theorem 3.4.4. An odd prime p € Z is the sum of two squares in Z if and only if p =1 (mod 4).

Proof. We saw at the very beginning of the course that every square is congruent to either 0 or 1 modulo 4.
Thus, the sum of two squares is one of 0, 1, or 2 modulo 4. Since an odd prime p must satisfy either p =1
(mod 4) or p =3 (mod 4), it follows that if an odd prime is the sum of two squares then p =1 (mod 4).
Suppose conversely that p =1 (mod 4). By the previous theorem it suffices to show that p is not prime
in Z[i]. Since p =1 (mod 4), we know that —1 is a square modulo p, so there exists a € Z with a? = —
(mod p). We then have that p | (a®> 4+ 1) in Z, so p | (a® 4+ 1) in Z[i] also because Z is a subring of Z[i]. Now
a?+1 = (a+i)(a—1i), hence p | (a +1i)(a — ). However, in Z[i] we have both p { (a + i) and p { (a — i)
(because p - (k + £i) = pk + (pf)i so any multiple of p in Z[i] must satisfy that both the real and imaginary
parts are divisible by p in Z). It follows that p is not prime in Z[i]. Therefore, by the previous proposition,
p is the sum of two squares in Z. O

We summarize the results in the following theorem.
Theorem 3.4.5. Let p € Z be an odd prime. The following are equivalent.

1. p is the sum of two squares in Z, i.e. there exist a,b € Z with p = a® + b>.
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2. p is reducible (and hence no longer prime) in Z][i].
3. —1 is a square modulo p.
4. p=1 (mod 4).

Proof. We have 1 <+ 2 by Theorem 3.4.3, 3 < 4 by Theorem 2.8.1, and 1 <> 4 by Theorem 3.4.4. However,
we show how to prove 1 — 2 — 3 — 2 — 1 directly to see how we could get by even if we did not have a
classification for when —1 is a square modulo 4.

e 1 — 2: Suppose that p = a? + b2. Notice that a # 0 and b # 0 because primes are not squares. We
then have
p = (a+bi)(a— bi)

Since both a # 0 and b # 0, neither a + bi nor a — bi is a unit (because U(Z[i]) = {£1, £i}). Thus, p
is reducible in Z[].

e 2 — 3: Suppose first that p € Z is an odd prime which is reducible in R. Fix a, 8 € R both nonunits
with p = af. Taking norms we see that

p* = N(p) = N(af) = N(a)N(5)

Since the norm of every element of R is a nonnegative integer and both N(a) # 1 and N(G) # 1
(because they are nonunits), it follows that N(«) = p = N(f). Let o = a + bi where a,b € Z. We then
have

p=N(a) = N(a+bi)=a*+b?
Suppose that p | bin Z. We then have p | (p—b?) in Z, so p | a® in Z, and hence p | a in Z because p is
prime in Z. Since p | a and p | b in Z, we then have that p? | a® and p? | b* in Z, so we could conclude
that p? | (a? + b?) in Z and hence p? | p in Z which is a contradiction. Therefore, p{b in Z.

Now we know that p = a® + b2, so p | (a® — (—b?)) and hence
a’* = —b* (mod p)

We just showed that p t b in Z, so ged(b,p) = 1, and hence we may fix ¢ € Z with bc = 1 (mod p).
Multiplying both sides of the above congruence by ¢?, we conclude that

a’*c? = —b*c®  (mod p)
so (ac)? = —(bc)? = —1 (mod p). Therefore, —1 is a square modulo p.
e 3 — 1: Fix a € Z with a? = —1 (mod p). We then have that p | (a? + 1) in Z, so since (a®> + 1) =

(a+i)(a — 1) in Z[7], it follows that

pl(a+i)(a—1i)
in Z[i]. Now notice that p(k + ¢i) = pk + pti for any k,¢ € Z, so if p | (¢ + di) in Z]i], then both p | ¢
and p | d in Z. Since pt 1 and pt —1 in Z, it follows that p{ (a +4) and p { (a — %) in Z[i]. Therefore,
we know that p is not prime in Z[¢]. Since Z[i] is a PID, it follows that p is reducible in Z[i] (notice
that p is not a unit because its norm is not 1).

e 2 — 1: Suppose that p is reducible in Z[i]. Fix nonunits «, 8 € Z[i] such that p = a. We then have
that N(p) = N(af), so p> = N(a)- N(B3). Now N(a) # 1 and N(3) # 1 since they are not units, so
as N(«) and N(() are nonnegative, we must have N(«) = p = N(f). Fixing a,b € Z with o = a + bi,
we have

p= N(a)=a® + b

which completes the proof.
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O

Proposition 3.4.6. If p =1 (mod 4) is an odd prime, then there is a unique way to write p as the sum
of two squares up to change in order and sign. In other words, if a®> +b%> = p = ¢ + d2, then one of the
following is true:

e a==cand b= *d
e a==d and b = ¢

Proof. Since p = 1 (mod 4), there exist a,b € Z with p = a® + b? by the previous theorem. Suppose that
a,b,c,d € Z and that both a? + b% = p = ¢® + d?. Now none of a,b, ¢, d is zero because p is not a square in
Z,so N(a+bi) =a®>+b*>> 2 and N(c+ di) = ¢* + d* > 2. We have

N(a+bi)=N(a—bi)=p
so both a + bi and a — bi are irreducible in Z[i] by Lemma 3.4.2. Similarly we have that
N(c+di)=N(c—di)=p
so both ¢+ di and ¢ — di are irreducible in Z[i]. Since Z[i] is a UFD and we have
(a+bi)(a—bi)=(c+di)(c—di)

where all factors are irreducible, we know that the factors on the left pair up with factors on the right as
associates. In particular, either a + bi and ¢+ di are associates, or a + bi and ¢ — di are associates. There are
four units in Z[¢], namely {1, —1,4, —i}, so we now have 8 possible cases. Working through the 8 cases gives
the above 8 possibilities. For example, if a + bi = ¢+ di, then a = ¢ and b = d, while if a + bi = (—i)(c — di),
then a +bi = —d —ci so a = —d and b = —c. O

Now we move from primes to arbitrary integers. Clearly if an integer is the sum of two squares, then it
is nonnegative. We also have the following.

Proposition 3.4.7. For any a,b,c,d € Z, we have
(a® + %) (c? + d*) = (ac — bd)* + (ad + bc)?
Proof. One proof is direct computation. We ahve
((Z2 +b2) 3 (02 +d2) _ G,2€2 +a2d2 +b202 +b2d2

= a?c® — 2achd + b*d® + a*d® + 2adbe + b*c?

= (ac — bd)* + (ad + bc)?
Alternatively, one can work in the Gaussian Integers to “see” the formula arise more naturally:

(a® +b*)(c? + d?) = (a + bi)(a — bi)(c + di)(c — di)

= (a+ bi)(c+ di)(a — bi)(c — di)
= ((ac — bd) + (ad + bc)i) - ((ac — bd) — (ad + be)i)
= (ac — bd)* + (ad + bc)?

O

Corollary 3.4.8. If each of m,n € Z can be written as the sum of two squares, then mn can also be written
as the sum of two squares
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Proof. Immediate. O

Now we know that every prime p = 1 (mod 4) is the sum of two squares. Clearly 2 = 12 + 12 is the sum
of two squares, and ¢? = ¢ + 02 is trivially the sum of two squares for any prime ¢ = 3 (mod 4). Thus,
using the previous corollary, if n > 2 and every prime ¢ = 3 (mod 4) appearing in the prime factorization of
n occurs to an even power, then n is the sum of two squares. We now go about proving the converse.

Lemma 3.4.9. Suppose that a,b € Z and q € Z is prime with q | (a®> +b%). If g =3 (mod 4), then q | a and
q]b.

Proof. Let q be prime with ¢ | (a® + b?). We prove the contrapositive. Suppose that either q { a or ¢ 1 b.
Since a? +b% = b? + a?, we can assume (by interchanging the roles of a and b if necessary) that ¢ { b. Since q
is prime, it follows that ged(b, ) = 1. Thus, we may fix ¢ € Z with bc = 1 (mod q). Now a? = —b* (mod q),
so multiplying both sides by ¢? we see that (ac)? = —1 (mod ¢). Thus, —1 is a square modulo ¢ and hence
g=1 (mod 4). O

Theorem 3.4.10. An integer n € Z is the sum of two squares in Z if and only if either
en=0o0rn=1
e n > 2 and ordy(n) is even for all primes ¢ = 3 (mod 4).

Proof. We have 0 = 0% + 02, 1 = 12 4 0%, and the existence of all of the others follows from the argument
above. We prove that these are the only possibilities by induction on n. The base case is trivial. Suppose
that n > 2 and that all smaller numbers satisfy the result. Suppose that n = a? 4 b2. Let ¢ be a prime with
¢ =3 (mod 4). If ¢ { n, then trivially ord,(n) = 0 is even. Suppose then that ¢ | n. By the lemma, we know
that ¢ | @ and ¢ | b so we may fix k, ¢ € Z with a = ¢k and b = gf. We then have

n=a’+b° = (gh)* + (¢0)* = ¢*(K* + %)

Now k2 + £2 is a sum of two squares with k2 + ¢2 < n, so by induction we know that ordq(k‘2 + £?) is even.
Therefore
ordy(n) = 2+ ord,(k* + £?)

is also even. Since ¢ was arbitrary prime, we conclude that ord,(n) is even for primes ¢ = 3 (mod 4). This
complete the induction. O

Theorem 3.4.11. Up to associates, the prime elements of Z[i] are the following:
o 1+
e Fvery prime number q € Z which satisfies ¢ = 3 (mod 4).

e For every prime number p € Z which satisfies p = 1 (mod 4), if we write p = a? + b for the unique
choice of a and b satisfying 1 < a < b, the elements a + bi and a — bi.

Proof. We first show that each of the above are indeed prime elements of Z[i]. Notice that N(1 + i) =
12 + 12 = 2 is prime in Z, so 1 + i is prime in Z[i] by Lemma 3.4.2. Also, if p = 1 (mod 4) and we have
p = a® +b%, then N(a+ bi) = N(a — bi) = p a prime in Z, so again a + bi and a — bi are prime in Z[i] by
Lemma 3.4.2. Suppose that ¢ is prime in Z and that ¢ = 3 (mod 4). Since g is not the sum of two squares
by Theorem 3.4.4, we know that ¢ is remains prime in Z[i] by Proposition 3.4.3. Thus, each of the above
are prime. We need only show that none of the above are associates. Now associates have the same norm,
and we have N(1 +4) = 2 and N(q) = ¢° for all ¢ = 3 (mod 4), so none of these are associates. Suppose
that p = 1 (mod 4) and we write p = a? + b for the unique choice of a and b satisfying 1 < a < b. We
have N(a + bi) = p = N(a — bi), so these elements are not associates of any others. Finally, a simple check
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through the four units shows that a + bi and a — bi are not associates of each other either (here we make
essential use of the the fact that a # b because p = a? +b? is an odd prime and hence p # 2a? for any a € Z).

Suppose that m € Z[i] is prime. Let n = N(7) € NT. If n = 0, then 7 = 0 so 7 is not prime. Also,
if n = 1, then 7 is a unit so 7 is not prime. Suppose then n > 2. Write n as a product of primes in Z as
n = pips - - pr. Notice that 777 = N (7)) = n (where 7 is the complex conjugate of 7), so 7 | n in Z[i]. Hence,
in Z[i] we have that

™| pip2 - pr

and since 7 is prime it follows that m divides some element on the right in Z[i]. In particular, we may fix a

prime number p € Z such that 7 | p in Z[i]. We know have three cases.

e Suppose that p =3 (mod 4). Since p is prime (irreducible) in Z[i] and 7 | p, we know that either 7 is
a unit or 7 is an associate of p. The former is impossible, so 7 is an associate of p.

e Suppose that p =1 (mod 4). Writing p = a? + b? where 1 < a < b, we have that p = (a + bi)(a — bi)
and each of these factors are prime (irreducible) in Z[i] because they have norm p (which is prime in
Z). Since 7 is prime in Z[i] and 7 | (a + bi)(a — bi), we have that 7w divides one of these factors, and
since they are both irreducible and 7 is not a unit, it follows that 7 is an associate of one of these
factors.

e Suppose that p = 2. Now 2 = (14 4)(1 — 4) and each of these factors are prime (irreducible) in Z[i]
because they have norm 2. Since 7 is prime in Z[i] and 7 | (144)(1 —1), either 7 | (1+4) and 7 | (1—1).
Thus, 7 is an associate of either 1 + ¢ or 1 — ¢. Finally, notice that (1 —4) = —i(1 + ), so these two
factors are associates of each other, and thus in either case 7 is an associate of 1 + 1.

O

3.5 Pythagorean Triples and Diophantine Equations

Theorem 3.5.1. Let R be a PID. Suppose that r,a,b € R and n € Nt is such that r™ = ab. Suppose also
that a and b are relatively prime. There exists w € U(R) and s € R with a = us™. Similarly, there exists
v € U(R) and t € R with b= vt".

Proof. Let p € R be an arbitrary irreducible. Applying ord, to both sides of ™ = ab gives
n - ordy(r) = ord,(a) + ordy(b)

Notice that we can not have ord,(a) and ord, (b) both positive (since this would imply p is a nonunit common
divisor of @ and b). Now if ordy(a) = 0, then n | ord,(b) in Z, while if ord,(b) = 0, then n | ordy(a) in Z.
Therefore, for every irreducible p € R, we have both n | ord,(a) in Z and n | ord,(b) in Z.

Now write a as a product of irreducibles

a={q1q2---qe

Since n | ordp(a) for all irreducibles p € R, it follows that the number of associates of p in the above product
is a multiple of n. Factoring out units to make these associates equal, it follows that we can write

k1, nk k
a:up? 1p;7‘2...p27’2
where u is a unit and the p; are not associates of each other. We then have

a=u-(py'ps* - p))"

The argument for b is completely analogous. O
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3.5.1 Pythagorean Triples

Using this theorem, one can solve certain Diophantine equations by working over a PID such as Z[i]. We
first show how to work in Z[i] to derive parameterizations of the primitive Pythagorean triples as we did in
Theorem 1.7.6. This approach is slightly faster than the elementary one we presented, and it has the key
advantage of “explaining” the formulas as arising from multiplication in C.

Assume then that (a,b,c) is a primitive Pythagorean triple. Recall that we know that exactly one of a
and b is even and that c is odd from Proposition 1.7.5. Now we have

& =a® +b* = (a+bi)(a— bi)

We claim that a + bi and a — bi are relatively prime in Z[i]. In order to show this, it suffices to show that
a + bi and a — bi have no irreducible common divisor. Suppose then that § is an irreducible common divisor
of a + bi and a — bi. We then have that § divides both

(a+bi)+(a—bi)=2a and  (a+bi)— (a—bi) = 2bi

Notice that since ¢ | 2bi, we also know that ¢ divides 2bi - (—i) = 2b. Thus, § is a common divisor of 2a and
2b in Z[i]. Now in Z, we have that a and b are relatively prime, so there exists m,n € Z with ma 4+ nb = 1.
We then have m -2a+n-2b =2, so ¢ | 2 in Z[i]. Recall that in Z[i], we have

2 = (—i)(141)?

Thus, since § is irreducible, we must have that § is an associate of 1 + 7. In particular, we conclude that
1+ | §. By taking norms we infer that 2 | N(6) in Z. Since 6 | a + bi, this implies that ¢ | ¢ in Z[i], and
hence N(§) | ¢* in Z. Therefore, we would have that c is even, which is a contradiction.

We now have

¢ = (a + bi)(a — bi)
where a + bi and a — bi are relatively prime in Z[i]. Using the above theorem, we may fix u € U(Z]i]) and
v € Z[i] with
a+bi=p-v?
Notice that —1 = 2 is a square in Z[i], so it can be absorbed into v and hence there exists v € Z[i] such

that either a + bi =42 or a + bi = i - v2. Fix m,n € Z with v = n + mi. We then have

v = (n+mi)* = [(n® —m?) + 2mn - ]

We now have two cases.

o If a +bi =~2, then a = n? —m? and b = 2mn.

o If ¢ + bi = iv?, then a = —2mn and b = n? — m?2.

Suppose that we also assume that a,b € NT (we require this for primitive Pythagorean triples, but had
not yet used it to this point). In the first case we can assume that m,n € NT (by replacing them by their
negatives if both are negative) and that m < n. In the second case, we must have that m and n have different
parities. By replacing the negative value with its absolute value, we obtain a = 2mn and b = n? — m? where
both m,n € NT and m < n. From here, it is easy to show that ¢ = m? 4+ n? in both cases.
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3.5.2 Squares and Cubes
Suppose that we try to find all integer solutions to
2% = y2 +1

The solution (1,0) is clear, but are there any others? Notice that if y is odd, then y? + 1 =2 (mod 4), but
2 is not a cube modulo 4. Thus, we can assume that y is even and hence that = is odd. We can factor the
right-hand side as

o’ = (y+1i)(y — 1)
We claim that y + i and y — 4 are relatively prime in Z[i]. As above, it suffices to show that y + i and y — i
have no irreducible common divisor. Suppose then that § € Z[i] is an irreducible common divisor of y + 4
and y — ¢. We then have that § divides

(y+1i)—(y—i)=2i

and hence ¢ | 2 in Z[i]. Since 2 = (—i)(1 +4)?, it follows that we must have § is a unit multiple of 1 + 4, so
in particular 1 44 | 6. This implies that (1 4 4) | #® in Z[i]. Taking norms, we conclude that 2 | 2° in Z, so
x is even, a contradiction. Therefore, we have that y + ¢ and y — ¢ are relatively prime elements of Z[i] such
that the product is a cube. By our theorem, there is a unit p and a v € Z[i] with

y+i=p-7’

Notice that all of the units of Z[i] are cubes, so there exists v € Z[i] with y + i = v3. Fixing m,n € Z with
~ = m + ni, we then have

y+i=(m+ni)® = (m>—3mn?) + 3m?*n — n®)i
so in Z we have the equations
y=m(m?—3n?) and 1=n(3m?—n?

The right-hand equation implies that n = £1. If n = 1, we get 1 = 3m? — 1, so 2 = 3m?, a contradiction. If
n=—1,weget 1 =—(3m?—1),s0 —3m? = 0 and hence m = 0. Plugging in these values we see that y = 0,
and hence x = 1. Therefore, (0, 1) is the only solution.

3.6 Ideals and Quotients of the Gaussian Integers

Suppose that I is a nonzero ideal of Z[i]. Since Z[i] is a PID, we know that I is a principal ideal, and hence
we may fix a € Z[i] with a # 0 such that I = («), so

I'=(a) ={ya:v€Zli}
Now an arbitrary « € Z[i] can be written in the form v = ¢ + di where ¢,d € Z, so
I={ca+d-i-a:cdelZ}

Viewed geometrically, this is saying that I is the lattice generated by the points « and i - « in Z[i]. Now
1 - a is the result of rotating a counterclockwise by 90°. Thus, we are taking two orthogonal vectors o and
i -« and forming all possible integers combinations of these elements. For example, if @ = 3, then we get
the lattice generated by 3 and 3i. On the other hand, if & = 2 + 2i, then we the get the lattice generated by
2+ 2¢ and —2 + 2¢, while if & = 1 + 2¢, then we get the lattice generated by 1 4+ 2¢ and —2 + 3.

From the homework, you know that Z[i]/T is a finite ring, and in fact every element of the quotient ring
equals p + I for some p € Z[i] with N(p) < N(«). You did not prove (and it is not true) that these p give
distinct cosets. It is an interesting problem to determine the size of Z[i]/I based on a generator for I.
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Proposition 3.6.1. Let n € Z with n # 0. We then have that |Z[i]/{n)| = n?.

Proof. Let
R={c+di€Zli]:0<c<nand 0<d<n}

Notice that |R| = n2. We claim that the elements of R provide representatives for all of the cosets of I, and
that no two elements of R are in the same coset of I. Let o € Z[i] be arbitrary, and write o = a + bi where
a,b € Z. Using division in Z, write

a=qn-+r and b=ngs + 179
where g;,r; € Z and 0 < r; < n (notice this is still possible even if a or b are negative). We then have
(a+bi)—(r1+mr2i) =(a—11) 4+ (b—12)t
=q@n+gn-i
=n-(q1 + g2i)
hence
a—(ri+ri) el

and therefore
a+1=(r1+mre)+1

Thus, the elements of R provide representatives for all of the cosets of I.
We now need to show that distinct representatives of R lie in different cosets of I. Suppose that

(c1+dii)+ 1= (co+doi)+1
where ¢;,d; € Z, 0 < ¢; <n and 0 < d; < n. We then have
(1 —c2)+(dy —da)iel
so we may fix a,b € Z with
n(a + bi) = (c1 — c2) + (d1 — da)i

This implies that na = ¢; — ¢ and nb = dy — dy. Therefore, n | (c; — ¢2) and n | (dy — d2). Since
—|n|] < ¢1 —co < |n| and —|n| < dy —dy < |n|, it follows that ¢; — ¢y = 0 and dy — dy = 0. Therefore, ¢; = d;
and ¢y = ds. O

Corollary 3.6.2. Let p € Nt be prime with p = 3 (mod 4). We then have that Z[i|/{p) is a field with p?
elements.

Proof. Since p = 3 (mod 4), we know that p is irreducible in Z[i]. Since Z[i] is a PID, this implies that (p)
is a maximal ideal of Z[i]. Therefore, Z[i]/(p) is a field with p? elements. O

Let’s think about the case where I = (a) but o ¢ Z. If we draw the lattice corresponding to o = 1 + 24,
then geometrically it appears that
0 ¢ 20 —1+1 —1+2¢

provide distinct representatives for the quotient Z[i]/{«). These were determined by picking points within
one of the squares formed by the lattice {«). For a general such «, it can tiresome to find such representatives
and it may not be obvious how many there will be. On the homework, you will show that Z[i]/{a) has N(«)
many elements.
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Field Extensions

4.1 Degree of an Extension

Notation 4.1.1. Let F' and K be fields. We often abuse notation and write FF C K to mean that F is a
subfield of K (not merely a subset). We call F C K a field extension.

Since any intersection of subfields of K is itself a subfield of K, we can make the following definition.
Definition 4.1.2. Let F C K be a field extension and let a € K.

o The set Fla] is defined to be the smallest subring of K containing F'U {a}.

o The set F(«) is defined to be the smallest subfield of K containing F'U {a}.

For example, working with the field extension Q C C, we have that Q[i] = {a+bi : a,b € Q} because it is
straightforward to check that this set is closed under addition and multiplication. In fact, we showed above
that this set is actually a field and it is clearly the smallest field containing Q U {i} because any field must
be closed under addition and multiplication. We conclude that Q[i] = Q(¢). Similarly, it is straightforward
to check that Q[v/2] = {a + bv/2: a,b € Q}, and that Q[2] is a field, so Q[v2] = Q(v/2).

One issue that is not obvious in the description of Q(1/2) is the uniqueness of representation. Suppose
that a,b,c,d € Q with a + bv/2 = ¢ 4 dv/2. We then have that (a — ¢) = (d — b)v/2. Now if d — b # 0, then

V2 = 9= would be rational, a contradiction. Thus, we must have d — b = 0 and hence b = d. Canceling

b2 = dv/2 from both sides of a + bv/2 = ¢ + dv/2 we conclude that a = c.
The following proposition gives us a “constructive” way to determine F'[a].

Proposition 4.1.3. Suppose that F C K is a field extension and that « € K. We have
Flo] ={p(a) : p(z) € Flz]}

Proof. Notice that if p(z) € F[z], then p(«) is simply a sum of products of elements of F'U {a}, hence we
must have p(a) € Fla]. It follows that {p(c) : p(z) € F[z]} C Fla]. To show that converse containment,
it suffices to show that {p(«) : p(x) € F[z]} is in fact a subring of K containing F' U {a}. Notice that
0,1 € {p(a) : p(z) € Flz]} by considering the zero polynomial and one polynomial. Given two polynomials
p(z),q(x) € F[z], we have p(a) + ¢(a) = (p + ¢q)(a) and p(«a) - ¢(a) = (pg)(a). Since F U {a} C {p(a) :
p(z) € F[z]} by considering the constant polynomials and x € F|x], it follows that {p(«) : p(z) € F[x]} is
indeed a subring of K containing F' U {a}. Thus, F[z] C {p(«) : p(z) € F|x]}. O

59
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As we've seen in the cases of Q[i] and Q[v/2], sometimes you can describe F[a] using far less than all
polynomials since in both of those cases we can get away with linear polynomials. However, consider Q[+/2].
A first guess might be that this ring equals

{a+bV2:a,beQ}

However, it’s not clear that this is a subring of R because it’s not obvious that /4 = {/2 - {/2 is in this
set. In fact, it is not, but rather than work through the details now, we will develop general tools in the
next section to figure out how to describe F[a] using a smaller collection of polynomials depending on the
properties of a.

The following result can be proved similarly. Again, sometimes we can get away with far less (like in
Q(4) and Q(+/2)), but this is certainly enough.

Proposition 4.1.4. Suppose that F C K is a field extension and that « € K. We have

pla
Fla) = {an; :p(x),q(z) € Flx] and ¢(a) # 0}

Suppose that F' C K is a field extension. We can view K as a vector space over the field F' where vector
addition is just addition in the field K, and scalar multiplication of a an element of F' by an element of K
is just multiplication in the field K. Notice that each of the vector space axioms hold by the properties of a
field.

In the field extension Q C Q(4), we have that {1,7} is a basis for Q(i) over Q (simply because this set
spans Q(i) over Q as described above, and its linearly independent because if ¢ + i = 0, then ¢ = 0 and
r=0).

Definition 4.1.5. Given a field extension F C K, we let [K : F| be the dimension of K as a vector space
over F (if there is no finite basis, we let [K : F] = 00). The number [K : F) is called the degree of K over
F.

For example, we have [Q(7) : Q] = 2 because {1,i} is a basis over Q as discussed above. We also have
[Q(+v/2) : Q] = 2 because {1,v/2} spans Q(v/2) over Q and one aspect of the uniqueness of representation
was that {1,v/2} is linearly independent over Q.

4.2 Algebraic and Transcendental Elements

Definition 4.2.1. Suppose that F C K is a field extension. An element o € K is algebraic over F if there
exists a nonzero polynomial p(x) € F[x] such that p(a) = 0. An element of K which is not algebraic over F
is said to be transcendental over F.

For example, v/2 is algebraic over Q because it is a root of z2 — 2. In fact, for every n € N*, we have
that /2 is algebraic over Q since it is a root of 2™ — 2. We have that i is algebraic over Q because it is a
root of 2 4+ 1. Every ¢ € Q is algebraic over Q since it is a root of x — q.

For a more interesting example, consider o = v/2 + /3. We claim that « is algebraic over Q. To find a
polynomial with rational coeflicients of which « is a root, we first calculate

o =(V2+V3)?=2+2-V2-V34+3=5+2V6

SO
a?—5=2V6

Squaring both sides we conclude that
at —10a® 4 25 = 24



4.2. ALGEBRAIC AND TRANSCENDENTAL ELEMENTS 61

and hence
a'—10a?4+1=0

Therefore, a = v/2 + /3 is a root of the polynomial 4 — 1022 + 1 € Q[z]. In fact, we will see later through
a more sophisticated argument that the sum, product, and quotient of algebraic elements is itself algebraic,
i.e. the set of elements of K which are algebraic over F' forms a subfield of K.

At this point, it is not obvious that there are elements of C (or even R) which are transcendental over Q.
It is possible to prove that such elements exist by cardinality considerations, but it is also possible to prove
that certain important analytic numbers are transcendental. In particular, both 7 and e are transcendental
over Q, though proving these requires some nontrivial analytic work. We will (unfortunately) not pursue
that here.

Definition 4.2.2. Suppose that F' C K is a field extension. Given o € K, we let
I = {p(x) € Flz] : p(a) = 0}

Proposition 4.2.3. Suppose that F C K is a field extension. For any o € K, the set 1, is a proper ideal
of Flx].

Proof. Clearly 0 € I,. If p(x),q(z) € I, then (p+ ¢)(a) = p(a) + g(a) =0+ 0 =0, so p(z) + q(z) € I,. If
p(z) € I, and f(x) € F[z], then (fp)(a) = f(a) - p(a) = f(a)-0=0, so f(x) - p(x) € I,. Combining this
all, we conclude that I, is an ideal of F[z]. Notice that I, # F|[x] because 1 ¢ I,,. O

You can also prove the preceding proposition in the following way. Consider the ring homomorphism
Ev,: Flz] — K given by Ev,(p(x)) = p(«). Notice that ker(Fv,) = I, hence I, is an ideal of F[a]
(because kernels of ring homomorphisms are always ideals). Moreover, by Proposition 4.1.3, we have that
range(Evs) = Fla], so by the First Isomorphism Theorem, we conclude that

Flz]/Io = Fla]

Notice that an element o € K is algebraic over F if and only if I, # {0}. Recall that if F is a field,
then F[z] is a PID (because it is a Euclidean Domain). Hence, if F C K is a field extension, then for every
a € K, the ideal I, is principal. If o € K is algebraic over F, then I, # {0}, so any generator of I, is
nonzero. Recall that generators of an ideal are unique up to associates, so there is a unique monic generator
of I,.

Definition 4.2.4. Suppose that F' C K is a field extension and that o € K is algebraic over F. Since F|[z]
is a PID, there exists a unique monic polynomial m(z) € F[z] with I, = (m(z)). The unique such monic
polynomial is called the minimal polynomial of « over F.

Since I, = (m(z)) where m(z) is the minimal polynomials of « over F, we can rewrite the above ring
isomorphism as:
Flz]/{m(z)) = Fla]
Proposition 4.2.5. Suppose that F' C K is a field extension and that a € K is algebraic over F. The
minimal polynomial m(x) of o over F is irreducible in F[x].

Proof. Let m(z) € F[z] be the minimal polynomial of o over F, so I, = (m(z)). Suppose that p(z), ¢(z) €
F[z] with m(z) = p(x)q(z). We then have
0 =m(a) = p(a) - q(a)

Since F' is a field, it is an integral domain, and hence either p(a) = 0 or ¢(«) = 0. Suppose that p(a) = 0.
We then have p(x) € I, = (m(z)), and hence m(z) | p(z). Fixing f(x) € F[z] with m(z)f(z) = p(z), we
then have
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so as F[z] is an integral domain, it follows that 1 = f(x)q(z) and so ¢(z) is a unit. Similarly, if ¢(«) = 0,
then p(z) is a unit. It follows that m(z) is irreducible. O

Proposition 4.2.6. Suppose that FF C K is a field extension and that o € K is algebraic over F. If
p(z) € Flx] is a monic irreducible polynomial with p(a) = 0, then p(x) is the minimal polynomial of o over
F.

Proof. Let m(z) € Flx] be the minimal polynomial of o over F'. Since p(a) = 0, we have that p(z) € I, =
(m(z)), so m(z) | p(z) in Flz]. We are assuming that p(z) is irreducible, so either m(x) is a unit or m(z) is
an associate of p(x). The former is impossible because I, is a proper ideal of F[z] (recall that 1 ¢ I,,), hence
m(x) is an associate of p(x). The units of F[z] are just the constant polynomials, so as both m(z) and p(z)
are monic, it follows that p(z) = m(x). O

For example, the minimal polynomial of i over Q is 22 + 1 (this polynomial does indeed have i as a root,
and it is irreducible because it has degree 2 and no roots in Q). Similarly, the minimal polynomial of v/2
over Q is 22 — 2. How about the minimal polynomial of {/2 over Q for some n > 2? Clearly, {/2 is a root
of the polynomial ™ — 2. In fact, this polynomial is irreducible which can be seen by Eisenstein’s Criterion,
so the minimal polynomial of {/2 over Q is indeed z" — 2.

Proposition 4.2.7. Suppose that F C K is a field extension and that o € K is algebraic over F. Let
m(z) € Fx] be the minimal polynomial of o over F', and let n = deg(m(z)). We then have

Fla] = {0} U{h(c) : h(z) € F[z] and deg(h(z)) < n}

Proof. By Proposition 4.1.3, we know that Fla] = {p(«) : p(z) € Flx]}, so clearly the set on the right
is contained in F'[a]. Suppose now that p(z) € Flx] is arbitrary. Since F[z] is a Euclidean Domain with
Euclidean function equal to the degree map, there exists ¢(z), r(x) € F[z] with p(z) = ¢(x)m(x) + r(x) and
either 7(z) = 0 or deg(r(z)) < deg(m(x)). We then have that

p(e) = g(a)m(a) +r(a) = ¢(@) - 0 +r(a) = r(a)

Thus, p(a) € {0} U {h(a) : h(x) € F[z] and deg(h(x)) < n}. It follows that F[a] is a subset of the set on
the right. The result follows. O

Proposition 4.2.8. If F C K is a field extension and o € K is algebraic over F, then F(«) = Fla].

Proof. We need only show that Fla] is a field. Let m(x) be the minimal polynomial of o over F, and let
n = deg(m(x)). We give two proofs.
The slick proof is to recall from above that

Flz]/(m(x)) = Fla]

Now m(x) is irreducible by Proposition 4.2.5, so {(m(x)) is a maximal ideal by Proposition 3.2.12. It follows
that F[x]/(m(z)) is a field, so the isomorphic ring F[«] must be a field.

We now give a more constructive proof (which is really just unwrapping the “slick” proof above into
the various pieces). Let 3 € Fa] with 3 # 0. We need to show that 37! € F[a]. We know that Fla] =
{0} U{h(a) : h(z) € Flx] and deg(h(z)) < n}, so we may fix a polynomial h(z) € F[z] with deg(h(z)) <n
and § = h(a). Notice that m(x) t h(x) in Flz] because h(z) # 0 and deg(h(x)) < n = deg(m(x)). Since
m(z) is irreducible, it follows that ged(h(z), m(x)) = 1. Fix polynomials p(x), ¢(z) € F|x] with

p(@)h(z) + q(x)m(z) =1

We then have that
pla)h(a) +q(a)m(a) =1

so since m(a) = 0, we conclude that p(a)h(a) = 1. Since h(a) = 8 and p(a) € Fla], we have shown that
B~ = p(a) € Fla]. Therefore, F[a] is a field. O



4.2. ALGEBRAIC AND TRANSCENDENTAL ELEMENTS 63

Theorem 4.2.9. Suppose that F C K is a field extension and that o € K is algebraic over F. Let m(zx) €
F[z] be the minimal polynomial of o over F, and let n = deg(m(z)). We then have that {1, o, a2, ..., a" 1}
is a basis for F(«) over F. Hence, [F(«) : F| is the degree of the minimal polynomial of o over F.

Proof. Given any h(z) € F[z] with deg(h(z)) < n, write h(z) = cp,_12" 1+ -+ 12+ ¢o with ¢; € F (where
possibly some ¢; are 0), and notice that

h(a) = cp1a" P 4 cra+ e
so h(a) is in the span of the set {1,a,a?,...,a" 1}. Since we have just shown that
F(a) = Fla] = {0} U {h(a) : h(z) € F[z] and deg(h(z)) < n}

it follows that {1,a,a?,...,a" '} does indeed span F(a) over F. We now need only show that the set
{1,a,a?,...,a" 1} is linearly independent over F. Suppose that ¢; € F with ¢, 10" 1+ - +cja+co = 0.
Letting h(z) = c,_12" "1 + - + ¢z + o, we then have that h(a) = 0, so h(x) € (m(z)). Since either
h(z) = 0 or deg(h(x)) < n and the latter is impossible because deg(m(x)) = n, we conclude that h(z) = 0.
Therefore, ¢; = 0 for all 4. It follows that the set {1,a,a?,...,a" 1} is linearly independent and hence a
basis for F'(«) over F. O

Proposition 4.2.10. Suppose that F C K is a field extension and that o € K is transcendental over F.
1. The set {1,a,a% a3,...} is linearly independent over F.
2. [F(a): F] = 0.
3. Flx] & Fla].
4. Flo] € Fla).
Proof. Suppose that n € N and a; € F' are such that
ap 4+ aja+ azd® + -+ + apa™ =0
We then have that « is a root of the polynomial
p(z) = ap + a1x + agx® + - + az”

Since « is transcendental over F', we must have that p(x) is the zero polynomial, hence we must have a; = 0
for all 4. Therefore, {1,a,a?,a3,...} is linearly independent over F'. Since we have found an infinite subset
of F[a] that is linearly independent over F', we can conclude that [F'(«) : F] = occ.

We now prove the third statement. Recall the map Ev,: F[z] — K given by Euv,(p(z)) = p(a) is such
that ker(Ev,) = I, and range(Fv,) = F[a]. Since « is transcendental over F', we have ker(Ev,,) = I, = {0}.
Since Ewv, is a ring homomorphism with trivial kernel, we must have that Ewv,, is injective. Using the fact
that range(Fv,) = F[a], it follows that F[z] & F[«a] via the map Ev,.

The fourth statement now follows because Fla] & Flz], so F[a] is not a field because F[z] is not a
field. O

Corollary 4.2.11. Let F C K be a field extension and let « € K. We then have that « is algebraic over F
if and only if Fla] is finitely generated over F (i.e. if and only if Fla] can be spanned by a finite set using
coefficients from F).

Proof. Suppose that « is algebraic over F. Let m(z) € F[z] be the minimal polynomial of a over F'. Letting
n = deg(m(x)), we then know that F(a) = F[a] is generated by {1,a,a?,...,a" 1} over F.

Suppose that « is transcendental over F. Although F|a] is not a field, we can still view it as a vector
space over F' (there is no notion of “inverse” of a vector in a vector space). If F[a] is finitely generated over
F, then it would have a finite spanning set. From basic linear algebra, if X is a finite spanning set and
|Y| > |X|, then Y must be linearly dependent over F'. However, we know that F[a] has an infinite linearly
independent set, namely {1, o, a2, a?,...}. O
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4.3 Irreducible Polynomials

Proposition 4.3.1. Let F be a field and let p(z) € Flx]. An element a € F is a root of p(x) if and only if
x — a divides p(x) in F[x]

Proof. Suppose first that « — a divides p(z) in F[z]. Fix a polynomial ¢(z) € F[z] with p(z) = (z — a)q(z).
We then have that
pla) = (a —a)q(a) = 0-¢(a) =0

so a is a root of p(x).
Suppose conversely that a is a root of p(z). Since F|z] is a Euclidean domain with Euclidean function
equal to the degree map, we may fix ¢(z),r(z) € F[z] with

p(x) = q(z)(x —a) +r(x)

and either r(x) = 0 or deg(r(z)) < deg(x — a). Now deg(x — a) = 1, so we have have that r(z) = cis a
constant polynomial. We then have

0 = pla) = a(a)(a — a) +r(a) = a(a) -0+ c = ¢
so r(x) is the zero polynomial. It follows that p(z) = ¢(x)(z — a), so x — a divides p(z) in F[z]. O

Proposition 4.3.2. Let F be a field and let f(x) € Flz] be a nonzero polynomial with deg(f(x)) > 2. If
f(z) has a root in F, then f(x) is not irreducible in F[x].

Proof. If f(z) has a root a, then (x —a) | f(z). Fixing g(x) € Flz] with f(x) = (z —a) - g(x). We then have

deg(f(z)) = deg(x — a) + deg(g(x)) = 1 + deg(g(x))

so deg(g(x)) = deg(f(z)) —1 > 1. Now the units of F[z] are the nonzero constants, so we have factored
f(x) as the product of two nonunits, and hence f(z) is not irreducible in F[z]. O

Unfortunately, the test for the existence of roots is not in general sufficient to guarantee that a polynomial
is irreducible, but it is enough in the special case where the polynomial has degree either 2 or 3.

Proposition 4.3.3. Let F' be a field and let f(x) € F[z] be a polynomial with either deg(f(z)) = 2 or
deg(f(x)) = 3. If f(z) has no roots in F[x], then f(x) is irreducible in F[x].

Proof. We prove the contrapositive. Suppose conversely that f(x) € F[z] is not irreducible. Write f(z) =
g(x)h(x) where g(x), h(z) € F[z] are nonunits. We have

deg(f(z)) = deg(g(x)) + deg(h(z))

Now g(x) and h(z) are not units, so they each have degree at least 1. Since deg(f(z)) € {2,3}, it follows
that at least one of g(z) or h(x) has degree equal to 1. Suppose without loss of generality that deg(g(z)) =1
and write g(z) = ax + b where a,b € F with a # 0. We then have
f(=ba™") = g(=ba™") - h(~ba™")

= (a-(=ba")+b)-h(=ba"")

= (=b+1b)-h(-ba™")

=0-h(=ba"?!

=0

so —ba~! is a root of f(z). O
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For example, consider the polynomial f(z) = 2% — 2 over Q. We know that f(z) has no roots in Q
because ++/2 are not rational (use the Fundamental Theorem of Arithmetic to prove this if you have have
not seen it). Thus, f(x) is irreducible over Q. Notice that f(z) is not irreducible when viewed as an element
of R[z] because it has a root in R. Moreover, no polynomial in R[z] of odd degree is irreducible because
every such polynomial has a root (this uses the Intermediate Value Theorem because as © — 400, on one
side you must have f(x) — oo and on the other you must have f(xz) — —o0). In fact, it turns out that every
irreducible polynomial over R has degree either 1 or 2, though this is far from obvious at this point since
there are certainly polynomials of degree 4 with no root, such as z* + 1.

Proposition 4.3.4. Let R be a ring and let I be an ideal of R. Define a function ¢: R[z] — (R/I)[x] by
letting
P(anz" + an_12" ' 4+ a1@ + ag) = Gpa" + Gp1x" T 4+ @+ a0

The function 1 is a surjective ring homomorphism with kernel I[z], hence
R[z]/I[x] = (R/I)[z]
Proof. This is all just direct computation. O

Lemma 4.3.5. Suppose that g(x), h(x) € Z[z] and that p € Z is a prime which divides all coefficients of
g(x) - h(z). We then have that either p divides all coefficients of g(x), or p divides all coefficients of h(x).

Proof 1 - Elementary Proof. Let g(z) = Y, bia", let h(z) = Y, ¢z, and let g(z)h(z) = Y, a;z*. We are
supposing that p | a; for all i. Suppose the p 1 b; for some 4 and also that p t ¢; for some ¢ (possibly different).
Let k be least such that p 1 by, and let £ be least such that p{ ¢,. Notice that

. k-1 k-t
ke =Y bickie—i = bice+ (D bickye—i) + (D bickio—i)
=0 =0 i=k+1
hence
k-1 k-t
brce = appe — (O bickro—i) = (Y biChio—i)
=0 i=ht1

Now if 0 < i < k—1, then p | b; by choice of k, hence p | bicgro—;. Also, if k+1 <i < k+{, then k+/{—i <,
SO P | ckre—i by choice of £, hence p | bick1¢—;. Since p | agpse by assumption, it follows that p divides every
summand on the right hand side. Therefore, p divides the right hand side, and thus p | bxce. Since p is
prime, it follows that either p | bx or p | cg, but both of these are impossible by choice of k and ¢. Therefore,
it must be the case that either p | b, for all n, or p | ¢, for all n. O

Proof 2 - Algebraic Proof. Passing to the quotient in Z/pZ, we have that g(z) - h(z) = 0 in (Z/pZ)[z], hence

g(x) - h(z) =0

Since Z/pZ is an integral domain, we know that the (Z/pZ)[z] is an integral domain, and hence either
g(xz) =0 or h(xz) = 0. In the former case, every coeflicient of g(z) is divisible by p, while in the latter every
coefficient of h(z) is divisible by p. O

Proposition 4.3.6 (Gauss’ Lemma). Suppose that f(x) € Z[z] and that g(z),h(xz) € Q[z] with f(x)
g(x)h(x). There exist polynomials g*(x), h*(x) € Z[z] such that f(x) = g*(x)h*(x) and both deg(g*(z)) =
deg(g(z)) and deg(h*(z)) = deg(h(x)). In fact, there exist nonzero s,t € Q with

o f(z) =g (x)h"(x)
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e g"(x) = s-g(x)
o h'(z) =t h(zx)

Proof. If each of the coefficients of g(z) and h(x) happen to be integers, then we are happy. Suppose not.
Let a € Z be the least common multiple of the denominators of the coefficients of g, and let b € Z be the
least common multiple of the denominators of the coefficients of h. Let d = ab. Multiply both sides of
f(x) = g(x)h(x) through by d to “clear denominators” gives

d- f(x) =(a-g(x))- (b h(z))

where each of the three factors d - f(z), a - g(x), and b- h(z) is a polynomial in Z[z]. We have at least one
ofa>1orb>1, hence d=ab > 1.

Fix a prime divisor p of d. We then have that p divides all coefficients of d - f(z), so by the previous
lemma either p divides all coefficients of a - g(x), or p divides all coefficients of b - h(x). In the former case,

we have
a

d
5 F@ = (- g(@) - b b))

where each of the three factors is a polynomial in Z[z]. In the latter case, we have

9 f) = (gl (- hla)

where each of the three factors is a polynomial in Z[z]. Now if % = 1, then we are done by letting g*(z)
be the first factor and letting h*(z) be the second. Otherwise, we continue the argument by dividing out
another prime factor of ¢ from all coefficients of one of the two polynomials. Continue until we have handled
all primes which occur in a factorization of d. Formally, you can do induction on d. O

An immediate consequence of Gauss’ Lemma is the following, which greatly simplifies the check for
whether a given polynomial with integer coeflicients is irreducible in Q[x].

Corollary 4.3.7. Let f(x) € Z[z]. If there does not exist nonconstant polynomials g(x), h(z) € Z[x] with
f(z) = g(x) - h(zx), then f(x) is irreducible in Q[x]. Furthermore, if f(x) is monic, then it suffices to show
that no such monic g(x) and h(x) erist.

Proof. The first part is immediate from Gauss’ Lemma. Now suppose that f(z) € Z[z] is monic. Suppose
that g(z), h(x) € Z with f(z) = g(z)h(z). Notice that the leading term of f(z) is the product of the leading
terms of g(z) and h(z), so as f(z) is monic and all coefficients are in Z, either both g(x) and h(x) are monic
or both have leading terms —1. In the latter case, we can multiply both through by —1 to get a factorization
into monic polynomials in Z[z] of the same degree. O

Proposition 4.3.8. Suppose that f(x) € Z[x] is monic and p € Z is prime. Suppose that f(x) is an
irreducible polynomial in (Z/pZ)[x]. We then have that f(x) is irreducible in Qx].

Proof. We prove the contrapositive. Suppose that f(x) is reducible in Q[z]. By Gauss’ Lemma, there exist
nonconstant polynomials g(x), h(z) € Z[z] with f(z) = g(z)h(z). Passing to the quotient and using the
above isomorphism, it follows that

f(x) = g(x) - h(z)
in the ring (Z/pZ)[x]. Now deg(f(z)) = deg(f(x)) because f(z) is monic. Since deg(g(z)) < deg(g(x)) and

deg(h(z)) < deg(h(x)), we have shown that f(z) can be factored into two polynomials of smaller degree in
(Z/pZ)|x], so f(zx) is reducible there. O
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Theorem 4.3.9 (Eisenstein’s Criterion). Suppose that f(x) € Z[x] is monic and write
fx)=a2"4+ap_ 12" '+ -+ a1z +ao
If there exists a prime p € Z such that
epla; for0<i<n-—1

o p° fag
then f(x) is irreducible in Qx].

Proof 1 - Elementary Proof. Fix such a prime p. We use Corollary 4.3.7. Suppose that g(x), h(z) € Z[x] are
not constant polynomials with f(x) = g(z)h(x). We then have

n = deg(f(z)) = deg(g(x)) + deg(h(z))

Since we are assuming that g(z) and h(z) are not constant, they each have degree at least 1, and so by the
above equality they both have degree at most n — 1.

Let g(z) = >, ba’, let h(z) = >, ;. We have ag = byco, so since p | ag and p is prime, either p | by
or p | cg. Furthermore, since p? { ag by assumption, we can not have both p | by and p | co. Without loss of
generality (by switching the roles of g(x) and h(x) if necessary), suppose that p | by and p 1 ¢o.

We now prove that p | by for 0 < k < n — 1 by (strong) induction. Suppose that we have k with
0 <k <n-—1and we know that p | b; for 0 <1i < k. Now

ap = brco +bg_1c1 + -+ bieg—1 + bock
and hence
brcog = ap — bg—1c1 — -+ — bicg—1 — bock

By assumption, we have p | a, and by induction we have p | b; for 0 < i < k. It follows that p divides every
term on the right-hand side, so p | bgcg. Since p is prime and p { ¢g, it follows that p | bg.
Thus, we have shown that p | by for 0 < k <n — 1. Now we have

an = bpco +bp—1¢1+ -+ +bicp_1 + bocy
=bp_1c1+ -+ bicn—1 +bocy
where the last line follows from the fact that b, = 0 (since we are assuming deg(g(x)) < n). Now we know

p | bg for 0 < k < n—1, sop divides every term on the right. It follows that p | a,, contradicting our
assumption. Therefore, by Corollary 4.3.7, f(z) is irreducible in Q[x]. O

Proof 2 - Algebraic Proof. Fix such a prime p. We use Corollary 4.3.7. Suppose that g(z), h(x) € Z[x] are
nonconstant with f(xz) = g(z)h(xz). Passing to the quotient Z/pZ and using the above isomorphism, it
follows that

f(x) = g(x) - h(z)
in the ring (Z/pZ)[z]. Now we have p | a; for 0 < i < n — 1, so f(x) = 2" in (Z/pZ)[x]. Thus, in the ring
(Z/pZ)[x], we have -

a" = g(z) - h(x)
Now each of g(z), h(z) € Z[x] have degree at most n— 1, so this is certainly true of g(x), h(x) € (Z/pZ)[z] as
well. We know that (Z/pZ)[z] is a Euclidean domain, hence a UFD, so as the polynomial z is irreducible in
(Z/pZ)|x], it follows that the only divisors of ™ in (Z/pZ)[x] are the polynomials uz* where u is a nonzero
constant (unit) and 0 < k < n. Thus, each of g(z) and h(x) are of this form, and since neither can be
constant polynomials (since their product has degree n and each has degree at most n — 1), it follows that
each of g(z) and h(z) have constant term 0. Thus, the constant terms of g(z) and h(z) are each divisible by
p. It follows that the constant term of f(z) is divisible by p? which contradicts our assumption. Therefore,
f(z) has no nontrivial factorization in Z[z], and hence none in Q] either by Gauss’ Lemma. O
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Example 4.3.10. Let m > 2 be a squarefree integer (so no nontrivial square divides m, i.e. all primes in
the factorization of m are distinct). Let n > 2. The polynomial ™ — m is irreducible in Q[z] because it
satisfies Fisenstein’s Criterion with p chosen to be any prime which divides m. Thus, x™ —m is the minimal
polynomial of ¥/m over Q.

Corollary 4.3.11. If m > 2 is a squarefree integer and n > 2, then [Q(/m) : Q] = n.

4.4 Finite and Algebraic Extensions

Definition 4.4.1. Let F C K be a field extension.

o We say that the extension F' C K is finite if [K : F| < co.

o We say that the extension F' C K is algebraic if every a € K is algebraic over F.
Theorem 4.4.2. FEvery finite extension F' C K is algebraic.

Proof. Suppose that [K : F] is finite and let n = [K : F]. Let « € K. Now the set {1,a,a?,...,a"} is a set
of n + 1 vectors in the vector space K over F, so as dimp K = n, it follows that this set must be linearly
dependent over F'. Therefore, there exists ¢; € F' not all zero such that

Cn@" + 10" M b eja g =0

Letting p(x) = cp2™ + cpo12" 1 + --+ + c17 + ¢o € F[z], we have that p(z) is a nonzero polynomial and
p(a) =0, so « is algebraic over F. Since a € K was arbitrary, the result follows. O

Notice that if F' C K and « € K is algebraic over F, then the field extension [F'(«) : F] is finite. Thus,
every element of F'(«) is algebraic over F'.

Definition 4.4.3. Let F C K be a field extension and let ay, o, ..., apn € K. The set F(ai,as,...,q,) 18
defined to be the smallest subfield of K containing F U {a1,aq,...,an}.

It is straightforward to check that
F(a, B) = (F(a))(B)

so we can get F'(aq,as,...,q,) by repeatedly adjoining one element.

Theorem 4.4.4. Suppose that F C K C L are field extensions. If both [L : K| and [K : F| are finite, then
so is [L : F] and we have
[L:F]=[L:K] [K:F|

If either [L : K| or [K : F)] is infinite, then so is [L : F].

Proof. If [L : K] is infinite, then there exists an infinite subset of L which is linearly independent over K,
and this set is then trivially linearly independent over F', so [L : F] is infinite. If [K : F] is infinite, then
there exists an infinite subset of K which is linearly independent over F', and since K C L, this is an infinite
subset of L which is linearly independent over F, so [L : F] is infinite.

Suppose then that m = [L : K] and n = [K : F| are both finite. Let {1, 82, ..., 8m} be a basis of L over
K, and let {a,aq,...,a,} be a basis of K over F. We claim that the set

Z={a;p5;:1<i<mn,1<j<m}

is a basis for L over F. Let v € L. Since {01, 02, ..., Om} is a basis of L over K, there exists dy,ds,...,d, € K
with
v=d1S1 +d2f2 + -+ dmfm
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Now each d; € K, so as {a1,as,...,a,} is a basis of K over F, there exists cij, a5, ..., cn; € F with
dj = Cleél —+ CQjOéQ —+ 4 anOén

We then have

Since v € L was arbitrary, it follows that the set Z spans L over F'.
We now need to check that Z is linearly independent over F. Suppose that c;; € F' satisfy

We then have

Jj=1 i=1
soas ) ., cijoy € Kand {f1,02,...,0m} is linearly independent over K, we can conclude that > " | ¢;jo; =
0 for each j. Now each ¢;; € F and {a1,as,...,ay} is linearly independent over F', so we can conclude that

each ¢;; = 0. It follows that Z is linearly independent over F.
Combining the above, we have shown that Z C L spans L over F' and is linearly independent over F’, so
7 is a basis of L over F'. Therefore,

[L:F|=|Z=mn=[L:K]-[K:F]
O

Corollary 4.4.5. Let F C K. If aq,qa,...,a, € K are all algebraic over F, then F(aj,ao,...,ap) is a
finite (and hence algebraic) extension of F.

Proof. We have
F C F(ay) C F(ag,a2) € -+ C Fon,az,...,ap)

Each particular extension is finite, so the tower is finite. O

Proposition 4.4.6. Let F C K be a field extension. Let
A={a€ K :a«is algebraic over F'}

We then have that A is subfield of K. Furthermore, A is an algebraic extension of F.

Proof. Suppose that «, 3 € A. We then have that o and [ are both algebraic over F, so [F(«,3) : F] is
finite. Therefore, every element of F'(«, ) is algebraic over F. Since a + 3, a — 3, - 3, and % (if B #£0)

are all elements of F(«, 3), it follows that each of these are algebraic over F. Thus, a + 8, a — 3, « - 3, and
G (if 3 # 0) are all in A. O
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As an example, consider I = Q(v/2,i). Notice that if K = Q(v/2), then we have Q < K < L. Now
[K:Q]=2and K # L, so [L: K] # 1. Tt follows that [L : K] = 2, and thus [L : Q] = 4. A basis is
{1,/2,4,v/2i}. Now we claim that L = Q(v/2 4 4). It can be shown that /2 + i is a root of the polynomial
x* — 222 + 9. It is possible to show that is irreducible directly, but it is painful. If you do this, then you
know that [Q(v/2 + 1) : Q] = 4, so [Q(v/2,4) : Q(v/2 +14)] = 1, so they are equal.

We can also argue from the other direction. Notice that

(V2+i)? = (V23 +3-(V2)?-i+3- V2.2 + i3
=2V2+6i—3V2—i
=—v2+5i
It follows that
(V2 +10)3 + (V2 + i) = 6i
and therefore 1 1
i = 6(\@+z‘)3+6(\/§+z‘)

Thus, i € Q(v/2 + ) and it follows that /2 € Q(v/2 + i) as well. Hence, Q(v/2 + i) = Q(v/2,4), and so
[Q(v/2 + 1) : Q] = 4. Therefore, the fourth degree polynomial 24 — 222 + 9 must be the minimal polynomial
of V2 + i over Q.

Proposition 4.4.7. Suppose that F C E C K and that E is algebraic over F. If « € K and « is algebraic

over E, then « is algebraic over F'.

Proof. Suppose a € K and « is algebraic over E. Fix a polynomial p(x) € E[z] with p(a) = 0. Write
p(x) = Bnx" + Bp12™ "+ + iz + By € Ela]

where each 3; € E. Since F is algebraic over F, we know that each (3; is algebraic over F'. Therefore, the
field L = F(B31, B2, ..., 0xs) is such that [L : F] is finite. Notice that p(z) € L[], so « is algebraic over L and
thus [L(«) : L] is finite. It follows that [L(«) : F] is finite, and therefore o € L(«) is algebraic over F. [

For example, any root of the polynomial
(VB)2? — (V2 + 6i)a® + (275 . /2)
must be algebraic over Q

Corollary 4.4.8. Suppose that F C E C K. If E is algebraic over F and K is algebraic over E, then K is
algebraic over F'.

4.5 Algebraic Integers

Definition 4.5.1. A number field is a field K such that Q C K C C with the property that [K : Q] is finite.

Suppose that we have a number field K. As [K : Q] is finite, we know that every element of K is algebraic
over Q. Since we have extended the field Q to a slightly larger field K, we might think that the analogue
of the integers in K will be a slightly larger ring than Z. The fundamental question is how to define this
“ring of integers” in K. If there exists @ € C with K = Q(«), it is very natural to expect that the proper
analogue would be

Zla] = {p(e) : p(x) € Zlz]}
After all, this is easily seen to be the smallest subring of Q(«) containing Z U {a}. Furthermore, it matches
our expectation that the Gaussian Integers Z[i] are the correct analogue of the “integers” in the number field
Q(i). However, it is problematic for a few reasons, as we now explore.
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Lemma 4.5.2. Suppose that F' C K is a field extension and let o, 0 € K.
o ac F(B) if and only if F(a) C F(5).
o We have both oo € F(B) and 8 € F(a) if and only if F(a) = F(B).

Proof. If F(a) C F(8), then since a € F(«) we clearly have « € F(3). Conversely, if a« € F(3), then F(0)
is a subfield of K containing F' U {a}, so as F(«) is the smallest such subfield it follows that F(a) C F(0).
The second statement is immediate from the first. O

Consider the field Q(v/—3) and Q(¢) where ¢ = €2™/3. Notice that /=3 is algebraic over Q with minimal
polynomial 22 + 3 (this is irreducible over Q because it has no roots in Q). Now ( is a root of the polynomial
2% — 1. However, this polynomial is not irreducible over Q because

1= (x—-1)(2*+2+1)

Since ( is a root of 2 — 1, it must be a root of one of the polynomials on the right, and since ¢ # 1, it follows
that ¢ is a root of 22 + x + 1. One can check that this polynomial has no rational roots (or even real root),
so it is irreducible in Q[z] and hence the minimal polynomial of ¢ over Q. Now using Euler’s Formula

e = cosf + isinf

we see that

¢ = 2mil3
= cos(2nm/3) + isin(27/3)
IRVE]

AT
1 -3

:_7_’_7
2 2

With this in hand, we claim that Q(v/—3) = Q(¢). To see this, notice that the above equality shows that
¢ € Q(v/—3) and hence Q(¢) C Q(v/—3). Since

V=3=2(+1
we also have v/—3 € Q(¢). Therefore Q(v/—3) = Q(¢).

Definition 4.5.3. Given o € C, we let Z[a] be the smallest subring of C containing o (notice that any
subring contains 1, and hence all of Z). In other words,

Zla) = {p(a) : p(x) € Z[z]}
Since Q(v/—3) = Q(¢), should the “integers” of this field be

Z[V-3] ={a+b/-3:a,bc Z}
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or the larger ring

Z[¢) = {a+bC : a,b € Z}

:{a—i—b(—%—&-B):a,bEZ}

2
b, b
:{(a—§)+§\/—3:a,b€Z}
20 —b

= { —i—g\/—?):a,bEZ}

= {c+dV=3:c,deZ}U {g + g\/—?, . ¢,d € Z both odd}
=Z[V-3]U {g + g\/—3 : ¢,d € Z both odd}

or something else entirely?

The answer to this question is not immediately obvious. Notice that every element of K = Q(v/—3) =
Q(¢) is algebraic over Q, so is the root of some nonzero polynomial in Q[z]. A first guess for the definition of an
“algebraic integer” (rather than just an algebraic number) would be that it is a root of nonzero polynomial
in Z[z]. However, by multiplying a polynomial in Q[z] through by the product of the denominators of
coefficients, it is easy to see that every algebraic a € C is a root of a nonzero polynomial in Z[z]. Thus,
simply forcing the coefficients to be elements of Z does not change anything.

Definition 4.5.4. Let a € C. We say that o is an algebraic integer if a is the root of some nonzero monic
polynomial in Z[zx].

Example 4.5.5. The following are examples of algebraic integers
o Fveryn € Z is an algebraic integer because it is a root of x —n.
e /2 is an algebraic integer because it is a Toot of r? — 2.
e i is an algebraic integer because it is a root of x% + 1.

27i

e For every n > 2, the complexr number e

1 an algebraic integer because it is a root of x™ — 1.
e V2 + /3 is an algebraic integer because it is a root of x* — 10z + 1.

Why is this the “correct” definition. There is no short answer to this question, but we begin with another
characterization of algebraic integers that provides the first argument for it being the right choice. Recall
that o € C is algebraic over Q if and only if

Qla] = {p(a) : p(z) € Q}
is finitely generated over Q (i.e. there is a finite set that spans Q[«a] over Q).
Theorem 4.5.6. Let o € C. The following are equivalent.
e « is an algebraic integer.

e Zla] is a finitely generated additive subgroup of C (i.e. is finitely generated using only coefficients in
7).

o There exists a subring R of C with o € R such that R is a finitely generated additive group.
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Proof. 1 — 2: Suppose that « is an algebraic integer. Fix a monic polynomial h(x) € Z[z] such that
h(a) =0, say
h(z) =a" + cpo12™ ' cp oz 2+ F oz +co

One proof is that given any p(z) € Z[x], there exists ¢(x), r(z) € Z[z] with p(z) = q(z)h(x) +r(z) and either
r(z) = 0 or deg(r(z)) < deg(h(x)) (although Z isn’t a field, the only thing you need in the proof for this to
work in F[z] is the fact that the leading coefficient is a unit in the ring). Thus, p(a) = r(«), and we are
done.

However, we now give a direct proof without using this fact. We show that a™ € (1,a,a2,...,«
(viewed as the additive subgroup these generate) for all m > n by induction. Since h(a) = 0, it follows that

n—1>

an = —(CO -1 + Cc1 + -4 Cn72an_2 + Cnflan_l)

Thus, o™ € (1,a,a2,...,a" 1), so the base case is true. Suppose that m > n and we have shown that
a™m e <1,Oé,042, R ,a”_1>. Fix kg, k1, ..., k.1 € Z with

am = ko -1+ kl(] + 4 kn_ganiz + kn_lo/“l

We then have

™t =a™ -«

=(ko-14+kia+- - +ky 20" 2+ k10"«

=koa+ kia?+ 4 kpoa" N+ k, 10"

= (ko + ko2 + -+ kn_ganfl) +kpo1-—(co-1+ca+---+ Cn_oa™ 2 + cn_lanfl)
= (=kp_1c0) -1+ (ko —kp_1c1) -4+ (kn_o —kpn_1¢p_1) - ™"

Thus, the result holds for a™*!. By induction, we see that o™ is an element of the additive subgroup
generated by {1,a,a?,...,a" !} for all m. From here, it follows that Z[a] is generated as an additive
abelian group by the set {1,a,a?,...,a" 1}

2 — 3: Trivial.

3 — 2: Fix a subring R of C with o € R such that R is a finitely generated additive group. Since R is a
subring of C, we have 1 € R and hence Z C R. Fix (31, 2,..., 3, which generate R as an additive abelian
group, i.e. such that

R={kif1 +kofo+- -+ knbBy: ki €7}

Since R is a ring, we know that a3; € R for each 7, and hence there exists k; ; € Z such that
n
aBi = kijB
j=1

If we let M be the n x n matrix M = [k; ;] and let v be the n x 1 column vector v = [3;], then the above
equation simply says that av = Mv. Now v # 0 because R # {0} (we certainly have 1 € R), so « is an
eigenvalue of M. Let f(z) = det(xI — M) be the characteristic polynomial of M. Notice that f(z) is a monic
polynomial (of degree n) and that f(z) € Z[z] because all entries in M are integers. Since « is an eigenvalue
of A, we know that « is a root of the characteristic polynomial f(z), so « is an algebraic integer. O

Corollary 4.5.7. If a and B are algebraic integers, then o + 3, a — 3, and af are all algebraic integers.
Therefore, the set of all algebraic integers is a subring of C.
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Proof. Suppose that a, § € C are both algebraic integers. We claim that the ring

Zlev, B] = {p(ev, B) : p(z,y) € Lz, yl}

is a finitely generated additive group. Fix monic polynomials g(x),h(x) € Z[z] such that g(o) = 0 and
h(a) = 0. Let m = deg(g(x)) and let n = deg(h(x)). As in the proof of the previous theorem, any o is in
the additive subgroup generated by {1,a,a?,...,a™ '} and any 3¢ is in the additive subgroup generated
by {1,8,32%,...,3"1}. It follows that any o3’ is an element of the additive subgroup generated by

{o/ﬁj:OSiSm—l,OSan—l}

It follows that this set generated Z[a, 5], so Z[a, (] is finitely generated as an additive group.
Now each of a+ (3, a— 3, and af are elements of Z[«, ], so they are all algebraic integers by the previous
theorem. O

Definition 4.5.8. Let K be a number field. We let Ok be the ring of all algebraic integers in K (the set is
indeed a subring of K by the previous corollary).

Theorem 4.5.9 (Rational Root Theorem). Suppose that p(x) € Z[x] is a nonzero polynomial and write
p() = apz™ + ap 12" 4+ a1z +ag

where each a; € Z and a,, # 0. Suppose that ¢ € Q is a root of p(x). If ¢ = % where b, c € Z are relatively
prime (so we write q in “lowest terms”), then b | ag and ¢ | ay,.

Proof. We have
an - (b)) +an_1-(b/c)" P+ +ay-(b/c)+ag =0

Multiplying through by ¢ we get
Anb™ + a1 D" e+ -+ arbc™ g =0

From this, we see that
anb™ = ¢ [—(an_1b" 7t -+ a1bc™ %+ apc™ )

and hence ¢ | a,b". Using the fact that ged (b, c) = 1, it follows that ¢ | a,,. On the other hand, we see that
aoc™ =b- [—(apb"t Fan 10" e+ arc™ )

and hence b | agc™. Using the fact that ged(b, ¢) = 1, it follows that b | ag. O

Corollary 4.5.10. If g € Q is an algebraic integer, then q € Z.

here b,¢ € Z and ged(b,¢) = 1. Fix a nonzero

Proof. Let ¢ € Q be an algebraic integer, and write ¢ = 2 w
x) € Z[x] is monic, we may write

monic polynomial p(z) € Z[x] such that p(¢) = 0. Since p

0|

p(z) = 2" +ap_ 12"+ Farr +ag

Thus, by the previous Theorem, we have that ¢ | 1 and b | ag. It follows that ¢ € {—1,1}, and hence
g=t=1beZ O

Theorem 4.5.11. Suppose that « € C is algebraic (over Q). We then have that « is an algebraic integer if
and only if the minimal polynomial of o over Q has integer coefficients.
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Proof. Since the minimal polynomial of o over QQ is monic by definition, every such « is indeed an algebraic
integer. Suppose conversely that « is an algebraic integer. Let m(z) be the minimal polynomial of o over Q.
Since « is an algebraic integer, we may fix a monic nonzero p(z) € Z[z] such that « is a root of p(z). Since
m(z) is the minimal polynomial of « over Q, it follows that m(zx) divides p(z) in Q[z]. Fix h(z) € Q[z] with

p(x) = m(z) - h(z)

Notice that by looking at leading terms and using the fact that both p(x) and m(z) are monic, we can
conclude that h(z) is also monic. By Gauss’ Lemma, there exist s,t € Q such that s - m(z) € Z[x],

t-h(z) € Z[z] and
p(x) = (s-m(x)) - (t - h(z))

Since m(z) is monic and s - m(x) € Z[z], we must have that s € Z. Similarly, since h(z) is monic and
t- h(x) € Z[z], we must have that ¢ € Z. Looking at leading terms, it follows that st = 1. Therefore, either
s=1=tors=—1=t. Ineither case, using the fact that s-m(z) € Z[x], we conclude that m(z) € Z[z]. O
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Chapter 5

Quadratic Number Fields

5.1 Classifying Quadratic Number Fields

Definition 5.1.1. A quadratic number field is a number field K with [K : Q] = 2.
Definition 5.1.2. An integer d € Z is square-free if ord,(d) < 1 for all primes p.

The first few positive square-free numbers are 1,2,3,5,6,7,10,... and the first few negative square-free
numbers are —1, —2, -3, —5, —6, =7, —10,.... Notice that d is square-free if and only if —d is square-free.

Lemma 5.1.3. For all n € Z\{0}, there exist unique m € Nt and a square-free d € 7 such that n = m?d.

Proof. We first prove existence. If n = 1, we may take m =1 and d = 1. If n = —1, we may take m =1
and d = —1.
Let P = {p € P: ordy(n) is even and nonzero} and let Q = {p € P : ord,(n) is odd}. Let

dsz

and let

m = H pordp(n)/Q . H p(ord,,(n)—l)/Q
pEP PEQ

A simple check shows that ord,(m?d) = ord,(n) for all primes p, so n and m?d are associates. If n = m?2d,
we are done. If not, then n = m?(—d) and we are done since —d is also square-free.

We now prove uniqueness. Let n € Z\{0}. Suppose that n = m2d and n = ¢?>c where m,¢ € N* and
c,d € 7 are square-free. We have £?c = m?d. Since both ¢?2 > 0 and m? > 0, it follows that ¢ and d are
either both positive or both negative. Let p € N be prime. Let p € NT be an arbitrary prime. We have

2-ordy(€) + ord,(c) = 2 - ord,(m) + ord,(d)

so ordy(c) — ordy(d) is even. Since ¢ and d are both square-free, we know that ord,(c) and ord,(d) are both
elements of {0,1}. Thus, we must have ord,(c) = ord,(d) and hence ord,(c) = ord,(d). Since this is true
for all primes p € N, it follows that ¢ and d are associates in Z. Combining this with the fact that ¢ and d
have the same sign, we conclude that ¢ = d. Canceling this nonzero number from both sides of ¢?c = m?2d,
we deduce that £2 = m?2. Since £, m € N*, it follows that £ = m. O

Theorem 5.1.4. A number field K is a quadratic number field if and only if there exists a square-free

d € Z\{1} with K = Q(V/d).

77
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Proof. Suppose first that d € Z is square-free with d # 1. If d = —1, then v/d = i is a root of the irreducible
2?2 +1 € Q[z], so Q(i) is a quadratic number field. Suppose then that |d| > 2. We have that 2? —d € Q[z] is
irreducible in Q[z] by Eisenstein’s Criterion applied to any prime divisor of d (or by directly checking that
the roots are not rational), so Q(v/d) is a quadratic number field.

We prove the converse through a sequence of steps.

e We first show that there exists r € Q with K = Q(y/r). Since [K : Q] > 1, we know that K # Q.
Thus, we may fix u € K\Q. Notice that Q € Q(u) because {1, u} is linearly independent over Q. Since
[K : Q] =2 and Q(u) is a 2-dimensional subspace, we must have K = Q(u). Let m(z) € Q[z] be the
minimal polynomial of u over Q and write m(z) = 2% + bz + ¢ where b,c € Q. Using the quadratic
formula, we then have that either

u_—b+\/b2—4c —b—Vb% —4c

or U =

2 2

In either case, we have u € Q(+v/b? — 4c¢) because b € Q. In the former case we have Vb? — 4¢c = 2u+b €
Q(u), while in the latter we have Vb2 — 4c = —2u — b € Q(u) (again because b € Q), so in either case
we have Vb2 — 4c € Q(u). It follows that Q(u) = Q(vb2 — 4c). Letting r = b? — 4c € Q, we are done.

e We now claim that there exists n € Z with K = Q(v/n). Fix r € Q with K = Q(\/r). Fixa € Z
and b € NT with » = ¢. We claim that K = Q(vab). Since Vab = b - V& = by/r, we know that
Vab € Q(/r). Since \/r = /% = } - V/ab, we know that /7 € Q(v/ab). Therefore, letting n = ab € Z,
we have K = Q(\/r) = Q(y/n).

e We now finish by proving that there exists a square-free d € Z with K = Q(\/E) Fix n € Z with
K = Q(y/n). Notice that n # 0 because K # Q. By the above lemma, we can write n = m?d where
m € Nt and d € Z is square-free. We then have v/n = m - V/d because m > 0. Thus, \/n € Q(v/d) and
Vd=1\/neQ(yn). It follows that K = Q(y/n) = Q(Vd).

This completes the proof. O

Theorem 5.1.5. If ¢,d € Z are both square-free and Q(v/c) = Q(v/d), then ¢ = d.

Proof. Suppose that ¢,d € Z are both square-free and that Q(y/c) = Q(v/d). We then have \/c € Q(V/d).
We know that [Q(v/d) : Q] = 2, so

Q(Vd) = {s+tVd:a,beQ}

Fix s,t € Q with \/c = s + tv/d. Notice first that ¢ # 0 because /¢ ¢ Q as ¢ is square-free (see the proof of
the previous theorem).
Suppose that s # 0. Squaring both sides we see that

¢ =5 +25t\/g+dt2

hence

c— 52— dt?
d= ————
f 2st €Q

which is a contradiction.
Therefore, we must have s = 0 and ¢ # 0. Let ¢t = § where a,b € Z are relatively prime and b > 0. We

have that \/c = tv/d. Squaring both sides gives ¢ = dt?> and multiplying both sides by b*> we conclude that
b%c = a%d. By the uniqueness part of Lemma 5.1.3 (applied to —a and b if a < 0), we must have c =d. O
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5.2 Integers in Quadratic Number Fields

Recall that given a number field K, we defined O to be the ring of algebraic integers in K. Now that we
classified all quadratic number fields as K = Q(\/ﬁ) where d € Z is square-free and d # 1, we set about the
task of finding the ring of algebraic integers Ok in each of these number fields. As alluded to above, it is
natural to believe that when Og 5 might be Z[Vd] = {a+bv/—d : a,b € Z. However, consider the case

where d = —3. Letting (3 = €2™/3, we showed above that Q(v/—3) = Q((3). Now

11
= — — 7~\/—3
G 573

and (3 is a root of #3 — 1 = (x — 1)(2? + z + 1). Thus, ( is a root of 22 + = + 1 € Z[z], and hence ( is
an algebraic integer in Q(1/—3) that is not an element of Z[/—3]. Before precisely determining O for the
quadratic number fields K, we first prove a very useful lemma.

Lemma 5.2.1. Let d € Z be square-free. Suppose that ¢ € Q and ¢°>d € Z. We then have that ¢ € Z.
Proof. Write ¢ = § where a,b € Z and b # 0. Notice that

a%d = b2 - (%)2 cd=b2- (g%d)

Since ¢%d € Z, we see that b% | a®d in Z. Let p € NT be an arbitrary prime. Since b? | a®d, we know that
ord,(b*) < ord,(a*d)

and hence
2-ord,(b) <2-ordy(a)+ ordy(d)

Now d is square-free, so we know that ord,(d) < 1. Since 2 - ord,(b) and 2 - ordy(a) are both even and
ordy(d) € {0,1}, we can conclude that 2 - ord,(b) < 2-ordy,(a) and hence ord,(b) < ord,(a). Since p was an
arbitrary prime, it follows that b | a in Z. Therefore, ¢ = § € Z. O

Theorem 5.2.2. Suppose that d € Z is square-free with d # 1.
e Ifd#1 (mod 4), then the set of algebraic integers in the number field Q(v/d) is the set

ZVd) = {a+bVd:a,becZ}

e Ifd=1 (mod 4), then the set of algebraic integers in the number field Q(\/d) is the set
1 1
+Vd :{a+b< +2\/E>:a,beZ}

/
2
b
{aer\/g:a,bGZ}U{;JrQ\/g:a,bGZ are both odd}

Proof. We first show that

1
{a—l—b( +2\/(§> ;a,bGZ}:{a—i—b\/&:a,bEZ}U{;—i—g\/g:a,bGZarebothodd}

Let a,b € Z. We have
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If b is even, then a + g and % are integers, so this element is in the set on the right. If b is odd, then 2a + b
is also odd, so again this element is in the set on the right. It follows that the set on the left is a subset of
the one on the right. We now show the reverse containment. If a,b € Z, then

1++d
2

a+b\/a:(a—b)+2b~<

Furthermore, if a,b € Z are both odd, then a — b is even and we have

;+z2;\/g:ab+b_<1+x/&>

2 2

Therefore, the set on the right is a subset of the one on the left, and combining this with the above we
conclude that the two sets are equal.
We now prove the result. Let s,t € Q so s+ tVd € Q(\/E) Notice that

(s +tVd)? = s% + 2stVd + di? = (s* + dt?) + (2st)Vd
Therefore, we have

(s +tVd)? — 25 - (s + tVd) = % + 2stVd + dt*> — 25° — 2stV/d
= —s? 4 dt?

It follows that s + tv/d is root of the monic polynomial
2+ (—28)x + (82 — dt?)

Now if s,¢ € Z, then this polynomial is a monic polynomial with integer coefficients having s+ tv/d as a root,
0 s + tV/d is an algebraic integer. In other words, every element in Z[\/g] is an algebraic integer. Suppose
that d =1 (mod 4) and s = % and ¢t = & where a,b € Z are odd. Notice that —2s = —a € Z. We have

9 , a? b a? —db?
s —dt :Z_d.Z:T

Now since both a and b are odd, it follows that a> = 1 (mod 4) and *> = 1 (mod 4). Thus, a? — db® =

(1—1-1) =0 (mod 4), hence 4 | (a® — db?). Tt follows that s> — dt> € Z also, so s + t+/d is an algebraic

integer. Therefore, if d =1 (mod 4), then every element in Z[H'T‘/a] is an algebraic integer. We have shown

that if d # 1 (mod 4), then every element of Z[v/d] is an algebraic integer, and if d = 1 (mod 4), then every

element of Z[H—Q\/E] is an algebraic integer.

We now show the converse. Suppose that s,t € Q and s+ tv/d € Q(\/Zl) is an algebraic integer. If ¢ = 0,
then s +tVd = s € Q, so s € Z (because Z is the set of algebraic integers in Q) and hence s + tv/d € Z[/d]
(and so s +tVd € Z[#] if d =1 (mod 4)). Suppose then that ¢ # 0. We know that s 4 tv/d is a root of
polynomial

2+ (=28)x + (52 — dt?)

and since this degree two polynomial has no rational roots (the roots are s+ tv/d and s — tv/d and neither is
rational because t # 0 and d is squarefree), it follows that it is irreducible and hence the minimal polynomial
of s+ tv/d over Q. Since we are assuming that s+ ¢v/d is an algebraic integer, we conclude from above that
both —2s € Z and s? — dt? € Z. We now have two cases.
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e Suppose that s € Z. We then have that s? € Z, so since s> — dt? € Z, it follows that dt? = s> —
(s%2 — dt?) € Z. Since d is square-free, we may use the above lemma to conclude that ¢ € Z. Therefore,

s+ tVd € Z[Vd).

e Suppose that s ¢ Z. We have —2s € Z, so 2s € Z, and hence we may write s = § for some odd a € Z.

Now
2

sZ—tdQZ%—tdQEZ

so a? — 4td? € Z, and hence d(2t)? = 4dt? € Z. Since d is square-free, the lemma implies that 2t € Z.
Fix b € Z with t = %. We now have
s+tVd = % + g\/ﬁ
with a odd. We know that
a® — b%d B
1 =
and hence 4 | (a? — db?). Now if b is even, then 2 | db?, so 2 | a?, a contradiction. Therefore, b is odd.
The only thing left to do is to show that in this case we must have d =1 (mod 4). Since a and b are
both odd, we know that a> = 1 = b? (mod 4). As noted above, we have 4 | (a? — b*d), so a? = bd
(mod 4). Therefore, 1 =d (mod 4).

$2—di? e

O

Notice in the special case where d = —1, we have —1 £ 1 (mod 4), so
OQ(,-) = {a +bi:a,be Z} = Z[Z}

as we probably expected.
Consider the case where d = —3. Recall that if we let

» 1 V3
_ 2772/3:77 V.
(3=¢e 2+ 5!

then the minimal polynomial of (3 over Q is 2 +z 41 and we have Q(v/—3) = Q({3). Consider (5 = €27/6 =
e™/6. Now (g is a root of the polynomial z® — 1 and

1= -+ )= D@+ D)@+ +1)(2*—x+1)

Thus, (s is a root of one of the four factors on the right, and a simple check shows that it is a root of
22 —x + 1. This polynomial is irreducible over @ (because it has no rational roots), so it is the minimal
polynomial of (5 over Q. Now
1 3
Cs = cos(mw/6) + isin(n/6) = 3 + gz
It follows that (g = (3 + 1, hence (s € Q({3) and (3 = (s — 1 € Q(¢s). We conclue that

Q(¢s) = Q(G3) = Q(V-3)
Now —3 =1 (mod 4), so we know that

Oumm = 5[ 2] - 2l

Since (g = (3 + 1, we have (s € Z[(3] and (3 € Z[(s], so we also have
Oq(v=3) = Z[¢s]
Thus, the ring of integers in the number field Q(1/—3) can be written in either of the following ways:
OQ(\/T?)) = Z[Cg] = {CL‘Fng . a,b e Z} OQ(\/TS) = Z[<6} = {a+bC6 . a,b S Z}
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5.3 Norms and Units

5.3.1 The Norm on a Quadratic Number Field

Definition 5.3.1. Let d € Z be square-free with d # 1. We define a function N: Q(v/d) — Q by letting
N(s+tv/d) = s*> — dt>. The function N is called the norm on the field Q(v/d).

Notice that if d = —1 and we are working in Q(v/—1) = Q(¢), then
N(s+ti) =s% — (—=1)t? = s> + 12

is our old norm function.
Suppose that d € Z\{1} is square-free and s,t € Q. We showed in the above proof that s 4 tv/d is a root
of the polynomial

2?2 4 (=28)x + (5% — dt?)

As described in the above proof, this polynomial is irreducible in Q[z] when ¢t # 0, and hence is the minimal
polynomial of s +tv/d over Q when ¢ # 0. Using the quadratic formula, the roots of 22 + (—2s)x + (s> — dt?)
are

—(=28) £/(—25)% — 4(s2 — dt?) _ 25 % Vddt?

2 2
2s + 2tV/d

2
=s+tV/d

With this in mind, we can interpret N(s + tv/d) in a few ways when ¢ # 0. One way is that N(s + tv/d) is
the constant term of the minimal polynomial of s 4 tv/d over Q. Alternatively, N (s + tv/d) is the product
of the two roots of the minimal polynomial of s + tv/d over Q. This is true because

N(s+tVd) = s* — dt* = (s + tVd)(s — tVd)

even in the case when ¢t = 0. In the case where d < 0, notice that N(s + tﬁ) = 52 — dt? is just the square
of the distance between the complex point s 4+ tvVd = s + (—tv/—d)i and the origin in the complex plane.

If you know some Galois theory, then N(s + t\/g) is just the product of the two Galois conjugates of
s+ tv/d over Q. If you don’t know some Galois theory, then we elaborate on this idea now.

Definition 5.3.2. Let d € Z\{1} be square-free. Define a function ¢: Q(v/d) — Q(v/d) by letting
d(s+tVd) =s—tVd
Given o € Q(v/d), we call $(c) the conjugate of o, and denote it by @.

Notice that if d < 0, then @ is indeed the normal complex conjugate of . However, if d > 0, then
(@(\/&) C R and hence @ is not the complex conjugate of a. For example, if d = 2 and we are working in

Q(V2), then 5 +v/2 = 5 — v/2 which are distinct positive real numbers.

Theorem 5.3.3. Let d € Z\{1} be square-free and let K = Q(v/d). The conjugation map ¢: K — K defined
above by (s + h/c?) = s — tV/d is a automorphism of the field K. Furthermore, ¢ maps O onto Ok, so
upon restriction to this subring we can view ¢ as automorphism of the ring of integers of K.
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Proof. Given q,r,s,t € Q, we have

¢((q+rVd) + (s +tVd)) = ¢((g + s) + (r + t)Vd)
=(q+s)—(r+t)Vd
= (¢ —rVd) + (s — tVd)
= ¢(q+rVd) + ¢(s + tVd)

and also

o((q+rVd) - (s + tVd)) (gs + rsVd + qtVd + rtd)

((qs + rtd) + (rs + qt)Vd)

¢
¢

= (¢gs+rtd) — (rs + qt)\/g
= gs —rsVd — qtVd +rtd
= (q—rVd)- (s —tVd)
= ¢(q+rVd) - ¢(s + tVd)
We also have ¢(1) = ¢(1 + Ox/a) =1-0vd =1, so ¢ is an ring homomorphism. Now for any ¢,7 € Q, we
have
$(¢(g +rVd)) = (g — rVd)
= 6(q+ (~r)Vd)
=q—(-r)Vd
=q+ rVd

Thus, ¢? = idg, so ¢ is its own inverse and hence ¢ is a bijection. Therefore, ¢ is an automorphism of K.

We now prove that ¢ maps Ok into Ok . One approach is simply to use our characterization of (’)Q( V)
to check it but we give another much more general argument. Suppose that o € Ox. We then have that «
is an algebraic integer, so we may fix a monic h(z) € Z[z] with h(a) = 0. Write

hiz) =2 + 12" L+ a1z + ag
where each a; € Z. Since h(a) = 0, we have
Q" +ap_10" 4 dajatay=0
Applying ¢ to both sides and using the fact that it preserves addition/multiplication, we conclude that
(¢(a))" + an—1(d(e))" " + -+ + ar(a) + ap =0

so ¢(«) is also a root of h(z). Since h(z) is a monic polynomial in Z[z], we conclude that ¢(«) is also an
algebraic integer. Since ¢(a) € K, we conclude that ¢(a) € Ok. Therefore, ¢ maps Ok into Ok. To finish
the proof, we need to argue that every element of Ok is in the range of ¢|o, . Let « € Og. We then have
that ¢(a) € Ok by what we just proved and ¢(¢(o)) = a. It follows that range(¢|o, ) = Ok. O

Using the above notation, notice that given a € Q(v/d), we have N(a) = aa. In particular, if a # 0,
then .
-1 (07

“ T N
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Proposition 5.3.4. Let d € 7 be squarefree and let K = Q(v/d). For the function N(s +t\/d) = s — dt?
defined on Q(v/d), we have

1. Ifd <0, then N(a) > 0 for all o € K.
2. N(

3. N(q) = ¢? for all ¢ € Q.

4. N(

5. N(afB) = N(a)- N(B) for all a, 8 € K.

«a) =0 if and only if « = 0.
) € Z for all o € Ok.

Proof. Statements 1 and 3 are immediate from the definition. Statement 4 follows from the fact that
N(s + tv/d) is the constant term of the minimal polynomial of s + tv/d when t # 0, which is an integer
because we are assuming s + tv/d € Ok. For statement 2, we clearly have that N(0) = 0. Suppose that
N () = 0. Writing a = s + tv/d where s,t € Q, we see that

(s 4+ tVd)(s — tVd) = N(Vd) =0

so either s +tv/d = 0 or s —tv/d = 0. Since {1,V/d} is a basis of Q(+/d) over Q, it follows that s = ¢ = 0, so
a=0.
For statement 5, suppose that «, 8 € Q(v/d) and write o = ¢ + 7v/d and 8 = s + tv/d. We have

N(ap) = (af) - (af)
= afap
= aafp
= N(a)- N(B)
O

Proposition 5.3.5. Let d € Z\{1} be square-free, let K = Q(v/d), and let a € Ox. We have that
a € U(Ok) if and only if N(a) = £1.

Proof. Suppose first that « € U(Ok). Fix 8 € Ok with o = 1. We then have
N(a)N(B) = N(af) = N(1) =12 =1

Since N(«a), N(B) € Z, it follows that N(«) | 1in Z, so N(«) = £1.
Suppose conversely that o € O with N(«) = £1. If N(a) =1, then

1=N(a)=aa
Since @ = ¢(a) € Ok, it follows that « has an inverse in O, so is unit. Similarly, if N(a) = —1, then
—1=N(a)=aa
sol= a( —@). Since —@ = —¢(a) € Ok (recall that Ok is a subring of K), it follows that o € U(Og) O

Proposition 5.3.6. Suppose that d € Z is squarefree and that d < 0. Let K = (@(\/&)

o Ifd= -1, then U(Ok) ={1,-1,i,—i}.
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o [fd= -3, then

1 v=-3 1 -3
U(OK) - {L_lvz + Ta_§ + Ta_

= {]-7 _17467<g7cga<g}
= {]-7 _17467437C§11Cgl}

o Ifd¢ {—1,-3}, then U(Og) = {1, -1}.

Proof. If d = —1, then Og = Z[i], and we’ve already seen that U(Z[i]) = {1,—1,4,—i}. Suppose that
d < —2. Let m = —d, so m € Z and m > 2. Recall that N(a) > 0 for all @« € Ok because d < 0, and so
a € Ok is a unit if and only if N(«a) = 1.

Suppose that a,b € Z. We have

N(a+ bVd) = a® — db* = a® + mb?

Thus, if b # 0, then [b| > 1, and hence N(a + bv/d) > mb? > m > 1. Also, if |a| > 2, then N(a + bVd) >
a® >4 > 1. Tt follows that N(a + bv/d) = 1 if and only if either (a,b) = (1,0) or (a,b) = (—1,0), so the only
units of this form are 1 and —1.

Suppose now that d =1 (mod 4). Let a,b € Z with both a and b odd so that & + 2v/d € Ok. We have

a b a\? b\? a2 —dv? a? + mb?
N(2+2\/E>(2> d'(z) =1 =1

We therefore have that N (% + 2v/d) = 1 if and only if a? + mb?> = 4. If d # —3, then d < 7,50 m > 7
and hence when b # 0 we have a® + mb®> > m > 4. Thus, if d # —3, then we are looking for solutions to
a? = 4 in the odd integers, which do not exist. Suppose then that d = —3 so m = 3. We are now looking for
solutions to a2 4 3b%> = 4 where a,b € Z are odd. If b = 0, then a®> = 4 which as above has no solutions in
odd integers. If |[b] > 2, then a® + 3b*> > 12 > 4. If b = £1, then we are looking for solutions to a? + 3 = 4
where a € Z are odd, which clearly has solutions a = +1. This gives the above units. O

5.3.2 Units in Real Quadratic Number Fields and Pell’s Equation

When we examine d > 0, the situation is much more interesting. Consider the case where d = 2. We have
K =Q(v2) and Ok = {a+bv/2: a,b € Z}. We know that

U(OK):{QGOKZN(OZ)::EI}

and that
N(a+bv2) = a® — 2

Thus, given a,b € Z, we have a + byv/2 € U(Of) if and only if a®> — 2b?> = +1. One such example is 1 + /2.
Notice that
NA+v2)=12-2-12= -1

so 1++/2 € U(Ok). We have
-1 _ ]-7\/i

-1

(14+V?2) =142

Now we know that U(QOk) is a multiplication subgroup of O, so the product of two units is a unit. Thus,
we can obtain more elements of U(Ok) by taking powers of 1+ V2. Now since 1 ++v/2 € R with 1++v/2 > 1,
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these powers will increase in size in Q, and hence will never repeat. Thus, U(Of) will be infinite. For
example, another element of U(Ok) is

(1+V2)?2=1+2V2+2=3+2V2

We have
N(B+2vV2) = N(1+v2)?) =N1+V2)? = (-1)2=1

and

(3+2v2)'=3-V2
Multiplying by 1+ v/2 again we obtain
(B34+2V2)(1+V2) =3+3V2+2V2+4=T7+5V2

which is another unit with norm —1. If we keep taking powers we obtain units whose norm alternates
between 1 and —1. We have the following list:

(1+V2)l =142
(1+v2)2=3+2V2
(1+V2)? =74+5V2
(1+V2)' =17+ 12V2
(14V2)° =41 +29v2
(1++v2)% =99 +70v2

One can obtain a recurrence to help calculate these. If n € N7 is such that
(1+V2)" =a+bv2
Then
L+vV2)"H =1 +v2)" (1+v2)
= (a+bvV2)(1+V2)
= (a4 2b) + (a+b)V?2

Notice that if you take one of the above units a 4+ by/2, then 7 is a pretty good approximation to V2. We
have v/2 = 1.414213 ... while

1
1= 1.000000. ..
g = 1.500000. ..
7
5= 1.400000. . .
17
— = 1.416666. . .
12
41
— =1.413793. ..
29
99

— = 1.414285. ..
70
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The study of units in O where K = Q(\/{j) and d € Z is square-free and at least 2 is closely related to
another problem in the history of number theory.

Definition 5.3.7. Let n € NT. Pell’s Equation (relative to n) is the equation x? — ny? = 1, where we look
for solutions x,y € Z.

Given n € NT, two solutions to the Pell Equation are trivial: namely (1,0) and (—1,0). Notice that
if (z,y) is a solution to the Pell Equation, then so are (+z, +y), so we may focus attention on z,y € N.
Furthermore, there are clearly no such solutions with = 0, and the trivial solutions are the only ones with
y = 0. Thus, we may assume that z,y € N* when examining nontrivial solutions.

We restrict to the case where n > 1 because if n € Z with n < n, then the trivial solutions are clearly the
only solutions. Suppose that n is a perfect square, say n = m?2. In this case, Pell’s Equation can be easily
solved by factoring. We have

a? —ny® = 2 —m*y? = (z — my)(z + my)

Thus, if (x,y) is a solution to Pell’s Equation, then
(x —my)(z +my) =1

Since x —my, z +my € Z, it follows that x —my = £1 and z +my = +1. In the case where z —my = 1 and
r+my = 1, we see that 2x = 2, so x = 1 and hence y = 0. In the case where x —my = —1 and x+my = —1,
we see that 2z = —2, so x = —1 and y = 0. Therefore, if n is a perfect square, then the trivial solutions are
the only solutions.

We will focus attention on the case of Pell’s Equation 22 — dy? = 1 where d is square-free and at least 2.
Given a general n € NT that is not a perfect square, we can write n = dm? where d > 2 is square-free and
m € N*. The equation

z? — ny2 =1
is then the same thing as the equation
2?2 —d(my)* =1
Thus, if we understand solutions to 22 — dy? = 1, we could in theory translate those solutions where m | y
into solutions of the equation with n.

Suppose then that d € Z is square-free with d > 2. Let K = Q(v/d). Notice that (x,y) is a solution to

Pell’s Equation, then 22 — dy? =1, so

N(z+yVd) =2* —dy* =1

and hence x 4+ yvd € U (Ok). Thus, solutions to Pell’s Equation give units in Og. The converse is not
quite true for two reasons. First, an o € U(Ok) could be such that N(a) = —1 rather than N(a) = 1.
However, notice that in this case we have a? € U(Ok) and N(a?) = 1, so we can build a unit in O from
such an element. The other possibility is that we could have d = 1 (mod 4) and our unit could be of the
form § + g\/& where a,b € Z are odd, which does not give rise to a solution to Pell’s Equation.

Regardless, if we can show that Pell’s Equation always has a nontrivial solution for d > 2 square-free, then
we will have shown that there is always a nontrivial unit in Ox. We now go about proving this important
theorem.

Theorem 5.3.8. Suppose that d € 7 is square-free and d > 2. There exist x,y € Z with © # +1 such that

2% — dy? = 1. In other words, there exists a nontrivial solution to Pell’s Equation.

Before jumping into the proof of the theorem, we develop some more refined intuition about what a
nontrivial solution provides in terms of rational approximations to v/d. Suppose then that (r,y) € NT is a
nontrivial solution to the Pell Equation. Notice that

(z —yVd)(z +yVd) =2 —dy* = 1
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and hence

1
r—yVd= ——F#
Y x4+ yVd

It follows that 1
T
—_ \/g =
y y- (z+yVd)

Since = + yv/d >y (as x > 0), it follows that
T 1
0<=-Vd<—
Yy Yy

so in particular

- \/E‘ < %
Y )

Intuitively, this is saying that % is a good approximation to the irrational number v/d because its distance
from V/d is y—12, which is much less than % (Notice that it is simple to argue that given y € N, there
exists x € NT with |§ —Vd| < %) As we will see, solutions to the Pell’s Equation and “good” rational
approximations to v/d go hand-in-hand. In fact, we will prove the above theorem by proving a sequence of

lemmas which slowly reverse the above implications. In particular, our first goal is to show that v/d has
infinitely many “good” rational approximations.

Lemma 5.3.9. Let o € R with a > 0 and let M € NT. There exists x,y € N such that 0 < y < M and
|z —ya| < 4.

Proof. Divide the interval [0,1) into M subintervals
Consider the following M + 1 many elements of [0,1):
Oa — 0] la—|la] 2a—|2a] -+ Ma-—|Ma

By the Pigeonhole Principle, two of these numbers lie in the same interval. Thus, there exists k, ¢ with
0 <k < ¢ < M such that
ka — |kal) — (ba — | ¢ —
(ke = [Ka) = (o~ fa)| < o
We then have

([f0] — [ka)) — (¢~ ko] < <
Thus, we may let

x = |la] — |ka]

and
y=4L4—k

Notice that > 0 because o > ko (as k < £ and o > 0) and also 0 < y < M because 1 <k < ¢ < M+1. O

Lemma 5.3.10. Let a € R be irrational with o > 0. There exist infinitely many pairs (x,y) € N? with

y # 0 such that

x
- -«

1
y R~

Y
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Proof. Notice that at least one such pair exists, namely (|«],1). Suppose that there exist n such pairs

(z1,91) (w2,92) (@3,93) - (Tn,Yn)
We show how to find another such pair. Let
0 = min{|z; —ay;|: 1 <i<n}

and notice that § > 0 because « is irrational. Let M € NT be chosen such that M > %. By the previous
lemma, there exist 2,y € N with 0 < y < M and |z — ya| < 5;. Notice that 47 < 4, so (z,y) is distinct from
each of the pairs (x;,y;). Now 0 <y < M, so

x
- —a

1 1
y 2

<

<7
yM vy

O

With the previous lemma in hand, we are now ready to prove that the Pell Equation has a nontrivial
solution whenever d € NT is squarefree.

Proof of Theorem 5.3.8. Since d € 7 is square-free with d > 2, we know that v/d is irrational. For any
(r,y) € N? with y # 0 and

1
S

x
- —a

)
we can view z + yvd € Z[v/d] C Ok, where we have

IN (2 +yVd)| = |22 — dy?|
= |z — yVd| - |z + yVd|

RER» $+\/g‘
y y

1 T
< hfE v
Y Y

:y2

= |2+ Vva
y

_ x\/&+2\/&‘
Yy

IN

g—\/& +2Vd

1
<2Vd+1

Our goal now is to find a nontrivial element of Z[v/d] of norm 1 (it’s possible that Z[v/d] € O, but we just
work in this smaller subring in that case). Using the previous lemma combined with the above calculations,
it follows that there are infinitely many elements o € Z[v/d] with

—(1+2Vd) < N(a) <1+2Vd

In particular, there exists a k € Z such that there are infinitely many a € Z[v/d] with N(a) = k. Notice
that & # 0 because we know that N(«) = 0 implies o = 0. Looking at the coefficients a,b € Z of these
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o = a + bV/d, we see that modulo |k| there are at most |k| possible values of each, and hence there are at
most k2 possible pairs modulo |k|, Thus, since there are infinitely many a € Z[v/d] with N(a) = k, we may
fix o, § € Z[V/d] such that

* N(a)=k=N(3)
e k| (a—f)in Z[Vd] (i.e. the corresponding coefficients of a and  are pairwise congruent modulo k).
o a# L.
Now f € Z[Vd) C Q(+/d) and B # 0, so f~* € Q(v/d). Notice that since
N@B)N(BH)=N(@B~") =N(1) =1

it follows that

and thus

N(af™) = N(@N@B ™) =k- =1

1 p—

=
We have now found a nontrivial element o3~1 € Q(\/&) of norm 1 (notice that it does not equal +1 because
a # +), and our goal now is to show that our element is in Z[v/d]. We have

_ B afb
af™l=a —
N(B)  k
To finish, we need only show that k | af in Z[v/d]. Notice that 38 = N(8) = k so
aB=af —k+k
=af—pB+k
=(a-pB)B—k
Since we chose a and 3 so that k | (a — ), it follows that k | af in Z[v/d]. Therefore, a3~' € Z[\/d] is a
nontrivial element of norm 1, so gives a nontrivial solution to Pell’s Equation. O

Lemma 5.3.11. Let d € Z be square-free with d > 2, and let p € OQ(\/E) be a unit with p # +£1. The

elements £ and £0 are four distinct units, and exactly one of them lies in each of the intervals (—oo, —1),
(-=1,0), (0,1) and (1,00).
Proof. We have B B
P N A
N(p)  +1

Since N(1) =1 = N(—1) and N is multiplicative, it follows that each of the four elements +4 and +7 are
units, and they are equal to the four units +x and £u~!. Notice by assumption that none of them are 1.
If 4> 1,then 0 < ' < 1,50 —1 < —p~! <0 and —p < —1. The other cases are similar. O

Lemma 5.3.12. Let d € Z be square-free with d > 2, and let y € OQ(\/E) be a unit with p # +1.

o If u=a+bVd where a,b € Z, then p > 1 if and only if both a > 0 and b > 0.

e I[fd=1 (mod 4) and p = %—i—% d where a,b € Z are both odd, then > 1 if and only if both a > 0
and b > 0.
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Proof. Suppose first that u = a 4+ bv/d where a,b € Z. If both a,b > 0, then clearly a + bvd > 1 ++v/d > 1.
Suppose conversely that a + byv/d > 1. By the previous lemma, the four elements

a+bVd,a+ (=b)Vd, (—a) + bVd, (—a) + (—b)Vd

are all units and exactly one of them is greater than 1. Now the choice with both coefficients positive is
clearly greater than the other three, so that must be the one which is greater than 1. Since we are assuming
that a 4+ bv/d > 1, it follows that both a > 0 and b > 0.

Suppose now that d =1 (mod 4) and p = § + %\/& where a,b € Z are both odd. We then have d > 5.

If both a,b > 0, then a + bv/d > % + %\/5 > 1. The converse is the same argument as in the first part. [

Corollary 5.3.13. Let d € Z be square-free with d > 2, and let M € R with M > 1. There are only finitely
many units in OQ(\/E) lying in the interval (1, M].

Proof. Notice that there are only finitely many positive integers with a + bv/d < 2M and use the previous
Lemma. O

Corollary 5.3.14. Let d € Z be square-free with d > 2. There exists pg € U(OQ(\/&)) with py > 1 such that
o < p whenever u € U(OQ(\/E)) satisfies p > 1.

Proof. We know that there exists a nontrivial solution (z,y) to Pell’s Equation, and we may assume that
z,y > 0. We then have that z + yv/d > 1 is a nontrivial unit. By the previous Corollary, there are only
finitely many units in the interval (1, +y+/d], and since there is at least one we may choose a smallest such
unit pg. O

Definition 5.3.15. Let d € Z be square-free with d > 2. The unique unit py € U(OQ(\/E)) satisfying the
above corollary is called the fundamental unit of OQ(\/E)'

Theorem 5.3.16. Let d € Z be square-free with d > 2. Let g be the fundamental unit of OQ(\/E)' We then
have

U(Oq(ya)) = {£ng :n € Z}
In particular, U(OQ(\/@) > 7, x (Z/27) where the term on the right is though of as an additive abelian group.
Proof. Suppose first that v € U(OQ(\/E)) is an arbitrary unit with v > 1. Let n € NT be least such that
v < ud (notice that such an n exists because g, > 1). We then have
po < v <pg

—1)

Multiplying through by p (=1 5 0, we conclude that

1< Vﬂo_(n_l) < 1o

Since v~ (™= is a unit, we must have Z/,ua(nfl) = o by choice of pg. It follows that v = pg. Thus we have
shown that every unit greater than 1 is a positive power of .

If v is a unit and 0 < v < 1, then v~! is a unit with »=! > 1, so by what we just showed it follows that
v=t = u" for some n > 0. We then have v = p~". Now if v < 0, notice that —v is a unit with —v > 0, so
we finish by applying what we just showed. Thus

U(OQ(\/E)) ={+uy :n €}

For the final claim, define a function ¢: Z x (Z/2Z) — U(Oq/g,) by letting

d(nk) = (=1)"pg
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Notice that v is well-defined because (—1)* = 1 when k is even and (—1)¥ = —1 when k is odd. It is
straightforward to check that 1 is a homomorphism of abelian groups (where the left-hand side is viewed
additively and the right-hand side is viewed multiplicatively). Since p? > 1 for all n € N, we have
ker(¢)) = (0,0), so 1 is injective. We know that 1 is surjective from above, so 1 is an isomorphism. O

5.4 Factorizations
Let K = Q(v/—5). Notice that —5 # 1 (mod 4), so
Ok ={a+b/=5:a,bcZ}
Working in O, we have
2-3=06=(1+V-5)(1-v-5)

so it looks like we have two distinct factorizations of 6. Let’s check that these really are two different
factorizations into irreducibles. Now N(2) =4, so if «, f € Ok are such that 2 = a3, then

4=N(2) = N(af) = N(a)N(f)

Since d < 0, all norms are nonnegative, so N(«a), N(3) € {1,2,4}. Notice that there are no elements of norm
2 because a? + 5b* = 2 has no integer solutions. It follows that either N(a) =1 or N(8) = 1, so one of «
or 3 is a unit. Therefore, 2 irreducible in Q. Since a? 4+ 5b?> = 3 also has no integer solutions, the same
argument shows that 3 is irreducible in O as well. Now notice that

N1++v-5)=6 N(1—-+-5=6
As above, suppose that 1+ /=5 = a3. We then have
6=N(1++v=5)=N(aB) = N(a)N(p)

Since we just saw that there are no elements of norm 2 or 3, either N(a) = 1 or N(3) = 1. Thus, either « is

a unit or 3 is a unit, and hence 1 + /=5 is irreducible in Ok . The argument that 1 — /=5 is irreducible in

Ok is identical. Finally, note that the only units in Ok are +1, so these really are two distinct factorizations.
To get more out of this example, we have that 2 is irreducible in Ok and that

2:3=6=(1++v-5)(1—-+v-5)

hence 2 | (1 + v/=5)(1 — v/=5) in Og. Now if 2 | (a + by/=5), say 2(c + dv/=5) = a + b\/=5, then 2c = a
and 2d = b, hence we would have both 2 | a and 2 | b in Z. It follows that 2 { (1 + +/=5) and 21 (1 — /=5)
in O, so 2 is not prime in Og. Thus, in the ring Ok, the notions of irreducible and prime are distinct.

Before we jump into general theory about what can be salvaged in these rings, we first try to quarantine
off the rings which already behave well by classifying a few of these rings which do happen to be Euclidean
domains.

Lemma 5.4.1. Let d € Nt be squarefree and let K = Q(\/d). Suppose that for all o, 3 € O with 3 # 0,
there exists v € Ok such that
@
N|-= - fy>‘ <1
(5

We then have that |N| is a Euclidean function on Of.
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Proof. Let a, 8 € Ok with 8 # 0. By assumption, we may fix v € Ok with

@
N |- — <1
’ </3 ”)‘
Let p = a — By € Ok. Notice that o = By + p and

IN(p)| = [N(a = 37)]
G
- v (5 -1)
= vl v (5-9)]
< |N(D)]
Thus, |N| is a Euclidean function on Ok-. O
Lemma 5.4.2. If a,b € R with a,b > 0, then |a — b| < max{a,b}.
Proof. If 0 < b < a, then 0 < a — b < a, hence
|a — bl = a—b < a=max{a,b}
On the other hand,if 0 < a < b, then —b < a — b < 0, hence
la —b] = —(a—b) =b—a < b=max{a,b}
O

Theorem 5.4.3. Let d € {—2,—-1,2,3} and let K = Q(\/d). The function |N| is a Euclidean function on
Ok.

Proof. Suppose that o, 8 € Ok with 8 # 0. We have % € K, so we may write % = s+4t/d for some s,t € Q.

Fix integers m,n € Z closest to s,t € Q respectively, i.e. fix m,n € Z so that |s — m| < % and |t —n| < %
Let y=m+ nvd € O. We then have

]N ¢ —7)’ — IN((s + V) — (m + VD)
— IN((s = m) + (t = )V

= (s =m)* —d(t —n)’|

Now if d € {—2,—1}, then
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If d € {2,3}, then

N (5 =7)| = 1=y = ate -

< max{(s —m)?,d(t — n)?} (by the previous lemma)
< max {1, d}
- 44
<1
Therefore, |N| is a Euclidean function by the above lemma. O

Theorem 5.4.4. Letd € {—11,-7,-3,5,13} and let K = Q(v/d). The function |N| is a Buclidean function
on Ok.

Proof. Notice that d =1 (mod 4) in all of these cases. Suppose that a, 3 € Ok with 5 # 0. We have % €K,

SO we may write % = s+ t\/d for some s,t € Q. Fix n € Z closest to 2t € Q. We then have |2t — n| < % and
hence

Let m € Z be the integer closest to 2s € Q which has the same parity as n. We then have |2s —m| < 1 and
hence

Let v =5 + %\/E € Ok. We then have

Now if d € {—11, -7, -3}, then

If d € {5,13}, then

g 2 2
(= 2" (=)
d
< max{4,1—6}
<1

Therefore, |N| is a Euclidean function by the above lemma. O
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Corollary 5.4.5. Letd € {—11,-7,-3,-2,-1,2,3,5,13} and let K = Q(v/d). The ring Ok is a Euclidean
domain (with Euclidean function |N|), hence Ok is a PID and o UFD.

Proposition 5.4.6. Let K = Q(v/10). The ring Ok is not a UFD.

Proof. Notice that

2-3=6=(4+10)(4 — V10)

We first need to show that each of these factors are irreducible. Suppose that «, 3 € Ok with 2 = a8. We
then have
4= N(2) = N(aB) = N(a)N(3)

Thus, N(a), N(B) € {1, +2,+4}. If either N(a) = £1 or N() = £1, then either o or 3 is a unit. Thus,
we need only show that there is no a € Ok of norm +2. Suppose that o = a + bv/10 where a,b € Z and
N(a) = 42. We then have that a? — 10b? = +2, so in particular we have a? = +2 (mod 10). Looking at the
squares modulo 10 we get

01 496 5 6 9 41

Thus, there is no a € Z with a?> = +2 (mod 10). It follows that there is no o € O with N(a) = 42, and
hence « is irreducible in O . Similarly, 3 is irreducible in Ok because there is no a € O with N(«) = £3
(such an a would imply the existence of an a € Z with a?> = +3 (mod 10)). Now N(4++/10) = 16 — 10 = 6,
so if 4 + /10 was reducible, this would imply that there was an element of Ox with norm either 42
or £3, which we just showed did not exist. Therefore, each of the above factors are irreducible in Ok.
Finally, notice that neither 2 nor 3 is an associate of 4 4+ /10 because if & = fu for a unit p, then
N(a) = N(8)N(n) = £N(8). O

Theorem 5.4.7. The only integer solutions to the equation x® = y? + 2 are (3,45).

Proof. Suppose that (z,y) is a solution to y? + 2 = x3. Suppose first that y is even. Working in Z, we then
have that 2 | (y? + 2), hence 2 | 2% and so 2 | x as 2 is prime. It follows that 8 | 23, and thus 8 | (y* + 2).
Thus, 4 | (y% +2), so as 4 | y? (because y is even), we conclude that 4 | 2, which is a contradiction.

Suppose then that y is odd. Let R = O /=5 = Z[v/=2]. We know that R is a PID and UFD from
above. Working in the ring R, we then have

2 = (y+ VI — V)

We claim claim y + v/—2 and y — /—2 are relatively prime in R. Suppose that § € R is a common divisor
of y++/—2 and y — v/—2. We would then have that § divides the sum (y ++/—2) + (y — vV/—2) = 2y and the
difference (y + v—2) — (y — v/—2) = 2¢/—2. Taking norms, we conclude that

N(@)|4y*> and N(5)|8

in Z. Since y is odd, it follows that N(d) | 4 in Z and hence N(J§) € {1,2,4} (recall that the norm of
every element of R is nonnegative). A simple check shows that elements of R of norm 2 are v/—2 and the
elements of R of norm 4 are £2. Notice that +2 does not divide y + v/—2 in R (because the coefficient of
v/—2 is odd) and also 4++/—2 does not divide y + v/—2 in R (because v/—2(a + b\/—2) = —2b+ a/—2 and y
is odd). It follows that the only common divisors of y ++/—2 and y — v/—2 are +1, so y ++v/—2 and y — /=2
are relatively prime in R.

Now recall that R is a UFD, so since the product (y + v/—2)(y — v/=2) is a cube in R and the factors
are relatively prime, it follows that there exists u € U(R) and « € R with

y+ V-2 = pa’



96 CHAPTER 5. QUADRATIC NUMBER FIELDS

Since U(R) = {+1}, all elements of U(R) are cubes in R, so we may assume that y = 1. Letting o = a+by/—2
with a,b € Z, we have

y+v-2=a’

(a+bv—2)*

= a® + 3a’bv/=2 — 6ab® — 2b°/—2
= (a® — 6ab?) + (3a%b — 2b%)v/—2

Comparing the coefficients of v/—2, we conclude that
1 = 3a®b — 2b® = b(3a” — 2b%)

Thus, b|1inZ,so b= 41. If b= —1, then 1 = —(3a% —2), so 3a = 1, a contradiction. Suppose that b = 1.
We then have 1 = 3a% — 2, so a = £1. Thus either

y+vV_2=01+vV=2P=143V—2-6-2V—2=-5+/—-2

or

y+vV—2=(-1+vV-2P=-14+3V-2+6-2V/-2=5+/-2

It follows that y = +5. Hence 2® = 27 and so # = 3. Checking the pairs (3,45), we see that indeed they
are solutions. O

5.5 The Eisenstein Integers
Let K = Q(v/—-3) = Q({3) and let R = O. We know that
R = Z[(3] = Z[(e]

and in this section we will view R = Z[(3]. Now we know that [K : Q] = 2 and that (3 is a root of
3 —1=(z—1)(2? +z +1). Thus, (3 is a root of z? +z + 1. Since this polynomial has no rational roots, it
is irreducible over @ and hence is the minimal polynomial of (3 over Q. It follows that {1,(s} form a basis
for K over Q and that

R={a+0b(:a,beZ}
To see how to multiply elements of R, notice that
GHGt1=0

from above, so
GG=-1-G

Therefore, given a, b, c,d € (3, we have

(a +bG) (e + dCs) = ac + ad(s + beCs + bd¢?
= ac+ ad(s + bes + bd(—1 — (3)
= (ac — bd) + (ad + be — bd)(
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Also, given a,b € Z we have

2 2
=a®>—ab+b?

Written in these terms, since (¢ = 1 + (3, notice that

UR) ={1,-1,¢3, (3,1 + (3, —1 = (3}
Lemma 5.5.1. Let « € R. If N(«) is prime in Z, then « is irreducible and prime in R.
Proof. Same as in the Gaussian Integers. O

Notice that N(2) = 4. Suppose that 2 = a8 where «, 3 € R. We then must have N(«) € {1,2,4}.
Notice that N(«) = 2 is impossible as follows. If a,b € Z, then

N(a +bv~=3) = a® + 3b*

and there are no solutions to a2 +3b% = 2 in Z. Also, if a,b € Z are both odd, then we still get a contradiction
because ) )

a b

43 =29

4 + 4
implies that a2 4+ 3b? = 8 which has no solutions in odd integers. Thus, 2 is irreducible in R.

The case for 3 is more interesting. We clearly have

3= (-1)- (VB
where N(v/—3) = 3, so v/—3 is irreducible in R. Now
V-3=1+42(

SO we can write
3=(-1)-(1+2¢)°
Another way to factor 3 is as follows. Consider the polynomial 2 — 1. We know the three roots, so
2?—1=(r—-1(=—G)z—E)

And hence
2rr+1= (iE—Cg)(fE—Cg)

Plugging 1 into both sides we conclude that
3=(1-¢)(1-¢)

Now we know that
1-¢=1-(-1-¢) =2+
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SO
3=(1-¢)2+G)
Using the fact that R is a UFD, it follows that 1 — (3, 24 (3, and 1+ 2{3 must all be associates. Recall that

R has 6 units and that any associate of an element of norm 3 will also have norm 3. In fact, R has exactly
6 elements of norm 3, namely

-14+@G 2+@G —2-¢G 1-¢G 1+2¢G —-1-20G

Since there are 6 such elements and 6 units, these all must be associates in R. Partially for historical reasons,
and partially because of attempts to solve Fermat’s Last Theorem (for all values of n), one typically chooses
1 — (3 as the representative from this list. From above, we know that

3=(1-¢)2+G)
After some work, one discovers that
2+ G =0101+G)1-G)
SO
3=(1+G)-(1-¢)?
where 14 (3 € U(R) and 1 — (3 is irreducible in R. Compare this to the fact that in the Gaussian Integers
Z[i] we have 2 = (—i)- (1 +i)? or 2 =i - (1 —14)%

Recall that we found all integers solutions to x? + y? = 22 (i.e. the Pythagorean triples) by factoring
the left-hand side over Z[i]. Fermat’s Last Theorem is the claim that 2 is the largest exponent n for which
2™ + y™ = z" has solutions in NT. It is not hard to see that in order to prove this, it suffices to show that
2% +y* = 2% has no solutions in NT and that 2 +y? = 2P has no solutions in N* for odd primes p. The first
of these can be handled using elementary techniques or the classification of Pythagorean triples. However,
the latter is very difficult for any odd prime p. By working in the Eisenstein integers, it is possible to prove
Fermat’s Last Theorem for exponent 3.

Before diving into this (difficult) result, we make a few general comments about attempted proofs of
Fermat’s Last Theorem. Let p be an odd prime. Instead of working with the equation x? 4+ y? = 2P, we
instead work with the more symmetric equation z? 4+ y? 4+ zP = 0 over Z.

Lemma 5.5.2. Let p be an odd prime. The equation zP + yP = zP has a solution in NV if and only if
2P +yP + 2P =0 has a solution in Z\{0}.

Proof. If z,y,z € NT satisfy a? + y? = 2P, we then have 2P + y? + (—z)P = 0 and each of z,y, —2 € Z\{0}
(here we are using the fact that p is odd). Conversely, suppose that z,y, z € Z\{0} satisfy 2 + y? + 2P = 0.
It is not possible that all of terms are positive, and it is not possible that all of the terms are negative. If

one of the terms is negative and the other two are positive, we can multiply through by (—1)? = —1 to find
another solution with two terms negative and one term positive. Bringing the two negative terms to the
other side gives a solution to a? + b? = ¢? where a,b,c € N*. O

Suppose that z,y,z € Z\{0} are such that aP 4+ yP + 2P = 0. If we are trying to rule out solutions in
Z\{0}, it suffices to rule out such solutions where ged(z,y,z) = 1 because we can always divide through
by a greatest common divisor cubed to get another solution with this property. Furthermore, notice that if
ged(z,y) # 1 and ¢ is a common prime divisor of z and y, then ¢ | 2P and hence ¢ | z, so ged(z,y,2) # 1. A
similar argument works for any other pair. Thus, we may assume that x,y, z are relatively prime in pairs.
From here, most attempts to solve Fermat’s Last Theorem break into cases. Case 1 is where p does not
divide any of z, y, or z, while Case 2 is where p divides exactly one of x, y, or z (this suffices by the above
comments). Case 1 is typically easier than Case 2.

We now turn our attention to the case where p = 3. It turns out that Case 1 can be handled by elementary
means. Suppose that x,y,z € Z\{0} with 2% + y® + 23 = 0. Just as looking modulo 4 is a smart choice for
sums of squares, it turns out that looking modulo 9 is a smart choice here.
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Lemma 5.5.3. Ifa € Z and 31 a, then a® = £1 (mod 9).

Proof. This can be checked by direct computation modulo 9, but here is a faster argument that we will
generalize below. We have a = 41 (mod 3). Using Lemma 2.7.2, we conclude that a3 = (41)3 (mod 32),
which implies that a®> = £1 (mod 9). O

Now it is also easily seen that if 3 | a, then a® = 0 (mod 9). In other words, the cubes modulo 9 are
exactly —1,0,1. Suppose now that x,y,z € Z\{0} with 2® + ¢ + 23 = 0. Suppose that none of x,y, 2 is
divisible by 3. Working modulo 9, the previous lemma tells us that

+14+14+1=0 (mod?9)

which is a contradiction. Hence, 2% + 3 + 23 = 0 has no Case 1 solutions.

Ruling out Case 2 solutions is much more difficult. Suppose that we have a Case 2 solution where z,y, z
are relatively prime and where 3 | z (we may assume that 3 | z by symmetry and renaming of terms if
necessary). We then have that

234y = 28

The key fact is that we can factor the left-hand side in R. We have

2+’ =(x+y) (@ —ay+y°)
=@ +y)(z+ Gy)(z+ Gy)

where we have used the fact that (3 + (3 = —1. Thus

(z+y)(x+ Gy)(z+ Gy) = —2°

One might now be tempted to show that the factors on the left are relatively prime in R to argue that they are
cubes. However, this doesn’t work. In what follows, let 7 = 1 — (3 € R and note that = is irreducible/prime
in R from above. We know that 3 | z, so as 3 = (1 + (3) - 72, it follows that m | 2. Thus, 7 divides the
right-hand side, so as 7 is prime, it must divide one of the factors on the left. It is not difficult to see that
the three factors on the left are congruent modulo 7, so since one of the factors on the left is divisible by
m, all three must be. However, this suggests a potential line of attack by removing the common factor of 7
across all terms. Dividing both sides by 7% we obtain

x+y,:c+csy.:c+<§y__(g>3
s ™ s s

Using the fact that x, y, z are relatively prime, one can show that the factors on the left are pairwise relatively
prime in R. When multiplied together, these pairwise relatively prime elements equal a unit times a cube,
so each of them must be units times cubes. From here, the key step is to notice that

. (x;:y> N (3: +7T<3y> s (x +ﬂ<§y) 0

We now have a sum of units times cubes equal to 0 in R.

Recapping, the big picture idea is that if we have a solution, then we can divide through by 7 to obtain
a “smaller” solution. Thus, the plan is to argue that since you can not divide by 7 indefinitely, there must
not be a solution at all.

Now some problems worries immediately arise. Even though x,y, z € Z, we started to work with elements
of R quite quickly and our “new solution” in R involving units.

, and then hope to do some manipulations to argue that we obtain a “smaller” solution in some sense.
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In order to make this work, we have to generalize the whole apparatus to working in R throughout. Thus,
we instead aim to show that

o+ 3% =3

has no solutions in R with all three of «, 3, and 7y nonzero. To add some nice symmetry to the problem, we
instead show that

A+ +y=0

has no solutions in R with all three of «, 3, and 7 nonzero (this suffices because (—1)3 = —1 and so we
can absorb the —1 into the cube). In fact, in order to prove this, we will need to prove a slightly stronger
theorem involving some units (see below).

By generalizing the problem in this way, we can work in R throughout. Our first step is to prove that
in such an equation, at least one of «a, 3, or v is divisible by 7, which is the analogue of proving one of the
terms is divisible by 3 in the integer case. We first prove an important lemma (again think of 7 as playing
a similar role to 3).

Lemma 5.5.4. For all « € R, either a =1 (mod 7), « =0 (mod 7), or « = —1 (mod 7).

Proof. Let o € R be arbitrary. Since R is a Euclidean domain, we may fix v,p € R with o = y7 + p and
either p = 0 or N(p) < N(m). Notice that N(m) = 3 and there are no elements of R with norm 2 (as
discussed above), so either p = 0 or N(p) = 1. Since the elements of norm 1 are units, it follows that

p €{0}UU(R) ={0,1,-1,¢3,1 + (3, —C3, —1 — (3}

Now 7 | (o — p), so @ = p (mod 7). Thus, it suffices to show each of the elements in the above set are
congruent to one of —1,0,1 modulo 7. Notice that

¢3=1 (mod )

trivially because (3 — 1 = —a. Thus, 1 + {3 = 2 = —1 (mod 7) because 7 | 3. The other two are now
immediate. O

Corollary 5.5.5. For any 3 € R, 7 | (B — (33%).

Proof. Let § € R. By the previous lemma, we know that one of 3 =1 (mod 7), =0 (mod 7), or 5= —1
(mod 7) is true. If =1 (mod =), then

B—CGA=1-CG=0 (modr)

If 3 =0 (mod ), then
B—(B°=0-0=0 (mod m)

If 6=—-1 (mod 7), then
B—=(B°=-1+¢G=0 (modmn)

The result follows. O
Lemma 5.5.6. Let o € R with a Z0 (mod 7). We have the following:
1. o® = £1 (mod )

2. a® =41 (mod 9)
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Proof. We have

3=(14¢) 7
Since (1 +¢3)~! = —(3, it follows that
T = —3(3
Since a Z 0 (mod ), we know that either « =1 (mod 7) or « = —1 (mod 7).

Suppose that « =1 (mod 7). Fix § € R with « = 1 + 7. We then have

o = (1+pm)?
=1+ 3p6r + 36%7% + Bn°
=1+33*7%+3081 + 3 - (=3¢
=1+38%7% +37(8 — (38%)
Now 72 | 3 and 7 | (8 — (33%) by the previous lemma, so the final two summands are divisible by 7*. Thus
a® =1 (mod 7).
Suppose that « = —1 (mod 7). Fix 8 € R with a = 1 4 87. We then have
o = (=14 pn)?
= —1+4 367 — 38°n2 + 373
= —1+433°1% = 36r + - (=3(3)m
= —1+30%7° = 31(8 - G:8°)
Now 72 | 3 and 7 | (8 — (33%) by the previous lemma, so the final two summands are divisible by 7. Thus

a® = —1 (mod 7).
The latter follows from the fact that 9 = (1 + (3)? - 7* = —(3 - 7*, s0 9 and 7* are associates. O

We now state the big theorem involving units.

Theorem 5.5.7. There do not exist pairwise relatively prime nonzero «, 3,y € R and p € U(R) such that
7|y and o + B3 + uy? = 0.

Before diving into the proof, we obtain the corollaries.
Corollary 5.5.8. If a, 3,y € R satisfy o + 33 4+~ =0, then at least one of o, 3,7 equals 0.

Proof. Suppose that there exist a, 8,7 € R\{0} with a® + 8% +~3 = 0. Fix a greatest common divisor § of
{a, 8,7} (recall these exists in PIDs even for multiple elements). Note that § # 0 because a, (3, and ~ are
nonzero. Fix o/, 3',7' € R with a = da’, =060, and v = § = +v'. We then have

@)+ @)+ () =0

A simple check shows that the only common divisors of o/, ', and +' are units. Now if any two of these
have a common prime divisor, then it must divide the other, so in fact o/, ', and 4/ are pairwise relatively
prime.
We now argue that at least one of o, 3, or 4 is divisible by m. Suppose not. Reducing the equation
modulo 9 in R, we then have
+14+1+1=0 (mod?9)

Since 91 +1 and 9 1 £3 in R, this is a contradiction. Therefore, at least of o/, ', or +' is divisible by .
This contradicts the previous theorem with 4 = 1 (changing the role of the terms if necessary). O

Corollary 5.5.9. If z,y, 2 € Z satisfy 2° + y> = 23, then at least one of z,y, z equals 0.
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Proof. We have o3 + 3 + (—2)3, so we can apply the previous corollary. O
We now jump into a proof of the theorem.

Proof of 5.5.7. exist pairwise relatively prime nonzero o, 3,7 € R and p € U(R) such that 7 | v and
a® + 33 4+ py® = 0. Pick such a choice one with ord,vy as small as possible, say ord,y = n where n € N*t.
Notice that we must have ord,a = 0 and ord,[3 = 0 since we are assuming that the terms are relatively
prime.
We first claim that n > 2. Suppose instead that n = 1 and write v = 7 - 4/ where 7 {+/'.
043+ﬁ3+71'3-(’y/)3:0
Reducing this equation modulo 9, we conclude that
+1+1+72=0 (mod?9)
Since
7 = -3 —6¢

it follows that
+14+1+(3+46()=0 (mod?9)

A simple check of norms shows that this is impossible. Therefore, n > 2.
Now we have o + 3% + 43 = 0 and 7 | 4. It follows that 7 | (a® + 3%). Since

&+ 62 = (a+ B)(a+ GB)(a+ (38)

and 7 is prime, we conclude that 7 divides one of the terms on the right. However, notice that

(a+p8)—(a+GB)=(1~-(G)B=7r6

S0
a+fB=a+ B (modn)
We also have
(a+(3B) — (a+ GB) = B — (3B = n(sp

SO

(a+(f) = (a+¢GP)  (mod 7)

Combining the last two, we conclude that
a+pB=a+¢B (modT)

Thus, all three of the factors are congruent modulo 7. Since 7 divides at least one of them it follows that 7
divides all of them.

Now we claim that the elements
a+B a+GB a+E6

) Y

0 0 ™
are pairwise relatively prime. Suppose that § is a common divisor or the first two. We then have that §
divides their difference, which is (=C)8 — (. We also have that § divides the second minus (3 times the

first, which is @ = «. Since « and [ are relatively prime, it follows that § is a unit. The other two
pairs are treated similarly.
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Dividing both sides of the equation by 73, we obtain

at+f a+GB a+EB () (l>3
T e Y H o
where each of the factors on the left are pairwise relatively prime. Since the product on the left is a unit

times a cube, and each of the factors on the left are pairwise relatively prime, it follows that each of these
factors are units times cubes (here we are using that R is a UFD). Thus we can write

a+ﬁ_ 3 a"‘g‘iﬂ_ 3 04"‘(:?5_ 3
=¢c1p ——— =90 —=— =37
s m
where the g; € R are units. Notice that p, o, and 7 are pairwise relatively prime. Since n > 2, the right-hand
side is still divisible by =, so at least of o, p, 7 is divisible 7. By relabeling, we can assuming that 7 | 7.

Notice that 7 p and 7 t o because they are relatively prime. Thus, we must have ord,7 =n — 1.

Now )
+ + +
atf atGh o atds
T T T

G ~0

SO
C§€1p3 + 5203 + C3€37'3 =0

Dividing through by the unit (3e1, we obtain
p3 + 5403 + 657’3 =0
To finish the argument in contradiction, it suffices to show that e4 = 1. Reducing modulo 73, we obtain
+1+e,=0 (mod 7?)
A simple check of units shows that this is only possible if €4 = +1. Absorbing the negative, we obtain
PP+ 0% +e5m® =0

where ord,7 = n — 1, a contradiction. O
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Chapter 6

Quadratic Reciprocity

6.1 Quadratic Residues and the Legendre Symbol

Definition 6.1.1. Let n € NV and let a € Z with ged(a,n) = 1. We say that a is a quadratic residue
modulo n if there exists x € 7 with x> = a (mod n) (equivalently, if @ is a square in U(Z/nZ)).

Definition 6.1.2. Suppose that p € N is prime. Define Q, C U(Z/pZ) to be
Qp ={a : a is a quadratic residue modulo p}

50 Qp is the set of cosets of quadratic residues.

We have already studied quadratic residues if you don’t remember doing so. In Homework 4, Problem 6,
and Homework 5, Problem 1, you proved the following.

Theorem 6.1.3. Suppose that p,m € N where p is prime. Let d = gcd(m,p — 1). Define v: U(Z/pZ) —
U(Z/pZ) by letting p(z) = 2™

1. v is a group homomorphism.

2. |ker(y)| =d.

3. |range(y)| = %.

4. Givena € U(Z/pZ), we have @ € range()) if and only if a®=1/4 =1 (mod p).

If p is an odd prime and m = 2, we have d = ged(2,p — 1) = 2, so we obtain the following fundamental
corollary (which we reprove here).

Theorem 6.1.4. Suppose that p € N is an odd prime. Define v: U(Z/pZ) — U(Z/pZ) by letting ¢ (z) =

x2.

1. Y is a group homomorphism.

2. | ker(¢)| =2 (so ker(v) = {1,—1}).

3. |range(y)| = 112;1

4. Givena € U(Z/pZ), we have @ € range(y)) if and only if a®®=1/2 =1 (mod p).

We now pull apart this theorem into two important corollaries.

105
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Proposition 6.1.5. Suppose that p € NT is an odd prime. We then have that Q, is a (multiplicative)
subgroup of U(Z/pZ) and that |Qp| = pr1.

Proof. We have @), = range(¢), so @, is a subgroup because ¥ is a group homomorphism. The second result
is immediate. O

One can also prove the previous proposition directly without working through the general theory. One
can show that @, is a subgroup by directly arguing that the product of two squares is a square, and that
the multiplicative inverse of a square is also a square (and clearly 1 is a square). The second part can also
be argued directly as follows. Since a? = (—a)? (mod p), we have a® = (p — a)? (mod p), so determine the
squares modulo p it suffices to consider the following squares:

1222 32 . ()2
Also, if a® = b? (mod p), then p | (a®> — b%), so p | (a — b)(a + b), hence either p | (a — b) or p | (a + b) (since
p is prime), and thus either ¢ = b (mod p) or a = —b (mod p). Thus, the above p%l squares and pairwise
not, congruent modulo p.

Restating part 4 of the above theorem, we obtain the following fundamental characterization of quadratic
residues modulo p.

Corollary 6.1.6 (Euler’s Criterion). Let p be an odd prime. A number a € Z with p { a is a quadratic
residue modulo p if and only if
a?™V/2 =1 (mod p)

Proof. This is immediate from the above theorem, but we recall the proof.
Let a € Z with p { a. Suppose first a is a quadratic residue modulo p. Fix b € Z with p{ b and b*> = a
(mod p). We then have

aP=/2 = (p%)(P=1/2 (1mod p)
="' (mod p)
=1 (mod p)

where the last line follows from Fermat’s Little Theorem.

We now prove the converse by showing if a is not a quadratic residue modulo p, then a®~1/2 % 1
(mod p). This proof is a clever counting argument using roots of polynomials. By the direction we just
proved, if a is a quadratic residue modulo p, then @ is a root of the polynomial 2(P~1/2 —T € Z/pZ[z]. Since
Z/pZ is a field, the polynomial 2(P~1/2 — 1 has at most 25 many roots in Z/pZ. Since |Q,| = 25+ from
above, we conclude that these must be all of the roots of z(®~1/2 —T in Z/pZ. Therefore, if @ ¢ Q,,, then @
is not a root of this polynomial, and hence a?~1/2 # 1 (mod p). O

Euler’s Criterion establishes an important characterization of when a an a € Z is a quadratic residue
modulo an odd prime p. Since raising a number to a power is computationally quite fast (using repeated
squaring), this gives a satisfactory computational solution that is significantly more efficient that simply
trying all of the squares. However, there is much more that can be said, including important structural
connections about when a number a is quadratic residue modulo various primes.

Before jumping into these important results, we first say a bit about quadratic residues modulo n where
n is not a prime. Suppose that n € NT has prime factorization

ki, k k
n:p11p22 pe‘g

Let a € Z with ged(a,n) = 1. Using the Chinese Remainder Theorem, it is straightforward to see that a
is a quadratic residue modulo n if and only a is a quadratic residue modulo each pf On the homework,
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you will show that for an odd prime p, we have that a is a quadratic residue modulo p* if and only if a is a
quadratic residue modulo p. It is also possible to determine the quadratic residues modulo powers of 2 using
the structure of U(Z/2*Z) (see later homework... probably). Thus, we have reduced the problem to one of
determining if a is a quadratic residue modulo odd primes.

Definition 6.1.7. Let p € NT be an odd prime. For any a € Z we define

1 if a is a quadratic residue modulo p
a
(p) =< —1 ifais a quadratic nonresidue modulo p
0 ifpla
This notation is called the Legendre symbol.
Proposition 6.1.8. Suppose that p is an odd prime and a € Z. We have
<a) — 0 D/2 (mod p)
p

Proof. If p | a, then the left-hand side is 0 and the right-hand side is divisible by p, so the congruence is
satisfied. Suppose then that p t a. If a is quadratic residue modulo p, then (%) = 1 by definition and

alP=1/2 =1 (mod p) by Euler’s Criterion. Suppose then that a is not a quadratic residue modulo p. By
definition, we have (}) = —1. Now

(aP~V/%2 = gP=1 =1 (mod p)
by Fermat’s Little Theorem. Using Proposition 2.5.2, it follows that either
a?™V/2 =1 (mod p) or a?™ /2 =_1  (mod p)

Since a is not a quadratic residue modulo p, Euler’s Criterion tells us that a®~1/2 # 1 (mod p). Thus, we
must have a(P~1/2 = —1 (mod p). O

We now have another proof of an old fact.

Corollary 6.1.9. If p € Nt is an odd prime, then

(;1) — (_1)(10—1)/2

Thus, —1 is a quadratic residue modulo p exactly when p =1 (mod 4).
Proof. We have p{ —1 because p is prime. By the previous Corollary, we know that

(—pl) = (=1)® D2 (mod p)

Since both the sides of this equation are £1 and 1 # —1 (mod p) (because p is an odd prime), it follows that

(;1) — (_1)(10—1)/2

To finish the argument notice that if p = 1 (mod 4), then 25* is even so (—1)P~1/2 = 1, while if p = 3

(mod 4), then 25 is odd so (—1)P~1/2 = —1 O



108 CHAPTER 6. QUADRATIC RECIPROCITY

Corollary 6.1.10. There are infinitely many primes p € NT with p=1 (mod 4).

Proof. Notice that at least one such prime exists, namely 5. Suppose now that py, pso, ..., pg are primes with
p; =1 (mod 4). Consider the number
n=(2pp2---pr)’+1

Notice that n > 2, so n has a prime divisor. Fix a prime ¢ € Nt such that ¢ | n. Notice that ¢ is odd
because m is odd. We then have that —1 is a quadratic residue modulo ¢, so by the previous corollary we
know that ¢ =1 (mod 4). Now if ¢ = p;, then ¢ would divide

n—(2pipa-pr)? =1

a contradiction. Thus, we have established the existence of a prime ¢ = 1 (mod 4) such that ¢ # p; for all
i. The result follows. O

Proposition 6.1.11. Let p be an odd prime.

1. For any a,b € Z, we have
2. If a=b (mod p), then
3. For any a with p{a, we have

4. We always have

B)-

Proof. Properties 2, 3, and 4 follow directly from the definition of the Legendre symbol. We now prove
property 1. Suppose that a,b € Z. If either p | a or p | b, then both sides are 0. Suppose then that p t a and
p1b. We then have that

(ab> = (@) D/2 (mod p)

p

a®=1)/2  plp=1)/2 (mod p)

5)(2)

Therefore, the two values are equivalent modulo p. Since they both equal +1, and 1 # —1 (mod p), they
must be equal. O

The first statement in the above proposition is saying that the function ¢: U(Z/pZ) — {1, —1} defined
by

is a group homomorphism from U(Z/pZ) to {£1} (viewed as a group under multiplication). It says that
the product of two quadratic residues is a quadratic residue, that the product of a quadratic residue and
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a quadratic nonresidue is a quadratic nonresidue, and that the product of two quadratic nonresidues is a
residue. The first two of these are not very surprising and can be easily generalized to any field. That is, if F’
is a field and we are working in the group U(F) = F\{0}, then the product of two squares is alway a square,
and the product of a square and a nonsquare is always a nonsquare (prove it!). However, it is certainly not
true in general fields that the product of two nonsquares is a square, so this is something very special about
U(Z/pZ).

For example, consider the field Q and think about the squares in U(Q). Notice that neither 2 nor 3
are squares in U(Q), but their product 2 -3 = 6 is also not a square in Q. In contrast, the product of two
nonsquares in U(R) must be a square because an element is a square exactly when it is positive.

Let’s analyze this situation more generally. Let F be a field and consider the function ¢: U(F) — {1, -1}
defined by

6(a) 1 if a is a square in U(F)
a) =
—1 if a is not a square in U(F)
As we saw above, it is not generally true that ¢ is a group homomorphism (since if F' = Q, then h(6) = —1

while h(2) - h(3) = (—1) - (=1) = 1). Let A = {a € U(F) : ¢(a) = 1} be the set of squares. It is still true
in general that H is a multiplicative subgroup of U(F) (check it!), and thus it must be a normal subgroup
because U(F) is abelian. Thus, there is a natural projection map

n:U(F) - U(F)/H

In the case where F' = Z/pZ, know that H = Q,, has pT_l elements, so H has index 2 in U(F') and hence the
group U(F')/H has two elements. Thus, in this case, the quotient group U(Z/pZ)/Q, has order 2 and can be
identified isomorphically with {£1} under multiplication. In this way, the map ¢ above given by a — (3) is
the same map as 7. Fundamentally, the fact that @, has index 2 in U(Z/pZ) is the reason why the product
of two nonsquares must be a square (because any nonsquare gets mapped to —1 in this quotient, and hence
the product of two nonsquares corresponds to (—1) - (=1) = 1).

If you are working in a field F' where the set of squares H has index greater than 2 in U(F'), you still get
this projection map 7: U(F) — U(F')/H that is a homomorphism, but since the quotient object has more
than 2 elements there is no reason why the product of two nonidentity elements in the quotient will be the
identity element, so there is no reason to believe that the product of two nonsquares will be a square.

6.2 When 2 is a Quadratic Residue Modulo p

Let p be an odd prime. We have Euler’s Criterion, which tells us that 2 is a quadratic residue modulo p if
and only if
2(=1/2 =1 (mod p)

For a large prime p, a computer can quickly determine this (by repeated squaring), but it is still a significant
computation. We want to determine a simple characterization for when 2 is a quadratic residue modulo p
that would allow us to immediately conclude the answer using hardly any work.

Although there are elementary ways to get at such a characterization, we give a slick proof using some
algebraic number theory that will pave the way for later results. The very clever idea is to work in a ring
extending the integers for which we can easily manipulate Euler’s Criterion. In the integers, the value of
2(P=1)/2 is difficult to compute precisely. So the first step is to thing of a ring that has elements where large
powers are easy to compute. We know that roots of unity cycle around when you take powers, so we would
like to work in a ring where we express 2 in terms of roots of unity. Of course, another problem is that the
power of a sum is not the sum of the powers. However, since we are working modulo a prime, this is easily
overcome.
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Lemma 6.2.1. Let R be a subring of C and let p € NT be prime. Working in R, we have
(a+pB)P =a?+ 3" (mod p)
for all a, B € R.
Proof. By the Binomial Theorem, we have
(Oé—l—ﬁ)p =aoPf + (le)aplﬂ+ (Z)ap252 4ot <ppi 1>ozﬁp1 +ﬁp
hence

(a+B)F — (o +p7) = (?)ap_lﬂ-i- <g>ap_252 et (pﬁ 1>aﬂp_1

We know p | (Z) in Z, and hence p | (Z) in R, whenever 1 < k < p— 1. Thus, the right-hand side is divisible
by p in R, and therefore

(a+ B8P =a?+ 47 (mod p)
in R. O

Lemma 6.2.2. Let R be a subring of C consisting entirely of algebraic integers (for example, R C Ok for
some number field K ). Let m,n € Z. If m | n in R, then m | n in Z.

Proof. Suppose that m | n in R. Fix a € R with n = ma. Notice that if m = 0, then n = 0, so trivially
m | n in Z. Suppose then that m # 0. We then have that a = > € Q. Since o € R, we know that « is an
algebraic integer, so using Corollary 4.5.10 we can conclude that o € Z. Therefore, m | n in Z. O

Corollary 6.2.3. Let R be a subring of C consisting entirely of algebraic integers. Let a,b,c € Z. We have
a=b (mod ¢) in Z if and only if a = b (mod ¢) in R.

Proof. Immediate from the previous lemma. O

Now Euler’s Criterion deals with 2(P~1/2 modulo p, so in order to use these results, we instead seek to
express v/2 in terms of roots of unity because 2(P~1/2 = (1/2)P~1 which is much closer to a p*" power. In
a perfect world, we would ideally want to be able to express v/2 as sums and differences of roots of unity
without any coefficients so that raising to a power will be incredibly easy.

Thus, our goal is to express v/2 in terms of roots of unity, and after playing around the ring that works
out is R = Z[(g] where

(g = 27/8

_ 67r1',/4

7r+, LT
=cos— +1¢-sin—
4 4

V2 V2
= — _|_ 9 —
2 2
We have
G'=G
_ pldmi/s
— e7‘n’i/4

7T

77T+. )
= COS — 781N —
4

4
_V2 V2
) 2
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hence
GHE =G+ =Vv2

Thus, we will work in the ring R = Z[(s].
Although not essential for our development, we first establish some facts about this ring. We know that
(g is a root of the polynomial 28 — 1. We have

8 —1=(2* - 1)(a*+1)

Now (§ = €™ = —1, so (g is not a root of x* — 1. It follows that (g is a root of z* + 1, and we claim that
this is the minimal polynomial of (g over Q. The polynomial #% + 1 also has no rational roots (because
(£1)* +1 = 2), but we need to check that it is not the product of two degree 2 polynomials in Z[z]. Suppose
then that a,b, c,d € Z with

2+ 1= (2% 4+ ax 4+ b) (2% + cx + d)
=2t + (a+)a® + (ac+ b+ d)a® + (ad + be)x + bd
Looking at constant terms, we then have bd = 1, so either b =1 =d or b = —1 = d. This gives two cases.

e Case 1: Suppose that b = 1 = d. Looking at the coefficients of 2% and z2, we have a + ¢ = 0 and
ac+ 2 =0. Thus ¢ = —a and this implies—a? + 2 = 0. From this we conclude that a® = 2 which is a
contradiction because a € Z.

e Case 2: Suppose that b = —1 = d. Looking at the coefficients of 22 and x2, we have a + ¢ = 0 and
ac—2 = 0. Thus ¢ = —a and this implies—a? — 2 = 0. From this we conclude that a?> = —2 which is a
contradiction because a € Z.

Therefore, z* 41 is also not the product of two quadratics, and hence 2* +1 is irreducible in Q[z]. Therefore,
z* 4+ 1 is the minimal polynomial of (g over Q. It follows that (s is an algebraic integer and that

Q(¢s) = {ao + a1ls + a2(§ + a3(s : a; € Q}
Intuitively, we can reduce powers of (g beyond 3 by using the relation that (§ = —1. We also conclude that
Z[¢s] = {ao + a1(s + a2(E + as(§ : a; € Z}

Since (g is an algebraic integer, we certainly have Z[(s] € Ogc,). It is not clear at this point whether
equality holds (it does), but we do not need that here. We know that (I € Z[(g], and in terms of the above
representations notice that

G=G &=
Let 7 = (s + (3 ' = v/2 € R. Working in R, we know that

2
2(r=1)/2 = () (mod p)

p

+12G) s

Multiplying both sides by 7 we conclude that

so as 72 = 2, it follows that
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Now
™= (4G
=@+ (modp)
We now have a few cases.
o If p=1 (mod 8), then
=+ (modp)

(s+ ¢! (mod p)
7 (mod p)

o If p=3 (mod 8), then

™ =¢+¢" (modp)
=@ +¢°  (mod p)

(st —Cs (mod p)
=—7 (mod p)

o If p="5 (mod 8), then

™= +{¢" (modp)
= +¢°  (mod p)

(s — (gt (mod p)
=—7 (mod p)

o If p=7 (mod 8), then

=467 (mod p)

=(i+¢ " (mod p)
=( '+ ¢ (mod p)
=7 (mod p)

Suppose then that either p =1 (mod 8) or p =7 (mod 8). We then have 7 = 7 (mod p), so

T= <Z27> -7 (mod p)

Multiplying both sides by 7 and using the fact that 72 = 2, we conclude that

2= (2)2 @odn)

So far we have been working in R, but from the above lemma this congruence holds in Z as well. Since
ged(2,p) = 1, we may cancel the 2’s from both sides to conclude that

= (2)
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and hence (%) =1.

Suppose instead that either p =3 (mod 8) or p =5 (mod 8). We then have 77 = —7 (mod p), so Thus

r= (2> . (mod p)

p

Multiplying both sides by 7 and using the fact that 72 = 2, we conclude that

9= (;) 2 (mod p)

As above, this congruence holds in Z as well. Since ged(2,p) = 1, we may cancel the 2’s from both sides to

conclude that )
-1=1(- mod p
(2) moan

Theorem 6.2.4. If p € NT is an odd prime, then
(2) 1 ifp=1,7 (mod 8)
p) |-1 ifp=3,5 (mod?8)

(;) _ (c1)-urs

Proof. The only thing left to prove is the last step. If p= 1,7 (mod 8), then p? = 12,72 (mod 16), so p* =

2
(mod 16) and hence Z gl is even. If p = 3,5 (mod 8), then p? = 32,52 (mod 16), so p> =9 (mod 16) and
hence p2g1 is odd. O

and hence (%) =-1.

Stated more succinctly, we have

Corollary 6.2.5. If p € Nt is an odd prime, then
(—2)_ 1 ifp=1,3 (mod 8)
p) |-1 ifp=5,7 (modS8)

5)-G)-G)

We know that (‘71) = 1 if and only if p = 1 (mod 4), which is equivalent to saying that either p = 1

(mod 8) or p =5 (mod 8). We know consider the four possible cases to obtain the result. O

Proof. We know that

Corollary 6.2.6. Let p € Nt be prime. There exists a,b € Z with p = a® + 2b% in ezactly the following
cases.

e p=2
e p=1 (mod 8)
e p=3 (mod 8)

Proof. This follows from the homework using the fact that Z[v/—2] is a UFD along with the previous
corollary. O
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6.3 Quadratic Reciprocity

We now prove the following major theorem about quadratic residues.

Theorem 6.3.1 (Quadratic Reciprocity). Let p and q be distinct odd primes. We have

(Z> (Z) = (-1

(1) (5 Forr=tora=t anio
_<%) if bothp=3 and ¢ =3 (mod 4)

In other words

We build up to the proof in stages. Suppose that p € NT. The key idea to the proof is to use the
important insights of the last section and try to find sums of roots of unity that equal \/£p. For small values
of p, one can use some trigonometry to find ad hoc solutions. For example, we have

(3—¢G =V-3
When n = 5, notice that
¢ 27 Lisi 27
= cos — +isin —
° 5 5
and using some elementary trigonometry one can show that

271 /5-—1

COSg = 4

From here, some calculations give the following:
G-G-G+G=Vh

Before jumping into the big theory, we first think about certain simple sums of roots of unity.
p—1
Lemma 6.3.2. Let p € N* be an odd prime. We have > C;f =0.
k=0

Proof. One proof is to use the sum of a finite geometric sequences. Since ¢, # 1, we have

p—1
DG =G GG

k=0
-1
Cp_l
1-1
Cp_l
=0

Alternatively, notice that ¢, is a root of
2P —1= (-1 +aP 24 Fat1)
so since ¢, # 1, it follows that (, is a root of
e R S o

Plugging in ¢, gives the result. O
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We now extend the previous lemma to a “twisted” version where we use ¢, in place of (.

Lemma 6.3.3. Let p € Nt be an odd prime and let a € 7Z.
p—1
e Ifp|a, then > Cgk =p.
k=0
p—1
e Ifpta, then > Cgk =0.
k=0

Proof. If p | a, then (3% = (¢5)* = 1% for all k, so

p—1 p—1
D.Gr=> 1=p
k=0 k=0

Suppose that p { a. We then have (; # 1, so

p—1 p—1
GF ="
k=0 k=0
=146+ ()2 + o+ ()
C(G)r-1
gr=
11
= G
=0

Alternatively, notice that the function ¢: Z/pZ — Z/pZ defined by ¥ (z) = @ - x is a bijection (because
a € U(Z/pZ) has an inverse). Thus, every element in the list 0, a, 2a, 3a, ..., (p — 1)a is congruent modulo p
to exactly one element in the list 0,1,2,3,...,p — 1 and we can use the previous lemma. O]

Definition 6.3.4. Let p € N be an odd prime and let a € Z. The quadratic Gauss sum (relative to a) is

w50

. CS’“
k=0 \P

We let

p—1 L
-0 (1)

k=0 p

Lemma 6.3.5. Let p € NT be an odd prime. For any a € Z, we have G, = (%) -G.

Proof. Suppose first that p | a. We then have §gk =1 for all k, so
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where the last line follows from the fact that exactly half of the elements in {1,2,...,p — 1} are quadratic
residues. The result follows from the fact that () = 0 whenever p | a by definition.

Suppose that p f a. Notice that the function ¢: Z/pZ — Z/pZ defined by (x) = @ - x is a bijection
(because @ € U(Z/pZ) has an inverse). Thus, the every element in the list 0, a, 2a, 3q, . . ., (p—1)a is congruent
modulo p to exactly one element in the list 0,1,2,3,...,p — 1. It follows that

()56«
£6)

Now (%) = £1, so multiplying both sides by (%) gives the result. O

Theorem 6.3.6. Let p € NT be an odd prime. We have

a2 _ P ifp=1 (mod4)
—p ifp=3 (mod 4)

p—1
Proof. We evaluate the sum Y G,-G_, in two different ways. We have Gp-Go =0-0 =0 and if p { a then

_ Ga-Ga:(z>.G.<_;>.G
) 6o

It follows that

a=0
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On the other hand, we have

p—1 p—1 p—1 p—1 /

oo S((E6) <) £6) <)

a=0 a=0 k=0 =0 p
p—1p—1p—1

I
]
(]
RVl RV~

I
= O
7T
= o
/N 7/ N @

|
(]
\_/MN

’U‘Q

k=0 =0
p—1 k
S
k=0 \P
p—1
= p
k=1
=plp—1)
Therefore, we have
-1
<p>-@—U(?:p@—D
from which we conclude that )
G? = (_> p
p
Using the fact that (%) =1 when p = 1 (mod 4) and (%) = —1 when p = 3 (mod 4) completes the
proof. [

Now that we have found a sum of roots of unity equal that squares to 4+p, we are ready for the proof of
Quadratic Reciprocity.

Proof of Quadratic Reciprocity. Let p and g be distinct odd primes. Let G be the quadratic Gauss sum for
p, i.e.

Let
. p ifp=1 (mod4)
—p ifp=3 (mod4)

By Euler’s Criterion, we know that

2= (2 (mod g

q

We now work in Z[(,]. Using the fact that G* = p* by the previous theorem, we conclude that

1= 5)

and hence
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Now using the fact that ¢ is an odd prime, we also have

(5 o

¢4 (mod q)

¢ (mod q) (since ¢ is odd)

It follows that

and multiplying both sides by G we conclude that

(-3 o

This congruence also hold in Z because every element of Z[(,] is an algebraic integer. Using the fact that

gcd(p 7q) - 1, we C()nClude (hat
q p

(5)-()

If p=1 (mod 4), then p* = p and we are done. Suppose that p =3 (mod 4) so that p* = —p. We then have

(5)-(5)- ()

If g=1 (mod 4), then (’Tl) =1 and we are done. If ¢ = 3 (mod 4), then (771) = —1 and we are done. [

Since g > 3, it follows that

Example 6.3.7. Compute
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Solution. We have

()-@).

2w
N———

(o) (@)

Il

—
A~
2|
~—
A/~
=

1
e (2) (2 i 0125
e (3 (4
e (8)-(2)

I
—
—

\
—
S~—"
—

I
—_
—

|
—_
S~—
—_

Il

—

|

—

S—

—
e i N N
\_/\_/\_//\

U N Ot 3 3| Ot

:1.(_1).
=1

—
—
|
—_
=

Therefore —42 is a quadratic residue modulo 61.

> . (671> (since 61 = 1

(since 61 =1

(since 5 =1

(since 5 =5
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O

Proposition 6.3.8. Let p be prime. We have 3 is a quadratic residue modulo p if and only if one of the

following is true.
e p=2
e p=1 (mod 12)

e p=11 (mod 12)

Proof. First notice that 3 =1 (mod 2), so 3 is clearly a quadratic residue modulo 2. Also we have that 3 =10
(mod 3), so 3 is not a quadratic residue modulo 3. Suppose then that p > 3. By Quadratic Reciprocity and

the fact that 3 =3 (mod 4), we know that
<3> (3 ifp=1 (mod 4)
p) |- (5) ifp=3 (mod4)

e Suppose that p =1 (mod 3) and p =1 (mod 4). We then have

©)-0-()-

e Suppose that p =1 (mod 3) and p =3 (mod 4). We then have

()= @--()

We now have the following cases.
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e Suppose that p =2 (mod 3) and p =1 (mod 4). We then have
3 p 2
—_ = —- = —_ = —]_
()= ®=()
e Suppose that p =2 (mod 3) and p =3 (mod 4). We then have

B~

Thus, 3 is a quadratic residue modulo p exactly in the first and fourth cases. Using the Chinese Remainder
Theorem, this is equivalent to either p =1 (mod 12) or p = 11 (mod 12). O



Chapter 7

Dedekind Domains and Factorizations
of Ideals

7.1 Ideals as Missing Elements

Let R be an integral domain, and consider the set H of all ideals of R. We obtain a function f: R — H by
defining f(a) = (a), i.e. every element of R is sent to the ideal that it generates. Notice that given a,b € R,
we have that f(a) = f(b) if and only if a and b are associates in R. Hence f fails to be injective whenever
U(R) 2 {1} (which is almost always since —1 € U(R) and 1 # —1 if R has characteristic other than 2).
Also, notice that f is surjective exactly when R is a PID.

Applying f to an element of R results in a principal ideal that consists of the set of all multiples of a.
If we pass from elements to principal ideals in this way, we would like to still be able to multiply elements.
Fortunately, we worked out the basics about multiplication of ideals in Homework 1.

Definition 7.1.1. Let R be a commutative ring and let I and J be ideals of R. We define
IJ={cidy +cady + -+ +cpdy : k€Nt ¢, € 1,d; € J}

In other words, I.J is the additive subgroup of R generated by the set {cd:ce€ I,d € J}.

Proposition 7.1.2. If I and J are ideals of a commutative ring R, then IJ is an ideal of R.

Proof. Notice that 0 € IJ because 0 € I, 0 € J, and 0-0 = 0. Also, the set I.J is clearly closed under
addition because if we take two elements of I.J, say

a161 + a2b2 4+ 4 agbg

and
cidy + cado + -+ + crdy

where a;,c; € I and b;d; € J, then
aiby + agbg + -+ + agby + c1dy + cada + -+ + crdy

is of the correct form so is an element of I.J. Suppose then that we have an element ¢1dy+codo+- - +cpdy € IJ
where ¢; € I and d; € J and that r € R. We have

r(cidy + codo + -+ - + cpdy) = r(c1dy) + r(cada) + -+ - + r(crdy)
= (’I“Cl)dl + (T’Cg)dg + ... (’I”Ck)dk

121



122 CHAPTER 7. DEDEKIND DOMAINS AND FACTORIZATIONS OF IDEALS

Now since r € R and each ¢; € I, we know that each r¢; € I because [ is an ideal of R. Therefore, the last
expression above witnesses the fact that r(cidy + cads + -+ - + cgdy) € IJ. Thus, the set I.J is closed under
multiplication by any element of R. O

We also had the following result on Homework 1.

Proposition 7.1.3. Let R be a commutative ring and let I and J be ideals of R. Suppose that I = {(a) and
J = (b). We then have I1.J = (ab).

Proof. We first show that I.J C (ab). Consider an element c¢1d; + cada + - -+ + cxdy, € I.J where ¢; € I and
d; € J. Since each ¢; € I = (a), we may fix r; € R with ¢; = r;a. Since each d; € J = (b), we may fix s; € R
with d; = s;b. We then have

cidy + cady + -+ - + cpdi; = (r1a)(s10) + (r2a)(s2b) + - -+ + (rka)(skb)
= (r151)(ab) + (ras2)(ab) + - - - + (risi)(ab)
= (ris1 + 71252 + - +1risk)ab

Since 1181 4+ re2s2 + - - - + risi € R, it follows that ¢;dy + cada + - - - + cpdy, € (ab). Therefore, I.J C {(ab).
We now show that (ab) C IJ. Let « € (ab) and fix r € R with « = r(ab). We then have x = (ra)b and
since ra € (a) = I and b € (b) = J, it follows that x € I.J. Therefore, (ab) C IJ.
Combining the above two facts, we conclude that I.J = (ab). O

The previous proposition tells us the following. Suppose that a,b € R. If we multiply in R and then form
f(ab), we obtain the same thing as first computing f(a) and f(b), and then multiplying the corresponding
ideals. In other words, f preserves multiplication (if would be a homomorphism except for the fact that R
under multiplication of elements, and H under multiplication of ideals, are not groups). We also know that
given p € R, we have that p is a prime element of R if and only if (p) is a prime ideal of R, so our map also
preserve “primeness”’. In other words, this transition from elements to ideals loses a bit of information by
identifying associates, but respects the important algebraic aspects of multiplication.

In fact, it turns out that this identification of associates, although a loss in information, is actually
helpful in stating results more elegantly. For example, consider R = Z. When thinking about factorizations
of elements, we considered the factorizations 6 = 2 -3 and 6 = (—2) - (—3) as the “same” because we could
pair off elements up to associates. Thus, in this case, the presence of distinct associates made a fundamental
result less elegant. However, consider the fact that as ideals, these factorizations become

(6) = (2)- (3) (6) = (=2)-(=3)

What has been gained? The answer is that although 2 # —2 and 3 # —3, we do have that (2) = (—2) and
(3) = (—3). Thus, as ideals these factorization are in fact exactly the same. We do still have to cope with
order because (6) = (3) - (2), but this switch from elements to ideals results in a more elegant statement.

The above ideas are particularly elegant in a ring like R = Z[i] where there are more units besides +1.
Recall that 2 is not irreducible in R and that

2= (1+4i)(1 i) = (=i) - (1+1)?

Notice that initially it is not obvious that the terms in first factorization are associates. To make the terms
equal and realize that a square is present, we needed to introduce the unit out front in the latter factorization.
Compare this to the situation using ideals where we simply have

(2) = (L+4) - (1— ) (2) = (L+4) - (1+14)

without having to explicitly introduce the unit (notice that (—i) = R because —i is a unit of R, and RI =T
for every ideal so we need not include it). Also we do in fact have (1+44)- = (1 —4) as ideals, so each of these
factorization are actually identical.
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So far, we have be working in PIDs R where the function f: R — H is surjective. How should we
interpret the situation when R is not a PID and so there are elements of H that are not in range(f). Now
by passing from elements on R side to ideals on the H side we have introduced new objects. What do they
represent?

The key insight is the following. Let a € R and consider the ideal I = (a). By definition, we have that I
is the set of multiples of a. In other words, principal ideals are exactly the set of multiples of some element.
If we abstract away and consider a set J of elements of R, what properties should it have if it is to be
considered the set of multiples of some element? Certainly we should have 0 € J because 0 is a multiple of
everything. If you take two multiples of an element and add them, you should end up with another multiple
of the element, so J should be closed under addition (and similarly subtraction). Finally, if you take a
multiple of an element and multiply it by an arbitrary r € R, then you should up with another multiple of
the element, so J should be closed under multiplication by any element of R. Looking at the properties we
just listed, we see that they are precisely the defining properties of an ideal!

The creative leap now is to view any ideal I, principal or not, as the set of multiples of some “element”.
The scare quotes are there because if I is a nonprincipal ideal, then I is not literally the set of multiples of
any element of R. But if we take that leap we can try to imagine that there is a magical “ideal” element
that is not really an element of R whose multiples in R are precisely the elements of I. Thus, the ideal is
the “shadow” of this nonexistent element inside of the ring R. When viewed this way, ideals serve the role
of completing R be including elements should be there may not actually exist.

This is all rather cute and a bit mind-bending, but the real question is whether taking this point of
view actually allows us to do something insightful and allow us to build an interesting theory. Consider the
number field K = Q(v/—5) and its ring of integers R = O = Z[/—5] (since —5 # 1 (mod 4)). We know
from earlier that R is not a UFD because we have the two factorizations

2.3=6=(1+v-5)(1—-+V-5)

where each of the four factors are irreducible in R and none are associates (since U(R) = {£1}). We also
showed that although 2 is an irreducible element of R, it is not a prime element because 2 | (14++/=5)(1—+/=5)
but 241+ /=5 and 241 — /5. When we analyzed this situation in the past, we threw our hands in the
air. What more could we do? We can’t factor 2 any further so can not rectify the situation.

Since R is not a UFD, it is not a PID, and hence there are ideals that are not the set of multiples of an
element of R. In fact, on Homework 8, we show that P = (2,1 + y/=5) is a nonprincipal prime ideal of R.
Thus, P does not equal the set of multiples of any element of Og. However, try to think about P as the
set of multiples of some magical unicorn “ideal” element that just happens not to live in R. Since 2 € I and
1++/=5 are in P, each of these elements are multiples of this “ideal” prime element. Thus, we have found a
new “element” other than £1 that is a common divisor of 2 and 1+ 1/—5. Perhaps we can use this element
to refine the above factorization.

Before getting into the calculations, we need a simple result about how to multiply nonprincipal but
finitely generated ideals. It extends the above the result about multiplication of principal ideals.

Proposition 7.1.4. Let R be a commutative ring and let I and J be ideals of R. Suppose that I =
(a1,a9,...,a5) and J = (b1,ba,...,bs). We then have IJ = ({a;b; : 1 <i < k,1 <j </{}). In other words,

1J is generated as an ideal by all products a;b;.

Proof. The proof is essentially the same as the one for principal ideals, and the only difficulty is working
with the notation. O

Let’s see this in practice, Working in R = Ok = Z[/—5], we had the two different factorizations of 6:

2:3=6=(1++v-5)(1—+V-5)
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As above, consider the nonprincipal prime ideal P = (2,1 + +/—5). Let’s examine what happens when we
multiply this ideal by itself to form P2 = PP. By the above proposition, we know that

P? = (2,1+V=5)-(2,1+V-5)
= (4,24 2v-5,2+2v/—-5, -4+ 2v/-5)
= (4,2+2V—5,-4+2V-5)
Now 2 divides each of these three generators in R, so 2 divides every elements of P? in R. It follows that

P? C (2). Now
6= (2+2v=5) — (—4 +2v=5) € P?

and hence 2 = 6 — 4 € P2. From this we conclude that (2) C P2. Combining these two containments, it
follows that
P? = (2)

Thus, although 2 is not prime but also does not factor nontrivially in R, the ideal (2) factors as the square
of an “ideal” element. One could also consider the ideal (2,1 — 1/—5) to think about a new common divisor
of these elements. However, a simple calculation shows that (2,1 —/=5) = (2,1 +1/=5) = P (use the fact
that 2 - /=5 is in both ideals).

We can do the same thing with other pairs. Let

Q= (3,1++-5) L=(3,1—+-5)

As in the case for P, one can check that ) are L are nonprincipal maximal ideals of R (they both have index
3 in R), and hence both are nonprincipal prime ideals of R. In contrast to the case with 2 in place of 3, one
can also check that @ # L. Now

QL=(3,14+v-5)-(3,1—+v/-5)
=(9,34+3vV—5,3—3v-5,6)
=(3)

so we have succeeded in factoring 3 into prime ideal elements. One can also check that
PQ=(2,1++v-5)-(3,1++v-5)
= (6,24 2v—5,3+3V—-5,—4+2V-5)
=(1+vV-5)
and
PL=(2,1—+v-5)-(3,1—+-5)
= (6,2 —2v—5,3—3v—5,—4 —2/-5)
={1—-+v-5)
Let’s put this all together. Starting with the two bad factorizations
2.3=6=(1+v=5)(1— V=5

we obtain think in terms of ideals to see the factorizations

(2) - (3) = (6) = (1 + V/=5) - (1 —/=5).
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Now we insert our new ideal factorizations to turn these into
P?.QL = (6) = PQ- PL

Now ideal multiplication is commutative associative (see below), so these factorization as exactly the same
thing after rearranging! By passing from elements to ideals we have recovered uniqueness of factorization
into primes (where here we mean prime ideals rather than prime elements), at least in this one small case.
This is extremely exciting!

In hindsight, let’s compare the factorizations

2:3=6=(1+v-5(1-v-5)
in Z[v/—5] with the factorizations
4-15=60=6-10

in Z. The latter does not violate unique factorization because it was not actually a factorization into primes.
We can break down 4 =22, 15=3-5,6=2-3, and 10 = 2 - 5 to see that

(2-2)-(3-5)=60=(2-3)-(2-5)

At first sight, the factorization stymied us because we could not break down the elements any further.
However, by passing to ideals we succeeded in writing

PP-QL=(6)=PQ-PL

just as in Z.

The rest of this chapter is an elaboration of these ideas that will ultimately demonstrate that this is the
“correct” setting in which to work. However, we must travel a long road to get to our destination. We want
to replace elements by ideals, but immediately this raises several questions. Does multiplication of ideals
behave in a similar way to multiplication of elements? The following result is straightforward.

Proposition 7.1.5. Let R be an integral domain.
1. R-I=1 for all ideals I of R.
2.1-J=J-1I forall ideals I and J of R.
3. I1-(J-K)y=(I-J)-K for all ideals I, J, K or R.

Proof. The first is immediate from the observation that 1 € R.

For the second, notice that I - J is the additive subgroup of R generated by the set {cd : c € I,d € J}
while J - I is the additive subgroup of R generated by the set {da : d € J,c € I'}. These two sets are equal
because R is commutative, so [ -J = J - I.

For the third, check that each side is the additive subgroup of R generated by the set {abc : a € I,b €
J,c € K}. The notation is horrible, but the argument is straightforward. O

Therefore, multiplication of ideals is commutative and associative (just like multiplication of elements),
and R = (1) serves as a multiplicative identity. However, it takes much more work to extend other funda-
mental properties of element multiplication to ideal multiplication. For example, we would really hope that
the following are true:

o If - J=1-K and I # {0}, then J =K

e If I C J, then there exists K such that I = JK
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The latter arises from the idea that if I C J, then all multiples of the ideal element I are multiples of the
ideal element J, so that might suggest that J “divides” I. In other words, it is the abstract analogue of the
fact that if (@) C (b), then b | a. We will eventually prove these properties in certain nice rings, but they
are far from obvious. The following alternate characterization of prime ideals in terms of ideals is not too
difficult and will be extremely useful.

Proposition 7.1.6. Let R be integral domain. Let P be a proper ideal of R. The following are equivalent.
1. P is a prime ideal of R, i.e. whenever a,b € R are such that ab € P, either a € P or b € P.
2. Whenever I and J are ideals of R such that IJ C P, either [ C P or J C P.

Proof. 1 — 2: Suppose that P is a prime ideal of R. Let I and J be ideal of R and assume that IJ C P.
Suppose that I € P, and fix a € I\P. We show that J C P. Let b € J. We then have that ab € IJ, so since
we are assuming that IJ C P, we know that ab € P. Now P is prime ideal, so either a € P or b € P. Since
a was chosen to be an element of T\ P, we must have b € P. Since b € J was chosen arbitrarily, we conclude
that J C P.

2 — 1: Suppose we know 2. Let a,b € R and assume that ab € P. Define I = (a) and J = (b). We know
from above that I.J = (ab). Since ab € P and P is an ideal, it follows that I.J C P. Thus, by 2, either I C P
or JCP.If I C P, then a € P, while if J C P, then b € P. O

The grand hope is that in “nice” rings, every ideal factors uniquely (up to order) as a product of prime
ideals. This is our ultimate goal for the rings we have been studying.

7.2 Dedekind Domains

As we have seen, it is not generally true that O is always a PID. However, for any number field K, the
ring Ok always has several pleasing ring theoretic properties. The wider class of rings that belong to are
called Dedekind domains.

Definition 7.2.1. A Dedekind domain is an integral domain R with the following three properties:
e R is Noetherian.
e Fvery nonzero prime ideal of R is a maximal ideal.

e R is integrally closed in its field of fractions. In other words, if we let F' be the field of fractions of R,
then whenever o € F' is a root of a monic polynomial in R[z], we must have o € R.

The above definition requires some time and experience to understand and appreciate. Before proving
that some of more exotic rings we have studied are Dedekind domains, we first prove that nice rings we have
studied have the above properties.

Theorem 7.2.2. FEvery PID is a Dedekind domain.

Proof. Let R be a PID. Corollary 3.3.6 tells us that every R is Noetherian (remember that Noetherian
is equivalent to the statement that every ideal is finitely generated). Corollary 3.2.13 tells us that every
nonzero prime ideal in R is a maximal ideal (recall that these ideals are precisely the ones generated by
irreducible/prime elements).

For the third property, we generalize the proofs of the Rational Root Theorem and Corollary 4.5.10 to
R. Let F be the field of fractions of R. Let o € F' be a root of a monic polynomial p(z) € R[z]. Write

p(x) =z"+ an—lxnil +---+a1x+ag
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where each a; € R. Write a = 2 where b, c € R with ¢ # 0 and where b and ¢ are relatively prime in R (this
is possible because R is a PID and hence greatest common divisor exist). We then have

(/) +an_1-(b/c)" P+ +a-(b/e)+ap=0
Multiplying through by ¢™ we get
B 4+ ap 10" e+ -+ arbd™ 4 apc” =0

From this, we see that
bt =c- [_(anflbn_l R albc”_2 -+ aoc"_l)]

and hence ¢ | b" in R. From this we conclude that any irreducible/prime divisor of ¢ in R would be a divisor
of b™ and hence a divisor of b. Since b and ¢ are relatively prime in R, they have no common irreducible/prime
divisors in R, and hence ¢ must not be divisible by any irreducible/prime in R. However, we know that
every nonzero nonunit element of R is divisible by an irreducible element, so the only possible conclusion is
that ¢ is unit in R. Thus, a = b/c = bc~! € R. Tt follows that R is integrally closed in F'. O

Let K be a number field. We prove on the homework that the field of fractions of Ok is K. Thus, we
must ask whether Ok is integrally closed in K. Now by definition, Ok is the set of algebraic integers of K,
which is the set of elements of K that are roots of monic polynomials in Z[z]. Since we have thrown in all
elements of K that roots of monic polynomials, it is natural to believe that O is integrally closed in K.
However, the definition only dealt with polynomials having coefficients from Z. We now have to consider
monic polynomials having coefficients in Ok that are not in Z[x]. Are roots of these polynomials necessarily
in Ok as well? The question is similar to the following analytic idea. Suppose that you take the closure of a
set A to obtain a set B. Now what happens when you take the closure of B? It is natural to hope that the
new closure is B again, but this is not obvious because there are more points in B and hence the possibility
of new limit points.

For example, consider K = Q((3). By definition of O, every element of K that is a root of some monic
polynomial with integer coefficients lies in O . However, consider the polynomial

plx) =2® + G2+ (5-2G)r +7

If there is a root « of p(x) that lies in K, it is not at all obvious that this root is an algebraic integer (and
hence belongs to O ) because it is far from clear how to find a monic polynomial in Z[x] that has « as a
root.

Theorem 7.2.3. Let K be a number field. We then have have that O is integrally closed in its field of
fractions K.

Proof. We know from the homework that K is the field of fractions of Ok. Let p(x) € Ok[z] be a monic
polynomial. Write
p(x) = 2" + Bn1a™ "+ + bz + Bo

where each §; € Ok. Let a € K be a root of p(z).

Since each f3; € Ok, we know that each [3; is an algebraic integer. Using Theorem 4.5.6 that Z[3;] is
finitely generated as an additive abelian group. In fact, letting m; be the degree of some monic polynomial
fi(x) inZ[z] having §; as a root, the ring Z[3;] is finitely generated as an additive abelian group by the set
{BF 10 <k < m;} (intuitively we can reduce powers of 3; above m; to lower powers with integer coefficients
using the monic polynomial f;(x)). Using this, the ring Z[5o, 51, . - ., On—1] is finitely generated as an additive
abelian group by the finite set

n—1
{J[Bf:0<i<n—1,0<k <m}
i=0
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because again we can reduce larger powers of 3; above m; to lower powers using f;(x).
One can now show that the ring Z[Gy, 81, ..., Bn-1, ] is finitely generated as an additive abelian group
because we can use that fact that

Q" = —(Bpr@™ 4+ Bra+ By)

to reduce large powers of a beyond n to smaller powers of o with coefficients from the ;. Thus, the ring
Z[Bo, b1, - - ., Bn-1,0] is generated as an additive abelian group by the finite set

n—1
{of I B :0<i<n-1,0<k <m;,0<€<n}
=0

Since « is an element of some subring of C that is finitely generated as an additive abelian group, we may
use Theorem 4.5.6 to conclude that « is an algebraic integer. Since a € K, it follows by definition that
a € Ok. Therefore, O is integrally closed in K. O

Lemma 7.2.4. Let K be a quadratic number field. For any nonzero ideal I of O, we have that Nt NI # ().

Proof. Let I be a nonzero ideal of Og. Fix o € I with o # 0. Notice that N(a) =@ - a € I. We have that
N(a) € Z and also that N(«) # 0 because o # 0 (and hence @ # 0 as well). If N(a) > 0, we are done. If
not N(a) < 0, notice that —N(a) €€ Nt N T as well. O

Theorem 7.2.5. Let K be a quadratic number field. For any nonzero ideal I of Ok, the ring Ok /I is
finite.

Proof. Fix a square-free d € Z\{1} with K = Q(v/d). Let I be a nonzero ideal of Ok. By the previous
lemma, we may fix m € Nt NI and let J = (m). We then have that J C I, so to show that O /I is finite it
suffices to show that Ok /J is finite (because if « +J =+ J,thena— € JCI,soa+1=pF+1). Let

_fVd  ifd#1 (mod4)
T4 ifd=1 (mod4)

Thus, in either case, we have
Ok =Zn={a+bn:a,beZ}

We claim that every element of Ok /J is represented by an element of the form 7y 4+ ron with 0 < r; < m.
To see this, let a,b € Z be arbitrary. Since m € N*, we may fix ¢;,r; € Z with a = gym +r1, b = gam + ro
and 0 < r; < m. We then have that

(a+bn) = (r1+mrem) = (a—r1) +(b—12)n
=q1m + gamn
=m-(q1 + q21)

Thus, (a + bn) — (r1 + r2n) € J and hence (a + bn) + J = (rg + ron) + J. It follows that every element of
Ok /J is represented by an element of the form r; + ron with 0 < r; < m. Since there are finitely many such
elements, we conclude that Ok /J is finite. As mentioned above, this implies that Ok /I is finite. O

Corollary 7.2.6. Let K be a quadratic number field. We then have that Ok is Noetherian and that every
nonzero prime ideal of O is maximal. Thus, Ok is a Dedekind domain.
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Proof. We first show that O is Noetherian. Below, we use the notation (G : H) to mean the index of the
subgroup H inside the group G (that is, the number of cosets of H in G). Suppose that

LELCIz ¢ ...

is a strictly increasing sequence of ideals of Ok . Notice that Iy # {0}, so by the previous theorem we know
that Ok /I, is finite, i.e. that (Og : I3) is finite (where we are viewing each of these as additive groups).
Since Iy C I3, we know that (I3 : I3) > 2, so since

(OK : .[2) = (OK : .[3) . (Ig : IQ)

it follows that (O : Is) < (Ok : I3). Following this argument, we see that (O : In11) < (Ok : I,) for all
m. However, this is a contradiction because there does not exist an infinite decreasing sequence of natural
numbers.

Suppose now that P is a nonzero prime ideal of Ox. We then know that Ok /P is an integral domain.
By the previous corollary, we also know that Ok /P is finite. Since every finite integral domain is a field, we
conclude that Ok /P is a field, and hence that P is a maximal ideal.

Combining both of these with the fact that O is integrally closed in its field of fractions K (from above),
we conclude that O is a Dedekind domain. O

In fact, one can prove that Ok is a Dedekind domain for every number field K (not just the quadratic
ones). To do this, it suffices to prove Lemma 7.2.4 and Theorem 7.2.5 for general number fields K because
that is all we used in the previous corollary. In order to prove Lemma 7.2.4, one can define a norm function
on Ok that has similar properties, but this requires some more advanced field theory and Galois-theoretic
ideas. For Theorem 7.2.5, it suffices to show that O is always a finitely generated abelian group. In fact,
one can show that Ok always has an integral basis, i.e. a finite set aq, as, ..., a,, that is linearly independent
over Q and such that

O = {k1a1 + koag + -+ -+ kpay, ki € Z}

We were able to do this in the quadratic case by using our knowledge of the elements of Ok to realize that
{1,n} was an integral basis. In general, this is significantly harder to prove in a general Ok because it is
not always easy to get one’s hands on the elements. However, it is still true, but requires some more tools
that we currently have at our disposal.

7.3 Factorizations of Ideals in Dedekind Domains

Lemma 7.3.1. Let R be a Noetherian ring. Let H be a nonempty set of ideals of R. There exists a mazimal
element of H, i.e. there exists I € H such that there is no J € H with I C J.

Proof. Suppose that H does not have a maximal element. Let I; € H be arbitrary. Since I; is not a maximal
element of H, we may fix Is € H with I; C I,. Continue to define a sequence of ideals recursively, i.e. given
I, € H, we know that I, is not a maximal element of H, so we may fix I,,41 € H with I,, C I,,41. Thus, we
have a constructed a chain of ideals

LCLCI3C ...

contradicting the fact that R is Noetherian. O

In the context of Dedekind domains, the next corollary is the analogue of the statement that every
nonunit is divisible by some prime (where we are used ideal containment to represent divisibility). In the
integers, this is proved by a simple induction. Notice how the Noetherian condition replaces the role of
induction by forcing chains of ideals to end.
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Corollary 7.3.2. Let R be a Noetherian ring. FEvery proper ideal of R is contained in a mazimal ideal of
R.

Proof. Let I be a proper ideal of R. Let H be the set of all proper ideals J of R such that I C J. Notice
that H # () because I € H. A maximal element of H exists by the previous lemma, and is a maximal ideal
of R containing I. O

Now that we know that every nontrivial ideal is “divisible” by some prime ideal, our next hope is to
write every such ideal element as a product of prime ideals. As a small stepping stone to this, we first show
that every nonzero ideal contains a product of nonzero prime ideals. Intuitively, an ideal with few members
corresponds to a large “ideal element” (since the ideal is thought of as a set of multiples, and larger elements
have fewer multiples). Thus, this next proposition is saying that no ideal is so “large” when viewed as an
element (or equivalently has so few members) that it can not be subsumed by a product of primes. Again,
the key idea is to use the Noetherian property to take the place of an inductive proof.

Proposition 7.3.3. Let R be a Dedekind domain and let I be a nonzero ideal of R. There exist nonzero
prime ideals Py, Py, ..., Py of R (not necessarily distinct) with PyPy--- P, C I.

Proof. Let 'H be the set of all nonzero ideals I that do not contain a product of nonzero prime ideals. Suppose
that H # (). Let I be a maximal element of H. Notice that I is certainly not prime itself, so we may fix
a,b € R with ab € I but a ¢ I and b ¢ I. Consider the ideals T + (a) and I + (b). Each of these ideals
properly contain I, so by maximality, each of these ideals contains a product of nonzero primes. Fix nonzero
prime ideals P; and @Q; such that PyPs--- P, C I+ (a) and Q1Q2--- Q¢ C I + (b).

We claim that PPy -+ PrQ1Q2---Qy C I. To see this, it suffices to show that c¢d € I whenever ¢ €
PiPy-- P, and d € Q1Q2---Qp (because the product is the set of sums of these elements). Let ¢ €
PPy P, and let d € Q1Q2---Q¢. We then have ¢ € I + (a), so we may fix x € I and » € R with
¢ =z + ra. We also have d € T + (b), so we may fix y € I and s € R with d = y + sb. We then have

cd = (x +ra)(y + sb) = xzy + ray + sbx + rsab

Now z,y € I and ab € I, so cd € I. Thus, PPy - PQ1Q2---Q¢ C I. We have found a product of
nonzero ideals that is a subset of I, so we have arrived at a contradiction. Therefore, H = (), and the result
follows. O

Proposition 7.3.4. Let R be a Dedekind domain and let I be a proper nonzero ideal of R. Let F be the
field of fractions of R. There exists v € F\R such that vI C R, i.e. such that ya € R for all a € I.

Proof. Since I # {0}, we may fix a nonzero d € I. By the previous proposition, we know that (d) contains a
product of nonzero prime ideals, and so we may fix nonzero prime ideals Py, Ps, ..., Py such that Py P, --- P, C
(d) where k is as small as possible. Since I is a proper ideal, we may fix a maximal ideal M containing I.
Maximal ideals are always prime, so M is a prime ideal. We have

PPy P C{d)CICM

so by Proposition 7.1.6, we must have P; C M for some i. Relabeling if necessary, we may assume that
P, C M. Now R is a Dedekind domain, so since P; is a nonzero prime ideal, it must be maximal. Hence,
M = P; and we have

PPy P, C(d) CTC P

Since k was chosen as small as possible, we know that Py --- Py € (d), hence we may fix ¢ € Py--- Py
such that ¢ ¢ (d). We then have that d { c in R, so § € FF\R. Now for any a € I, we have a € P, so

ac € PiPy--- P, C (d). and hence d | ac in R. Thus, §-a = % € R for all a € I, and we may take

v=94€F\R. O
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Lemma 7.3.5. Let R be an integral domain. Let I be an ideal of R and let d € R. Assume that d | a for

allael. Let )
J:g'I:{TER:rdGI}

We then have that J is an ideal of R and I C J.

Proof. We clearly have 0 € J since 0-d =0 € I. If a,b € J, then ad € I and bd € I, hence (a + b)d =
ad+bd € I, and hence a+b € J. If a € J and r € R, then ad € I, so (ra)d = r(ad) € I and hence ra € J.
Thus, J is an ideal of R.

Finally if a € I, then ad = da € I, and hence a € J. Thus, I C J. O

Lemma 7.3.6. Let R be a commutative ring and let I be an ideal of R. For any d € R, we have (d) - I =
{da:a € I}.

Proof. We clearly have {da : a € I} C (d) - I. We show that reverse containment. Let z € (d) - I. Fix
b1,ba,...,b, € {(d) and aj,as,...,a, € I such that x = byaj + baas + -+ + bpa,. For each i, fix r; € R with
b; = r;d. We then have

r =bia; +bsas + -+ bya,
= (rid)ay + (red)as + - - + (rpd)ay,

=d- (ra1 +reaz +...man)
Since r1ay + roas + ... rpay € I, it follows that « € {da :a € I'}. Thus, (d)-I C{da:a € I}. O

Theorem 7.3.7. Let R be a Dedekind domain. For all ideals I of R, there exists a mnonzero ideal J of R
such that I.J is principal. In fact, if I # {0} and d is an arbitrary nonzero element of I, then there exists a
nonzero ideal J of R such that IJ = (d).

Proof. If I = {0}, this is trivial by taking J = R = (1), so assume that I # {0}. Fix d € I with d # 0.
Define

J={reR:(r)-IC(d)}
={reR:d|raforallacl}

Notice that J is an ideal of R (check this) and J # {0} because d € J. We certainly have I.J C (d), and we
claim that IJ = (d). Since IJ C (d), we know that d | = for all € IJ, so using Lemma 7.3.5 we see that

the set 1
K:E-IJz{rER:rdEIJ}

is an ideal of R. If K = R, then 1 € K, so d € IJ and hence I.J = (d) which completes the proof.

Suppose then that K is a proper ideal of R. Let F' be the field of fractions of R. By the above proposition,
we may fix v € F\R with vK C R. Notice that if ¢ € J, then ¢d € IJ because d € I, hence ¢ € K. Thus,
J C K. It follows that vJ C vK C R.

We now claim that vJ C J. Let ¢ € J. Since vJ C R, notice that y¢ € R. We need to show that yc € J,
so we need to show that d | (y¢) - a for all a € I. Let a € I. We have ca = ac € I.J, so d | ac. It follows that
2 € K, and hence v- % € R. Thus, d | (y¢) - a.

Since J is an ideal of R and R is Noetherian, we may fix by, bo, ..., by, such that J = (b1, ba,...,b,). Now
«vJ C J, so for each i, we have vb; € J and hence may fix r; ; € R with

Ybi = riib1 +rigby + -+ 1inby

Let M be the n x n matrix M = [r; ;] viewed as a matrix over the field F, and let v be the n x 1 column
vector v = [b;]. The above equation simply says that v = Mv, and notice that v # 0 because J # {0}.
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Thus, v is an eigenvalue of M. Let f(z) = det(xI — M) be the characteristic polynomial of M. Notice that
f(z) is a monic polynomial (of degree n) and that f(z) € R[z] because all entries in M are elements of R.
Since « is an eigenvalue of A, we know that v is a root of the characteristic polynomial f(xz). Now R is
Dedekind domain, so R is integrally closed in F' and hence we must have v € R. This is a contradiction,
and hence it is not possible that K is a proper ideal of R. O

Corollary 7.3.8. Let R be a Dedekind domain. Let I,J, K be ideals of R. If IJ = IK and I # {0}, then
J=K.

Proof. Suppose that I.J = IK and I # {0}. Fix a nonzero ideal L such that LI is principal. Fix d € R with
LI = (d) and notice that d # 0 because both I and L are nonzero ideals. Multiplying both sides of IJ = I K
by L and using the fact that ideal multiplication is associative, we see that (d) - J = (d) - K.

We now claim that J = K. Suppose first that a € J. We then have da € (d) - J, so da € (d) - K. Thus,
we may fix b € K with da = db. Since R is a an integral domain and d # 0, we may cancel to conclude that
a="0¢ K. Thus, J C K. Similarly, we have K C J. Combining these, we conclude that J = K. O

Corollary 7.3.9. Let R be a Dedekind domain. Let I and J be ideals of R. We have If I C J if and only
if there exists an ideal K such that I = JK

Proof. Suppose first that there exists an ideal K with I = JK. Since JK C J, we clearly have I C J.
Suppose conversely that I C J. First assume that J is principal and fix d € R with J = (d). We then
have I C (d), so d | a for all a € I. By Lemma 7.3.5, the set

K:éJ:{TER:rdGI}

is an ideal of R. We then have that JK = (d) - K = I (check this last equality).

Suppose then that I C J but J is nonprincipal. Fix a nonzero ideal L of R such that JL is principal.
We then have IL C JL, so as JL is principal, we may fix an ideal K with IL = JLK. Since L # {0}, we
may use the previous corollary to conclude that I = JK. O

Theorem 7.3.10. Let R be a Dedekind domain.
e FEvery nonzero proper ideal of R can be written as a product of prime ideals.

o I[f PPy, ..., P, Q1,Q2,...,Q are nonzero primes ideals of R with PPy --- P, = Q1Q2---Qy, then
k = and there exists o € Sy such that P; = Qy; for alli.

Therefore, every nonzero proper ideal of R factors uniquely as a product of prime ideals.

Proof. Let 'H be the collection of all nonzero proper ideals of R that can not be written as a product of
prime ideals. Suppose that H # (). Since R is Noetherian, we may fix a maximal element I of H. Now I
is a proper ideal of R, so since R is Noetherian we may fix a maximal ideal M of R with I C M. By the
previous corollary, we may fix an ideal K of R with I = M K. We then have that I C K. Also, if I = K,
then RI =1 = MI, so R = M by cancellation, which is a contradiction. Thus, I C K, so K ¢ H because I
is a maximal element of H. Therefore, K is a product of nonzero prime ideals, and since M is also a prime
ideal (because it is a maximal ideal), it follows that I = MK can be written as a product of prime ideals.
This is a contradiction, so we must have H = ().

Suppose that P, Ps,..., P, and Q1,Q2,...,Q; are nonzero primes ideals of R with PiPy--- P, =
Q1Q2---Qy. Since P\ P --- P, C Py, we then have

Q1Q2---QrC P,

Since P is prime, Lemma 7.1.6 implies that there exists j with ; € P;. Now R is a Dedekind domain, so
Q; is a maximal ideal and hence P, = ;. We may now cancel this factor from both sides and repeat. At
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no stage can we have a nonempty product of prime ideals equal to R, so eventually we pair up all the P;
with a @; and leave nothing left over. O

Theorem 7.3.11. If R is a Dedekind domain, then R is a PID if and only if R is a UFD.

Proof. We know that PIDs are always UFDs in general. Suppose then that R is a Dedekind domain that
is also a UFD. Since R is a UFD, we know that every nonzero nonunit element of R can be written as a
product of irreducibles, and we also know that every irreducible element of R is prime. Combining these, we
conclude that every nonzero nonunit element of R can be written as a product of prime elements.

Suppose now that I is an arbitrary ideal of R. We need to show that I is principal. If either I = {0} or
I = R, then R is trivially principal, so assume that I is a nonzero proper ideal of R. We know that we may
fix a nonzero ideal L of R such IL is principal. If L = R, then IL = I, and hence [ is principal. Suppose
then that L is a nonzero proper ideal of R. Notice that IL is a nonzero proper ideal of R, so we may fix a
nonzero nonunit @« € R with IL = (a). From above, we may write a = p1py - - - p, where the p; are prime
elements of R. We then have

IL = (a) = (p1) - (p2) -~ (Pn)

Since R is a Dedekind domain, we may fix nonzero prime ideals @); and R; such that I = Q1Q2--- Q) and
L=RiRy---Ry. We then have

Q1Q2- - QpRiRy -+~ Ry = (p1) - (p2) -~ (pn)

Now each ideal (p;) is a prime ideal because it is generated by a prime element, so by unique factorization
of ideals into primes, we know that each @; equals some (p;). Thus, I is a product of principal prime ideals,
and hence is principal. O

7.4 The Class Group

Definition 7.4.1. Let R be an integral domain. Define a relation ~ on the set of nonzero ideals of R by
saying that I ~ J if there exist nonzero a,b € R with {a) - I = (b) - J.

Thus, two ideals are equivalent if they can be made equal via multiplication by (nonzero) principal ideals.

Proposition 7.4.2. Let R be an integral domain. The above relation ~ is an equivalence relation on the
set of monzero ideals of R.

Proof. We clearly have (1) -I = (1) - I for any nonzero ideal I of R, so ~ is symmetric. Also, ~ is symmetric
immediately from the definition. Suppose that I and J are nonzero ideals of R with I ~ J and J ~ K. Fix
nonzero a,b,c,d € R with (a) - I = (b) - J and (c) - J = (d) - K. We then have

(ca) - I ={c) {a) 1
={(c)-(b)-J
=(b)-(c)-J
=(b) - (d) - K
= (bd) - J

Notice that ca # 0 and bd # 0 because R is an integral domain, so I ~ K. Therefore, ~ is an equivalence
relation. O

The following lemma says that if R is a subring of C (such as when R = Ok for a number field K), then
I ~ J exactly when I and J have the same “shape” when viewed as a subset of C.
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Lemma 7.4.3. Let R be a subring of C. Let I and J be nonzero ideals of R. We then have that I ~ J if
and only if there exists a nonzero A € C with A\- I = J (where A- I ={Xc:c € I}).

Proof. Suppose first that I ~ J. Fix nonzero a,b € R with (a) - I = (b) - J. We claim that ¢ - I = J.

e We first show that -1 C J. Let c € I. We have ac € (a) - I, so we must have ac € (b) - J. By Lemma
7.3.6, we may fix d € J with ac = bd. We then have

a
s03~c€J.

e We now show that J C ¢-1. Let d € J. We have bd € (b) - J, so we must have bd € (a) - I. By Lemma
7.3.6, we may fix ¢ € I with bd = ac. We then have
bd ac a
d = — = — = — -
b b b
sode ¢-1.
Combining the two containments, we conclude that § - I = J. Thus, we may let A = 7 € C.
Suppose conversely that there exists a nonzero A € C with A\ - I = J. Since [ is a nonzero ideal of R, we
may fix b € [ with b # 0. We then have A\b € J, so we may fix a € J with A\b = a. Notice that a # 0 because
A # 0 and b # 0. We claim that (a) - I = (b) - J.

e We first show (a) - I C (b) - J. Let x € {(a) - I. By Lemma 7.3.6, we may fix ¢ € I with 2 = ac. Since
A-I=J,wehave A\c€ J. Now x =ac=Abc=>-(\c), so z € (b) - J.

e We now show that (b) - J C (a) - I. Let y € (b) - J. By Lemma 7.3.6, we may fix d € J with y = bd.
Since J = A+ I, we may fix ¢ € I with d = Ae. Now y = bd = b(Ac) = (Ab) -c=ac, so y € {a) - I.

Combining the two containments, we conclude that (a) - I = (b) - J. O

Proposition 7.4.4. Let R be an integral domain. For any nonzero ideal I of R, we have R ~ I if and only
if I is a principal ideal. Thus R is the set of all principal ideals of R.

Proof. Suppose first that I is a nonzero principal ideal of R. Fix a € I such that I = (a). We then have
that (a) - R={a)=1=(1)-1,s0 R~ 1.

Suppose conversely that I is a nonzero ideal of R and that R ~ I. Fix nonzero elements a,b € R with
(a) - R = (b) - I. We then have (a) = (b) - I. Thus a € (b) - I, so using Lemma 7.3.6 we may fix ¢ € I with
a = be. We claim that I = (c). Since ¢ € I, we clearly have (¢) C I. Let = € I. We then have bz € (b) - I, so
bx € (a). Fix r € R with bx = ra. We then have bz = rbe, so since R is an integral domain and b # 0, we
must have z = r¢ Thus, x € {(c). It follows that I = (¢) and hence I is a principal ideal of R. O

By the previous proposition, every nonzero principal ideal of R has the same “shape” as R. In the case
where R = Z][i] is the Gaussian integers, we have that R is a PID and hence all nonzero ideals of R look
just like R except for scaling and rotation (as we saw in Section 3.6). However, the situation is much more
interesting when R is not a PID. Consider the case where R = Og(,/—5 = Z[v/—5]. We still have that
all principal ideals of R have the sam shape as R, but we know that nonprincipal ideals of R exist. Let
I = (2,14 +/=5) and recall from the homework that I is nonprincipal. Drawing the elements of R as a
subset of C gives a geometric demonstration of these differences. Consider the case where J = (3,1 + /=5).
One can show that J is also a nonprincipal ideal (by the similar argument). Notice that

(1+V=5)-T=(1+v=5)-(2,1++-5)
= (24 2v/—5,—4 4 2V/5)
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and
(2)-J=(2)- 3,1+ V-5)
= (6,2 +2V-5)
Now
—44+2V5=(242V=5) -6 € (6,24 2V/=5)
and
6=(2+2V=5) — (—4+2V5) € (2+2V/—5, -4+ 2V/5)

(14+V=5)-T=1(2)-J

and hence I ~ J. In fact, one can show that any two nonprincipal ideals of R = Z[y/—5] are equivalent and
hence ~ has exactly two equivalence classes in this case.

Proposition 7.4.5. Let R be an integral domain and let Iy, Is, J1, Jo be nonzero ideals of R. If I ~ Iy and
Jl ~ JQ, then Iljl ~ IQJQ.

Proof. Since I} ~ Iy, we may fix nonzero aj,as € R with (a1) - I} = (ag) - Is. Since J; ~ Jo, we may fix
nonzero by, by € R with (b1) - J; = (ba) - Jo. We then have

(arby) - I Jy = (a1) - (b1) - Iy - J1
(a1) - I - (b1) - J1
= (az) - Iz (b2) - J2
= (az) - (b2) - I> - J2
= (agba) - I3.J3
Since a1b; # 0 and agbs # 0 (because R is an integral domain), it follows that I1.J; ~ I3Js. O

Theorem 7.4.6. Let R be an Dedekind domain. Define a binary operation on the equivalence classes of ~
by letting I - J = I1J. Under this operation, the set of equivalence classes of ideals of R becomes an abelian
group.

Proof. The previous proposition says that - is well-defined on the equivalence classes of ~. Now associativity
and commutativity of - follow immediately from the associativity and commutativity of ideal multiplication.
Notice that for any nonzero ideal I of R, we have RI = I = IR (since 1 € R), hence R-1 =1=1"R.
Thus, R serves as an identity. Suppose that I is an arbitrary nonzero ideal of R. Since R is a Dedekind
domain, Theorem 7.3.7 implies that we may fix a nonzero ideal J of R such that I.J is principal. We then
have R ~ I.J from above, so I -J = IJ = R (and hence J - I = R by commutativity). Therefore, every
element has an inverse. O

Definition 7.4.7. Let R be a Dedekind domain. The above group is called the (ideal) class group of R.

Notice that a Dedekind domain R is a UFD if and only if R is a PID if and only if the class group of R is
trivial. Thus, one way to view the class group is that it provides a measure of how badly unique factorization
and nonprincipality of ideals can fail. As mentioned above, the class group of Z[/—5] is a cyclic group of
order 2. The following is a nontrivial theorem that is a fundamental result in algebraic number theory (and
is beyond our scope).

Theorem 7.4.8. If K be a number field, then the class group of Ok is always a finite group.
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Chapter 8

Cyclotomic Extensions

8.1 Cyclotomic Polynomials

Definition 8.1.1. Let F be a field and let n € N*. An nt* root of unity in F is an element u € F such
that u™ = 1. In other words, an n*™ root of unity is a root of the polynomial 2™ — 1 € F[x]. Working in a
field F, we let R,, be the set of nt" roots of unity.

Given any field F' and any n € N*, notice that I has at most n distinct n* roots of unity because the
polynomial ™ — 1 € F|z] has at most n distinct roots. However, in some fields there may be fewer. For
example, 1 is the only 3" root of unity in R, and %1 are the only fourth roots of unity in R.

Working in C, we know that ¢, = €™/ is an n*" root of unity. Furthermore, viewed as an element of
U(C), we have |¢,| = n (since ¢ = 1 but ¢¥ = €27/ £ 1 whenever 0 < k < n). Thus, ¢, generates a
subgroup of U(C) with order n. Every element of this subgroup is an n'" root of unity, so C has at least
n distinct n*? roots of unity (namely {1,¢,,¢?,...,¢" 1}). Therefore, C has exactly n distinct n*" roots of
unity from above.

Proposition 8.1.2. Let F be a field and let n € NT. The set R, is a cyclic subgroup of U(F) with order
equal to a divisor of n.

Proof. Clearly 1 € R,,. If u,w € R, then v" =1 = w", so (uw)" = v"w" =1-1=1. If u € R, then
u™ =1, so u # 0 and multiplying both sides by (u=1)" gives 1 = (u=1)", so u™! € R,,.

We know that |R,| < n by the above comments, so R, is a finite subgroup of U(F'). Therefore, R,, is
cyclic by Theorem 2.6.1. Fix a generator w of R,,. We then have w™ = 1, so the order of w must be a divisor
of n. Hence, |R,| = |w| is a divisor of n. O

Definition 8.1.3. Let F be a field and let n € N*. A primitive nt" root of unity in F is an element u € F
such that |u| = n when viewed as an element of U(F). Working in a field F, we let P, be the set of primitive
nt" roots of unity.

Using the previous proposition, notice that a primitive n?” root of unity exists in F' exactly when |R,,| = n.

We have that C has a primitive n'® root of unity for all n because |¢,| = n for all n. However, R does not
have a primitive 4" root of unity.

Suppose now that we are working in C and we have a fixed n € N*. We know that primitive n!* roots
of unity exist because ¢, is one. Now the number of primitive n** roots of unity is the number of generators
of R,,. Since R, is a cyclic group of order n, we know from Corollary 2.4.9 that R,, has exactly ¢(n) many
generators, so |P,| = ¢(n). Moreover, we know from Proposition 2.4.8 that ¢* is a primitive n‘* root of
unity exactly when ged(k,n) = 1.

h
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Consider now an arbitrary n' root of unity u in a field F. We know that u™ = 1, so when viewed as an
element of U(F') we know that |u| is a divisor of n. Suppose that |u| = d for some d | n. Notice then that u
is primitive d** root of unity. Thus, every n'" root of unity is a primitive d** root of unity for some d | n

We want to understand the field extension Q C Q(¢,) or in general Q C Q(¢¥). In order to do this, we
first need to understand that minimal polynomial of ¢¥. Thus, we need to look at how z™ — 1 factors over
Q. We have the following.

e 22 —1=(x—1)(z+1)

3

)
e —1=(x—-1)(22+2+1)
P ><x 1)
o 2% —1=(x—1)(a*+ 24z +1)
el —1=(@-D)x+1)@*+r+1)(2®2-2+1)
e’ —1=(x-1)(+2+2t+23+22+1)
e 2 —1=(x—1)(z+1)(22+1)(z*+1)
e 2! —1=(r—-1)(22+a2+1)@0 +23+1)

It is straightforward to check that each of the above quadratics have no roots in Q and hence are irreducible
in Q[z]. Tt is harder to see that the other factors are irreducible in Q[z], but we will do this below. Looking
at the the polynomials that arise, notice that

Prr+l=(z—()(w—GE)

and
B —x4+1=(z—()(z— ()

roots of unity appear as the roots of the various polynomials. We now
th roots of unity as the roots.

Thus, we are seeing the primitive n'"

turn this on its head by defining polynomials that have the primitive n

Definition 8.1.4. Let n € N*. Working in C, let S = {k € {1,2,...,n} : ged(k,n) = 1} and define

Ou(x)= [ @-w

ueP,

=[[@-¢h

keS

As it stands, we only have ®,(x) € Clz] or better ®,(x) € Q(u)[z]. Also, since |P,| = ¢(n), we have
deg (P, (2)) = p(n).

Suppose that n € N*. The roots of 2™ — 1 are all of the n'” roots of unity. Now any n'* root of unity is
a primitive d*" root of unity for some unique d | n as described above. Therefore

2" —1= H(mfu)

uER,

H H(xfu)

dln u€Py

= H‘I’d(iﬂ)

dln
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As we saw above, it turns out that several of the polynomials ®,,(x) for small values of n are in Z[z], which
is a bit surprising based only the definition. But we will see that this is no accident.
The above formula gives us a recursive method to calculate ®,,(z). For example, to calculate ®5(x), we

need only note that
25— 1 =0 (2)P5(z) = (x — 1)®s5(x)

to conclude that .
-1
(I>5(x):x ] =zt 42t a1
.

We can then use this to calculate ®1¢(z). We know that

1‘10 —1= @1(1‘)@2(%‘)@5(3})@10(1‘)

0
20 —1=(z—D(z+1)(z* +2° + 2% + 2+ 1)Dyo(z)

It follows that 10 5
Y —1 z° 41 4 3 2
o) = = == N 1
10(z) (5 —1)(z +1) T +1 * v v

Notice that if p is prime, then
P —1 =0 (2)®,(z) = (z - D)(aP  +2P 2+ 42 +1)

SO
Dp(z) =aP P P4+l

We can now use this to compute ®,2(z). We have
2P =1 = By (1)@, (2)Bp2(2) = (z— D(@P + 2P 24 4 1)y ()

Since the product of the first two is P — 1, it follows that

= oP(P=1) L p(P=2) L . P

as we saw in the case of p? = 9 above.

Lemma 8.1.5. Let F C K be a field extension. Let f(x),g(x) € Flx] and suppose that g(z) # 0. If
h(z) € Klz] satisfies f(x) = g(z)h(z), then in fact h(z) € F[z].

Proof. Since F[z] is a Euclidean domain, we may fix ¢(x),r(z) € Flz] with f(z) = g(z)q(x) + r(x) and
either r(x) = 0 or deg(r(x)) < deg(g(x)). This equation works in K[z] too. Since quotients and remainders
are unique in K[z], and we also have f(z) = g(z)h(z) + 0, we must have h(z) = ¢(x) € K|[z]. O

Proposition 8.1.6. @,,(z) € Q[z] and is monic for all n € N*.
Proof. The proof is by induction on n. It is trivial for n = 1. Suppose that the result is true for all k£ < n.
We then have
2" —1=[[ @)= ( [[ ®a@))-Pnla)
d|n d|n,d#n

By induction the factor on the left (which is nonzero) is in Q[z] and we clearly have 2™ — 1 € Q[z]. Thus, by
the lemma, we have ®,,(x) € Q[z]. Also, induction tells us that the factor on the left is monic, so comparing
leading terms it follows that ®,,(x) is monic. O
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Lemma 8.1.7. Suppose that f(x) € Z]z] and that g(x), h(x) € Q[z] with f(z) = g(z)h(x). Suppose further
that both f(x) and g(x) are monic. We then have that g(x), h(z) € Z[z] and that h(x) is monic.

Proof. By looking at leading terms, we conclude that h(z) is also monic. By Gauss’ Lemma, there exist
s,t € Q such that s - g(z) € Z[z], t - h(z) € Z[x], and

f(x) = (s-g(x)) - (t- h(z))

Since g(z) and h(z) are monic, we must have s,t € Z. Now f(x) is also monic, so looking at the leading
term on the right we conclude that st = 1, so s,t € {£1}. It follows that g(x), h(z) € Z[z]. O

Theorem 8.1.8. ®,,(z) € Z[z| for alln € NT.
Proof. The proof is by induction on n. It is trivial for n = 1. Suppose that the result is true for all & < n.
As above, we have
w1 =[[®a@) = ( [[ ®a@):@ul)
d|n d|n,d#n

By induction the factor on the left is a monic polynomial in Z[z] and we clearly have that 2™ — 1 € Z[z] is
monic. Therefore, using the lemma, we conclude that @, (x) € Z[z]. O

Definition 8.1.9. Let F be a field. We define a function D: Flx] — Flx], called the formal derivative, as
follows. Given f(x) € Flx], say

flx) = Z apx®
k=0

we define
n n—1
D(f(z)) =Y kara* ™' =" (k + Dag 12"
k=1 k=0

where we interpret k € F ask =141+ ---+ 1 (where there a total of k many 1’s in the sum).

It is painful but straightforward to check that D obeys the usual derivative rules (such as the sum and
product rules) for any field F[z].

Proposition 8.1.10. Let F be a field and let f(x) € F[z] be a nonzero polynomial. If f(x) and Df(x) are
relatively prime in Flx], then ordyq(f(x)) <1 for all irreducible q(x) € Fz].

Proof. We prove the contrapositive. Suppose that g(z) € Fl[x] is irreducible and ord,,(f(z)) > 2. Fix
g(z) € Flz] with f(z) = q(z)?g(x). We then have

Df(x) =2-q(z) - Dg(x) - g(x) + q(x)* - Dg()
= q(x) - [2- Dq(x) - g(x) + q(z) - Dg()]
so ¢(z) is a nonunit common divisor of f(z) and D f(x). O

Corollary 8.1.11. Let n € NT and let p € Nt be prime with p t n. Working in Z/pZ[x], we have
ordgy (" — 1) <1 for all irreducible q(x) € Z/pZ[x].

Proof. Working in Z/pZ|z], we have D(z" —1) = - 2"~ 1. Notice that 7 # 0 because p { n. Since Z/pZ][x] is
a Euclidean domain and z € Z/pZ|z] is irreducible, the only irreducible factors of D(z" —1) are the nonzero
constant multiples of x (i.e. the associates of x). Since z t 2" — 1 in Z/pZ|z], it follows that ™ — 1 and
D(z"™ — 1) have no common irreducible factors in Z/pZ[z], and hence are relatively prime in Z/pZ[z]. The
result now follows from the previous proposition. O
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Theorem 8.1.12. &, (z) is irreducible in Q[z] for all n € N*.

Proof. Let g(z) € Q[x] be a monic irreducible factor of ®,,(z) (such a factor exists because Q[z] is a Euclidean
domain). Fix h(z) € Q[z] with ®,,(z) = g(z)h(z). By Lemma 8.1.7, we have g(z), h(z) € Z[z] and also that
h(z) is monic. Fix an arbitrary root u € C of g(x), and notice that u is a primitive n'” root of unity because
it is a root of ®,(z). Since g(x) is irreducible in Q[z], it follows that g(x) is the minimal polynomial of u
over Q.

Suppose that p is a prime with p { n. We claim that u? is also a root of g(x). First notice that u? is
a primitive n*” root of unity (since p f n and hence ged(p,n) = 1). Thus, either g(u?) = 0 or h(u?) = 0.
Assume that latter, i.e. assume that h(u?) = 0. We then have that u is a root of h(zP), and since g(z) is the
minimal polynomial of u, we conclude that g(z) | h(2P) in Q[z]. Fix ¢(x) € Q[z] with

h(z?) = g(z)q()

Now h(zP) € Z[z] and both h(zP) and g(z) are monic, so ¢(z) € Z[z] and is monic by Lemma 8.1.7. Reducing
this equation modulo p, we see that

h(2?) = g(x)q()

in Z/pZ[z]. Now the ring Z/pZ[x] has characteristic p and in Z/pZ we have a? = a for all a € Z/pZ by
Fermat’s Little Theorem. Therefore, h(2?) = (h(z))? by the Freshman’s Dream Lemma. Hence in Z/pZ[z]
we have

(h@) = 5@)()

Therefore, g(z) | (h(z))? in Z/pZ[z], and hence g(z) and h(z) have a common irreducible factor in Z/pZ[z]
(since Z/pZ[x] is a UFD). Now ®,,(z) = g(z)h(z), hence &, (z) = g(z)h(z) in Z/pZlz], so it follows that
®,,(z) there exists an irreducible m(z) € Z/pZ[z] such that m(x)? | ®,(x) in Z/pZ[z]. Since ®,,(z) | 2" —T1 in
Z/pZ|z], it follows that there exists an irreducible m(z) € Z/pZ|[x] such that m(z)? | 2™ —1. This contradicts
the previous corollary. Therefore, we can not have h(u”) = 0, so we must have g(u?) = 0.

Thus, for any root u of g(z), and any prime p { n, we have that u? is also a root of g(x). Now an arbitrary
primitive n'” root of unity equals (P'P2--P for primes p; { n. Repeatedly applying the result, we conclude

that that every primitive n'” root of unity is a root of g(x). Since g(z) | ®,(z) in Q[z] and g(x) is monic,
this implies that @, (x) = g(x). Therefore, ®,,(z) is irreducible in Q[z]. O
Corollary 8.1.13. If u € C be a primitive n'" root of unity, then [Q(u) : Q] = w(n). Thus, [Q(¢,) : Q] =
p(n).
Lemma 8.1.14. Let n,k € NT. Suppose that p € NT is prime divisor of ®,(k). We then have

e pfik.

e Either p|n orp=1 (mod n).
Proof. Let p € N be a prime divisor of ®,,(k). Now in Z[z], we have
S, (z)|z" -1

so we can conclude that ®,,(k) | k™ — 1 in Z. Since p | ®,(k), it follows that p | (k™ — 1) in Z, hence k™ = 1
(mod p). From this we can conclude that p { k, which gives the first assertion.

Since p { k, we have k € U(Z/pZ). Let m be the order of k viewed in the group U(Z/pZ). Working in
the group U(Z/pZ), we have k' =1, so m | n. We now have two cases.

e Suppose that m = n, i.e. the order of k in U(Z/pZ) is n. By Lagrange’s Theorem, we conclude that
n|(p—1),s0p=1 (mod n).
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e Suppose that m # n, so m is proper divisor of n. We then have that =1 Working in Z[z], there
exists g(x) € Z[x] with
2" —1=d,(z) (™ —1) g(x)
(Here g(x) is the product of all ®,(x) where d varies over all proper divisors of n that are not divisors
of m; note that this might be an empty product in which case g(z) = 1). Reducing modulo p this gives

2" ~T=T,(x)- (@™ —1)-5(x)

Now k is a root of ™ — 1 € Z/pZ[z] and also a root of ®,(x) € Z/pZ[z] (because p | ®,(k)). This
would imply that (x — k)? divides 2™ — 1 in Z/pZ|[x]. From the above corollary, this implies that p | n.

This completes the proof. O
Lemma 8.1.15. Let n € N with n > 2. We have |9, (x)| > x — 1 for all x € R with x > 2.

Proof. For any primitive n'”* root of unity u € C, we have |z — u| > z — 1. Therefore

[@u(z)| = [T lo—ul

uepn
> H (x—1)
uePl,
= (z — 1)%(71)
>x—1

where the last line follows from the fact that z — 1 > 1 and ¢(n) > 1. O

Theorem 8.1.16 (Dirichlet’s Theorem on Primes in Arithmetic Progressions (Special Case)). For every
n € NV, there exist infinitely many primes p € NT such that p =, 1.

Proof. Let n € NT. Fix an arbitrary m € N with m > 2. We show that there is a prime p > m with p =1
(mod n). Notice that mn > 2, so by the previous lemma we know that |®,,,,(mn)| > 2. Fix a prime p € N
such that p | ®,,,(mn). By the first part of the above lemma, we know that p { mn. From this we conclude
that p 1 n, so using the second part of the above lemma, we conclude that p = 1 (mod mn). This implies
both p =1 (mod n) and also p > mn > m. O



