Homework 12: Due Friday, December 14

Problem 1: Let A C R.
a. Show that if f and g are bounded functions on A, then f + g is a bounded function on A and that

Lf + gl < 1A+ [lgll-
b. Show that if f is a bounded function on A and ¢ € R, then ¢ f is a bounded function on A and that

e fII = lel - 11 £]]-
c. Give a counterexample to the following statement: If f and g are bounded functions on A, then f-g is a
bounded function on A and ||f - g|| = ||f]] - |lg]l-

Problem 2: Let A C R. Show that if Y, f, is uniformly convergent on A, then (f,,) is uniformly con-
vergent to the zero function on A.

Problem 3: Define a sequence of functions (f,) on R by letting

R
1+ na?

for every n € NT, and let h: R — R be the zero function. Show that {f,) converges uniformly to h on R.

Problem 4: Suppose that a,b,c e Rand a < ¢ <b. Let A={z €R:a <z <band x # c}. Suppose that
(fn) converges uniformly to h on A, and liLn fn(z) exists for all n € NT. For each n € NT, let £, = liin fn(2).
a. Show that (£,) converges.
b. Show that lim h(z) = lim /,.

r—c n—roo

Note: Part (b) is saying that, under these assumptions, we have lim ( lim fn(m)) = lim (lim fn(x))

xr—c n—oo n—oo r—rc
Problem 5: Find the radius of convergence of the following power series:
n
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Problem 6: Let f: R\{1,—2} — R by letting
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a. Find the Taylor series of f centered at 0, and find its radius of convergence.
b. Calculate f2)(0).
Hint for a: Use partial fractions to decompose ﬁ and then use geometric series.



