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Chapter 1

Introduction

1.1 The Nature of Mathematical Logic

Mathematical logic originated as an attempt to codify and formalize the following:
1. The language of mathematics.
2. The basic assumptions of mathematics.
3. The permissible rules of proof.

One of the successful results of such a program is the ability to study mathematical language and reasoning
using mathematics itself. For example, we will eventually give a precise mathematical definition of a formal
proof, and to avoid confusion with our current intuitive understanding of what a proof is, we will call
these objects deductions. Omne can think of our eventual definition of a deduction as analogous to the
precise mathematical definition of continuity, which replaces the fuzzy “a graph that can be drawn without
lifting your pencil”. Once we have codified the notion in this way, we will have turned deductions into
precise mathematical objects, allowing us to prove mathematical theorems about deductions using normal
mathematical reasoning. For example, we will open up the possibility of proving that there is no deduction
of certain mathematical statements.

Some newcomers to mathematical logic find the whole enterprise perplexing. For instance, if you come to
the subject with the belief that the role of mathematical logic is to serve as a foundation to make mathematics
more precise and secure, then the description above probably sounds rather circular, and this will almost
certainly lead to a great deal of confusion. You may ask yourself:

Okay, we’ve just given a decent definition of a deduction. However, instead of proving things
about deductions following this formal definition, we’re proving things about deductions using
the usual informal proof style that I’ve grown accustomed to in other math courses. Why should
I trust these informal proofs about deductions? How can we formally prove things (using deduc-
tions) about deductions? Isn’t that circular? Is that why we are only giving informal proofs? I
thought that I would come away from this subject feeling better about the philosophical founda-
tions of mathematics, but we have just added a new layer to mathematics, so we now have both
informal proofs and deductions, which makes the whole thing even more dubious.

Other newcomers do not see a problem. After all, mathematics is the most reliable method we have to
establish truth, and there was never any serious question as to its validity. Such a person might react to the
above thoughts as follows:
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We gave a mathematical definition of a deduction, so what’s wrong with using mathematics to
prove things about deductions? There’s obviously a “real world” of true mathematics, and we are
just working in that world to build a certain model of mathematical reasoning that is susceptible
to mathematical analysis. It’s quite cool, really, that we can subject mathematical proofs to a
mathematical study by building this internal model. All of this philosophical speculation and
worry about secure foundations is tiresome, and probably meaningless. Let’s get on with the
subject!

Should we be so dismissive of the first, philosophically inclined, student? The answer, of course, depends
on your own philosophical views, but I will give my views as a mathematician specializing in logic with a
definite interest in foundational questions. It is my firm belief that you should put all philosophical questions
out of your mind during a first reading of the material (and perhaps forever, if you're so inclined), and come
to the subject with a point of view that accepts an independent mathematical reality susceptible to the
mathematical analysis you've grown accustomed to. In your mind, you should keep a careful distinction
between normal “real” mathematical reasoning and the formal precise model of mathematical reasoning we
are developing. Some people like to give this distinction a name by calling the normal mathematical realm
we’re working in the metatheory.

We will eventually give examples of formal theories, such as first-order set theory, which are able to
support the entire enterprise of mathematics, including mathematical logic itself. Once we have developed
set theory in this way, we will be able to give reasonable answers to the first student, and provide other
respectable philosophical accounts of the nature of mathematics.

The ideas and techniques that were developed with philosophical goals in mind have now found application
in other branches of mathematics and in computer science. The subject, like all mature areas of mathematics,
has also developed its own very interesting internal questions which are often (for better or worse) divorced
from its roots. Most of the subject developed after the 1930’s is concerned with these internal and tangential
questions, along with applications to other areas, and now foundational work is just one small, but still
important, part of mathematical logic. Thus, if you have no interest in the more philosophical aspects of the
subject, there remains an impressive, beautiful, and mathematically applicable theory which is worth your
attention.

1.2 The Language of Mathematics

The first, and probably most essential, issue that we must address in order to provide a formal model of
mathematics is how to deal with the language of mathematics. In this section, we sketch the basic ideas and
motivation for the development of a language, but we will leave precise detailed definitions until later.

The first important point is that we should not use English (or any other natural language) because it
is constantly changing, often ambiguous, and allows the construction of statements that are certainly not
mathematical and/or arguably express very subjective sentiments. Once we’ve thrown out natural language,
our only choice is to invent our own formal language. At first, the idea of developing a universal language
seems quite daunting. How could we possibly write down one formal language that can simultaneously
express the ideas in geometry, algebra, analysis, and every other field of mathematics, not to mention those
we haven’t developed yet? Our approach to this problem will be to avoid (consciously) doing it all at once.

Instead of starting from the bottom and trying to define primitive mathematical statements which can’t
be broken down further, let’s first think about how to build new mathematical statements from old ones. The
simplest way to do this is take already established mathematical statements and put them together using
and, or, not, and implies. To keep a careful distinction between English and our language, we’ll introduce
symbols for each of these, and we’ll call these symbols connectives.

1. A will denote and.
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2. V will denote or.
3. — will denote not.
4. — will denote implies.

In order to ignore the nagging question of what constitutes a primitive statement, our first attempt will
simply be to take an arbitrary set whose elements we think of as the primitive statements, and put them
together in all possible ways using the connectives.

For example, suppose we start with the set P = {A,B,C}. We think of A, B, and C as our primitive
statements, and we may or may not care what they might express. We now want to put together the elements
of P using the connectives, perhaps repeatedly. However, this naive idea quickly leads to a problem. Should
the “meaning” of AABV C be “A holds, and either B holds or C holds”, corresponding to A A (BV C), or
should it be “Either both A and B holds, or C holds”, corresponding to (A A B) V C? We need some way to
avoid this ambiguity. Probably the most natural way to achieve this is to insert parentheses to make it clear
how to group terms (we will eventually see other natural ways to overcome this issue). We now describe the
collection of formulas of our language, denoted by Formp. First, we put every element of P in Formp, and
then we generate other formulas using the following rules:

1. If ¢ and ¢ are in Formp, then (p A1) is in Formp.
2. If p and v are in Formp, then (¢ V) is in Formp.
3. If v is in Formp, then () is in Formp.

4. If ¢ and ¢ are in Formp, then (¢ — ) is in Formp.

Thus, the following is an element of Formp:
(=(BV ((-A) = C))) VA).

This simple setup, called propositional logic, is a drastic simplification of the language of mathematics,
but there are already many interesting questions and theorems that arise from a careful study. We’ll spend
some time on it in Chapter 3.

Of course, mathematical language is much more rich and varied than what we can get using propositional
logic. One important way to make more complicated and interesting mathematical statements is to make
use of the quantifiers for all and there exists, which we’ll denote using the symbols V and 3, respectively. In
order to do so, we will need variables to act as something to quantify over. We’ll denote variables by letters
like x, y, z, etc. Once we’ve come this far, however, we’ll have have to refine our naive notion of primitive
statements above because it’s unclear how to interpret a statement like ¥xB without knowledge of the role
of x “inside” B.

Let’s think a little about our primitive statements. As we mentioned above, it seems daunting to come
up with primitive statements for all areas of mathematics at once, so let’s think of the areas in isolation.
For instance, take group theory. A group is a set G equipped with a binary operation - (that is, - takes in
two elements z,y € G and produces a new element of G denoted by z - y) and an element e satisfying the
following:

1. Associativity: For all z,y,z € G, we have (x-y)-z=z- (y - 2).
2. Identity: For all z € G, we have x - e =x = ¢ - 2.

3. Inverses: For all x € G, there exists y € G such that x -y =e =y - x.
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Although it is customary, and certainly easier on the eyes, to put - between two elements of the group,
let’s instead use the standard function notation in order to make the mathematical notation uniform across
different areas. In this setting, a group is a set G equipped with a function f: G x G — G and an element
e satisfying the following:

1. For all z,y,z € G, we have f(f(z,y),2) = f(z, f(y,2)).
2. For all z € G, we have f(z,e) =z = f(e,x).
3. For all 2 € G, there exists y € G such that f(x,y) =e = f(y, z).

In order to allow our language to make statement about groups, we introduce a function symbol f to represent
the group operation, and a constant symbol e to represent the group identity. Now the group operation is
supposed to take in two elements of the group, so if x and y are variables, then we should allow the formation
of f(x,y), which should denote an element of the group (once we’ve assigned elements of the group to x and
y). Also, we should allow the constant symbol to be used in this way, allowing us to form things like f(x, e).
Once we’ve formed these, we should be allowed to use them like variables in more complicated expressions,
such as f(f(x, e),y). Each of these expressions formed by putting together, perhaps repeatedly, variables and
the constant symbol e using the function symbol f is called a term. Intuitively, a term will name a certain
element of the group once we’ve assigned elements to the variables.

With a way to name group elements in hand, we’re now in position to say what out primitive statements
are. The most basic thing that we can say about two group elements is whether or not they are equal, so
we introduce a new equality symbol, which we will denote by the customary =. Given two terms ¢; and to,
we call the expression (t; = t2) an atomic formula. These are our primitive statements.

With atomic formulas in hand, we can use the old connectives and the new quantifiers to make new
statements. This puts us in a position to define formulas. First off, all atomic formulas are formulas. Given
formulas we already know, we can put them together using the connectives above. Also, if ¢ is a formula
and x is a variable then each of the following is a formula:

1. ¥xe.
2. Ixp.

Perhaps without realizing it, we’ve described a reasonably powerful language capable of making many
nontrivial statements. For instance, we can write formulas in this language which express the axioms for a

group:
1. WxWyVz(f(f(x,y),z) = f(x,f(y,z2))).
2. ¥x((f(x,e) = x) A (f(e,x) = x)).
3. UxAy((f(x,y) = e) A (f(y,x) =e)).
We can also write a formula saying that the group is abelian:
XYy (f(x,y) = f(y, ),

along with a formula expressing that the center of the group is nontrivial:

W((x = &) AVY(f(x,y) = f(y,x))).

Perhaps unfortunately, we can also write syntactically correct formulas which express things nobody would
ever utter, such as:
VxJdyIx(—(e = e)).
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What if you want to consider an area other than group theory? Commutative ring theory doesn’t pose
much of a problem, so long as we're allowed to alter the number of function symbols and constant symbols.
We can simply have two function symbols a and m which take two arguments (a to represent addition and
m to represent multiplication) and two constant symbols 0 and 1 (0 to represent the additive identity and
1 to represent the multiplicative identity). Writing the axioms for commutative rings in this language is
straightforward.

To take something fairly different, what about the theory of partially ordered sets? Recall that a partially
ordered set is a set P equipped with a subset < of P x P, where we write < y to mean than (z,y) is an
element of this subset, satisfying the following:

1. Reflexive: For all z € P, we have z < .
2. Antisymmetric: If z,y € P are such that x <y and y < x, then x = y.
3. Transitive: If x,y, 2z € P are such that + <y and y < z, then = < z.

Analogous to the syntax we used when handling the group operation, we will use notation which puts the
ordering in front of the two arguments. Doing so may seem odd at this point, given that we are putting
equality in the middle, but we will see that such a convention provides a unifying notation for other similar
objects. We thus introduce a relation symbol R (intuitively representing <), and we keep the equality symbol
=, but we no longer have a need for constant symbols or function symbols.

In this setting (without constant or function symbols), the only terms that we have (i.e. the only names
for elements of the partially ordered set) are the variables. However, our atomic formulas are more interesting
because now there are two basic things we can say about elements of the partial ordering: whether they are
equal and whether they are related by the ordering. Thus, our atomic formulas are things of the form ¢; = ¢,
and R(t1,t2) where ¢; and t9 are terms. From these atomic formulas, we build up all our formulas as above.

We can now write formulas expressing the axioms of partial orderings:

1. WxR(x,x).
2. VXYY((R(x,y) AR(y,x)) = (x =y)).
3. YxWyVz((R(x,y) A R(y,z)) = R(x,2)).
We can also write a formula saying that the partial ordering is a linear ordering:
Xy (R(x,y) V R(y,x)),
along with a formula expressing that there exists a maximal element:
IVy(R(x,y) = (x=1y)).

The general idea is that by leaving flexibility in the types and number of constant symbols, relation
symbols, and function symbols, we’ll be able to handle many areas of mathematics. We call this setup
first-order logic. An analysis of first-order logic will consume the vast majority of our time.

Now we don’t claim that first-order logic allows us to express everything in mathematics, nor do we
claim that each of the setups above allow us to express everything of importance in that particular field. For
example, take the group theory setting. We can express that every nonidentity element has order two with
the formula

Wx(f(x,x) = e),

but it seems difficult to say that every element of the group has finite order. The natural guess is

YxIn(x" = e),
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but this poses a problem for two reasons. The first is that our variables are supposed to quantify over
elements of the group in question, not the natural numbers. The second is that we put no construction in
our language to allow us to write something like x". For each fixed n, we can express it (for example, for
n = 3, we can write f(f(x,x),x) and for n = 4, we can write f(f(f(x, x), x), x)), but it’s not clear how to write
it in a general way without allowing quantification over the natural numbers.

For another example, consider trying to express that a group is simple (i.e. has no nontrivial normal
subgroups). The natural instinct is to quantify over all subsets H of the group G, and say that if it so
happens that H is a normal subgroup, then H is either trivial or everything. However, we have no way to
quantify over subsets. It’s certainly possible to allow such constructions, and this gives second-order logic.
We can even go further and allow quantifications over sets of subsets (for example, one way of expressing
that a ring is Noetherian is to say that every nonempty set of ideals has a maximal element), which gives
third-order logic, etc.

Newcomers to the field often find it strange that we focus primarily on first-order logic. There are
many reasons to give special attention to first-order logic that we will develop throughout our study, but
for now you should think of it as providing a simple example of a language which is capable of expressing
many important aspects of various branches of mathematics. In fact, we’ll eventually understand that the
limitations of first-order logic are precisely what allow us to prove powerful theorems about it. Moreover,
these powerful theorems allow us to deduce interesting mathematical consequences.

1.3 Syntax and Semantics

In the above discussion, we introduced symbols to denote certain concepts (such as using A in place of
“and”, V in place of “for all”, and a function symbol f in place of the group operation f). Building and
maintaining a careful distinction between formal symbols and how to interpret them is a fundamental aspect
of mathematical logic.

The basic structure of the formal statements that we write down using the symbols, connectives, and
quantifiers is known as the syntaz of the logic that we’re developing. Syntax corresponds to the grammar
of the language in question with no thought given to meaning. Imagine an English instructor who cared
nothing for the content of your writing, but only cared that it was grammatically correct. That is exactly
what the syntax of a logic is all about. Syntax is combinatorial in nature and is based on simple rules that
provide admissible ways to manipulate symbols devoid of any knowledge of their intended meaning.

The manner in which we are permitted (or forced) to interpret the symbols, connectives, and quantifiers
is known as the semantics of the the given logic. In a logic, there are often some symbols that we are forced
to interpret in specific rigid way. For instance, in the above examples, we interpret the symbol A to mean
and. In the propositional logic setting, this doesn’t settle how to interpret a formula because we haven’t
said how to interpret the elements of P. We have some flexibility here, but once we assert that we should
interpret certain elements of P as true and the others as false, our formulas express statements that are
either true or false.

The first-order logic setting is more complicated. Since we have quantifiers, the first thing that must be
done in order to interpret a formula is to fix a set X which will act as the set of objects over which the
quantifiers will range. Once this is done, we can interpret each function symbol f taking k arguments as an
actual function f: X* — X each relation R symbol taking k arguments as a subset of X* and each constant
symbol ¢ as an element of X. Once we've fixed what we're talking about by provided such interpretations,
we can view them as expressing something meaningful. For example, if we’ve fixed a group G and interpreted
f as the group operation and e as the identity, then the formula

Wy (f(x,y) = f(y,x))

is either true or false, according to whether G is abelian or not.
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Always keep the distinction between syntax and semantics clear in your mind. Many basic theorems of
the subject involve the interplay between syntax and semantics. For example, suppose that I' is a set of
formulas and that ¢ be a formula. We will eventually define what it means to say that I implies the formula
. In the logics that we discuss, we will have two fundamental, but seemingly distinct, approaches. One way
of saying that the formulas in T' imply ¢ is semantic: whenever we provide an interpretation which makes
all of the formulas of T" true, it happens that ¢ is also true. For instance, if we’re working in propositional
logic and we have I' = {((AAB) v C)} and ¢ = (A V C), then I' implies ¢ in this sense because whenever we
assign true/false values to A, B, and C in a way that makes the formulas in T true, it happens that ¢ will
also be true. Another approach that we’ll develop is syntactic. We’ll define deductions which are “formal
proofs” built from certain permissible syntactic manipulations, and I" will imply ¢ in this sense if there is
a witnessing deduction. The Soundness Theorem and the Completeness Theorem for first-order logic (and
propositional logic) say that the semantic version and syntactic version are the same. This result amazingly
allows one to mimic mathematical reasoning with purely syntactic manipulations.

1.4 The Point of It All

One important aspect, often mistaken as the only aspect, of mathematical logic is that it allows us to study
mathematical reasoning. A prime example of this is given by the last sentence of the previous section.
The Completeness Theorem says that we can capture the idea of one mathematical statement following
from other mathematical statements with nothing more than syntactic rules on symbols. This is certainly
computationally, philosophically, and foundationally interesting, but it’s much more than that. A simple
consequence of this result is the Compactness Theorem, which says something very deep about mathematical
reasoning, and also has many interesting applications in mathematics.

Although we’ve developed the above logics with modest goals of handling certain fields of mathematics,
it’s a wonderful and surprising fact that we can embed (nearly) all of mathematics in an elegant and natural
first-order system: first-order set theory. This opens the door to the possibility of proving that certain
mathematical statements are independent of our usual axioms. In other words, there exist formulas ¢ such
that there is no deduction (from the usual axioms) of ¢, and also no deduction of (—¢). Furthermore, the
field of set theory has blossomed into an intricate field with its own deep and interesting questions.

Other very interesting and fundamental subjects arise when we ignore the foundational aspects and
deductions altogether, and simply look at what we’ve accomplished by establishing a precise language to
describe an area of mathematics. With a language in hand, we now have a way to say that certain objects
are definable in that language. For instance, take the language of commutative rings mentioned above. If we
fix a particular commutative ring, then the formula

Fy(mixy) =1)

has a free variable x and “defines” the set of units in the ring. With this point of view, we’ve opened up the
possibility of proving lower bounds on the complexity of any definition of a certain object, or even of proving
that no such definition exists in the given language.

Another, closely related, way to take our definitions of precise languages and run with it is the subject
of model theory. In group theory, we state some axioms and work from there in order to study all possible
realizations of the axioms, i.e. all possible groups. However, as we saw above, the group axioms arise in
one possible language with one possible set of axioms. Instead, we can study all possible languages and all
possible sets of axioms and see what we can prove in general and how the realizations compare to each other.
In this sense, model theory is a kind of abstract abstract algebra.

Finally, although it’s probably far from clear how it fits in at this point, computability theory is intimately
related to the above subjects. To see the first glimmer of a connection, notice that computer programming
languages are also formal languages with a precise grammar and a clear distinction between syntax and
semantics. However, the connection runs much more deeply, as we will see in time.
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1.5 Terminology, Notation, and Countable Sets

Definition 1.5.1. We let N=1{0,1,2,...} and we let Nt = N\{0}.
Definition 1.5.2. For each n € N, we let [n] ={m € N: m <n}, so [n]={0,1,2,...,n—1}.
We will often find a need to work with finite sequences, so we establish notation here.

Definition 1.5.3. Let X be a set. Given n € N, we call a function o: [n] — X a finite sequence from X
of length n. We denote the set of all finite sequences from X of length n by X™. We use X to denote the
unique sequence of length 0, so X° = {\}. Finally, given a finite sequence o from X, we use the notation
|o| to mean the length of o.

Definition 1.5.4. Let X be a set. We let X* =,y X", d.e. X* is the set of all finite sequences from X.

We denote finite sequences by simply listing the elements in order. For instance, if X = {a, b}, the
sequence aababbba is an element of X*. Sometimes for clarity, we’ll insert commas and instead write
a,a,b,a,b,b,b,a.

Definition 1.5.5. If 0,7 € X*, we denote the concatenation of o and T by o1 or o x 7.

Definition 1.5.6. If 0,7 € X*, we say that o is an initial segment of 7, a write 0 < 7, if c = 7 | [n] for
some n. We say that o is a proper initial segment of 7, and write 0 < 7 if 0 < T and o # 7.

Definition 1.5.7. Given a set A, we let P(A) be the set of all subsets of A, and we call P(A) the power
set of A.

For example, we have P({1,2}) = {0, {1}, {2}, {1,2}} and P(0) = {0}. A simple combinatorial argument
shows that if [A| = n, then |P(A)| = 2".



Chapter 2

Induction and Recursion

Proofs by induction and definitions by recursion are fundamental tools when working with the natural
numbers. However, there are many other places where variants of these ideas apply. In fact, more delicate
and exotic proofs by induction and definitions by recursion are two central tools in mathematical logic. We’ll
eventually see transfinite versions of these ideas that the provide ways to continue into strange new infinite
realms, and these techniques are essential in both set theory and model theory. In this section, we develop
the more modest tools of induction and recursion along structures which are generated by one-step processes,
like the natural numbers. Occasionally, these types of induction and recursion are called “structural”.

2.1 Induction and Recursion on N

We begin by compiling the basic facts about induction and recursion on the natural numbers. We do not
seek to prove that inductive arguments or recursive definitions on N are valid methods because they are
“obvious” from the normal mathematical perspective which we are adopting. Besides, in order to do so, we
would first have to fix a context in which we are defining N. Eventually, we will indeed carry out such a
construction in the context of axiomatic set theory, but that is not our current goal. Although the intuitive
content of the results in this section are probably very familiar, our goal here is simply to carefully codify
these facts in more precise ways to ease the transition to more complicated types of induction and recursion.

Definition 2.1.1. We define S: N — N by letting S(n) =n+ 1 for all n € N.

We choose the letter S here because it is the first letter of successor. Induction is often stated in the
following form: “If 0 has a certain property, and we know that S(n) has the given property whenever n
has the property, then we can conclude that every n € N has the given property”. We state this idea more
formally using sets (and thus avoiding explicit mention of “properties”) because we can always form the set
X = {n € N: n has the given property}.

Theorem 2.1.2 (Induction on N - Step Form). Suppose that X C N is such that 0 € X and S(n) € X
whenever n € X. We then have X = N.

Definitions by recursion are often described informally as follows: “When defining f(S(n)), we are allowed
to refer to the value of f(n) in addition to referring to n”. For instance, let f: N — N be the factorial function
f(n) = nl. One typically sees f defined by the following recursive definition:

1.
f(S(n)=SMn)- f(n) forallmeN.

15
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In order to be able to generalize recursion to other situations, we aim to formalize this idea a little more
abstractly and rigorously. In particular, we would prefer to avoid the direct self-reference in the definition
of f.

Suppose then that X is a set and we're trying to define a function f: N — X recursively. What do we
need? We certainly want to know f(0), and we want to have a “method” telling us how to define f(S(n))
from knowledge of n and the value of f(n). If we want to avoid the self-referential appeal to f when invoking
the value of f(n), we need a method telling us what to do next regardless of the actual particular value of
f(n). That is, we need a method that tells us what to do on any possible value, not just the one the ends
up happening to be f(n). Formally, this “method” can be given by a function g: N x X — X, which tells
us what to do at the next step. Intuitively, this function acts as an iterator. That is, it says if the the last
thing we were working on was input n and it so happened that we set f(n) to equal z € A, then we should
define f(S(n)) to be the value g(n, z).

With all this setup, we now state the theorem which says that no matter what value we want to assign
to f(0), and no matter what iterating function g: N x X — X we have, there exists a unique function
f: N — X obeying the rules.

Theorem 2.1.3 (Recursion on N - Step Form). Let X be a set, let y € X, and let g: N x X — X. There
exists a unique function f: N — X with the following two properties:

1. f(0)=y.
2. f(S(n)) =gn, f(n)) for alln € N.

In the case of the factorial function, we use X = N, y = 1, and g: NxN — N defined by g(n,z) = S(n)-z.
Theorem 2.1.3 asserts that there is a unique function f: N — N such that:

1 f(0)=y=1.
2. f(S(n)) =gn, f(n)) =S(n)- f(n) for all n € N.

Notice how we moved any mention of self-reference out of the definition of g, and pushed all of the weight
onto the theorem that asserts the existence and uniqueness of a function that behaves properly, i.e. that
satisfies both the initial condition and the appropriate recursive equation.

There is another version of induction on N, sometimes called “strong induction”, which appeals to the
ordering of the natural numbers rather than the stepping of the successor function.

Theorem 2.1.4 (Induction on N - Order Form). Suppose that X C N is such that n € X whenever m € X
for all m € N with m <n. We then have X = N.

Notice that there is no need to deal with a separate base case of n = 0, because this situation is handled
vacuously as there is no m € N with m < 0. In other words, if we successfully prove that statement “n € X
whenever m € X for all m € N with m < n” using no additional assumptions about n, then this statement
is true when n = 0, from which we can conclude that 0 € X because the “whenever” clause is trivially true
for n = 0. Of course, there is no harm in proving a separate base case if you are so inclined.

What about recursions that appeal to more than just the previous value? For example, consider the
Fibonacci sequence f: N — N defined by f(0) =0, f(1) =1, and f(n) = f(n—1)+ f(n—2) whenever n > 2.
We could certainly alter our previous version of recursion to codify the ability to look back two positions,
but it is short-sighted and limiting to force ourselves to only go back a fixed finite number of positions.
For example, what if we wanted to define a function f, so that if n > 2 is even, then we use f(n/2) when
defining f(n)? To handle every such possibility, we want to express the ability to use all smaller values.
Thus, instead of having a function g: N x X — X, where the second input codes the previous value of f,
we now want to package many values together. The idea is to code all of the previous values into one finite
sequence. So when defining f(4), we should have access to the sequence (f(0), f(1), f(2), f(3)). Since we
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defined sequences of length n as functions with domain [n], we are really saying that we should have access
to f | [4] when defining f(4). However, to get around this self-reference, we should define our function g
that will take as input an arbitrary finite sequence of elements of X, and tell us what to do next, assuming
that this sequence is the correct code of the first n values of f. Recall that given a set X, we use X* to
denote the set of all finite sequences of elements of X.

Theorem 2.1.5 (Recursion on N - Order Form). Let X be a set and let g: X* — X. There exists a unique
function f: N — X such that

for alln € N.

Notice that, in contrast to the situation in Theorem 2.1.3, we do not need to include a separate argument
to g that gives the current position n. The reason why we can omit this argument is that we can always
obtain n by simply taking the length of the sequence f | [n].

With this setup, here is how we can handle the Fibonacci numbers. Let X = N, and defined g: N* - N
by letting

0 if |o] =0
glo)=141 if o] =1
on—2)+oc(n—1) if o] =n withn > 2.

Theorem 2.1.5 asserts that there is a unique function f: N — N with f(n) = g(f | [n]) for all n € N. We
then have the following:

e f(0)=g(f [ [n]) = g(A) =0, where we recall that A is the empty sequence.

o f(1)=g(f I'[1]) = g(0) = 1, where the argument 0 to g is the sequence of length 1 whose only element
is 0.

o Foralln>2 wehave f(n)=g(f [ [n]) = f(n—2)+ f(n—1).

2.2 (Generation

There are many situations throughout mathematics where we want to look at what a certain subset “gener-
ates”. For instance, we might have a subset of a group (vector space, ring, etc.), and we want to consider the
subgroup (subspace, ideal, etc.) that the given subset generates. Another example is that we have a subset
of the vertices of a graph, and we want to consider the set of all vertices in the graph that are reachable
from the ones in the given subset. In Chapter 1, we talked about generating all formulas from primitive
formulas using certain connectives. This situation will arise so frequently in what follows that it’s a good
idea to unify them all in a common framework.

Definition 2.2.1. Let A be a set and let k € NT. A function h: A¥ — A is called a k-ary function on A.
The number k is called the arity of the function h. A 1-ary function is sometimes called unary and a 2-ary
function is sometimes called binary.

Definition 2.2.2. Suppose that A is a set, B C A, and H is a collection of functions such that each h € H is
a k-ary function on A for some k € NT. We call (A, B,H) a simple generating system. In such a situation,
for each k € Nt we denote the set of k-ary functions in H by Hy.

For example, let A be a group and let B C A be some subset that contains the identity of A. Suppose
that we want to think about the subgroup of A that is generated by B. The operations in question here are
the group operation and inversion, so we let H = {hy, ho}, whose elements are defined as follows:
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1. hy: A%2 — Ais given by hy(x,y) = x -y for all z,y € A.
2. hy: A — Ais given by ho(z) = 27! for all z € A.

Taken together, we then have that (A, B,H) is a simple generating system.

For another example, let V' be a vector space over R and let B C V be some subset that contains the
zero vector. Suppose that we want to think about the subspace of V' that is generated by B. The operations
in question consist of vector addition and scalar multiplication, so we let H = {g} U {h, : r € R} whose
elements are defined as follows:

1. g: V2 = V is given by g(v,w) = v +w for all v,w € V.
2. For each r € R, h,: V — V is given by h,(v) =r-v forallv e V.

Taken together, we then have that (V, B, H) is a simple generating system. Notice that H has uncountably
many functions (one for each r € R) in this example.

There are some situations where the natural functions to put into H are not total, or are “multi-valued”.
For instance, in the first example below, we’ll talk about the subfield generated by a certain subset of a field,
and we’ll want to include multiplicative inverses for all nonzero elements. When putting a corresponding
function in H, there is no obvious way to define it on 0.

Definition 2.2.3. Let A be a set and let k € N*. A function h: Ak — P(A) is called a set-valued k-ary
function on A. We call k the arity of h. A 1-ary set-valued function is sometimes called unary and a 2-ary
set-valued function is sometimes called binary.

Definition 2.2.4. Suppose that A is a set, B C A, and H is a collection of functions such that each h € H
is a set-valued k-ary function on A for some k € NT. We call (A, B,H) a generating system. In such a
situation, for each k € NT we denote the set of multi-valued k-ary functions in H by Hy.

For example, let K be a field and let B C K be some subset that contains both 0 and 1. We want the
subfield of K that is generated by B. The operations in question here are addition, multiplication, and both
additive and multiplicative inverses. We thus let H = {hq, ha, h3, ha}, whose elements are defined as follows:

1. hi: K2 — P(K) is given by hi(a,b) = {a + b} for all a,b € K.
2. ho: K? — P(K) is given by ha(a,b) = {a - b} for all a,b € K.
3. hg: K — P(K) is given by hz(a) = {—a} for all a € K.

4. hy: K — P(K) is given by

1 .
ha(a) = {{“ b ifaz0
0 ifa=0.
Taken together, we have that (K, B,H) is a generating system.

For an example where we want to output multiple values, think about generating the vertices reachable
from a given subset of vertices in a directed graph. Since a vertex can have many arrows coming out of it,
we may want to throw in several vertices once we reach one. Suppose then that G is a directed graph with
vertex set V and edge set E, and let B C V. We think of the edges as coded by ordered pairs, so E C V2.
We want to consider the subset of V' reachable from B using edges from E. Thus, we want to say that if
we've generated v € V, and w € V is linked to v via some edge, then we should generate w. We thus let
H = {h} where h: V — V is defined as follows:

h(v) ={u eV :(v,u) € E}.
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Taken together, we have that (V, B, H) is a generating system.

Notice that if we have a simple generating system (A, B,H), then we can associate to it the generating
system (A, B,H') where H' = {h' : h € H} where if h: A¥ — A is an element of Hy, then h': A — P(A) is
defined by letting h'(a1,as,...,ar) = {h(a1,az,...,ax)}.

Given a generating system (A, B,H), we want to define the set of elements of A generated from B
using the functions in H. There are many natural ways to do this. We discuss three approaches: the first
approach is “from above”, and the second and third are “from below”. Each of these descriptions can be
slightly simplified for simple generating systems, but it’s not much harder to handle the more general case.
Throughout, we will use the following three examples:

1. The first example is the simple generating system where A = N, B = {7}, and H = {h} where
h: R — R is the function h(z) = 2.

2. The second example is the simple generating system given by the following group. Let A = Sy,
B = {id, (1 2),(2 3),(3 4)}, and H = {h1, ha} where h; is the binary group operation and hy is the
unary inverse function. Here the group operation is function composition, which happens from right
to left. Thus, for example, we have hy((1 2),(2 3)) = (1 2)(2 3) = (1 2 3).

3. The third example is the generating system given by the following directed graph. Let the vertex set
be A ={1,2,3,...,8}, and let the edge set be

E={(1,1),(1,2),(1,7),(2,8),(3,1),(4,4),(5,7),(6,1), (6,2), (6,5), (8,3)}.

In this case, let B = {3} and H = {h} where h: A — A is described above for directed graphs. For
example, we have h(1) = {1,2,7}, h(2) = {8}, and h(7) = 0.

From Above

Our first approach is a “top-down” one. Given a generating system (A, B, H), we want to apply the elements
of H to tuples from B, perhaps repeatedly, until we form a kind of closure. Instead of thinking about the
iteration, think about the final product. As mentioned, we want a set that is closed under the functions in
‘H. This idea leads to the following definition.

Definition 2.2.5. Let (A, B,H) be a generating system, and let J C A. We say that J is inductive if it has
the following two properties:

1. BCJ.
2. IkaNJr, hGHk, andal,ag,...,ak EJ, then h(al,ag,...,ak) QJ

Notice that if we working with a simple generating system directly (i.e. not coded as set-valued functions),
then we should replace h(ay,as,...,a;) C J by h(ay,as,...,a;) € J.

Given a generating system (A, B,H), we certainly have a trivial example of an inductive set, since we
can just take A itself. Of course, we don’t want just any old inductive set. Intuitively, we want the smallest
one. Let’s take a look at our three examples above in this context.

1. For the first example of a simple generating system given above (where A =R, B = {7}, and H = {h}
where h: R — R is the function h(z) = 2z). In this situation, each of the sets R, Z, N, and {n e N: n
is a multiple of 7} is inductive, but none of them seem to be what we want.

2. For the group theory example, we certainly have that S; is an inductive set, but it’s not obvious if
there are any others.
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3. In the directed graph example, each of the sets {1,2,3,5,7,8}, {1,2,3,4,7,8}, and {1,2,3,7,8} is
inductive, and it looks reasonable that the last one is the one we are after.

In general, if we want to talk about the smallest inductive subset of A, we need to prove that such an
object exists. Here is where the “from above” idea comes into play. Rather than constructing a smallest
inductive set directly (which might be difficult), we instead just intersect them all.

Proposition 2.2.6. Let (A, B,H) be a generating system. There exists a unique inductive set I such that
I C J for every inductive set J.

Proof. We first prove existence. Let I be the intersection of all inductive sets, i.e.
I={a€ A:acJfor every inductive set J}.

Directly from the definition, we know that if J is inductive, then I C J. Thus, we need only show that the
set I is inductive.

o Let b € B be arbitrary. We have that b € J for every inductive set J (by definition of inductive), so
b € I. Therefore, B C I.

e Let k € NT, h € H; and ay,as9,...,a;r € I be arbitrary. Given any inductive set .J, we have
a1,as,...,ar € J (since I C J), hence h(ai,asq,...,ax) C J because J is inductive. Therefore,
h(ay,asq,...,ar) C J for every inductive set J, and hence h(ai,as,...,ar) C I by definition of I.

Putting these together, we conclude that I is inductive.
To see uniqueness, suppose that both I; and I3 are inductive sets such that I; C J and I, C J for every
inductive set J. In particular, we then must have both Iy C Iy and Iy C I, so I; = I5. O

Definition 2.2.7. Let (A, B,H) be a generating system. We denote the unique set of the previous proposition
by I(A, B, H), or simply by I when the context is clear.

From Below: Building by Levels

The second idea is to make a system of levels, where at each new level we add the elements of A that are
reachable from elements that we have already accumulated by applying an element of H. In other words,
we start with the elements of B, then apply functions from H to elements of B to generate (potentially)
new elements. From here, we may need to apply functions from H again to these newly found elements to
generate even more elements, etc. Notice that we still want to keep old elements around in this process,
because if h € H is binary, we have b € B, and we generated a new a in the first round, then we will need
to include h(b,a) in the next round. In other words, we should keep a running tab on the elements and
repeatedly apply the elements of H to all combinations generated so far in order to continue climbing up
the ladder. Here is the formal definition:

Definition 2.2.8. Let (A, B,H) be a generating system. We define a sequence Vy,(A, B,H), or simply V,,
of subsets of A recursively as follows:

Vi = B.
Voi1 =V U{c € A: There evists k € Nt h € Hy, and ay,as,...,ax €V, such that ¢ € h(a1,as,...,a)}.

Let V(A,B/H)=V = |J V, ={a € A: There exists n € N with a € V,, }.
neN
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Notice that if we work with a simple generating system directly (i.e. not coded as set-valued functions),
then we should replace replace the definition of V;, 1 by

Vi1 = Vo U{h(a1,a9,...,a;) : k € NT h € Hy, and ay,as,...,ar € V,}.
Let’s take a look at our three examples above in this context:

1. For the first example of a simple generating system given above, we have Vo = B = {7}. Since Vj has
only element, and the unique element h in H is unary with h(7) = 14, we have V4 = {7,14}. Apply
h to each of these elements givens 14 and 28, so Vo = {7,14,28}. From here, it is straightforward to
check that V5 = {7,14,28,56}. In general, it appears that V,, = {7-2™:0 < m < n}, and indeed it is
possible to show this by induction on N. From here, we can conclude that V' = {7 -2™ : m € N}. See
Example 2.3.2.

2. For the group theory example, we start with Vo = B = {id, (1 2),(2 3),(3 4)}. To determine V7, we
add to Vf the result of inverting all elements of V{, and the result of multiplying pairs of elements of
Vo together. Since every element of Vj is its own inverse, we just need to multiply distinct elements of
Vo together. We have (1 2)(2 3) = (1 2 3), (2 3)(1 2) = (1 3 2), etc. Computing all of the possibilities,
we find that

Vi ={id,(12),(23),(34),(123),(132),(12)(34),(234),(243)}

Notice that V; is closed under inverses, but we now need to multiply elements of V; together to
form new elements of V3. For example, we have (1 2)(1 3 2) = (1 3), so (1 3) € V5. We also have
(12)(234)=(1234),s0(1234) € Va. In general, determining V5 explicitly involves performing all
of these calculations and collecting the results together. It turns out that V3 has 20 of the 24 elements
in Sy (everything except (1 4), (1 4)(2 3), (1324), and (14 2 3)), and that V, = S4. From here, it
follows that V,, =S4 for all n > 4.

3. For the directed graph example, we start with Vy = B = {3}. Now h(3) = {1}, so V5 = {1, 3}. Applying
h to each element of Vi, we have h(1) = {1,2,7} and h(3) = {1}, so Vo = {1,2,3,7}. Continuing on,
we have h(2) = {8} and h(7) = 0, so V53 = {1,2,3,8}. At the next level, we see that V; = {1,2,3,8} as
well, and from here it follows that V;, = {1,2, 3,8} for all n > 3, and hence V = {1, 2, 3, 8}.

Proposition 2.2.9. | Let (A, B,H) be a generating system. If m <n, then V,, C V.

Proof. Notice that we have V,, C V,,;1 for all n € N immediately from the definition. From here, the
statement follows by fixing an arbitrary m and inducting on n > m. O

Proposition 2.2.10. Let (A, B,H) be a generating system. For all ¢ € V, either ¢ € B or there exists
ke Nt, h € Hy, and ay,az,...,ax € V with ¢ € h(ay,az,...,ay).

Proof. Let ¢ € V' be arbitrary. Since V' = (J,,cy Vi, we know that there exists an n € N with ¢ € V,,. By
well-ordering, there is a smallest m € N with ¢ € V,,,. We have two cases.

e Suppose that m = 0. We then have ¢ € Vj, so c € B.

o Suppose that m > 0. We then have m — 1 € N, and by choice of m, we know that ¢ ¢ V,,_;. By
definition of V,,, this implies that there exists £ € NT,h € Hy, and ai,as,...,ax € V, such that
c € h(ay,as,...,ax).

O
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From Below: Witnessing Sequences

The V,, construction of building a system of levels, obtained by repeatedly applying the elements of H to
everything accumulated so far, is natural and elegant. However, the size of the levels can blow up quickly. If
we want to argue that it’s possible to generate a given element of A, we want be able to find a direct reason
that does not involve generating all sorts of irrelevant elements along the way. Our third method therefore
considers those elements of A which we are forced to put in because we see a witnessing construction.

Definition 2.2.11. Let (A, B,H) be a generating system. A witnessing sequence is an element o € A*\{\}
such that for all j < |o|, one of the following holds:

1. o(j) € B.
2. There exists k € NT, h € Hy, and iy,1a,...,i; < j such that o(j) € h(o(i1),0(i2),...,0(ix))-

If o is a witnessing sequence, we call it a witnessing sequence for o(Jo| — 1) (i.e. a witnessing sequence for
the last element of that sequence).

Notice that if we working with a simple generating system directly (i.e. not coded as set-valued functions),
then we should replace replace o(j) € h(o(i1),0(i2),...,0(ix)) with o(j) = h(o(i1), o(i2),...,0(ik)).

Definition 2.2.12. Let (A, B,H) be a generating system. Set
W(A,B,H) =W ={a € A: There exists a witnessing sequence for a}.

It sometimes useful to look only at those elements reachable which are witnessed by sequences of a bounded
length, so for each n € NT, set

W, ={a € A: There exists a witnessing sequence for a of length n}.

Notice then that W = | W,.
neN+
Let’s take a look at our three examples above in this final context:
1. For the first example of a simple generating system given above, here’s an example of a witnessing
sequence is the sequence 7,14, 28 of length 3. Notice that the first element is in B, the second is the

result of applying h to the first, and the third is the result of applying h to the second. Therefore,
28 € W, and in fact 28 € W3. Notice that 7,14, 7,28 is also a witnessing sequence for 28.

2. For the group theory example, notice that

(23),(34),(234),(12),(1234)

is a witnessing sequence of length 5. This follows from the fact that the first, second, and fourth
elements are in B, that (2 3 4) = (2 3)(3 4), and that (1 2 3 4) = (1 2)(2 3 4). Since we have a
witnessing sequence for (1 2 3 4), it follows that (1 2 3 4) € W. Notice that we can extend this
witnessing sequence to another as follows:

(23),(34),(234),(12),(1234),(13)(24).

Here, we are using the fact that (1 2 3 4)(1 23 4) = (1 3)(2 4) (notice that the i, in the definition of
a witnessing sequence need not be distinct). Therefore, (1 3)(2 4) € W.

3. For the directed graph example, the sequence 3,1,1,1,2,3,8, 3,2 is a witnessing sequence for 2, despite
it’s inefficiency.
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The first simple observation is that if we truncate a witnessing sequence, what remains is a witnessing
sequence.

Proposition 2.2.13. If o is a wilnessing sequence and |o| = n, then for all m € Nt with m < n we have
that o | [m] is a witnessing sequence.

Another straightforward observation is that if we concatenate two witnessing sequences, the result is a
witnessing sequence.

Proposition 2.2.14. If 0 and T are witnessing sequences, then so is oT.

Finally, since we can always insert “dummy” elements from B (assuming it’s nonempty because otherwise
the result is trivial), we have the following observation.

Proposition 2.2.15. Let (A, B,H) be a generating system. If m <n, then W,, CW,,.

Equivalence of the Definitions

We now prove that the there different constructions that we’ve developed all produce the same set.

Theorem 2.2.16. Given a generating system (A, B,H), we have
I(A,B,H)=V(A,B,H) =W (A, B,H).

Proof. Let I =I(A,B,H),V=V(A,B,H),and W =W (A, B, H).

We first show that V is inductive, from which it follows I C V. Notice first that B = V[; C V. Suppose
now that k¥ € N*, h € H; and aq,as,...,a, € V. For each i with 1 < i < k, we can fix an n; with
a; € V,,. Let m = max{ny,na,...,ng}. Using Proposition 2.2.9, we then have a; € V,, for all i, hence
h(ay,as,...,ar) € Viya1, and therefore h(aq,as,...,ar) C V. It follows that V is inductive. By definition
of I, we conclude that I C V.

We next show that W is inductive, from which it follows that I C W. Notice first that for every b € B,
the sequence b is a witnessing sequence, so b € W7 C W. Thus, B C W. Suppose now that k € NT, h € Hy,
and aj,az,...,ay € W. Let ¢ € h(ay,as,...,ax) be arbitrary. For each ¢ with 1 < i < k, we can fix a
witnessing sequence o; for a;. Using Proposition 2.2.14, we then have that the sequence o105 - - - o obtained
by concatenating all of the o; is a witnessing sequence. Since each of a1, as, ..., ar appear as entries in this
witnessing sequence, if we append the element ¢ onto the end to form o105 - - - oxc, we obtain a witnessing
sequence for ¢. Thus, ¢ € W. Since ¢ € h(ay,as,...,ar) was arbitrary, it follows that h(aq,as,...,ar) C W.
It follows that W is inductive. By definition of I, we conclude that 7 C W.

We next show that V,, C I by induction on n € N, from which it follows V' C I. Notice first that
Vo = B C I because [ is inductive. For the inductive step, let n € N be arbitrary with V;, C I. We show
that V11 C I. By definition, we have

Vpi1 =V, U{c € A: There exists k € N h € Hy, and a1, aq,...,ar €V, such that ¢ € h(a1,as,...,a)}.

Now V,, C I by the inductive hypothesis. Suppose then that k € N, h € Hy, and ay,as,...,a; € V,, and
fix an arbitrary ¢ € h(ay,as,...,ax). Since V,, C I, we have ay,az,...,ar € I, hence h(ay,az,...,a;) C T
because I is inductive. Thus, ¢ € I. Since ¢ was arbitrary, we conclude that V,,;; C I. By induction, V,, C I
for every n € N, hence V C I.

We finally show that W,, C I by induction on n € N, from which it follows W C I. Since a witnessing
sequence of length 1 must just be an element of B, we have W; = B C I because [ is inductive. For the
inductive step, let n € NT be arbitrary with W,, € I. We show that W, C I. Let ¢ be an arbitrary
witnessing sequence of length n+ 1. By Proposition 2.2.13, we then have that that o | [m+ 1] is a witnessing
sequence of length m + 1 for all m < n. Thus, o(m) € W;,4+1 for all m < n. Since W,,,+1 C W,, whenever
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m < n by Proposition 2.2.15, we conclude that o(m) € W, for all m < n, and hence by induction that
o(m) € I for all m < n. By definition of a witnessing sequence, we know that either o(n) € B or there exists
11,42, ..,ix < n such that o(n) = h(o(i1),o(iz),...,0(ix)). In either case, o(n) € I because I is inductive.
It follows that W,,.1 C I. By induction, W,, C I for every n € N* hence W C I. O

Definition 2.2.17. Let (A,B,H) be a generating system. We denote the common value of I,V,W by
G(A,B,H) or simply G.

The ability the view the elements generated in three different ways is often helpful, as we can use the
most convenient one when proving a theorem. For example, using Proposition 2.2.10, we obtain the following
corollary.

Corollary 2.2.18. Let (A, B,H) be a generating system. For all c € G, either ¢ € B or there exists k € NT,
h € Hg, and ay,as,...,ar € G with ¢ € h(ay,as,...,ax).

2.3 Step Induction

Now that we have developed the idea of generation, we can formalize the concept of inductive proofs on
generated sets. In this case, using our top-down definition of I makes the proof trivial.

Proposition 2.3.1 (Step Induction). Let (A, B,H) be a generating system. Suppose that X C A satisfies
the following:

1. BCX.

2. h(ay,az,...,ar) C X whenever k € NT, h € Hy, and ay,as,...,a; € X.
We then have that G C X. Thus, if X C G, we have X =G.

Proof. Our assumption simply asserts that X is inductive, hence G = I C X immediately from the definition
of I. O

Notice that if we are working with a simple generating system directly (i.e. not coded as set-valued
functions), then we should replace replace h(ay,as,...,ar) € X by h(ai,as,...,a;) € X. Proofs that
employ Proposition 2.3.1 are simply called “proofs by induction” (on G). Proving the first statement that
B C X is the base case, where we show that all of the initial elements lie in X. Proving the second statement
is the inductive step, where we show that if we have some elements of X and apply some h to them, the
result consists entirely of elements of X.

The next example (which was our first example in each of the above constructions) illustrates how we
can sometimes identify G explicitly. Notice that we use two different types of induction in the argument.
One direction uses induction on N and the other uses induction on G as just described.

Example 2.3.2. Consider the following simple generating system. Let A = R, B = {7}, and H = {h}
where h: R — R is the function h(x) = 2x. Determine G explicitly.

Proof. As described previously, it appears that we want the set {7, 14, 28,56, ...}, which we can write more
formally as {7-2" : n € N}. Let X = {7-2":n € N}.

We first show that X C G by showing that 7-2" € G for all n € N by induction (on N). We have
7-20=7.1=7¢ @ because B C G, as G is inductive. Let n € N be arbitrary such that 7-2" € G. Since
G is inductive, we know that h(7-2") € G. Now h(7-2")=2-7-2" =7.2""1 50 7.2""! € G. Therefore,
7-2" € G for all n € N by induction on N, and hence X C G.

We now show that G C X by induction (on G). In other words, we use Proposition 2.3.1 by showing
that X is inductive. Notice that B € X because 7=7-1=7-20 € X. Now let z € X be arbitrary. Fix
n € N with z = 7-2". We then have h(z) =22 =7-2""! € X. Therefore G C X by induction.

Combining both containments, we conclude that X = G. O



2.4. FREENESS AND STEP RECURSION 25

In many cases, it’s very hard to give a simple explicit description of the set G. This is where induction
in the form of Proposition 2.3.1 really shines, because it allows us to prove something about all elements of
G despite the fact that we might have a hard time getting a handle on what exactly the elements of G look
like. Here’s an example.

Example 2.3.3. Consider the following simple generating system. Let A =17, B = {6,183}, and H = {h}
where h: A3 — A is given by h(k,m,n) =k -m +n. Show that every element of G is divisible by 3.

Proof. Let X = {n € Z : n is divisible by 3}. We prove by induction that G C X. We first handle the base
case. Notice that 6 =3 -2 and 183 =3-61,s0 B C X.

We now do the inductive step. Suppose that k,m,n € X, and fix #1,¥s, 03 € Z with k = 3¢y, m = 3{s,
and n = 3¢3. We then have

h(k,m,n)=k-m+n
= (301) - (3¢2) + 3¢5
— 9010y + 30y
= 3(3l1ly + 13),

hence h(k,m,n) € X.
By induction (i.e. by Proposition 2.3.1), we have G C X. Thus, every element of G is divisible by 3. O

2.4 Freeness and Step Recursion

In this section, we restrict attention to simple generating systems, both for simplicity, and also because all
of the examples we will use that support definition by recursion will be simple. Naively, one might expect
that a straightforward analogue of Step Form of Recursion on N (Theorem 2.1.3) will carry over to recursion
on generated sets. The hope would then be that the following is true.

Hope 2.4.1. Suppose that (A, B,H) is a simple generating system and X is a set. Suppose also that
a: B — X and that for every h € Hy,, we have a function gy, : (Ax X)*¥ — X. There exists a unique function
f: G — X with the following two properties:

1. f(b) = a(b) for allb e B.
2. f(h(ay,as,...,ax)) = gn(a1, f(a1),as, f(az),...,ax, f(ag)) for all h € Hy and all a1, aq,...,a; € G.

In other words, suppose that we assign initial values for the elements of B should go (via «), and we
have iterating functions g, for each h € H telling us what to do with each generated element, based on
what happened to the elements that generated it. Is there necessarily a unique function that satisfies the
requirements? Unfortunately, this hope is too good to be true. Intuitively, we might generate an element
a € A in several very different ways, and our different iterating functions conflict on what value we should
assign to a. Alternatively, we might loop back and generate an element of A in multiple ways through just
one function from H. Here’s a simple example to see what can go wrong.

Example 2.4.2. Consider the following simple generating system. Let A = {1,2}, B = {1}, and H = {h}
where h: A — A is given by h(1) = 2 and h(2) = 1. Let X = N. Define a: B — N by letting a(1) = 1 and
define gn: A x N — N by letting gn(a,n) = n+ 1. There is no function f: G — N with the following two
properties:

1. f(b) = a(b) for allb e B.
2. f(h(a)) = gn(a, f(a)) for all a € G.
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The intuition here is that we are starting with 1, which then generates 2 via h, which then loops back
around to generate 1 via h. Now f(1) must agree for each of these possibilities. Here’s the formal argument.

Proof. Notice first that G = {1,2}. Suppose that f: G — N satisfies (1) and (2) above. Since f satisfies (1),
we must have f(1) = a(1) = 1. By (2), we then have that

f@2)=f(h1)=gn(L, f1)=f1)+1=141=2.

By (2) again, it follows that

F) = f(h2) = gn(2,f(2)) = F2) +2=1+2=3,
contradicting the fact that f(1) = 1. O

To get around this problem, we want a definition of a “nice” simple generating system. Intuitively, we
want to say something like “every element of G is generated in a unique way”. The following definition is a
relatively straightforward way to formulate this idea.

Definition 2.4.3. A simple generating system (A, B,H) is free if the following are true:
1. range(h | G¥) N B = () whenever h € Hy.
2. h | GF is injective for every h € Hy,.
3. range(h1 | G*) N range(hy | G*) = 0 whenever hy € Hy, and hy € Hy with hy # ho.

Intuitively the first property is saying that we don’t loop around and generate an element of B again
(like in the previous bad example), the second is saying that no element of H generates the same element
in two different ways, and the last is saying that there do no exist two different elements of H that generate
the same element.

Here is a straightforward example that will be useful in the next section. We will see more subtle and
important examples soon.

Example 2.4.4. Let X be a set. Consider the following simple generating system. Let A = X* be the set of
all finite sequences from X, let B = X (viewed as one element sequences), and let H = {h, : © € X} where
hy: X* — X* is the unary function hy(0) = xo. We then have that G = X*\{\} and that (A, B,H) is free.

Proof. First notice that X*\{\} is inductive because A ¢ B and h,(c) # X for all 0 € X*. Next, a simple
induction on n € N* shows that X" C G for all n € NT, so X*\{\} C G. It follows that G = X*\{\}.
We now show that (A, B,H) is free. We have to check the three properties:

 First notice that for any z € X, we have that range(h, | G) N X = 0 because every element of
range(h; [ G) has length at least 2 (since A ¢ G).

o For any x € X, we have that h, | G is injective because if h, (o) = h,(7), then zo = z7, and hence
o=rT.

o Finally, notice that if z,y € X with z # y, we have that range(h, | G) Nrange(h, | G) = () because
every elements of range(h, [ G) begins with = while every element of range(h, | G) begins with y.

Therefore, (A, B, H) is free. O

On to the theorem saying that if a simple generating system is free, then we can perform recursive
definitions on the elements that are generated.
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Theorem 2.4.5. Suppose that the simple generating system (A, B,H) is free and X is a set. Leta: B — X,
and for each h € Hy, let gn: (A x X)¥ — X. There exists a unique function f: G — X with the following
two properties:

1. f(b) = a(b) for allb € B.
2. f(h(ay,as,...,ax)) = gnlay, f(ar),as, f(as),...,ax, f(ag)) for all h € Hy and all ay,as,...,ar € G.

It turns out that the uniqueness part of the theorem follows by a reasonably straightforward induction
on G, and in fact does not require the assumption that (A, B, H) is free. The hard part is proving existence.
We need to define an f, and so we need to take an arbitrary a in A and determine where to send it. How
can we do that? The basic idea is to build a new simple generating system whose elements are pairs (a, x)
where a € A and z € X. Intuitively, we want to generate the pair (a, ) if something (either « or one of the
gn functions) tells us that we need to set f(a) = x if we want to satisfy the above conditions. We then go on
to prove (by induction on G) that for every a € A, there exists a unique x € X such that (a, ) is in our new
generating system. Thus, there are no conflicts, so we can use this to define our function. In other words,
we watch the generation of elements of G happen, and carry along added information telling us where we
need to send the elements as we generate them. Now for the details.

Proof. Let A" = Ax X, B' = {(b,a(b)) : b€ B} C A’, and H' = {g;, : h € H} where for each h € Hy, the
function g} : (A x X)¥ — A x X is given by
gnlar, w1, a2, T2, ... ag, o) = (h(ar, a2, ..., ax), gn(ar, x1, as, o, . .., ak, Tx))-

Let G' = G(A',B',H'). A straightforward induction (on G’), which we omit, shows that if (a,2) € G’, then
a € G. Let
Z ={a € G : There exists a unique x € X such that (a,z) € G'}.

We prove by induction (on G) that Z = G.

o Base Case: Notice that for each b € B, we have (b,a(b)) € B’ C G’, hence there exists an z €
X such that (b,x) € G'. Let b € B be arbitrary, and suppose that y € X is such that (b,y) €
G' and y # «(b). We then have (b,y) ¢ B’, hence by Corollary 2.2.18 there exists h € H; and

(a1,x1), (az,x2),. .., (ak, ) € G' such that
(byy) = 9;1(@17331&27372,---,ak,xk)
= (h(al,ag, ey ak),gh(a17$1,a27.’)32, ey ak,xk)).
In particular, we then have b = h(ay,as,...,ax). Since aj,as,...,a; € G, this contradicts the fact

that range(h | G¥) N B = (). Therefore, for every b € B, there exists a unique z € X, namely a(b),
such that (b,z) € G'. Hence, B C Z.

e Inductive Step: Let h € Hy and aq,as,...,ax € Z be arbitrary. For each i, let x; be the unique element
of X with (a;,x;) € G'. Since G’ is inductive, we have that
gn(a1, 1, a2, T2, ..., ax, zx) € G,
which means that
(h(a,az,...,ar),gn(ar, z1,as, o, ..., ax, ) = gy (a1, z1, as, Ta, ..., ax, ;) € G'.

Thus, there exists € X such that (h(a1,as,...,ax),z) € G'. Suppose now that y € X is such that
(h(ai,as,...,a),y) € G'. We have (h(a1,as,...,ax),y) ¢ B’ because range(h | G¥) N B = (), hence
by Corollary 2.2.18 there exists h € H; together with (c1, 21), (¢2, 22), ..., (¢¢, 2z¢) € G’ such that

(h(a1,az,...,ax),y) = g;(c1,21,C2, 22, - -, Ck, 2k)

= (h(c1,c2,...,¢e), g5(c1,21,C2, 22, .. ., Coy 22)).
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In particular, we have h(as,as,...,a;) = ﬁ(cl, Co,...,Cp). Since cq,ca, ..., ¢ € G, it follows that h = h
because range(h | G*) Nrange(h | GY) = 0 if h # h. Since h = h, we also have k = £. Now using the
fact that h | G* is injective, we conclude that a; = ¢; for all i. Therefore,

y= 9;;(61721,02,22, .- -,Cé,Ze) = gh(ahIl,aQ,Iz, .- -aakvxk)-

Hence, there exists a unique z € X, namely gp (a1, €1, a2, X2, . .., ag, ), such that (h(a1, ag, ..., ax),z) €
G'.

It now follows by induction that Z = G.

Define f: G — X by letting f(a) be the unique x € X such that (a,z) € G'. We need to check that f
satisfies the required conditions. As stated above, for each b € B, we have (b, a(b)) € G, so f(b) = a(b).
Thus, f satisfies condition (1). Now let h € Hy and aq,az,...,ar € G be arbitrary. We have (a;, f(a;)) € G’
for all 4, hence

(h(a1,az,...,ar),gn(a, f(ar),as, f(az),...,ax, flag))) € G’

by the argument in the inductive step above (since G = Z). It follows that
f(hlar,az, ... a;)) = gn(a, f(ar), az, f(az), ..., ax, f(ax)),

so f also satisfies condition (2).

Finally, we need to show that f is unique. Suppose that fi, fo: G — X satisfy the conditions (1) and
(2). Let Y ={a € G: fi(a) = fa(a)}. We show that Y = G by induction on G. First notice that for any
b € B we have

f1(b) = a(b) = f2(b),
hence b € Y. It follows that B C Y. Now let h € Hy, and a1, as,...,ax € Y be arbitrary. Since a; € Y for
each i, we have fi(a;) = fa(a;) for each ¢, and hence

fi(h(ar,az, ... ar)) = gnlar, fi(ar), az, fi(az),. .., ax, fi(ax))
= gn(a1, f2(a1), az, f2(az), ..., ax, f2(ax))
= fz(h(al,ag, .. .,ak)).

Thus, h(ai,az,...,a;) € Y. It follows by induction that Y = G, hence fi(a) = f2(a) for all a € G. O

2.5 An Illustrative Example

We now embark on a careful formulation and proof of the following statement: If f: A2 — A is associative,
ie. f(a, f(b,c)) = f(f(a,b),c) for all a,b,c € A, then any “grouping” of terms which preserves the ordering
of the elements inside the grouping gives the same value. In particular, if we are working in a group A, then
we can write things like acabba without parentheses, because any allowable insertion of parentheses gives the
same value. Of course, this result is not terribly surprising, and you’ve likely made extensive use of it when
doing algebra. However, a careful proof is a bit tricky, simply because it’s not immediately obvious how to
define “an allowable insertion of parentheses” in a rigorous way.

Throughout this section, let A be a set not containing the symbols [, ], or . The symbols [ and | will code
our parentheses, and * will code the application of our function. We choose to use square brackets for our
parentheses to distinguish them from the normal parentheses we will use as in our mathematical reasoning.
For example, we will plug these symbols into normal mathematical functions, and writing something like
g(() is much more confusing than g([). In other words, we want to distinguish between the parentheses in
our expressions and the parentheses we use in the mathematical metatheory to study the expressions. We
will also use infix notation with x as usual, rather than the standard function notation, i.e. we will write
[a x b] in place of f(a,b).
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Let Syma = AU{[,],x}, so Sym 4 is the collection of symbols that we are allowed to work with. When
thinking about the expressions that we can form using the symbols in Sym 4, we want to treat everything in
a purely syntactic manner. That is, we just want to write down valid sequence of symbols, without thinking
about how to interpret them. For instance, we want to keep a distinction between the sequence of symbols
[a* b] and the result of evaluating f(a,b) for a given function f: A2 — A.

With all of that in mind, how do we define what a valid expression is? Since we are treating expressions as
syntactic objects, every expression will be a sequence of symbols, i.e. will be an element of Sym?¥. However,
we don’t want to include every element of Sym?, because a[x x b][ should not considered a reasonable
expression. The way that we obtain all valid expressions is we start with the elements of A, and build up
more complicated expressions by inserting * between valid expressions, and surrounding with parentheses.

Definition 2.5.1. Define a binary function h: (Sym*)* — Sym? by letting h(o, ) be the sequence [0 T].
We then have that (Sym*, A, {h}) is a simple generating system, where we are viewing the elements of A as
length 1 sequences in Syma. Let Expa = G(Sym?, A, {h}).

For example, suppose that A = {a,b,c}. Typical elements of G(Sym?, A, {h}) are ¢, [b* [a* c]] and
[c % [[c x b] x a]]. Again, elements of Fxpa are just certain special sequences of symbols, so they do not
“mean” anything. In order to attach meaning, we need to have a function f: A? — A that will serve as an
interpretation of x. Once we have such an f, it seems reasonable that it will provide a way to evaluate the
elements of Exp4. That is, with an f: A2 — A in hand, we should be able to define a function from Expy4
to A, which essentially replaces each occurrence of the symbol x by an application of f. The natural way
to define this function is recursively, but in order to do that, we need to know that the generating system is
free.

Proving Freeness

Notice that if we did not use parentheses, i.e. if we defined h': (Sym*)? — Sym’ by letting h'(o,7) be

the sequence o x 7, then (Sym?*,A,{h'}) would not be free. For example if A = {a,b,c}, then a xbxc
would be an element of GG, which can be built up in two distinct ways. More formally, we would have
R (axb,c)=h(a,bxc), soh’ | G? is not be injective.

However, the natural hope is that the inclusion of parentheses forces every element of Exps to be
generated in a unique way. How can we argue this carefully? Suppose that we have element of Exzp,4. Could
it be written as both [p1 x 11] and [pg * 5] in some nontrivial way (i.e. except in the case where p1 = @9
and 11 = 12)? Since [p1 x 1] and [p2 x o] are the same sequence of symbols, either ¢ = ¢, or one of the
; is a proper initial segment of the other. This is situation that happened in above without parentheses.
The sequence a * b * ¢ could be decomposed in two ways, and a was a proper initial segment of a * b.

With this in mind, our first goal will be to prove that no element of Exp4 is a proper initial segment of
another elements of Exp4. To accomplish this task, we will employ a simple “weight” function. The idea is
as follows. Given a sequence Symy of symbols, we scan it from left to right. We give the symbol [ a weight
of —1, and when we encounter it in a sequence, we think about incurring a small debt that we need to pay
off. Analogously, we give the symbol | a weight of 1, and when we encounter it, we think about paying off a
small debt. Here is the formal definition.

Definition 2.5.2. Define W: Sym’ — Z as follows. We begin by defining w: Syma — Z in the following
way:

e w(a) =0 for alla € A.
e w) =0
e w(l) =1

(
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We then define W: Sym* — Z by letting W(X) = 0 and letting

for all o € Sym’\{\}.

Notice that if 0,7 € Sym*,, then we trivially have W (o7) = W (o) + W (1), since W is just defined as the
sums of the weights of the individual symbols. Now the following proposition is intuitively obvious, because
any valid expression must have an equal number of left and right parentheses, so every debt will be payed
off. Formally, we prove it by induction on the generating system.

Proposition 2.5.3. If ¢ € Expa, then W(p) = 0.

Proof. The proof is by induction on . In other words, we let X = {¢ € Exzps : W(p) = 0}, and we prove
by induction that X = Fxpa. For the base case, notice that for every a € A, we have that W(a) = 0. For
the inductive step, let ¢, % € Expa be arbitrary with W (¢) = 0 = W (y)). We then have that

W(lex¢]) = W(D) + W) + W)+ W(y) + W()
=—1+4+0+0+0+1
=0.

By induction, it follows that X = Fxp4, concluding the proof. O

Recall that given ¢ and 7, we use the notation ¢ < 7 to mean that ¢ is an initial segment of 7, and use
0 < T to mean that o is a proper initial segment of 7, i.e. that ¢ <7 and o # 7.

Proposition 2.5.4. If p € Exps and 0 < ¢ with o # A, then W(o) < —1.
Proof. Again, the proof is by induction on ¢. That is, we let
X ={p € Expas: Forall 0 < ¢ with o # A, we have W(o) < —1},

and we prove by induction that X = Exp4. Notice that the base case is trivial, because given any a € A,
there is no o # X\ with ¢ < a, and hence a € X vacuously.

For the inductive step, let ¢,1 € Expy be arbitrary with ¢,1 € X. We prove that [p x¢] € X. Let
0 < [p* 1] be an arbitrary proper initial segment with o # A. We handle several cases.

o If ois [, then W(o) = —1.

o If o is [r where 7 # A and T < ¢, then

-1-1 (by induction)

=140 (by Proposition 2.5.3)
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o If ois [p*T, where 7 # X and 7 < ¢, then

W(o)=-1+W(p)+ W(r)

=-140+W(1) (by Proposition 2.5.3)
<-140-1 (by induction)
< -1

o Otherwise, o is [ * 1, and

W(o) =—-1+W(p) + W(¥)
= 14040 (by Proposition 2.5.3)
=—1.

Therefore, in all cases, we have W (o) < —1. Since o was an arbitrary proper initial segment of [ * ] with
o # A, we conclude that [p * 9] € X.
By induction, it follows that X = Exp4, concluding the proof. O

Corollary 2.5.5. If p,9 € Expa, then @ £ 1.

Proof. This follows by combining Proposition 2.5.3 and Proposition 2.5.4, along with noting that A ¢ Fxpa
(which follows by a trivial induction). O

We now have the essential tool that will help us prove freeness.
Theorem 2.5.6. The generating system (Sym’, A, {h}) is free.

Proof. Notice that our simple generating system only has one binary function, so we need only check two
things.

o First notice that range(h | (Ezpa)?) N A = () because all elements of range(h) begin with |.

o We now show that range(h | (Expa)?) is injective. Let ¢1,¢2,%1,%2 € Expa be arbitrary with

h(p1,91) = h(pa,1P2). We then have [p1 x91] = [p2 *9)2], hence 1 x1h1 = 2 x1P2. Since 1 < 2 and
w2 < 1 are both impossible by Corollary 2.5.5, it follows that ¢ = 5. Therefore, xi); = *1)9, and so
b1 = 1pg. It follows that h | (Expa)? is injective.

Combining these two facts, we conclude that the generating system is free. O

The Result

Since we have established freeness, we can define functions on Fxp4 recursively. The first such function we
define is the “evaluation” function.

Definition 2.5.7. Let f: A> = A. We define a function Evals: Expa — A recursively as follows:
e Evalg(a) =a for alla € A.
o Bvalg([px]) = f(Evals(p), Evalg (1)) for all o, € Expa.

Formally, here is how we use freeness to justify the definition. Let a.: A — A be the identity map, and
let gn: (Sym? x A)?> — A be the function defined by letting g5 (o, a,7,b) = f(a,b). By Theorem 2.4.5, there
is a unique function Eval;: Fxpsy — A with the following two properties:

1. Evaly(a) = a(a) for all a € A.
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2. Evals(h(p,v)) = gn(e, Evals(p), v, Evaly (1)) for all ¢, € Expy.

Unraveling definitions, this is exactly what we wrote above. In the future, we will typically avoid this level
of formality, and just define recursive functions as in the above definition.

Recall that our goal is to prove the following: If f: A% — A is associative, i.e. f(a, f(b,c)) = f(f(a,b),c)
for all a,b,c € A, then any “grouping” of terms which preserves the ordering of the elements inside the
grouping gives the same value. In order to define “preserves the ordering of the elements” carefully, we now
introduce a function that eliminates all parentheses and occurrences of x in an element of Exp4. In other
words, it produces the sequence of elements from A within the given expression, in order of their occurrence.
Since the function destroys characters, we’ll call it D. Notice that D is also defined recursively.

Definition 2.5.8. Define a function D: Expa — A* recursively as follows:
e D(a)=a foralla e A.

e D([p*x¢]) = D(p)D(4) for all p,v) € Expa, where D(p)D (1)) is just the concatenation of the sequences
D(p) and D(3).

With these definitions in hand, we can now precisely state our theorem.

Theorem 2.5.9. Suppose that f: A2 — A is associative, i.e. f(a, f(b,c)) = f(f(a,b),c) for all a,b,c € A.
For all p,7 € Expa with D(p) = D(y), we have Evals(p) = Evals ().

In order to prove our theorem, we need to a way to take a sequence o € A* of elements of A, and provide
a canonical element ¢ € Fxps with D(¢) = o that we can evaluate. The most natural way to do this is
to pick a side to group terms on. We'll choose to “associate to the right”, so that the sequence cabc will
produce [c*[ax[bxc]]]. The definition is intuitively clear, but to make it more precise, we define this grouping
recursively. We could define it recursively on the length of an element of A*, but its more elegant to use the
simple generating system (A*, A,{h, : a € A}) where h,: A* — A* is defined by h,(c) = ao. As shown in
Example 2.4.4, we know that (4*, A, {hs : @ € A}) is free and we have that G = A*\{\}, which justifies the
following recursive definition.

Definition 2.5.10. We define R: A*\{\} — Sym?* recursively by letting R(a) = a for all a € A, and letting
R(ao) = [ax R(0)] for all a € A and all 0 € A*\{\}.

The following result can be proven by a simple induction on the generating system (A*, A, {h, : a € A}).
Proposition 2.5.11. For all 0 € A*\{\}, we have R(0) € Expa.

Now in order to prove Theorem 2.5.9, we will show that Fvals(¢) = Evaly(R(D(yp))) for all ¢ € Expa,
i.e. that we can take any ¢ € Expy, rip it apart so that we see the elements of A in order, and then associate
to the right, without affecting the result of the evaluation. We first need the following lemma.

Lemma 2.5.12. Eval;([R(0) * R(7)]) = Evals(R(oT)) for all o,7 € A*\{A}.

Proof. Let 7 € A*\{\} be arbitrary. We prove that the statement is true for this fixed 7 by induction on
A*\{A\}. That is, we let

X = {0 € A"\{\} : Bvaly([R(0) » R(7)]) = Evals(R(oT))},
and prove by induction on (A*, A, {h, : a € A}) that X = A*\{\}. Suppose first that a € A. We then have

Eval¢([R(a) x R(1)]) = Evaly([ax R(T)]) (by definition of R)
= Eval;(R(aT)) (by definition of R),
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so a € X. Suppose now that o € X and that a € A. We show that ac € X. We have

Evaly([R(ac) * R(T)]) = Evals([[a* R(0)] * R(T)])
= f(Bvalg([ax R(0)]), Eval;(R(T)))
= f(f(a, Bvaly(R(0))), Evaly(R(7))) (by definition of Evaly, using Evals(a) = a)

(by definition of R)
(
(
= f(a, f(Eval;(R(0)), Evaly(R(7)))) (since f is associative)
(
(
(
(

by definition of Evaly)

= f(a, Evals([R(c) * R(T)])) by definition of Evaly)
= f(a, Evals(R(oT))) since o € X)

= Bvals([ax R(oT)])
= Eval;(R(aoT))

by definition of Evals, using Evals(a) = a)
by definition of R),

so ao € X. The result follows by induction. O

We can now prove our key lemma.

Lemma 2.5.13. Evals(p) = Evalf(R(D(y))) for all o € Expa.

Proof. By induction on Expy. If a € A, this is trivial because R(D(a)) = R(a) = a. Suppose that
p, Y € Expy and the statement is true for ¢ and ). We then have

Evals ([ xv)]) = f(Evals(p), Evals(v)) (by definition of Evaly)
— f(Bualy(R(D(¢))), Bvaly(R(D(%)))) (by induction)
= Eval;([R(D(p)) * R(D(¥))]) (by definition of Evaly)
= Evaly(R(D(p)D(v))) (by Lemma 2.5.12)
= Evals(R(D([¢ *]))) (by definition of D).
O
Finally, we can finish the proof of our theorem.
Proof of Theorem 2.5.9. Let ¢,1 € Expa be arbitrary such that D(¢) = D(v). We have
Evaly(p) = Evalf(R(D(p))) (by Lemma 2.5.13)
— Evaly (R(D(1))) (since D(¢) = D())
= Evals(¢) (by Lemma 2.5.13).
O

It’s certainly reasonable to ask if the amount of formality and rigor that we used to prove this theorem
was worth it. After all, the result was intuitive and reasonably obvious. These concerns are certainly valid,
but working through all of the details in this simple setting will ease the transition to more complicated
arguments.

An Alternate Syntax - Polish Notation

It is standard mathematical practice to place binary operations like x between two elements (called “infix
notation”) to signify the application of a binary function, and throughout this section we have followed that
tradition in building up valid expressions. However, the price that we have pay is that we needed to use
parentheses to avoid ambiguity, i.e. to provide freeness. As mentioned, without parentheses, it is not clear
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how to parse a x b c. Should it be [[a xb] x ¢] or [a % [b* ¢]]? If the underlying function f is not associative,
then the distinction really matters.

We can of course move the operation to the front and write %[a, b] instead of [a x b] similar to how we
might write f(x,y) for a function of two variables. At first sight, this looks even worse because now we
introduced a comma. However, it turns out that we can eliminate all of the extra symbols. That is, we
simply write xab without any additional punctuation ,and build further expressions up in this way, then we
avoid any ambiguity. This syntactic approach is called “Polish notation”. For example, we have the following
translations in Polish notation.

o [[axb]*c] = **abc
o [ax[b*c]] = xa*be.
o [[axb]*[ckd]] = **abxcd.

We now go about proving that every expression in Polish notation is built up in a unique way. That is, we
prove that the corresponding generating system is free. For this section, let A be a set not containing the
symbol % and let Sym 4 = AU {x}. That is, we no longer include parentheses in Sym4.

Definition 2.5.14. Define a binary function h: (Sym*)? — Sym* by letting h(o,7) be the sequence xoT.
We then have that (Sym*, A,{h}) is a simple generating system, where we are viewing the elements of A as
length 1 sequences in Sym?*. Let PolishExpa = G(Sym*, A, {h}).

In order to prove that (Sym*, A, {h}) is free, we follow the structure of our previous argument. We start
by defining a weight function, but here it is less obvious how to proceed. Unlike the previous case, where
parentheses carried all of the weight and the elements of A were neutral, we now can only have the elements
of A to signify when we have paid off a debt. As a result, instead of giving elements of A a weight of 0, we
will give them weight 1. This leads to the following definition.

Definition 2.5.15. Define W: Sym’ — Z as follows. We begin by defining w: Syma — Z in the following
way:

e w(a) =1 for all a € A.
o ’UJ(*) = —1.

We then define W: Sym* — Z by letting W(X) = 0 and letting

i<|o|
for all o € Sym’\{\}.

Notice again that if o, 7 € Sym¥, then we trivially have W (o) = W (o) + W (7). Now when we scan an
element of Sym’ from left to right, we invoke a debt of —1 when we run across a %, and end up paying back
2 when we encounter elements of A. As a result, valid expressions now have weight 1 instead of weight 0.

Proposition 2.5.16. If ¢ € PolishExpa, then W(p) = 1.

Proof. The proof is by induction on . Notice that for every a € A, we have that W (a) = 1 by definition.
Let o, € PolishExpa be arbitrary with W () =1 = W (). We then have that

Wxpy) = W(x) + W(p) + W(J)

=W(p)
—1.

The result follows by induction. O
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We now show that proper initial segments of valid expressions have smaller weight. In this case, we do
not have to treat A differently.

Proposition 2.5.17. If ¢ € PolishExps and o < ¢, then W(o) < 0.

Proof. The proof is by induction on ¢. Again the base case is trivial, because given any a € A, the only
o < ais o=\, and we have W(\) = 0. For the inductive step, assume that ¢, 9 € PolishExpa and that
the statement is true for ¢ and 1. We prove that the statement is true for xpi. Let o < xp1) be arbitrary.
We have several cases.

o If 0 = A, then W(o) =0.
e If o is x7 for some 7 < ¢, then

W(o)=W(*)+ W(r)
—-1+0 (by induction)
-1

IAN A CIA
e

e Otherwise, o is xpT for some 7 < 1, in which case

W(a) = W)+ W(p)+W(r)

=—-1+14+W(7) (by Proposition 2.5.16)
<—-14+14+0 (by induction)
<0.
Thus, the statement is true for xp. O

Corollary 2.5.18. If p,9) € PolishExpa, then ¢ L .

Proof. This follows by combining Proposition 2.5.16 and Proposition 2.5.17. O

Theorem 2.5.19. The generating system (Sym¥, A, {h}) is free.

Proof. Notice that our simple generating system only has one binary function, so we need only check two
things.

o First notice that range(h | (PolishExpa)?) N A = () because all elements of range(h) begin with x.

o We now show that range(h | (PolishExpa)?) is injective. Suppose that o1, g, 11,19y € PolishExpa
and that h(p1,11) = h(p2,12). We then have xp11)1 = xpathe, hence 111 = pat)s. Since @1 < 9
and @9 < 7 are both impossible by Corollary 2.5.18, it follows that @7 = ps. Therefore, ¥, = ¥5. It
follows that h | (PolishExpa)? is injective.

Combining these two facts, we conclude that the generating system is free. O

If we wanted, we could recursively define an evaluation function (given an f: A2 — A), and prove
analogous results. However, now that we have become acquainted with Polish notation, we can move on to
our study of logic.
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2.6 Exercises

1. Consider the following simple generating system. Let A = {1,2,3,4,5,6,7}, B = {5} and H = {hq, ha},

where hy: A — A is given by
hi(1)=3 hi(2)=1 h(3)=3 h(d)=7 h(B)=5 hi((6)=1 h(7)=4

and ho: A2 — A is given by

O | T = D DN D DN

= O N | O = O] W

(S =Y RS2 1 TN [P N O N IS

| O U =] W N =

| = =] o N3 Wl =
Y DO | | D DO DO o
R W NN O
YN N W W~

Interpret the diagram as follows. If m,n € A, to calculate the value of hs(m,n), go to row m and
column n. For example, ha(1,2) = 6.

(a) Determine V3 and W3 explicitly. Justify your answers.

(b) Determine G explicitly. Justify your answer.

. Let A be an arbitrary group, and let B be an arbitrary nonempty subset of A. Let H = {hq, ha} where

hi: A = A is the inverse function and hy: A2 — A is the group operation. Show that the simple
generating system (A, B, H) is not free.

Let A=RT ={z €R:2 >0}, By = {V2}, By = {V/2,16}, and H = {h} where h: RT — R¥ is given

by h(x) = 2.

(a) Describe G(A, B1,H) and G(A, By, H) explicitly.
(b) Show that (A, By,H) is free, but (A, Ba,H) is not free.
(c) Define a: B, — R by a(v/2) = 0 and a(16) = %. Define g5: R* x R — R by letting gy (a,z) =
log, a + x. Show that there exists a function f: G(A4, B, H) — R with the following properties:
o f(b) = a(b) for all b € Bs.
e f(h(a)) = gn(a, f(a)) for all a € G(A, By, H).

Thus, we can define a function that satisfies the recursive equations in this case despite the lack of
freeness.

. Let A =N*, B ={7,13}, and H = {h1,ha} where h;: A — A is given by hi(n) = 20n 4+ 1 and

ha: A% — A is given by ha(n,m) = 2"(2m + 1). Show that (4, B,H) is free.

. Let Q be the set of all algebraic numbers. That is, Q is the set of all z € C such that there exists a

nonzero polynomial p(x) € Q[x] with rational coefficients having z as a root. Show that Q is countable.

. Let (A, B,H) be a (not necessarily simple) generating system. Assume that B is countable, that

H is countable (that is, there are countably many functions in H), and that for each h € H; and
ai1,as,...,a; € A, the set h(ay,as,...,ax) is countable. Show that G is countable.
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7. (**) Suppose that (A4, B,H) is a simple generating system that is not free. Show that there exists a
set X and functions a: B — X and g;,: (4 x X)*¥ — X for each h € Hj,, such that there is no function
fi+ G — X satisfying the following:

b) = a(b) for all b € B.

h(ay,ag,...,ax)) = gn(a1, f(a1),as, f(ag),...,ak, f(ax)) for all h € Hy and all a1, as,...,a; €
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Chapter 3

Propositional Logic

3.1 The Syntax of Propositional Logic

We now embark on a careful study of Propositional Logic. As described in Chapter 1, in this setting, we start
with an arbitrary set P, which we think of as our collection of primitive statements. From here, we build
up more complicated statements by repeatedly applying connectives. As in Section 2.5, we have multiple
syntactic approaches that we can follow. We develop both here.

Standard Syntax

We start with the more human readable syntax that uses infix notation for binary connectives, and hence
must employ parentheses in order to avoid ambiguity. In Section 2.5, we used square brackets to distinguish
the formal syntactic constructs from their normal mathematical use. Since we have some experience now,
we will forgo that pedantic distinction here in order to have more natural looking objects.

Definition 3.1.1. Let P be a nonempty set not containing the symbols (,),—,A\,V, and —, and define
Symp = PU{(,),7,A,V,—=}. Define a unary function h-. and binary functions ha,hy, and h_, on Sym}
as follows:

h-(o) = (-o)
ha(o,7) = (0 AT)
hy(o,7) = (o V)

ho(o,7)=(0c — 7).
We then let Formp = G(Sym’p, P,’H) where H = {h—, hp,hyv,h_}

In other words, we generate more complicated statements by starting with the elements of P and applying
the functions that introduce connectives. We call the results syntactic objects formulas. We now argue the
generating system is free by following the outline in Section 2.5.

Definition 3.1.2. Define W: Symp — Z as follows. We begin by defining w: Symp — Z in the following
way:

e w(A)=0 for all A€ P.
e w(O) =0 for all & € {—,A,V,—}.

39
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. w()=1.
We then define W: Sym’ — Z by letting W(X) = 0 and letting

i<l|o|
for all o € SymH\{\}.

With this weight function in hand, the proof that the generating system is free proceeds in the same way
as the example in Section 2.5.

Proposition 3.1.3. We have the following:
1. If p € Formp, then W(p) = 0.
2. If o € Formp and o < ¢ with o # A, then W(o) < —1.
3. If p € Formp, then ¢ # A, and either ¢ is an element of P, or ¢ begins with (.

Proof. These all follow using straightforward inductive arguments (with multiple inductive steps, since we
now have 4 generating functions), the first two of which are completely analogous to Proposition 2.5.3 and
Proposition 2.5.4. O

Corollary 3.1.4. If p,7p € Formp, then ¢ 4 1.

Proof. First notice that ¢ # X by part (3) of Proposition 3.1.3. Now apply parts (1) and (2) of Proposition
3.1.3. 0

Theorem 3.1.5. The generating system (Sym?, P,H) is free.
Proof. We have to check the three properties.

o First notice that range(h— | Formp)NP = () because all elements of range(h—) begin with (. Similarly,
for any © € {A,V,—}, we have range(ho | Form?%)N P = { since all elements of range(ho ) begin with

(.
e We next need to check that each element of # is injective, when restricted to formulas.

Let ¢,v» € Formp be arbitrary with h—(p) = h_(¢)). We then have (—¢) = (%), hence ¢ = .
Therefore, h—, | Formp is injective.

Suppose & € {A,V,—}. Let ¢1,p2,91,%2 € Formp be arbitrary with ho(p1,91) = ho(pa, ).
We then have (p1<01%1) = (p2012), hence 101 = pa1he. Since w1 < w2 and o < @1 are both
impossible by Corollary 3.1.4, it follows that ¢ = po. Therefore, Gy = Oibg, and so Y1 = ¥y, It
follows that he | Form? is injective.

e Finally, we must show that two distinct elements of H have disjoint ranges, when restricted to formulas.

Suppose & € {A,V,—=}. Let ¢, 91,92 € Formp be arbitrary with h-(¢) = ho (91, 12). We then have
(=) = (¥101)2), hence ¢ = 11 O1ha, contradicting the fact that no element of Formp begins with —
(by part (3) of Proposition 3.1.3). Therefore, range(h—, | Formp) Nrange(ho | Form%) = 0.

Suppose ¢,y € {A, V, =} with &1 # Oy, Let @1, @2, 11, e € Formp be arbitrary with he, (¢1,%1) =

ho,(p2,12). We then have (p10191) = (p20a1P2), hence 914191 = 9202102, Since 1 < 2 and
w2 < 1 are both impossible by Corollary 3.1.4, it follows that @3 = @2. Therefore, &1 = O, a
contradiction. It follows that range(ho, | Form3) Nrange(ho, | Form%) = 0.

O
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Polish Notation

Definition 3.1.6. Let P be a set not containing the symbols =, A\,V, and —, and define Symp = P U
{=,A\,V,—=}. Define a unary function h-, and binary functions ha,hy, and h_, on Sym%} as follows:

h-(o) = -0
ha(o,7) = Aot
hy(o,7) = Vor
h_(o,7) = = oT.

We then let Formp = G(Sym’, P, H) where H = {h-,ha,hy,h_}.

Definition 3.1.7. Define W: Symp — Z as follows. We begin by defining w: Symp — Z in the following
way:

(A) =1 for all A€ P.
() =o.
(

e W

g

o w(O) =1 forall & € {A,V,—}.
We then define W: Sym’p — Z by letting W(A) = 0 and letting

i<l|o|
for all o € Symp\{\}.
Proposition 3.1.8. If p € Formp, then W(p) = 1.

Proof. The proof is by induction on ¢. Notice that for every A € P, we have that W(A) = 1. Suppose that
¢ € Formp is such that W(p) = 1. We then have that
W(=¢) =0+ W(p)
=W()
=1
Suppose now that ¢, € Formp are such that W(p) =1 =W (¢), and ¢ € {A,V,—}. We then have that

W(Opy) = =1+ W(p) + W(¥)
- 14+141
=1.
The result follows by induction. O
Proposition 3.1.9. If ¢ € Formp and o < ¢, then W (o) < 0.

Proof. The proof is by induction on ¢. For every A € P, this is trivial because the only o < A is 0 = A, and
we have W(\) = 0.

Suppose that ¢ € Formp and the statement is true for ¢. We prove that the statement is true for —p.
Suppose that o < —p. If 0 = A, then W (o) = 0. Otherwise, o is =7 for some 7 < ¢, in which case

W) =0+ W(r)

<0+0 (by induction)
<o.
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Thus, the statement is true for —.

Suppose that ¢, € Formp and the statement is true for ¢ and 9. Let & € {A,V,—}. We prove that
the statement is true for Gptp. Suppose that o < G, If 0 = A, then W(o) = 0. If o is O7 for some 7 < ¢,
then

W) =—-1+W(r)
-1+40 (by induction)
-1

0.

IN A IA

Otherwise, o is Cpr for some 7 < 1), in which case

W(o)=-1+W(p)+ W(r)

=-141+W(r) (by Proposition 3.1.8)
<—-14140 (by induction)
<0.
Thus, the statement is true for G, O

Corollary 3.1.10. If p,9p € Formp, then ¢ £ 1.

Proof. This follows by combining Proposition 3.1.8 and Proposition 3.1.9. O

Theorem 3.1.11. The generating system (Sym, P,H) is free.
Proof. We have to check the three properties.

o First notice that range(h-, | Formp)NP = @ because all elements of range(h-) begin with —. Similarly,
for any © € {A,V, —}, we have range(ho | Form%)N P = () since all elements of range(ho ) begin with
O

e We next need to check that each element of H is injective, when restricted to formulas.

Let ¢, € Formp be arbitrary with h-(¢) = h—(¢)). We then have ¢ = =), hence ¢ = 1. Therefore,
h- | Formp is injective.

Suppose & € {A,V,—=}. Let ©1,9,%1,%2 € Formp be arbitrary with he(¢1,%1) = ho(p2,12). We
then have G191 = Cpatha, hence 117 = o). Since ¢ < o and s < @71 are both impossible by
Corollary 3.1.10, it follows that ;1 = @o. Therefore, ¢; = 1)5. Therefore, he | Form? is injective.

e Finally, we must show that two distinct elements of H have disjoint ranges, when restricted to formulas.

Suppose & € {A,V,—}. We have range(h—, | Formp) Nrange(he | Form?) = () because all elements
of range(h-) begin with — and all elements of range(h¢ ) begin with <.

Suppose ©1,Cg € {A,V, —} with O # Oy, We have range(ho, | Form?%) Nrange(ho, | Form%) =0
because all elements of range(ho, ) begin with 1 and all elements of range(he,) begin with <q.

O
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Official Syntax and Our Abuses of It

Since we should probably fix an official syntax, we’ll choose to use Polish notation. The ability to use fewer
symbols is more elegant, and we’ll find that it is more natural to generalize to later context (when we talk
about the possibility of adding new connectives, and when we get to first-order logic). However, as with
many official definitions in mathematics, we’ll ignore and abuse this convention constantly in the interest
of readability. For example, we’ll often write things in standard syntax or in more abbreviated forms. For
example, we’ll write A A B instead of either AAB or (A A B). We'll also write something like

AL AA A AAL_1 AA,

or N
A
i=1

in place of (A1 A (Ao A (- (An—1 A Ap) --+))) in standard syntax or AA; A Az -+ A Ap—1A, in Polish notation.
Notice that each of these can be defined formally by using a variant of the function R defined in Section 2.5.
In general, when we string together multiple applications of an operation (such as A) in order, we always
associate to the right.

When it comes to mixing symbols, we’ll follow conventions about “binding” similar to how we think of -
as more binding than + (so that 3 -5+ 2 is read as (3 - 5) + 2). We think of — as the most binding, so we
read =A A B as ((—A) A B). After that, we consider A and V as the next most binding, and — has the least
binding. We’ll insert parentheses when we wish to override this binding. For example, AA—-B — CV D is
really ((AA (=B)) — (Cv D)) while AA (-B — CV D) is really (AA ((-B) — (CV D))).

Recursive Definitions

Since we’ve shown that our generating system is free, we can define functions recursively. Now it is possible
to define some of functions directly, without appealing to recursion. In such cases, you may wonder why we
bother. Since our only powerful way to prove things about the set Formp is by induction, and definitions
of functions by recursion are well-suited to induction, it’s simply the easiest way to proceed.

Our first function takes as input a formula ¢, and outputs the set of element of P that occur within the
formula .

Definition 3.1.12. Given a set P, we define a function Occur Prop: Formp — P(P) recursively as follows:
e OccurProp(A) = {A} for all A € P.
e OccurProp(—y) = OccurProp(y).
o OccurProp(Ce) = Occur Prop(y) U Occur Prop(y) for each & € {A,V,—}.

In order to make the definition precise, we’re starting with functions a: P — P(P), g,_ : Sym}p xP(P) —
P(P) and gy, : (Sym?p x P(P))? — P(P) for each & € {A,V,—} defined as follows:

o a(A)={A} for all A € P.
e gn(0,2)="Z.
. gho((fl,Zl,Ug,Zg) = Zl U ZQ for each ¢ € {/\,\/,4)}.

We are then appealing to Theorem 2.4.5, which tells us that there is a unique function Occur Prop: Formp —
P(P) satisfying the necessary requirements. Of course, this method is more precise, but it’s significantly
less intuitive to use and understand. It’s a good exercise to make sure that you can translate a few more
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informal recursive definitions in this way, but once you understand how it works you can safely keep the
formalism in the back of your mind (at least until we work to develop formal definitions of computation).
Here’s a basic example of using induction to prove a result based on a recursive definition.

Proposition 3.1.13. We have the following:
1. If @ C P, then Formg C Formp.
2. For any ¢ € Formp, we have ¢ € FormoceurProp(y)-

Proof. The first is a straightforward induction on ¢ € Formg, and is left as an exercise.

For the second, the proof is by induction on ¢ € Formp. For the base case, let A € P be arbitrary. Since
OccurProp(A) = {A} and A € Formgay, we have A € Formoccur Prop(a)-

Let ¢ € Formp be such that the statement is true for ¢, i.e. such that ¢ € Formoceurprop(y)- Since
Occur Prop(—y) = Occur Prop(yp), it follows that ¢ € Formoceur Prop(—p)- Hence, =@ € Formoceur Prop(-y)-

Finally, suppose that ¢,9 € Formp, that & € {A,V,—}, and that the statement is true for ¢ and 1,
i.e. that we have ¢ € Formoccurprop(p) and ¥ € FOrmoceur Prop(y)- Since

Occur Prop(p) C Occur Prop(Gey)  and  Occur Prop(y) C Occur Prop($p)

by definition, it follows from (1) that ¢, v € Formoceurprop(opy). Therefore, Oy € Formoceur Prop(opy)-

On to some more important recursive definitions.
Definition 3.1.14. We define a function NumConn: Formp — N recursively as follows:
e NumConn(A) =0 for all A € P.
e NumConn(—p) = NumConn(p) + 1.
o NumConn(Opw) = NumConn(p) + NumConn(¢) + 1 for each & € {A,V,—}.

Although we have defined propositional formulas as certain finite sequences of symbols, it’s more natural
to view them as tree structures. The idea is to view a formula like AAB as a tree having one internal node A,
and then two leaves as children (with A to the left and B to the right). More complicated formulas lead to
more complex trees, but the connectives always serve as internal nodes, and the propositional symbols are
the leaves. In computer science, if we view our propositional formulas as code in a programming language,
then these trees are called the syntax trees of the corresponding formulas. From this perspective, NumConn
gives the number of internal nodes of the corresponding tree. Viewing propositional formulas as trees leads
to another interesting an fundamental recursive function:

Definition 3.1.15. We define a function Depth: Formp — N recursively as follows:
e Depth(A) =0 for all A € P.
e Depth(—¢) = Depth(p) + 1.
e Depth(Opy) = max{Depth(p), Depth()} + 1 for each & € {A,V,—}.

For example, although NumConn(V A ABV CD) = 3, we have Depth(V A ABV CD) = 2. Intuitively, the
depth of a formula is the the height of the corresponding syntax tree (or 1 off from the height, depending on
how you count). If we view these syntax trees as electrical circuits built out of logical gates, then the depth
is a good measure of how long it takes the electrical circuit to propagate from the inputs (the propositional
symbols at the leaves) to the output (the root of the tree). In other words, an engineer building a circuit to
compute as quickly as possible would try to minimize the depth of a circuit, rather than just the number of
gates.
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Definition 3.1.16. We define a function Subform: Formp — P(Formp) recursively as follows:

o Subform(A) = {A} for all A € P.

o Subform(—p) = {—p} U Subform(y).

o Subform(Cpy) = {Cpy} U Subform(p) U Subform(v) for each & € {A,V,—}.

In other words, Subform takes a formula as input, and produces the set of all formulas that went into
building up the formula recursively. For example, we have Subform(A—-AB) = {A-AB, -A,A,B}. In terms
of the syntax trees, Subform(p) is the set of all subtrees of the syntax tree of ¢, obtained by taking each
node as a new root. Since our formulas are formally defined as syntactic sequences, a natural question is
whether Subform(y) is the set of subsequences of ¢ that happen to be formulas. This turns out to be true,
but is left as an exercise.

We end with a recursive definition of substituting one formula for another.

Definition 3.1.17. Let 0,y € Formp. We define a function Substioy: Formp — Formp recursively as
follows.

0 ify=A

A otherwise.

. Subst?{(A) = {

e Substl (=) = o p iy = i@
v ~Subst’ (¢)  otherwise.

0 if v =Opy
OSubst? (o) Subst? (1) otherwise.

for each & € {A,V,—}.

. Substi(@cpw) = {

For example, we have
Subst’ 2B (vC — v-CA-C) = VC — V A ABA A AB.

Intuitively, Substi(cp) finds all subtrees of the syntax tree of ¢ that equal the syntax tree of v, and replaces
all of those with the syntax tree of 6.

3.2 Truth Assignments and Semantic Implication

So far, we’ve treated formulas only as syntactic objects. We briefly alluded to thinking of the syntax tree
of a formula as looking like a circuit that computes based on assigning inputs to the propositional symbols,
and it is now time to formalize that idea. Recall that, in isolation, a formula like (A A B) V C does not have
any meaning. However, once we assign true/false values to each of A, B, and C, then the formula obtains a
natural truth value. We start with the following definition to codify this assigning of values to the symbols.

Definition 3.2.1. Given a set P, a truth assignment on P is a function M: P — {0,1}.

We are using the number 0 and 1 as natural codings of “false” and “true”. Once we have a truth
assignment M on P, we can define the “truth value” of any formula. Of course, the definition is recursive.

Definition 3.2.2. Let P be a set and let M : P — {0,1} be a truth assignment on P. We define a function
v Formp — {0, 1} recursively as follows:
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e vp(A)=M(A) for all A € P.

)1 dfonm(p) =0
. ’UM(_‘SO) - {0 iva(gO) =1
0 ifopm(e) =0 and vp () =0
)0 ifop(e) =0 and vy (Y) =1
* vm(ney) = 0 ifvm(e)=1and vy () =0
1 ifom(p) =1 and vp () = 1.
0 ifva(e) =0 and vy () =0
1 ifou(e) =0 and vy (Y) =1
* vu(Vew) = 1 ifom(p)=1andvy(v) =0
1 ifom(p)=1and oy (W) =1
1 ifopm(p) =0 and vy () =0
)1 ifou(e) =0 and vp(Y) =1
* vm(=ey) = 0 ifva(p) =1 and vy (vh) =0
1 dfom(p) =1 and vy (y) = 1.

Before moving on, we should note a couple of simple facts about what happens when we either shrink or
enlarge the set P. Intuitively, if ¢ € Formg and Q C P, then we can extend the truth assignment from @
to P arbitrarily without affecting the value of vps(p). In fact, it seems clear that the value vps(¢) depends
only on the values M (A) for those A that actually occur in ¢. The next result formalizes these ideas.

Proposition 3.2.3. Let P be a set.

1. Suppose that Q@ C P and that M: P — {0,1} is a truth assignment on P. For all ¢ € Formg, we
have v (9) = vario(9)-

2. Suppose ¢ € Formp. Whenever M and N are truth assignments on P such that M(A) = N(A) for
all A € OccurProp(yp), we have var(p) = vy (p).

Proof. The first part follows by a straightforward induction on ¢ € Formg, and is left as an exercise. For
the second, let Q = OccurProp(yp). We then have that ¢ € Formg by Proposition 3.1.13, and so

on () = vaiQ(y) (by part (1))
=un1Q(¥) (since M [ Q=N [ Q)
=on () (by part (1)).
This completes the proof. O

With a method of assigning true/false values to formulas in hand (once we’ve assigned them to P), we
are now in position to use our semantic definitions to given a precise meaning to “The set of formulas I'
implies the formula .

Definition 3.2.4. Let P be a set, let I' C Formp ,and let p € Formp. We write I' Ep ¢ to mean that
whenever M is a truth assignment on P with the property that vyr(y) = 1 for all v € T, we have vpr(p) = 1.
We pronounce I' Ep ¢ as I' semantically implies ¢.
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For example, if P = {A,B,C}, then we claim that {AVB,~(AA(=C))} Ep BV C. To see this, let
M: P — {0,1} be a truth assignment such that va;(AV B) =1 and vy (—=(A A (—C))) = 1. We then have
vpm (A A (=C)) =0, so either vy (A) =0 or vy (—C) = 0. We handle the two cases:

e Case 1: Suppose that vy (A) = 0. Since vy (AVB) = 1, it follows that vy (B) = 1, and hence
UM(B \Y C) = 1.

o Case 2: Suppose that vy (=C) = 0. We then have vy (C) = 1, and hence vy (BV C) = 1.

Therefore, we have vps(BV C) =1 in either case. It follows that {AV B,—~(AA (=C))} EBVC.

For another example, we claim that for any set P and any ¢,4 € Formp, we have {¢ — ¥, p} Ep 1.
Again, let M: P — {0,1} be an arbitrary truth assignment such that both vy(¢ — ¥) = 1 and vpr(p) = 1.
If vpr(v0) = 0, it would follows that vas(p — ) = 0, a contradiction. Therefore, vas (1)) = 1.

As above, it is intuitively clear that in order to understand whether I' Ep ¢, we need only think about
the values of the truth assignments M: P — {0,1} on the symbols that actually appear in T'U {¢}.

Proposition 3.2.5. Suppose that Q C P, that I' C Formg, and that ¢ € Formg. We then have that
I'Ep ¢ if and only if I Fg .

Proof. First notice that I' C Formp and ¢ € Formp by Proposition 3.1.13.

Suppose first that I' Fg ¢. Let M: P — {0,1} be a truth assignment such that vp(y) = 1 for all
v € I'. By Proposition 3.2.3, we then have that varg(y) = 1 for all v € I'. Since I' F¢ ¢, it follows that
v () = 1. Using Proposition 3.2.3 again, we conclude that vas(¢) = 1. Therefore, I' Fp .

Suppose conversely that I' Ep ¢. Let M: Q — {0,1} be a truth assignment such that vy (y) = 1 for
all v € T'. Define a truth assignment N: P — {0,1} by letting N(A) = M(A) for all A € Q and letting
N(A) =0 for all A € P\Q. Since N | Q = M, Proposition 3.2.3 implies that vy (y) = vas(y) = 1 for all
v €T. Since T Fp ¢, it follows that vy () = 1. Using Proposition 3.2.3 again, we conclude that vy (¢) = 1.
Therefore, I' ¢ ¢. O

Since the ambient set P does not matter, we will almost always omit the P in Ep. We also adopt the
following conventions in order to simplify notation.

Notation 3.2.6. Let P be a set.
1. IfT =0, we write F ¢ instead of O = .
2. If T' = {v}, we write v E ¢ instead of {7y} F ¢.

Given a finite set I' C Formp and a formula ¢ € Formp, there is a basic procedure that we can always
follow in order to determine whether I" F ¢. By Proposition 3.2.5, instead of examining all truth assignments
on P, we need only consider truth assignments on the finite set @Q of propositional symbols that actually
occur in TU{p}. Since @ is a finite set, there are only finitely many such truth assignments. Thus, one way of
determining whether ' F ¢ is simply to check them all. We can systematically arrange the truth assignments
in a table (see below), where we ensure that we put the the elements of @ in the first columns, and put all
elements of I' U {¢} in later columns. We also ensure that if ¢ is in a column, then all subformulas of
appear in an earlier column, which allows us to fill in the table one column at a time. This simple-minded
exhaustive technique is called the method of truth tables.

For example, suppose that we want to show that {(AV B)AC,A — (=-C)} E (-C) — B. We build the
following table:
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[(A[B[C[AVB[(AVB)AC| C[A= (O] (-CQ>B]
01010 0 0 1 1 0
07011 0 0 0 1 1
01110 1 0 1 1 1
0|11 1 1 0 1 1
11010 1 0 1 1 0
11011 1 1 0 0 1
11110 1 0 1 1 1
11111 1 1 0 0 1

Notice that in every row where both the (AV B) A C column and the A — (=C) column have a 1, namely
just the row beginning with 011, we have that the entry under the (—C) — B column is a 1. Therefore,
{(AVB)AC,A— (-C)} E (-C) — B.

Definition 3.2.7.
1. Let ¢ € Formp. We say that ¢ is a tautology if F .
2. If p E and ¢ E @, we say that ¢ and ¥ are semantically equivalent.

The formula (A A B) — (A V B) is a tautology, as is AV (=A). In fact, for any formula ¢ € Formp, the
formula ¢ V (—¢p) is a tautology.

In terms of truth tables, to check that ¢ is a tautology, we simply check that every entry in the column
of ¢ is a 1. To check that ¢ and v are semantically equivalent, the next result states that we can examine
whether the entries in the column of ¢ equal the corresponding entries in the column of ).

Proposition 3.2.8. Let v, € Formp. The following are equivalent:
1. ¢ and i are semantically equivalent.
2. For all truth assignments M : P — {0, 1}, we have vyr(9) =1 if and only if var () = 1.
3. For all truth assignments M: P — {0,1}, we have vy (@) = 0 if and only if var(¢) = 0.
4. For all truth assignments M : P — {0,1}, we have v (@) = vpr ().

Proof. By definition, ¢ and ¢ are semantically equivalent if and only if both ¢ E ¢ and 9 F . In other
words, ¢ and 1 are semantically equivalent if and only if whenever M : P — {0,1} is a truth assignment,
then either both vps(¢) = 1 and vpr(10) = 1 are true, or both are false. Since the only possible values of vy,
are 0 and 1, this is equivalent to saying that vas(p) = var(9) for all truth assignments M : P — {0,1}. O

For example, we claim that —(A A B) is semantically equivalent to —=A V —B. Here is the corresponding
truth table that includes both formulas =(A A B) and —=A V —B:

[A[BJAAB]-(AAB) [ -A]-B[-AV-B |
0J0] O 1 1] 1 1
01 © 1 10 1
1[0 o 1 0 [ 1 1
11 1 0 00 0

Notice that the rows in which the —=(A A B) column has a 1 are exactly the same as the rows in which the
—AV =B column has a 1. Therefore, =(A A B) is semantically equivalent to —A vV —B.
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For any ¢ € Formp, it’s easy to see that the formulas ¢ and ——¢ are semantically equivalent. Here is
a slightly more interesting example: The formulas ¢ — 1 and =@ V ¢ are semantically equivalent for any
v, € Formp. To see this, notice that given an arbitrary truth assignment M: P — {0,1}, we have

(e =) =1 vu(p) =0orvy(y) =1
S opm(-p)=1orvy) =1
S oy(—p V) =1.
Thus, var (@ — ¥) = vy (—@ V) for all truth assignments M: P — {0,1}. Alternatively, we could build a
truth table like above, except starting with ¢ and 1 in the first columns rather than specific propositional
symbols.
Since ¢ — 1 and —¢ V 1 are semantically equivalent for any ¢,¢ € Formp, it seems redundant to

include the symbol —. Intuitively, we can replace every occurrence of — using this rule without affecting
the “meaning” of the formula. We now prove a formal version of this statement.

Proposition 3.2.9. Let Formp be the subset of Formp obtained by omitting h_, from the generating
system, i.e. Formp = G(Symp, P,{h-,ha,hv}). For all ¢ € Formp, there exists ¢ € Formp such that ¢
and Y are semantically equivalent.

Proof. Define a function h: Formp — Formp recursively as follows:

o h(A)=Aforall Ae P.

o h(—p) = —h(p) for all ¢ € Formp.

o h(Apy) = Ah(p)h(y) for all v, 9 € Formp.

o h(Vpy) = Vh(p)h(¢) for all v,y € Formp.

o h(— pyp) = V-h(p)h(y) for all ¢, € Formp.

We prove that ¢ and h(p) are semantically equivalent for all ¢ € Formp by induction. In other words, we
let
X ={p € Formp : p and h(p) are semantically equivalent},

and show that X = Formp by proving that X is an inductive set. For the base case, we have h(A) = A for
all A € P by definition, so trivially we have that A and h(A) are semantically equivalent for all A € P. We
now handle the four inductive steps.

o Let ¢ € Formp be arbitrary such that ¢ and h(p) are semantically equivalent. Let M: P — {0,1} be
an arbitrary truth assignment. We have
vm (h(=p)) =1 < va(=h(p)) =
& vu(h(g) = 0
< up(p) =0 (by Proposition 3.2.8)
< oy (—p) = 1.

1 (by definition of h)

Using Proposition 3.2.8, we conclude that =@ and h(—¢g) are semantically equivalent.

o Let p,9 € Formp be arbitrary such that ¢ and h(p) are semantically equivalent, and such that ¢ and
h(t) are semantically equivalent. Let M: P — {0, 1} be an arbitrary truth assignment. We have

vp (R(Apd)) =1 < vy (AR(@)h(¥)) =1 (by definition of h)
< vy (h(p)) =1 and vy (h(y)) =1
S vm(p) =1and vy () =1 (by Proposition 3.2.8)
< vy (Apy) = 1.
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Using Proposition 3.2.8, we conclude that Ap¢ and h(Api) are semantically equivalent.

o Let ¢,% € Formp be arbitrary such that ¢ and h(yp) are semantically equivalent, and such that ¢ and
h(1)) are semantically equivalent. Let M: P — {0,1} be an arbitrary truth assignment. We have

vpm (h(Vepg)) =1 < vy (Vh(e)h(Y)) =1 (by definition of h)
< Either vpr(h(p)) =1 or var(h(yh)) =1
< Either vp(¢) =1 or vy () =1 (by Proposition 3.2.8)

S oy (Vey) = 1.
Using Proposition 3.2.8, we conclude that V¢ and h(Vei)) are semantically equivalent.

o Let p,9 € Formp be arbitrary such that ¢ and h(p) are semantically equivalent, and such that ¢ and
h(1) are semantically equivalent. Let M: P — {0, 1} be an arbitrary truth assignment. We have

vp (h(= 99)) =1 < vy (V-h(p)h(y)) =1 (by definition of h)
< Either vy (=h(p)) =1 or vpr(R(9)) =1
< Either vps(h(p)) =0 or vpr(h(h)) =1
< Either vpr(p) =0 or var(¢p) =1 (by Proposition 3.2.8)
< oy (= ) = 1.

Using Proposition 3.2.8, we conclude that — p¢ and h(— 1)) are semantically equivalent.
By induction, it follows that ¢ and h(p) are semantically equivalent for all ¢ € Formp. O

In fact, it is possible to improve this result in several orthogonal ways. For instance, since ¢ V ¢ and
=((—¢) A (—1))) are semantically equivalent for any ¢, € Formp, a similar argument to Proposition 3.2.9
shows that we can also do away with the function h,. In other words, every element of Formp is semantically
equivalent to a formula in G(Sym?%, P, {h-,hs}). We can instead choose to eliminate the A connective. That
is, since @ A and —((—¢p) V (—1))) are semantically equivalent for any ¢, 1) € Formp, it follows that element
of Formp is semantically equivalent to a formula in G(Sym?%, P, {h-, hyv}).

We can also follows a middle way by keeping both the A and V connectives, but only allow a very limited
version of negations. In particular, we can restrict negations to only apply to the propositional symbols
directly. Here is the formal definition.

Definition 3.2.10. A literal is a element of PU{-A : A € P}. We denote the set of literals by Literalp.

Now we build up our restricted formulas by starting with the literals, and then generating using only
ha and hy. Following a recursive construction similar to the proof of Proposition 3.2.9, one can show the
following.

Proposition 3.2.11. For all ¢ € Formp, there exists v € G(Sym?%, Literalp,{hy,ha}) such that ¢ and
P are semantically equivalent.

Proof. Exercise, although we’ll see a nonrecursive way to prove this fact in the next section.

Finally, we end this section with a semantic way to say that a set of formulas is not contradictory.

Definition 3.2.12. Let P be a set and let ' C Formp. We say that I is satisfiable if there exists a truth
assignment M : P — {0,1} such that vpr(y) = 1 for all v € T'. Otherwise, we say that T' is unsatisfiable.
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For example, the set
{AV (BAC),A— (=C),B—C}

is satisfiable, as witnessed by the truth assignment M: P — {0,1} defined by M(A) =1, M(B) = 0, and
M(C) = 0. In contrast, the set

{AAN(BVC),A— (-C),B—C}

is unsatisfiable, which can be verified by a simple exhaustive check. In general, determining if a finite
set of formulas is satisfiable is very difficult. In fact, the computational problem that consists of taking a
finite set of formulas, and determining whether it is satisfiable, is one of the most important problems in
computer science. We know of no efficient method that works in general. Any fast algorithm that solves
the satisfiability problem can be repurposed to solve an enormous number of seemingly disparate problems
throughout computer science (all problems in the complexity class NP). Unfortunately, we can’t delve into
the theory of NP-completeness here.

3.3 Boolean Functions and Connectives

After seeing that some of our connectives are unnecessary (i.e. can be removed without affecting the expressive
power of our formulas), it is natural to wonder if our choice of connectives is the “right” one. For example,
why didn’t we introduce a new connective <, allow ourselves to build the formula ¢ <> 9 (or +> ¢ in Polish
notation) whenever ¢, € Formp, and then extend our recursive definition of vys so that

1 ifoy(p)=0and vy () =0

_J0 ifoy(p) =0and vpy () =1

om (6 o¥) = 0 ifvpy(p)=1and vpy(¢p) =0
1 ifoy(p) =1and vy (y) = 1.

Of course, there is no real need to introduce this connective because for any ¢,?¥ € Formp we would have
that ¢ <> v is semantically equivalent to (¢ — ¥) A (¢p — ). Using a recursive construction analogous to
the proof of Proposition 3.2.9, it follows that every formula with this expanded connective is semantically
equivalent to one without it.

Perhaps we could be more exotic and introduce a new connective [ that allows us to build the formula
O (here’s an instance when Polish notation becomes important) whenever ¢, 1,0 € Formp, and extends
our definition of vy; so that

1 if at least two of vp(p) = 1,up(¥0) =1, and vy (0) = 1
0 otherwise.

vM(Dapr) = {
In other words, our new connective [J is the “majority” connective, i.e. it evaluates the individual truth
values of the three formulas, and outputs the one that occurs most. It’s not hard (and a good exercise) to
show that for any ¢,1,60 € Formp, there exists « € Formp such that Op0 is semantically equivalent to a.
From here, we can again show that every formula with this expanded connective is semantically equivalent
to one without it.

We want a general theorem which says that no matter how exotic a connective one invents, it’s always
possible to find an element of Formp which is semantically equivalent, and thus our choice of connectives is
sufficient to express everything we’d ever want. Rather than deal with arbitrary connectives, the real issue
here is whether we can express any possible function taking k true/false values to true/false values.

Definition 3.3.1. Let k € N*. A function f: {0,1}* — {0,1} is called a boolean function of arity k.
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Definition 3.3.2. Suppose that P = {Ag,A1,...,Ak—1}. Given ¢ € Formp, we define a boolean function
B,: {0,1}F — {0,1} as follows. Given o € {0,1}*, define a truth assignment M: P — {0,1} by letting
M(A)) = o(i) for all i, and set By,(0) = v ().

Notice that when P = {Ag, A1, ...,Ax_1}, then given arbitrary ¢, € Formp, we have that ¢ and ¢ are
semantically equivalent if and only if B, = By, because as we vary o € {0, 1}*, we are covering all possible
truth assignments. We now show that we can express all possible boolean functions using the connectives
that we have.

Theorem 3.3.3. Let k € N be arbitrary, and let P = {Ag,A1,...,Ac_1}. For any boolean function
f:{0,1}% — {0,1} of arity k, there exists ¢ € Formp such that f = B,.

In fact, we’ll prove a stronger theorem below which says that we may assume that our formula ¢ is in a
particularly simple form. Before diving into the general argument, let’s look at an example. Suppose that
f:{0,1}3 — {0,1} is given by the following table:

00|01
01010
0]1(01
Oj1 |10
110[0] 0
1101} 0
111701
111711

Suppose we wanted to come up with a formula ¢ such that f = B,. One option is to use a lot of thought
to come up with an elegant solution. Another is simply to think as follows. Since f(000) = 1, perhaps we
should put

=Ag A —A1L A —A;

into the formula somewhere. This subformula will “light up” on the input 000, but not on any other inputs.
Similarly, since f(010) = 1, we could imagine putting

=Ag A A1 A —A,

into the formula somewhere to activate on the input 010. If we do the same to the other lines which have
value 1, we can put all of these pieces together in a manner which makes them all play nice by connecting
them with V. Thus, our formula is

(_‘AO A =AL A —‘Az) \Y (—|A0 ANAL A —|A2) V (Ao AAL A —|A2) \Y (Ao ANAL A Az)

Since we connecting the various subformulas with the V connective, the entire formula will output 1 exactly
when at least one of our special subformulas outputs a 1.

Notice the special form of the formula that we have produced in our previous example. We only applied
the negation symbols to propositional symbols, i.e. the only use of negations was to form literals. From the
literals, we applied the A connective repeatedly to form the subformulas. And then from these formulas we
applied the V connective repeatedly to form our formula. The formulas that can be obtained in this way are
said to be in disjunctive normal form. Here is the formal definition.

Definition 3.3.4. Let P be a set. We let Conjp = G(Sym®p, Literalp,{hna}) be the formulas obtained by
starting with the literals and generating using only h, and call Conjp the set of conjunctive formulas. From
here, we define DNFp = G(Sym}p, Conjp,{hv}) to be the formulas obtained by starting with the conjunctive
formulas, and generating using only hy. The elements of DN Fp are said to be in disjunctive normal form.
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We now prove the following theorem, which trivially implies Theorem 3.3.3.

Theorem 3.3.5. Let k € Nt be arbitrary, and let P = {Ag,A1,...,Ac_1}. For any boolean function
f:{0,1}% — {0,1} of arity k, there exists ¢ € DNFp such that f = B,.

Proof. Let T = {0 € {0,1}* : f(0) = 1}. If T = (), we may let ¢ be Ag A (=Ag), which is trivially an element
of DN Pp. Suppose then that T # (). For each o € T, let

k—1
Vo =\ i
1=0

where

9 — Ai if O'(Z) =1
Yl -A ifo(i) =0.

For each o € T, notice that ¥, € Conjp because 6; € Literalp for all i. Finally, let

(,0:\/'1/10

oeT

and notice that ¢ € DNFp. We then have that f = B,. O

3.4 Syntactic Implication

We now work to define a different notion of implication, which is based on syntactic manipulations instead
of a detour through truth assignments and other semantic notions. Our goal is to set up a “proof system”
that states the basic implications that we are allowed to write down, and then gives rules about how to
transform certain implications into other implications. Although we will fix a choice of basic implications
and transformation rules, there are many other choices that one can make. Some approaches pride themselves
on being minimalistic by using very few basic implications and rules, often at the expense of making the
system extremely unnatural to work with (but easier to prove things about!). We’ll take a different approach
and set down our rules based on the types of steps in a proof that are used naturally throughout mathematics.

Since we will want our rules to be simple and mechanistic, we will ensure that everything in sight is
finite and easily coded by a computer. The objects that we will manipulate will be pairs, where the first
component is a finite sequence of formulas, and the second is a formula. Given a finite sequence S € Form}
and a formula ¢ € Formp, we will write S I ¢ to intuitively mean that there is a formal syntactic proof of
o from the assumptions that appear in the sequence S. We begin with the most basic proofs.

Trivial Implications: We can assert S F ¢ if ¢ appears as an element in the sequence S, i.e. if there exists
an ¢ < |S| such that S(i) = . We denote these uses of this by writing (Assumep), since our conclusion
appears in our assumptions.

With these in hand, we describe ways to generate new formal proof from ones that we already have estab-
lished. To ease notation, we will write S, to mean that we add ~ as a new element onto the end of the
sequence S. In other words, S,y means that we concatenate S with the one element sequence . In each
case, we interpret these rules as follows: If we have already established the formal proof(s) appearing above
the horizontal line, then we are allowed to conclude the formal proof appearing below the horizontal line.

Rules for A: We have two rules for A-elimination and one for A-introduction:

SEeAY SEeAY

Steny Ste Sty
Sk Sk

(NEL) SFonD

(AER) (AD)
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Rules for V: We have two rules for introducing V:

Sty
SFeVy

S+

(VIL) Stove

(VIR)

Rules for —: We have two rules here, one for elimination and for introduction:

St

Ste—9 Sebd
Stp—=

S,y

Rules for proofs by cases: We have two ways to give an argument based on cases:

Sﬂ/’"@ Saﬂ/”_@

(> B) (> 1)

S,okF0 Sy 6

vVPC -PC
S,oVy o ( ) Sk ( )
Rule for proof by contradiction:
S 2¢ 1/15 "i ok Y (Contr)
Assumption transformation rules:
StE S F S Sy +
B (Expand) SAMANENE 4 (Delete) L0202 % (Reorder)
S,y Sk S1,72,71, 52 ¢

As alluded to above, the idea is to start with the trivial formal proofs where the conclusion is included in
the assumptions, and the use the given rules to generate new formal proofs. For a very simple of how these
rules can be iterated to form more complex implications, consider the following layering of two rules:

AABFAAB (Assumep) (1)
AABFA (AELonl) (2)
AABHAVB (VIon2) (3)

Therefore, we conclude that AAB F AV B. From this example, it’s clear that we are generating new
implications from others, so we can really view this situation as a generating system. FEach line of an
argument like the one above is a pair, consisting of a sequence from Formp and an element of Formp,
leading us to the following definition.

Definition 3.4.1. Let Linep = Form}p x Formp.

When viewing the formal proofs as the elements that arise from a generating system, we need to define
the set of elements that we start generating from.

Definition 3.4.2. Let Assumep = {(S5,¢) € Linep : There exists i < |S| such that S(i) = ¢}.

We next need to interpret the various rules as arising from functions in our generating system. In this
case, it’s most natural to define a generating system that is not simple, although it’s possible to hack together
a simple one that works as well. For an example of one of the functions in our (non-simple) generating system,
we define hpgr: Linep — P(Linep) as follows:

{(S,¢)} if there exists ¢, € Formp with a = @ A

0 otherwise.

hAEL(57 a) = {

Notice that the above definition makes sense because the system that generated formulas was free, so if there
exists p, 1 € Formp with a = ¢ A 1, then there is a unique such choice. The definition of hxgy is similar.
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For the AT rule, we define a function har: (Linep)? — P(Linep) as follows:

{(S1, 01 Ap2)}  if 51 =5y
0 otherwise.

har((S1,¢1), (S2,02)) = {

For the VIL rule, we define a function hyyr: Linep — P(Linep) as follows:

hvrn(S, ) ={(S,p V) :1p € Formp}.

We define hy g similarly. It is more complicated, but reasonably straightforward, to write down functions
for the other rules. Letting H be the collection of all of such functions, we arrive at the following definition.

Definition 3.4.3. Let S € Form}p and let ¢ € Formp. We write S ¢ to mean that
(S,¢) € G(Linep, Assumep, H).

Let’s go back and examine our argument showing that AABF AV B:

AANBFAAB (Assumep) (1)
AABFA (AELon1l) (2)
AABFAVB (VIon2) (3)

Notice that this is just a sequence where each line is either in Assumep, or following from previous lines by
applications of the rules. In other words, we have just written down a witnessing sequence in our generating
system.

Definition 3.4.4. A deduction is a witnessing sequence in (Linep, Assumep,H).

In other words, a deduction is a kind of “formal proof”, where each step is governed by a limited collection
of simple syntactic manipulations. Here is an an example of deduction showing that —=A, AV B I B. Notice
that our deduction here sometimes adds and loses assumptions as it progresses:

-A,A,-BHFA (Assumep) (1)
-A,A,-BF -A (Assumep)  (2)
~AAFB (Contr on 1 and 2)  (3)
-ABFB (Assumep)  (4)
-A,AVBFB (VPC on3and4) (5)

We are now ready to define a syntactic analogue to our our semantic notion I' F ¢.

Definition 3.4.5. Let P be a set, let ' C Formp, and let ¢ € Formp. We write I' = ¢ if there exists a
finite sequence S € T such that S F . We pronounce I' - ¢ as “T" syntactically implies ¢”.

Notice the slight distinction between I" and S in this definition. We are using I' to denote a set of
formulas, and it’s certainly possible that the set I' is infinite. In contrast, S is a finite sequence of formulas
from I". In particular, S is an ordered collection and allows repetition. More importantly, S must be finite.
We enforce this condition because we want our formal proofs to be completely finite, and to follow simple
syntactic rules which can be mechanically checked. We showed above that —=A, AV B - B, and hence we can
conclude that {-A, AV B} F B. If we have a countably infinite set P = {A;,As,As, ...}, we still have that
{A1,As,As,...} F Ay A Ay because we have A1, A - A A Ay (via a simple 3-line deduction).
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For a longer example, but reasonably straightforward,

{AV(BAC)F (AVB)A(AVCQ):

AFA
AFAVB
AFAVC
AF(AVB)A
BACEBAC
BACEB
BACFAVB
BACEHC
BACFAVC
BACH(AVB)A
AV(BAC)F(AVB)A

(AV Q)

(AVC)
(AVC)
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example, we give a deduction showing that

(Assumep) (1)
(VILonl) (2)
(VILon1) (3)
(AMTon2and3) (4)
(Assumep)  (5)
(AEL on5) (6)
(VIRon6) (7)
(ANERon 5) (8)
(VIRon 8) (9)

(AT on7and9) (10)
(VPC on 4 and 10)  (11)

We can also give deductions showing that I' - ¢, even if we don’t have concrete formulas. For example, our
previous deduction showing that {=A, AV B} F B can be generalized to the following result.

Proposition 3.4.6. For any set P and any ¢, € Formp, we have {—p,p V ¥} 1.

Proof. Let p,v € Formp be arbitrary. We give a deduction.

Y E
4, 0, T =
-,
o, =
e, VY Y

Therefore, {—, o V ¥} F 1.

For a more complicated example, consider the following deduction showing that {(—¢)

for all ¢, 9 € Formp:

=, 7 (e A1), = (e A)
2 ﬂﬂ(wmb)ﬁ(wmﬁ) +
o, (p AY) E
@, (e AY)
@, (p AY) =

—p
=P, 7= (p AY), (e At

)

1, ﬁﬁ(@M/) (A

—(p A1)
(e AY)
PAY

(@A)

(e A)

—=(p A1)
AP

Y, (p AY) E Y

( )
( )+
Y, (e AY)
( )
Y, (e AY)

—
(=) V(=) =

(e A)
(e AY)

(Assumep) (1)
(Assumep)  (2)
(Contr on 1 and 2) (3)
(Assumep)  (4)
(VPCon3and4) (5)
O
V(=9)} F o(pAd)

(Assumep) (1)
(Assumep)  (2)

(Contr on1and 2) (3)
(AELon3) (4)
(Assumep)  (5)

(Contr on 4 and 5)  (6)
(Assumep)  (7)
(Assumep)  (8)

(Contr on 7 and 8)  (9)
(AERon9) (10)
(Assumep)  (11)

(Contr on 10 and 11)  (12)
(VPC on 6 and 12)  (13)
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We next show that - ¢ V = (i.e. that @ = ¢ V =) for all ¢ € Formp, illustrating how we can obtain a
conclusion with an empty sequence of assumptions:

ek (Assumep) (1)
pkeV-op (VILonl) (2)
—p = (Assumep)  (3)
ok pV-op (VIRon 3) (4)
AV -p (=PCon2and4) (5)

Just as we defined a semantic way to say that set I' C Formp is not contradictory (see our definition of
satisfiable), we now define a syntactic counterpart.

Definition 3.4.7. T is inconsistent if there exists 0 € Formp such that ' F 0 and T'+ —0. Otherwise, we
say that I' is consistent.

With all of these definitions and simple examples in hand, we can start to prove some simple results about
the relation .

Proposition 3.4.8. Let 'y C Formp and 'y C Formp be such that I'y C T'y. If ¢ € Formp is such that
Ty F o, thenT'a = .

Proof. Suppose that I'1 - . We can then fix S € I'] with S F ¢. Since S € I'] and I'1 C I'y, we have that
S € I's. Therefore, I's = . O

Proposition 3.4.9. Suppose that S € Form}p and ¢ € Formp are such that S+ . If T is any permutation
of S, then T F .

Proof. Using the Reorder rule, we can repeatedly flip adjacent elements of S until we form 7. More formally,
we are using the fact that the set of transpositions

{(12),(23),(34),...,(n—1 n)}
generates the symmetric group on n symbols. O

Proposition 3.4.10. If I' C Formp is inconsistent, then I' - ¢ for all ¢ € Formp.

Proof. Suppose that I is inconsistent. Fix 0 € Formp with both I' - 6 and I' - —6. By definition, we can
then fix S, T € I'* with both S+ 6 and T+ —6. Using the Expand rule together with Proposition 3.4.9, we
conclude that ST 6 and ST + —6, where ST is the result of concatenating the sequences S and 7.

Now let ¢ € Formp be arbitrary. By the Expand rule, we have that ST, -y F 0 and ST, - F =6 (where
the notation just means that we are concatenating the one element sequence —6 onto the end of ST'). Using
the Contr rule, we conclude that ST F . Since ST € I'*, it follows that T F ¢. O

Proposition 3.4.11. Let I' C Formp and let ¢ € Formp.
1. If T'U{p} is inconsistent, then T' F .
2. If T U {—p} is inconsistent, then T'F .

Proof.

1. Suppose that ' U {¢} is inconsistent. By Proposition 3.4.10, we then have that T U {¢} F —¢ . Fix
S € (T'U{¢})* such that S F —p. By the Fxpand rule, we then have S, ¢ F —¢. Using Proposition
3.4.9 and the Delete rule, we can fix T € I'* with T, p - —p. Now we also trivially have T, —¢ - —¢p
from Assumep. Using the =PC rule, it follows that T'F —p. Since T € I'*, we conclude that I' F —p.
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2. Suppose that T' U {—¢} is inconsistent. By Proposition 3.4.10, we then have that T U {—¢} F ¢ . Fix
S € (TU{—-p})* such that S + ¢. By the Fxpand rule, we then have S, - F ¢. Using Proposition
3.4.9 and the Delete rule, we can fix T' € I'* with T, ¢ F ¢. Now we also trivially have T, ¢ I ¢ from
Assumep. Using the =PC rule, it follows that T+ ¢. Since T € I'*| we conclude that ' F .

O

Corollary 3.4.12. Let p € Formp. IfT' C Formp is consistent, then either T'U {p} is consistent or
T'U{—p} is consistent.

Proof. We prove the contrapositive. If both T'U {¢} and I U {—¢} are inconsistent, then both I' F —¢ and
I' F ¢ by Proposition 3.4.11, so I is inconsistent. O

Proposition 3.4.13. Let I' C Formp and let ¢ € Formp.
1. If T and TU{p} F 1, then T 9.
2. If TRy and Tk o =, then T' 4.

Proof.

1. Suppose that '+ ¢ and T'U {¢} F ¢. Using Proposition 3.4.8, we conclude that T'U {—p} F ¢. Now
we also trivially have I' U {—p} F —¢, so T is inconsistent. Using Proposition 3.4.10, it follows that
IF'U{-p} F 9. By definition, together with the Exzpand rule, the Delete rule, and Proposition 3.4.9,
we can fix S € I'* such that S, —¢ F ¢. Similarly, using the fact that T'U {p} F ¢, we can fix T € T*
such that T, ¢ 1. By using the Fxpand rule and Proposition 3.4.9 again, we have both ST, - 9
and ST, F 1. Applying the -PC rule, we conclude that ST F ¢. Since ST € T'*, it follows that
'k .

2. Suppose that ' F p and ' - ¢ — 9. Fix S € T with S + ¢ — 3. Using the — FE rule, we have
S, 1. Since S € T'*, it follows that T'U {¢} F 9. Now apply (1).

O

Since deductions are defined entirely in terms of finite sequences, we also have the following simple result.
Proposition 3.4.14. T ¢ if and only if there is a finite 'y C T such that Ty F .

Proof. The right-to-left direction is immediate from Proposition 3.4.8. For the left-to-right direction, suppose
that I' - . Fix S € I'* such that S F ¢. Letting I'g be the finite subset of I' consisting of those element
that occur in S, we immediately conclude that T'g I . O

Corollary 3.4.15. If every finite subset of T is consistent, then I' is consistent.

Proof. We prove the contrapositive. Suppose that I' is inconsistent, and fix § € Formp such that I' - § and
' F —6. By Proposition 3.4.14, there exists finite sets ' C I" and I'; C I" such that I'g F § and T'; - —6.
Using Proposition 3.4.8, it follows that 'UT'; 6 and T'oUT'; = =8, so 'oUT'; is a finite inconsistent subset
of T. O
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3.5 Soundness and Completeness

We now have two notions of implications: the semantic I' F ¢ and the syntactic I' - ¢. We also have two
ways to say that a set of formulas is not contradictory: the semantic notion of satisfiability and the syntactic
notion of consistency. Although these concepts are defined in very different ways, it turns out that the
semantic and syntactic notions are the same in both cases. One direction of each of these equivalences is
known and the Soundness Theorem, and the other direction is known as the Completeness Theorem.

The heart of the Soundness Theorem is the statement that if I' - ¢, then I' F . Intuitively, if we have a
formal proof of a statement, then whenever we assign true/false values in a way that makes the assumptions
true, we should expect that the conclusion is also true. More formally, we need need to argue that if we
have a deduction witnessing that I F ¢, and we have a truth assignment M: P — {0,1} with the property
that vps(y) = 1 for all v € T', then we must have vpr(¢) = 1. A deduction is just a finite sequence of steps,
and a deduction showing that I' F ¢ ends with a line 7' ¢ for some T" € I'*. Now in order to show that
T E ¢, it suffices to show that whenever we have a truth assignment M: P — {0, 1} with the property that
vpr(y) = 1 for all v that appear in T, then we must have vps(p) = 1. Rather than deal with the last line
of the deduction directly, it is much easier to work through the deduction from beginning to end, and argue
that each line has this property. To do that, what we really want to show is that the elements of Assumep
have this property, and that each of our proof rules preserve this property. In other words, we want to given
an inductive argument on the generating set used to define syntactic implication. In order to carry out this
argument, we extend our notation for F to allow finite sequences of formulas.

Notation 3.5.1. Given S € Formp and ¢ € Formp, we write S E ¢ to mean that whenever M is a truth
assignment on P with the property that vy (7y) = 1 for all 7y that appear in S, we have vpr(p) = 1. In other
words, whenever M is a truth assignment on P with the property that vpr(S(i)) =1 for all i < |S|, we have

o (p) = 1.
Now we are ready to state and prove the Soundness Theorem. As alluded to above, instead of working

with deductions directly and thinking about going line by line, it is more elegant to organize the argument
as induction on the generating system tied to syntactic implication.

Theorem 3.5.2 (Soundness Theorem). Let P be a set.
1. If T+, then T F .
2. Bvery satisfiable set of formulas is consistent.
Proof.

1. We prove the following fact: If S € Form} and ¢ € Formp are such that S F ¢, then S F ¢. To see
why this suffices, suppose that I' - ¢. By definition, we can then fix S € I'* with S I ¢. From here we
can conclude that S F ¢. Since every element of S is an element of I, it follows that I' F .

We prove the statement “Whenever S = ¢, we have S F ¢” by induction. In other words, if G is the
set generated by starting with Assumep and using our proof rules, and we let

X ={(S,¢) € G: SE ¢},

then we show by induction on G that X = G. We begin by noting that if ¢ appears in the sequence .5,
then we trivially have S F ¢ by definition. Therefore, (S, ¢) € X for all (S, ) € Assumep. We now
handle the inductive steps, one for each rule.

o We first handle the AEL rule. Suppose that S F ¢ A . We need to show that S F ¢. However,
this is straightforward because if M: P — {0, 1} is such that vy, () = 1 for all v appearing in S,
then vpr (@ A1) = 1 because S E ¢ A 1), hence vpr(p) = 1. Therefore, S E . The other A rules
and the V rules are similar.
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o Consider — FE rule. Suppose that S E ¢ — 1. We need to show that S, p F . Let M: P — {0,1}
be such that vps(y) = 1 for all v appearing in S, ¢. Since S E ¢ — 9, we have vy (¢ — ¢) = 1.
Since vpr (@) = 1, it follows that we must have vps (1)) = 1. Therefore, S, ¢ F ¢. The — I rule is
similar.

e We now handle the =PC rule. Suppose that S, E ¢ and S, =9 E . We need to show that S E ¢.
Let M: P — {0,1} be such that vps(y) = 1 for all v appearing in S. Now either vys(¢)) = 1 or
vp(¥) = 0. If vpr () = 1, then we must have vy (@) = 1 because S, 9 F ¢. Otherwise, we have
vp(¥) = 0, hence v (=) = 1, and thus vy (@) = 1 because S, —tp E . Therefore, S F ¢. The
VPC rule is similar.

e Consider the Contr rule. Suppose that S, —p E ¥ and S, —¢ F —1. We need to show that S F ¢.
Let M: P — {0,1} be such that vp(y) = 1 for all v appearing in S. Suppose instead that
var(p) = 0. We then have vy (—p) = 1, and using the fact that S, —p F ¢ and S,—p F =), we
conclude that both vy (1) = 1 and vpr(—tp) = 1 . This is a contradiction, hence we must have
var(p) = 1. Therefore, S E .

e The assumption transformation rules are all completely straightforward.

By induction, it follows that X = G, which is to say that whenever S F ¢, we have S F ¢. By the
comments above, statement (1) follows

2. Let T be a satisfiable set of formulas. Fix a truth assignment M: P — {0, 1} such that v (y) =1 for
all v € I'. Suppose instead that I" is inconsistent, and fix # € Formp such that I'+ 60 and I' - 6. We
then have T' E 6 and T' E =0 by part (1), hence both vy (6) = 1 and vp(—=60) = 1, a contradiction. It
follows that I' must be consistent.

O

The Completeness Theorem is the converse (of both parts) of the Soundness Theorem. In order words, it
says that (1) If T' E ¢, then ' F ¢ and (2) every consistent set of formulas is satisfiable. Part (1) looks quite
difficult to tackle directly (think about the amount of cleverness that went into finding the simple deductions
above), so instead we go after (2) first and then use it to prove (1).

Assume then that we have a consistent set of formulas I' C Formp. We need to build a truth assignment
M: P — {0,1} such that vps(y) = 1 for all ¥ € T'. Suppose that we are trying to define M(A) for a given
A e P. If A €T, then we should certainly set M (A) = 1. Similarly, if -A € T', then we should set M (A) = 0.
But what should we do if both A ¢ T" and —A ¢ I'? What if every formula in I" is very long and complex, so
we have no idea how to start defining the truth assignment? The idea is to expand I'" to a larger consistent
set which has some “simpler” formulas that aid us in deciphering how to define M. Ideally, we would like to
extend I' to consistent set I such that for all A € P, either A € I'' or —=A € I, because that would give us
a clear way to define M. Once we have such a natural way to define M, we would then have to verify that
vy (y) = 1 for all v € TV, In order to “move up” from the literals to more complicated formulas in I, we
would prefer to have intermediate formulas along the way so that we can keep track of what is happening,
which will aid an inductive argument. To this end, we generalize the idea of having either A or —=A appear
in our set to the following.

Definition 3.5.3. Let A C Formp. We say that A is complete if for all ¢ € Formp, either ¢ € A or
- € A.

Our first task is to show that if I' is consistent, then it can be expanded to a consistent and complete
set A. We begin by proving this in the special case when P is countable because the construction is more
transparent and avoids more powerful set-theoretic tools.

Proposition 3.5.4. Suppose that P is countable. If T is consistent, then there exists a set A D T' which is
consistent and complete.
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Proof. Since P is countable, we have that Symp = P U {—,A,V,—} is countable, and therefore Sym% is
countable by Corollary A.2.4. Since Formp C Sym}p, it follows that Formp is countable. Alternatively, we
could use apply Problem 6 on Homework 1 to conclude that Formp is countable.

Since Formp is countable, we can list Formp as ¥1,v9,13,... (formally, we are fixing a surjection
f:NT — Formp). We define a sequence of sets I'g,T'1, s, ... recursively as follows. We begin by letting
T'o =T. Suppose that n € N and we that we have defined T',,. Let

I U {tn} if T',, U{¢y} is consistent
T, U {—n} otherwise.

Using induction on N together with Corollary 3.4.12, it follows that I', is consistent for all n € N. Let
A= UneN Dy

We first argue that A is consistent. For any finite subset Ay of A, there exists an n € N such that
Ay C T, and so Ay is consistent because every I, is consistent (here we are using the fact that a finite
sequence from Ay is a finite sequence from some T';,). Therefore, A is consistent by Corollary 3.4.15. We
end by arguing that A is complete. Let ¢ € Formp be arbitrary, and fix n € N* such that ¢ = 4,,. By
construction, we either have ¢ € I'),11 € A or = € I',,11 € A. Therefore, A is complete. L]

How can we handle the case where P is uncountable? Intuitively, we want to allow the listing of the
formulas to continue “beyond” finite stages, and we will eventually develop the tools of transfinite induction
and recursion to accomplish such awe-inspiring tasks. Another approach is to invoke a useful tool known
as Zorn’s Lemma (which is really a transfinite recursion in disguise, as we will eventually see). The idea is
that a complete consistent set is just a maximal consistent set, where mazimal means that it is not strictly
contained in any other consistent set. The connection here is that Zorn’s Lemma allows us to prove the
existence of maximal elements in certain partial orderings. If you are unfamiliar with Zorn’s Lemma, feel
free to focus only on the countable case until we cover set theory.

Definition 3.5.5. A is maximal consistent if A is consistent and there is no A’ D A which is consistent.
Proposition 3.5.6. Let A C Formp. A is maximal consistent if and only if A is consistent and complete.

Proof. Suppose that A is maximal consistent. We certainly have that A is consistent. Let ¢ € Formp be
arbitrary. By Corollary 3.4.12, either AU{¢} is consistent or AU{—} is consistent. If AU{} is consistent,
then ¢ € A because A is maximal consistent. Similarly, If A U {—¢} is consistent, then ¢ € A because A
is maximal consistent. Therefore, either ¢ € A or =p € A.

Suppose conversely that A is consistent and complete. Let A’ D A be arbitrary and fix ¢ € A"\ A. Since
A is complete and ¢ ¢ A, we have —p € A. Since we have both ¢, ~¢ € A’, we trivially have both A’ - ¢
and A’ F =, so A’ is inconsistent. It follows that A is maximal consistent. O

Proposition 3.5.7. If I' C Formp is consistent, then there exists a set A O T' which is consistent and
complete.

Proof. Consider an arbitrary consistent I' C Formp. Let Q@ = {® C Formp : I' C ® and ® is consistent},
and order @ by C. Notice that Q is nonempty because I' € Q. Let C C Q be an arbitrary chain in Q. Let
U =JC={w e Formp :1 € ® for some & € C}. We need to argue that ¥ is consistent. Suppose that ¥q
is a finite subset of W, say Wy = {t1,v2,...,1¥,}. For each v, fix ®; € C with ¢; € ®;. Since C is a chain,
there exists j such that ®; 2> ®; for all ¢. Now ®; € C C Q, so ®; is consistent, and hence ¥y is consistent.
Therefore, ¥ is consistent by Corollary 3.4.15. It follows that ¥ € Q and using the fact that ® C ¥ for all
® € C, we may conclude that C has an upper bound.

Therefore, by Zorn’s Lemma, Q has a maximal element A. Notice that A is maximal consistent, hence
A is complete and consistent by Proposition 3.5.6. O
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Lemma 3.5.8. Let A C Formp be consistent and complete, and let ¢ € Formp. If At ¢, then ¢ € A.

Proof. Suppose that A - ¢. Since A is complete, we have that either ¢ € A or ~¢p € A. Now if —p € A,
then we would would trivially have A F = (in addition to our assumed A F ), contradicting the fact that
A is consistent. It follows that ¢ € A. O

Suppose now that we have a consistent and complete A C Formp. For each A € P, we then have
that either A € A or -A € A, but not both. As mentioned above, this provides us with a natural truth
assignment M: P — {0,1} that will make all of the literals in A true. Now we need to argue that the rest
of the formulas in A are true under M, and the following lemma is the key inductive “glue” that we will use
to work our up through more complicated formulas.

Lemma 3.5.9. Suppose that A is consistent and complete. We have the following:
1. ~p € A if and only if p ¢ A.
2. o AN € Aif and only if o € A and ¢p € A.
3. oV e A if and only if either ¢ € A or i € A.
4. @ = € A if and only if either p ¢ A or ¢ € A.
Proof.

1. Suppose first that - € A. Now if ¢ € A as well, then we would have both A F = and A F ¢
trivially, contradicting the fact that A is consistent. It follows that ¢ ¢ A.

Conversely, if ¢ ¢ A, then —¢p € A because A is complete.

2. Suppose first that ¢ A € A. Since

OAYEOAY (Assumep) (1)

pAYEp (AELonl) (2)
and

AV EOANY (Assumep) (1)

AP Y (AERon 1) (2)

are both deductions, and ¢ A € A, we have both A F ¢ and A F 9. Using Lemma 3.5.8, we conclude
that both ¢ € A and ¥ € A.

Conversely, suppose that ¢ € A and 1) € A. Consider the following deduction:

o, (Assumep) (1)
o, (Assumep)  (2)
©PEeNY (VIon?2) (3).

Since ¢, 1 € A, we have A+ ¢ A . Using Lemma 3.5.8, we conclude that ¢ A1) € A.

3. Suppose first that Vi) € A. If ¢ € A, then we are done, so assume that ¢ ¢ A. Since A is complete,
we have that = € A. Now in Proposition 3.4.6, we showed that that =y, ¢ V ¥ - 9, so since we have
both = € A and p V¢ € A, we conclude that A . Using Lemma 3.5.8, we conclude that ¢ € A.
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Conversely, suppose that either ¢ € A or ¢ € A. Since

ok (Assumep) (1)

VY (VILonl) (2)
and

Y (Assumep) (1)

YEeVY (VIRonl) (2)

are both deductions, and we are assuming that either ¢ € A or b € A, we conclude that either A - ¢
or A F 1. Using Lemma 3.5.8, we conclude that either ¢ € A or ¢ € A.

4. Suppose first that ¢ — 1 € A. If ¢ ¢ A, then we are done, so assume that ¢ € A. Since

p—=YEp— (Assumep) (1)
Yok (= Eonl) (2
is a deduction, and both ¢ — ¥ € A and ¢ € A, we have A F 9. Using Lemma 3.5.8, we conclude

that ¢ € A.
Conversely, suppose that either ¢ ¢ A or ¢ € A.
Case 1: Suppose that ¢ ¢ A. Since A is complete, we then have —p € A. Since

0,0, Y (Assumep) (1)
¢, 0, F o (Assumep) (2)
o, (Contr on 1 and 2)  (3)
o= (= Ton3) (4

is a deduction, and —p € A, we have A - ¢ — 1. Using Lemma 3.5.8, we conclude that ¢ — 1) € A.
Case 2: Suppose that ¥ € A. Since

v, oY (Assumep) (1)
Vo= (=ITonl) (2

is a deduction, and ¥ € A, we have A F ¢ — 1. Using Lemma 3.5.8, we conclude that ¢ — ¢ € A.

Therefore, in either case, we have ¢ — 1 € A.

Proposition 3.5.10. If A is consistent and complete, then A is satisfiable.

Proof. Suppose that A is complete and consistent. Define M: P — {0,1} as follows:

M(A) = 1 ifAeA
)0 ifA¢A.

We prove by induction on ¢ that ¢ € A if and only if vy (p) = 1. For any A € P, we have
AcAesMA=1<vy(A)=1

by our definition of M.
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Suppose that the statement is true for . We have

wEASpEA (by Lemma 3.5.9)
< up(p) =0 (by induction)
= vjvj(—'gO) =1

Suppose that the statement is true for ¢ and ¥. We have

pANpeEAsSpeAandy € A (by Lemma 3.5.9)
S om(p) =1and vy (y) =1 (by induction)
Som(pAy) =1

and

pVyeAspeAorype A (by Lemma 3.5.9)
©om(p) =1orom(y)=1 (by induction)
Sum(eVy)=1

and finally

poYpeEAsSpedAorypeA (by Lemma 3.5.9)
© vm(p) =0oroy(y) =1 (by induction)
Syl =) =1

Therefore, by induction, we have ¢ € A if and only if vas(p) = 1. In particular, we have vpr(¢) = 1 for
all ¢ € A, hence A is satisfiable. O

We now have all of the ingredients in place to prove Completeness Theorem. We state it for an arbitrary
set P, but recall that the uncountable case used Zorn’s Lemma to extend to a complete and consistent set.

Theorem 3.5.11 (Completeness Theorem). Let P be a set.
1. FEwvery consistent set of formulas is satisfiable.
2. IfTE g, then T I .
Proof.
1. Suppose that I' is consistent. By Proposition 3.5.7, we may fix A D I" which is consistent and complete.
Now A is satisfiable by Proposition 3.5.10, so we may fix M: P — {0,1} such that vy () = 1 for all

0 € A. Since I C A, it follows that vps(y) =1 for all v € T'. Therefore, I is satisfiable.

2. Suppose that T' E ¢. We then have that T' U {—¢} is unsatisfiable, hence I" U {—} is inconsistent by
part 1. Using Proposition 3.4.11, it follows that that I - ¢.

O
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3.6 Compactness and Applications

We have done a lot of hard work to show that our semantic and syntactic definitions coincide. As a
result, we now know that it is possible, at least in principle, to find all semantic consequences by following
simple syntactic rules on finite sequences. The primary way that will take advantage of this fact is by
using Proposition 3.4.14 and Corollary 3.4.15, which are formalizations of the intuition that any syntactic
deduction can only make use of finitely many of the assumptions. Translating to the semantic side, we arrive
at the following fundamental, and surprising, result.

Corollary 3.6.1 (Compactness Theorem). Let P be a set.
1. If T E ¢, then there exists a finite 'y C T such that Ty E .
2. If every finite subset of I is satisfiable, then I is satisfiable.

Proof. We first prove 1. Suppose that I' F ¢. By the Completeness Theorem, we have I' - . Using
Proposition 3.4.14, we may fix a finite I'y C I" such that I'y - ¢. By the Soundness Theorem, we have
FO E .

We now prove 2. If every finite subset of I' is satisfiable, then every finite subset of I" is consistent by the
Soundness Theorem, hence T is consistent by Corollary 3.4.15, and so I' is satisfiable by the Completeness
Theorem. O

We now show how to use the Compactness Theorem to prove mathematical results. We start with an
example about graphs. For our purposes here, a graph is an ordered pair (V, E), where V is a set, and
E C V2 is a binary relation on V that is symmetric, i.e. whenever (a,b) € E, we also have (b,a) € E. In
other words, instead of coding edges are (unordered) subsets of V' of size 2, we simply code them as ordered
pairs, and require that whenever we have an ordered pair, then we also have the reverse pair. If we wanted
to define directed graphs in this way, we simply drop the symmetric assumption. Notice that our graphs do
allow loops (since we could have (a,a) € E), but do not permit multiple edges that have the same endpoints.

Given a graph G, an interesting problem in both mathematical modeling and computer science is to
determine whether we can color the vertices of the graph (using a small number of colors), in such a way
that adjacent vertices have distinct colorings. We begin by formally defining these vertex colorings.

Definition 3.6.2. Let G = (V, E) be a graph and let k € N*.
1. A k-coloring of G is a function f: V — [k].
2. We say that a k-coloring [ of G is proper if f(u) # f(w) whenever (u,w) € E.
3. We say that G is k-colorable if there exists a proper k-coloring of G.

Proposition 3.6.3. Let G = (V, E) be a (possibly infinite) graph and let k € N*. If every finite subgraph
of G is k-colorable, then G is k-colorable.

The idea is to introduce a propositional symbol A,, ; for each ordered pair consisting of of a vertex u € V'
and possible color i € [k]. Intuitively, a truth assignment M with M (A, ;) =1 is an instruction to color the
vertex u with the color . We then code the various requirements on a coloring into formulas. Here is the
argument.

Proof. Let P ={A,;:u €V and i € [k]}, and let " be the union of the following sets:
k—1
. {\/ Auyi:UGV}.
=0

o {=(AuiNA,;):ueV and i, j € [k] with ¢ # j}.
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o {=(ALiNAL;): (u,w) € E and i € [k]}.

We use the Compactness Theorem to show that I' is satisfiable. Let I'g C I' be an arbitrary finite subset of
T. Let {u1,ug,...,u,} be all of the elements u € V such that A, ; occurs in some element of I'y for some i.
Since every finite subgraph of G is k-colorable, we may fix a proper k-coloring f: {uy,ua,...,u,} — [k] of
the subgraph of G induced by {uy,us,...,u,}. If we define a truth assignment M: P — {0,1} by

1 if there exists £ with w = uy and f(uy) =i

M(Aw,i) = {

0 otherwise,

then we have vy (p) = 1 for all ¢ € Ty. Thus, Iy is satisfiable. By the Compactness Theorem, it follows
that T is satisfiable.

Fix a truth assignment M: P — {0,1} such that vps(p) = 1 for all ¢ € T'. Notice that for each v € V,
there exists a unique 4 such that M (A, ;) = 1 because of the first two sets in the definition of I'. If we define
f:V — [K] by letting f(u) be the unique ¢ such that v(A, ;) = 1, then whenever (u,w) € E, we have that
f(w) # f(w) (because of the third set in the definition of T"). Therefore, G is k-colorable. O

Corollary 3.6.4. Every (possibly infinite) planar graph is 4-colorable.

Proof. Since every subgraph of a planar graph is planar, this follows trivially from the previous proposition
and the highly nontrivial theorem that every finite planar graph is 4-colorable. O

Our next result is about infinite binary trees. We could code binary trees as connected acyclic graphs
with certain degree restrictions, but for our purposes here, it will be more convenient to think about them
differently. We start with a root, and at each node, we can have at most 2 children. It is then natural to
code the two potential children of a node using two symbols, like 0 for left and 1 for right. In this way, we
can uniquely find our place in a tree using a finite sequence of 0’s and 1’s. As a result, we might as well code
trees by these binary sequences.

Definition 3.6.5. A set T C {0,1}* is called a tree if whenever o € T and 7 < o, we have 7 € T.
For example, the set {)\,0,1,00,01,011,0110,0111} is a tree.

Theorem 3.6.6 (Weak Konig’s Lemma). FEvery infinite tree has an infinite branch. In other words, if
T C{0,1}* is a tree with infinitely many elements, then there exists an f: N — {0,1} such that f | [n] € T
for alln € N.

Proof. For each n € N, let T,, = {c € T : |o| = n}. Notice that each T;, is finite, because the set {0,1}" is
finite. Since T is infinite, there must be infinitely many n € N such that T, # (). Since T is tree, and hence
closed under initial segments, we know that if T}, # (), then T}, # 0 for all m < n. Combining these facts, it
follows that T}, # @ for all n € N.

Let P = {A, : 0 € T}, and let T" be the union of the following sets:

. { \/ AUTLEN}
oeT,

o {=(A-ANA;): 0,7 €T, and o # 7}.
e {Ap A0, TeT, T =0}

We use the Compactness Theorem to show that I' is satisfiable. Suppose that I'y C I is finite. Let
Y ={01,092,...,0k} be all of the elements o € {0,1}* such that A, occurs in some element of I'g. Let n =
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max{|o1|,|o2], ..., |ok|}. Since T,, # 0, we may fix 7 € T;,. If we define a truth assignment M: P — {0,1}
by
1 fo=<7

0 otherwise,

M(AU) = {

then we see that vps(p) =1 for all p € T'yg. Thus, I'y is satisfiable. By the Compactness Theorem, it follows
that T is satisfiable.

Fix a truth assignment M: P — {0,1} such that vy () =1 for all ¢ € T'. Notice that for each n € N*,
there exists a unique o € T,, such that v(A,) = 1 because of the first two sets in the definition of I". For
each n, denote the unique such o by p,, and notice that p,, < p, whenever m < n. Define f: N — {0,1} by
letting f(n) = pnt+1(n). We then have that f [ [n] = p, € T for all n € N. O

We end with an interesting algebraic application about abelian groups. Since we will only discuss abelian
groups in this section, we will use + for the binary operation, 0 for the identity, and —a for the inverse of
a. We begin with a definition that captures when we can put a linear (or total) ordering on the elements of
the group that respects the binary operation.

Definition 3.6.7. An ordered abelian group is an abelian group (A, +,0) together with a relation < on A?
with the following properties:

1. < is a linear ordering on A, i.e. we have the following:

e Foralla € A, we have a < a.

o Foralla,be A, eithera<borb<a.
e Ifa<bandb<a, thena=25.

e Ifa<bandb<c, thena<c.

2. Ifa<bandce A, thena+c<b+c.

For example, (Z,+,0) with its usual ordering is an ordered abelian group. Similarly, both (Q, +,0) and
(R, +,0) are ordered abelian groups with their usual orderings. Recall that given two groups G and H, we
can form the direct product G x H, where the operation on G x H happens componentwise. In fact, we can
form the direct product G; x G X --- x G,, of finitely many groups (or even infinitely many). By taking
the direct product of Z with itself a finite number n many times, we obtain an abelian group Z". It turns
out that we can equip Z™ with several interesting orderings, but we focus on one here. Define < on Z"
by using the lexicographic, or dictionary, ordering. In other words, given elements @ = (a1, as,...,a,) and
b= (b1,ba,...,b,) in Z™, say that @ < b if either of the following holds:

1. d= l;, i.e. a; = b; for all 4.
2. a+# 5, and if ¢ is least such that a; # b;, then a; <z b;.

We can also state this by saying that a < b if either b — @ is the zero vector, or the first nonzero element
of b — @ is positive. With this ordering, it’s straightforward to check that (Z",+,0) is an ordered abelian
group. In fact, it’s relatively easy to generalize the construction to show that if G, G, ..., G, are all ordered
abelian groups, then the direct product G; X G3 X - -+ X G,, equipped with the lexicographic ordering is an
ordered abelian group.

We want to understand what general ordered abelian groups look like, and which abelian groups we can
equip with an ordering. To work toward this goal, we start with a simple property of ordered abelian groups.

Proposition 3.6.8. Let (A,+,0,<) be an ordered abelian group. If a <b and ¢ < d, then a+c¢ < b+d.
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Proof. Let a,b,c,d € A be arbitrary with a < band ¢ < d. Since a < band ¢ € A, we know that a+c < b+c.
Similarly, since ¢ < d and b € A, we have c+b < d+b. Using the fact that + is commutative, it follows that
b+ c < b+ d. Finally, since we have both a + ¢ < b+ ¢ and also b+ ¢ < b+ d, we can use the transitivity of
< to conclude that a + ¢ < b+ d. O

Now whenever we have a linear ordering < on a set A, we can define a corresponding strict ordering <.

Proposition 3.6.9. Suppose that (A,+,0,<) is an ordered abelian group. Define < by lettinga < b ifa <b
and a # b. We then have the following properties:

1. For all a,b € A, exactly one of a < b, a =b, or b < a holds.
2. Ifa<bandce€ A, thena+c<b+c.
Proof.

1. Let a,b € A be arbitrary. We first show that at least one of the three conditions holds. Assume then
that a # b. By definition, we know that either a < b or b < a holds. If the former case we have a < b,
while in the latter we have b < a.

We now show that at most one holds. Clearly, we can’t have both a < b and a = b, nor can we have
both @ = b and b < a. Suppose then that we have both a < b and b < a. We would then have both
a < band b < a, hence a = b, a contradiction.

2. Since a < b, we know that a < b, and hence a + ¢ < b+ c¢. Now if a + ¢ = b+ ¢, then by adding —c to
both sides we would have a = b, which is a contradiction. Therefore, a + ¢ < b+ c.

O

We are now ready to establish a simple restriction on the algebraic structure of any ordered abelian
group.

Proposition 3.6.10. In any ordered abelian group, every nonzero element has infinite order.

Proof. Let (A,+,0,<) be an ordered abelian group. Let a € A be arbitrary with a # 0. For any n € N*,
let n - a be the result of adding a to itself n times in the abelian group. Now 0 € A and a # 0, so we have
two possible cases:

e (Case 1: Suppose that 0 < a. Adding a to both sides we conclude that a < a 4+ a. Using the fact that
0 < a together with transitivity, it follows that 0 < a + a. If we add a to both sides again and follow
the same argument, we conclude that 0 < a 4+ a + a. From here, a simple induction establishes that
0 < n-aforall n € NT. In particular, n - a # 0 for all n € NT, so a has infinite order.

e C(Case 2: Suppose that a < 0. Following the logic in Case 1, a simple induction shows that n-a < 0 for
all n € N*. In particular, n - a # 0 for all n € NT, so a has infinite order.

Therefore, every nonidentity element of A has infinite order. O

Somewhat surprisingly, the converse to this statement is also true, i.e. given an abelian group (A4, +,0) in
which every nonzero element has infinite order, we can find an ordering < such that (4, +,0, <) is an ordered
abelian group. Attacking this problem directly is difficult, as it’s unclear how to define an ordering < on
a general group, using only the assumption that each nonidentity element has infinite order. The key idea
is to use the Compactness Theorem to restrict to an appropriate “finite” case. We will need the following
important algebraic result.
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Theorem 3.6.11 (Fundamental Theorem of Finitely Generated Abelian Groups). Let G be a finitely gen-
erated abelian group. There exists n € N and my,ma, ..., my € NT with

AZZ" X L)/miZ X Z)moZ X -+ X L/ miZ.

In fact, it is possible (thought not necessary for our purposes) to say more. For example, one can choose
mi, Ma,...,mi € NT with m; | miqq for all ¢ with 1 < ¢ < k. Alternatively, one can choose the m; to be
prime powers. Consult a standard algebra book for details.

Theorem 3.6.12. If (A,+,0) is an abelian group in which every nonzero element has infinite order, we can
find an ordering < such that (A,+,0,<) is an ordered abelian group.

Proof. We first prove the result for any finitely generated abelian group A. Given such a group A we know
from the Fundamental Theorem of Finitely-Generated Abelian Groups that A must be isomorphic to Z"
for some n € NT, because each Z/mZ for m > 2 has nonidentity elements of finite order. Since Z™ can be
equipped with the lexicographic ordering, we can transfer this ordering across the isomorphism to order A.

Suppose now that A is an arbitrary torsion-free abelian group. Let P be the set {L, s : a,b € A} and let
T" be the union of the following sets:

o {Lgq:ac A}
o {LapVLlpa:abe A}
o {=(LapALpg):a,be A with a# b}

{(Lap ALpe) = Lo :a,b,c€ A}
° {La,b — La+c,b+c L a, b, ce A}

We show that T is satisfiable. By Compactness, it suffices to show that any finite subset of I' is satisfiable.
Suppose that I'g C T is finite, and let S be the finite subset of A consisting of all elements of A appearing as
a subscript of a symbol occurring in I'y. Let B be the subgroup of A generated by S. We then have that B
is a finitely generated torsion-free abelian group, so from above we may fix an ordering < on it. If we define
a truth assignment v: P — {0, 1} by

1 ifa<d
0 otherwise.

M(Lgp) = {

we see that vy (@) = 1 for all ¢ € I'g. Thus, I'y is satisfiable. By the Compactness Theorem, we conclude
that T is satisfiable.

Fix a truth assignment M: P — {0,1} such that vps(y) = 1 for all v € I'. Define < on A? by letting
a < bif and only if M(L,) = 1. We then have that < is an ordering on A. O

In the parlance of group theory, a group in which every element has infinite order is called torsion-free.
Thus, we can state the above results as stating that an abelian group can be ordered if and only if it is
torsion-free.

3.7 Exercises

1. Definition 3.1.16 defines a function Subform: Formp — P(Formp) recursively as follows:

o Subform(A) = {A} for all A € P.
o Subform(—¢) = {—¢} U Subform(p).
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o Subform(Cpy) = {Cpp} U Subform(p) U Subform() for each & € {A,V, —}.

Suppose that ¢,1 € Formp and that v is a substring of ¢ (i.e. there exists 0, p € Sym?% such that
w = 61pp). Show that ¢ € Subform(p).

2. Given any 0,y € Formp, Definition 3.1.17 describes a function Substi: Formp — Formp (intuitively
substituting 6 for all occurrences of «), which is defined recursively as follows:

0 ify=A
A otherwise.

o Substf(A) = {

0 ify=-¢p
. S b te - =
ubs 7( ®) {ﬁSubStz(SO) otherwise.

o Subst? (Opy) = o ify = Opy
7 OSubstff (¢)Subst? (v)  otherwise.
for each & € {A,V,—}.

Show that if M: P — {0,1} is a truth assignment with v () = vas(7), then vas () = vas (Substf ()
for every ¢ € Formp.

3. Let Formp = G(Sym}, P,{h~,hn,hy}). Define a function Dual: Formy — Formp recursively as
follows:
o Dual(A) =—-Afor all A e P.
o Dual(—¢) = ~Dual(p).
o Dual(App) = VDual(p) Dual ().
o Dual(Veyp) = ADual(p) Dual ().

Show that Dual(yp) is semantically equivalent to -y for all ¢ € Formp.
4. We can extend the notion of semantic equivalence to sets of formulas.

Definition 3.7.1. LetT'1,I's C Formp. We say that I'y and 'y are semantically equivalent if 'y F v
for all vo € T's and T's E vy for all v1 € T'1. Notice that this is equivalent to saying that whenever
M: P — {0,1} is a truth assignment, then vy (y1) = 1 for all v1 € T'y if and only if vpar(v2) = 1 for
all Yo € Is.

Definition 3.7.2. Let I' C Formp. We say that I' is independent if there is no ¢ € I' such that
\{¢} E ¢. Notice that this is equivalent to saying that T' is not semantically equivalent to any proper
subset.

(a) Show that if T' is finite, then T" has an independent semantically equivalent subset.
(b) Show that there exists a set P and an infinite set I' C Formp which has no independent seman-

tically equivalent subset.

5. (**) Using the definition in the previous problem, show that every countable set is semantically equiv-
alent to an independent set.

6. Let P = {Ag, A1, Az, A3, As, As, Ag}. Show that there exists a boolean function f: {0,1}7 — {0, 1} such
that Depth(p) > 5 for all ¢ with B, = f.

Hint: Do a counting argument.
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7.
8.

9.

10.

11.

12.

13.

14.

For each ¢ € Formp, give a deduction showing that ¢ = ——¢.

(a) For each ¢,% € Formp, give a deduction showing that —¢ - =(p A ).
(b) For each p,1 € Formp, give a deduction showing that —(p A ¥) F (=) V (—9)).

(a) In the proof of the Soundness Theorem (Theorem 3.5.2), we showed how statement (2) followed
easily from statement (1). Show that this implication can be reversed. That is, give a short proof
that “If ' - ¢, then I' F ¢” using the assumption “Every satisfiable set of formulas is consistent”.

(b) In the proof of the Completeness Theorem (Theorem 3.5.2), we showed how statement (2) followed
easily from statement (1). Show that this implication can be reversed. That is, give a short proof
that “Every consistent set of formulas is satisfiable” using the assumption “If I' F ¢, then I' F ¢”.

(¢) Show how to obtain each version of the Compactness Theorem from the other using only short
semantic arguments.

Suppose that 6 -~ and v 0. Show that if I' F ¢, then I' - Substg(go).

Hint: You don’t need to stay on the syntactic side. Don’t be a hero.

(a) Suppose that we eliminate the — I rule, the =PC rule, and the Contr rule. Show that the
Completeness Theorem no longer holds.

(b) Suppose that we eliminate the —PC rule and the Contr rule. Show that the Completeness
Theorem no longer holds.

Hint: For part a, notice that these 3 rules are the only ones that let us completely remove a formula
from the left-hand side. State precisely what this gives you, and how it establishes the result. Part (b)
will require a bit more insight, but use the idea of part (a) as a guide.

Given two partial orderings < and <’ on a set B, we say that <’ extends < if whenever a < b, we
have a <’ b. In other words, the set of ordered pairs that satisfies the relation < is a subset of the
set of ordered pairs that satisfies <’. Recall that a linear ordering is a partial ordering with the extra
properties that for all a,b € B, either a < b or b < a.

(a) Show that if (B, <) is a finite partial ordering (i.e. where B is finite), then there exists a linear
ordering <’ of B extending <.

(b) Show that if (B, <) is any partial ordering, then there exists a linear ordering <’ of B extending
<.
Let P be a partial ordering. A chain C' in Pis a subset of P such that for all a,b € C, either a < b or
b < a. An antichain in P is a set A C P such that no two distinct elements are comparable (i.e. for all
a,be A, if a#b, then a £band b £ a).

(a) Suppose that & € N* and P is a (possibly infinite) partial ordering such that every finite subset
of P is the union of k chains. Show that P is the union of k£ chains.

(b) A theorem of finite combinatorics, known as Dilworth’s Theorem, says that in a finite partial
ordering P, the maximum size of an an antichain equals the minimum number of chains whose
union equals P. Use this result and part a to show that if P is a (possibly infinite) partial ordering
such that the maximum size of an an antichain equals k € NT, then P is the union of k chains.

(**) The final two problems outline proofs of the Compactness Theorem that avoid using a notion of
syntactic implication. The first one mimics the essential ideas in the proof of Completeness given in
class, but stays semantic the whole way. In this problem, we say a set I' C Formp is finitely satisfiable
if every finite subset of I' is satisfiable.
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(a) Show that if I' C Formp is finitely satisfiable and ¢ € Formp, then either I U {¢} is finitely
satisfiable or T' U {—¢} is finitely satisfiable.

(b) Show that if I' C Formp is finitely satisfiable, then there exists A D I" which is both complete
and finitely satisfiable.

(¢) Show that if A is both complete and finitely satisfiable, then A is satisfiable.
(d) Establish the Compactness Theorem.

15. (**) This proof of the Compactness Theorem uses ideas from topology. For any set P, let Tp be the
topological space {0,1}¥ (which can be viewed either as the product of copies of {0, 1} indexed by P, or
as truth assignments on P), where we give {0, 1} the discrete topology and {0, 1} the corresponding
product topology.

(a) Viewing elements of Tp as truth assignments, show that the set {M € Tp : var(p) = 1} is closed
for each ¢ € Formp.
(b) Use Tychonov’s Theorem to prove the Compactness Theorem.

(¢) Without applying Tychonov’s Theorem, use the Compactness Theorem to prove that Tp is com-
pact for every P.



Chapter 4

First-Order Logic: Languages and
Structures

Now that we have successfully worked through several important aspects of propositional logic, it is time
to move on to a much more substantial and important logic: first-order logic. As summarized in the
introduction, the general idea is as follows. Many areas of mathematics deal with mathematical structures
consisting of special constants, relations, and functions, together with certain axioms that these objects obey.
We want our logic to be able to handle many different types of situations, so we allow ourselves to vary the
number and types of the symbols. For example, in group theory, we have a special identity element and a
binary function corresponding to the group operation. If we wanted, we could also add in a unary function
corresponding to the inverse operation. For ring theory, we have two constants for 0 and 1 along with two
binary operations for addition and multiplication (and possibly a unary function for additive inverses). For
partial orderings, we have one binary relation. Any such choice gives rise to a language.

Once we’ve fixed such a language, we can build up formulas that will express something meaningful. As
an example, we mentioned in the introduction that

Wy (f(x,y) = f(y,x))

is a formula in the language of group theory. Now in isolation, this formula is neither true nor false, just like
the propositional formula A A (B V C) is neither true nor false without a truth assignment. The analogue to a
truth assignment in first-order logic is called a structure. In this setting, a structure provides an interpretation
for all of the symbols, and once we fix a structure (i.e. once we fix an actual group, ring, partial ordering,
etc.), we can ask whether the formula is true in that world.

Building up the fundamental definitions (like formulas and structures) will take some time. Our experi-
ence with propositional logic will certainly help here, but the complexity is considerably higher.

4.1 Terms and Formulas

Since our logic will have quantifiers, the first thing that we need is a collection of variables, like the x and
y in the formula Vx¥y(f(x,y) = f(y,x)). Since our formulas will consist of only finitely many characters, and
since we will want to ensure that we always have an extra variable around if we need it, we start with the
fixing a large enough set.

Definition 4.1.1. Fiz a countably infinite set Var called variables.

We now define a language. As mentioned, we want to allow flexibility in the number and types of symbols
here, depending on what field of mathematics we want to model.

73
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Definition 4.1.2. A first-order language, or simply a language, consists of the following:
1. A set C of constant symbols.
2. A set F of function symbols together with a function Arityr: F — NT.
3. A set R of relation symbols together with a function Arityz: R — NT.

We also assume that C, R, F, Var, and {V,3,=,-,\,V,—} are pairwise disjoint. For each k € NT, we let
Fir ={f € F: Arityz(f) = k},

and we let
Ri ={R e R: Arityr(R) = k}.

Finally, given a language L, we let Symy =CURUF U VarU{v,3,=-,A,V,—}.

Let’s consider some examples of languages. Suppose that we want to create a language that is suitable
for group theory. One option would be to let C = {e}, let F = {f} where f has arity 2, and we let R = 0.
Intuitively, the symbol e will represent the identity and f will represent the group operation. Alternatively,
we could let C = {e}, let F = {f, g} where f has arity 2 and g has arity 1, and let R = 0. In this setting, g
will represent the inverse operation in the group. In other words, even when we have an area of mathematics
in mind, there may be several suitable languages that we will have to choose between. At this point, it may
seem like a matter of taste. However, we will eventually see how the choice of language affects other concepts
that we will define (see Section 4.3).

From here on, we will call the first language described above (the one with only 1 function symbol) the
restricted group theory language, and we will call the latter simply the group theory language. Note that the
particular names for symbols do not matter much. In other words, we can use a binary relation symbol h
instead of f in the restricted group theory language. Alternatively, we can use a more natural binary relation
symbol like -. Thus, we might write “consider the restricted group theory language {e,-}”.

Now consider the language where C = (), F = ), and R = {R} where R has arity 2. In other words,
we have just one binary relation symbol. As mentioned in the introduction, this language is suitable for
the theory of partial orderings. Notice that it would also serve as a language for the theory of equivalence
relations. Thus, one language can be repurposed for different areas of mathematics.

Once we have chosen a language, we have fixed the collection of symbols that are available. The first
major task is to determine how to generate formulas, like VxVy(f(x,y) = f(y, x)) in the group theory language.
Before doing this, however, we need a way to name elements. Intuitively, our constant symbols and variables
name elements once we've fixed an interpretation (i.e. once we've fixed a structure, which we will define in
the next section). However, we can form more complex names for elements if we have function symbols. For
example, in our group theory language, if x and y are variables, then the f(x,y) in the above formula would
also name an element. We can then go on to form more complex names from here, such as f(f(x,y),x) or
f(e,g(y)). The idea then is to start with the constant symbols and variables, and then generate new names by
repeatedly applying function symbols. As we’ve started to appreciate from our exposure to Polish notation,
it turns out that we can avoid the parentheses and commas. Putting it all together, we obtain the following
definition.

Definition 4.1.3. Let L be a language. For each f € Fy, define hs: (SymZ)k — Sym7. by letting
hf(O’l,O'g,. .. ,0'].3) = f0'10'2 o Ok-

We then define
Termg = G(Sym7,CUVar,{hs: f € F}).

and call the elements of Term, the terms of the language.
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Now that we have terms, which intuitively name elements once we’ve fixed an interpretation, we can start
to think about formulas. In propositional logic, our most basic formulas were the symbols from P themselves.
In this new setting, the basic formulas are more interesting. The idea is that the most fundamental things that
we can say are whether or not two elements are equal, and whether or not a k-tuple is in the interpretation
of some relation symbol R € Ry.

Definition 4.1.4. Let L be a language. We let
AtomicFormp = {Rtity -t : k € NT R € Ry, and t1,ta,... ,tx € Termp} U{=tity : t;,ts € Terme},
and call the elements of AtomicForm, the atomic formulas of the language.

Starting with atomic formulas, we now generate more complex formulas by introducing our old proposi-
tional logic connectives, and by allowing the use of quantifiers.

Definition 4.1.5. Let L be a language. Define a unary function h—, and binary functions ha, hy, and h_,
on Sym}. as follows:

h-(o) = -0
ha(o,7) = Aot
hy(o,7) = Vor
ho(o,7)= —oT

Also, for each x € Var, define two unary functions hyx and hsx on Sym} as follows:

hy x(0) = ¥xo
hax(o) = 3xo.

Let
Formg = G(Sym7, AtomicFormg, {h-, hn, hy,ho} U{hvx, hax : x € Var}).

As with propositional logic, we’d like to be able to define things recursively, so we need to check that our
generating systems are free. Notice that in the construction of formulas, we have two generating systems
around. We first generate all terms. With terms taken care of, we next describe the atomic formulas, and
from them we generate all formulas. Thus, we’ll need to prove that two generating systems are free. The
general idea is to make use of the insights gained by proving the corresponding result for Polish notation in
propositional logic.

Definition 4.1.6. Let £ be a language. Define W: Sym} — Z as follows. We first define w: Sym, — Z
as follows:

w(c) =1 forallceC
w(f)=1-k for all f € Fj,
wR)=1-k for all R e Ry,

w(x) =1 forallx € Var
w(=) =
w(Q) = for all Q € {¥,3}
w(=) =
w(Q) = for all & € {A,V,—}.

We then define W on all of Sym7p by letting W(X) = 0 and letting W (o) = 32\, w(o(i)) for all o €
Symz\{A}.
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As usual, notice that if o, 7 € Sym}, then W(or) = W(o) + W(7).
Proposition 4.1.7. Let L be a language. For allt € Term,, we have W (t) = 1.

Proof. The proof is by induction on ¢. Notice first that W(c) =1 for all c € C and W(x) = 1 for all x € Var.
Suppose that k € NT, f € Fy, and t1,1s,...,t € Term, are such that W (t;) = 1 for all i. We then have
that

W (ftata - tg) = W) + W(t1) + W(ta) + - - - + W(ty)
=1-k+1+1+---4+1 (by induction)
=1.

The result follows by induction. O

Proposition 4.1.8. Ift € Term, and o < t, then W(o) < 0.

Proof. The proof is by induction on ¢. For every ¢ € C, this is trivial because the only ¢ < c is ¢ = A and
we have W(\) = 0. Similarly, for every x € Var, the only o < x is 0 = A and we have W(\) = 0.

Suppose that k € Nt, f € F,, and t1,ta,...,t; € Term, are such that the the statement is true for each
t;. We prove the result for ftits - - - tx. Suppose that o < ftitg---tg. If 0 = A, then W(o) = 0. Otherwise,
there exists ¢ < k and 7 < t; such that ¢ = ft1t5---t;_17, in which case

W(o)=W() +W(t1) + W(ta) + -+ W(ti—1) + W(7)

=1-k)+1+14+---+1+W(1) (by Proposition 4.1.7)
={1-k)+i+W()
<(1—-k)+i+0 (by induction)
=14+ @G—k)
<0. (since @ < k)
Thus, the statement is true for ftqts - - - tg. O

Corollary 4.1.9. Ift,u € Termg, thent £ u.

Proof. This follows by combining Proposition 4.1.7 and Proposition 4.1.8. O

Theorem 4.1.10. The generating system (Symi,CU Var,{h¢ : f € F}) is free.

Proof. First notice that for all f € F, we have that range(hs | (Term,)*) N (C U Var) = 0 because all
elements of range(hs) begin with f and we know that f ¢ C U Var.

Let f € Fi. Suppose that tq,ta, ..., tk, w1, us,...,ur € Terms and he(tq, ta, ..., tx) = he(ug, ug, ..., ug).
We then have ftits-- -t = fujus - - - ug, hence t1ty -« -t = ujusg - - - up. Since t1 < uy and u; < t; are both
impossible by Corollary 4.1.9, it follows that ¢t; = w;. Thus, to---tx = us---ug, and so to = ug for the
same reason. Continuing in this fashion, we conclude that ¢; = u; for all i. It follows that h¢ | (Termg)* is
injective.

Finally notice that for any f € Fj and any g € F; with f # g, we have that range(h¢ | (Termc)*) N
range(hg | (Term,)’) = 0 because all elements of range(h | (Term,)*) begin with f while all elements of
range(hg | (Term,)?) begin with g. O

Proposition 4.1.11. If p € Formg, then W(p) = 1.
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Proof. The proof is by induction on ¢. We first show that W (y) = 1 for all ¢ € AtomicForm,. Suppose
that ¢ is Rty -« -t where R € Ry and tq,t2,...,tx € Term,. We then have
W (Rtite - - tr) = W(R) + W(ty) + W(te) +--- + W(tx)
=(1-k)+14+14---+1 (by Proposition 4.1.7)
=1.
Suppose that ¢ is = t1to where t1,ts € Term,. We then have

W(: tltg) = W(:) + W(tl) + W(tg)
=—1+1+1 (by Proposition 4.1.7)
=1.

Thus, W(¢) =1 for all ¢ € AtomicFormy .
Suppose that ¢ € Form is such that W () = 1. We then have that

W(=p) =W(=) + W(p)
=0+1
—1.

For any Q € {V,3} and any x € Var we also have

W (Qxp) =W(Q)+ W (x)+ W(p)
= 141+1
=1.

Suppose now that ¢,1 € Form, are such that W(yp) =1 =W (¢), and € {A,V,—}. We then have that

W(Opy) = =1+ W(p) + W(¥)
=—1+1+1
=1
The result follows by induction. O
Proposition 4.1.12. If ¢ € Form, and o < ¢, then W(o) <0.

Proof. The proof is by induction on ¢. We first show that the statement is true for all ¢ € AtomicForm .
Suppose that ¢ is Réito - -t where R € Ry and t1,to,...,tx € Term. Suppose that o < Rtyto---tg. If
o = A, then W(o) = 0. Otherwise, there exists ¢ < k and 7 < ¢; such that o is Réytg -+ - ¢;_17, in which case

W(o)=W(R)+W(t1) + W(ta) + -+ W(ti—1) +W(7)

=(1-k+1+14---+14+W(7) (by Proposition 4.1.7)
=1 —-Fk)+i+W()

<(1-k)+i+0 (by induction)
—1+(i—k)

<0. (since i < k)

Thus, the statement is true for Réits - - -t;. The same argument works for = t1to where t1,ts € Termg, so
the statement is true for all ¢ € AtomicForm, .
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Suppose that the statement is true for ¢ € Form,. Suppose that ¢ < —¢. If ¢ = A, then W (o) = 0.
Otherwise, 0 = =7 for some 7 < ¢, in which case

W(o)=W(=)+W(r)
=04+ W(7)
<0. (by induction)
Suppose now that Q € {V,3}, that x € Var, and that ¢ < Qxp. If ¢ = A, then W(o) = 0, and if 0 = Q,
then W (o) = —1. Otherwise, 0 = Qx7 for some 7 < ¢, in which case
W(o) =W(Q)+ W(x)+ W(r)
=—-14+14W(7)
=0 (by induction)

Suppose now that the the statement is true for ¢, 9 € Form,, and & € {A,V,—}. Suppose that o < O,
If o = A, then W(o) = 0. If o is O7 for some 7 < ¢, then

W(o) =W(Q) + W(r)
=—1+W(7)
< -1 (by induction)

Otherwise, o is Cpr for some 7 < 1), in which case

W(o)=W(QO)+W(p)+W(r)

=—-1+0+W(7) (by Proposition 4.1.11)
< -1 (by induction)
Thus, the statement is true for G O

Corollary 4.1.13. If p,v € Formg, then @ £ .
Proof. This follows by combining Proposition 4.1.11 and Proposition 4.1.12. O

Theorem 4.1.14. The generating system (Sym}, AtomicFormg,{h-,hx,hy,h_} U{hyx, hax:x € V}) is
free.

Proof. Similar to the others. O

Although we have a formal syntax using Polish notation, we will often write formulas in a more natural
and intuitive way that employs parentheses and simple shortcuts in the interest of human readability. For
example, we will typically write VxVy(f(x,y) = f(y,x)) instead of VxVy = fxyfyx. We will also sometimes
employ infix notation for functions. For example, if we view the restricted group theory language as having
one constant symbol e and one binary function symbol -, then we can informally write - between two
arguments. In other words, instead of writing the proper formula ¥xVy = - xy - yx in this language, we might
refer to it by writing VxVy(x -y =y - x).

With these freeness results, we are now able to define functions recursively on T'erm, and Form,. Since
we use terms in our definition of atomic formulas, which are the basic formulas, we will often need to make
two recursive definitions (on terms first, then on formulas) in order to define a function on formulas. Here’s
an example of how to define a function that produces the set of variables that occur in a given formula.

Definition 4.1.15. Let L be a language.
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1. We first define a function OccurVar: Termy — P(Var) recursively as follows:

e OccurVar(c) =10 for allc € C.
e OccurVar(x) = {x} for all x € Var.
e OccurVar(ftite - - - ty) = OccurVar(ty) U OccurVar(tz) U - -- U OccurVar(ty) for all f € Fy, and
ti,ta, ..., tx € Termg.
2. We then define a function OccurVar: Formg — P(Var) recursively as follows:
e OccurVar(Rtity - - -t) = OccurVar(t;) U OccurVar(te) U- - - U OccurVar(ty) for all R € Ry and
ti,ta, ..., tx € Termg.
o OccurVar(= tita) = OccurVar(ty) U OccurVar(tz) for all t1,t2 € Termy.
o OccurVar(—y) = OccurVar(p) for all ¢ € Formg.
o OccurVar(Qpy) = OccurVar(p) U OccurVar(y) for each & € {A,V,—} and ¢, € Form,.
o OccurVar(Qxp) = OccurVar(p) U {x} for each Q € {V,3}, x € Var, and ¢ € Form,.
Technically, we should probably use two different names for the functions above, since they have very
different domains. However, there is little risk of confusion, so we just overload the function name. Although
OccurVar does produce the set of variables in a formula, notice that variables can occur in different ways
within a formula. For example, if we are working in the group theory language, and we let ¢ be the formula
Yy (f(x,y) = f(y,x)), then OccurVar(yp) = {x,y}. However, notice that the x and y “sit” differently within
the formula. Intuitively, the occurrences of y are bound by the quantifier, while the occurrences of x are

free (i.e. not bound). We will have a great deal more to say about the distinction between free and bound
variables, but we first define the recursive functions that produce the set of free and bound variables.

Definition 4.1.16. Let L be a language.
1. We define a function FreeVar: Formg — P(Var) recursively as follows.
e FreeVar(Rtity---ty) = OccurVar(ty) U OccurVar(tz) U - - - U OccurVar(ty) for all R € Ry, and
ti,ta, ..., tx € Termg.
o FreeVar(=tity) = OccurVar(t1) U OccurVar(ta) for all t1,t2 € Termy.
o FreeVar(—g) = FreeVar(p) for all p € Formg.
o FreeVar(Opy) = FreeVar(p) U FreeVar(y) for each & € {A,V,—=} and v, € Formg.
o FreeVar(Qxy) = FreeVar(p)\{x} for each Q € {V,3}, x € Var, and ¢ € Form.

2. We define a function BoundVar: Formg — P(Var) recursively as follows.

e BoundVar(Rtity---tx) =0 for allR € Ry and ty,ta,...,t; € Termy.

e BoundVar(= tity) =0 for all t1,t2 € Termy.

e BoundVar(—¢) = BoundVar(p) for all ¢ € Formg.

e BoundVar(Oey) = BoundVar(p) U BoundVar(y) for each & € {A,V,—} and ¢, € Form.

e BoundVar(Qxyp) = BoundVar(p) U {x} for each Q € {V,3}, x € Var, and ¢ € Form,.

Returning to our example formula ¢ in the group theory language equal to Vy(f(x,y) = f(y, x)), we now

have that FreeVar(y) = {x} and BoundVar(p) = {y}. However, notice that it is possible for a variable
to be both free and bound. For example, if we work in the same language, but consider the formula

equal to (f(x,x) = x) A Ix(x = e), then we have FreeVar(y) = {x} = BoundVar(y). In other words, some
occurrences of x are free and others are bound.
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Definition 4.1.17. Let L be a language and let ¢ € Formg. We say that ¢ is an L-sentence, or simply a
sentence, if FreeVar(p) = 0. We let Sent, be the set of sentences.

As we will see, sentences will play an important role for us, since they do not have any “hanging” variables
that are not captured by quantifiers.

4.2 Structures

Up until this point, all that we’ve dealt with in first-order logic are sequences of symbols without meaning.
Sure, our motivation was to capture meaningful situations with our languages and the way we’ve described
formulas, but all we’ve done so far is describe the grammar. If we want our formulas to actually express
something, we need to set up a context in which to interpret them. In propositional logic, we needed truth
assignments on P to give a “meaning” to a formula. Since we have quantifiers now, the first thing we’ll need
is a nonempty set M to serve as the domain of objects that the quantifiers range over. Once we’ve fixed
that, we need to interpret the symbols of our language as actual elements of our set (in the case of constant
symbols ¢), actual k-ary relations on M (in the case of k-ary relation symbols R), and actual k-ary functions
on M (in the case of k-ary function symbols f).

Definition 4.2.1. Let L be a language. An L-structure, or simply a structure, is a sequence M =
(Ma gC7g.7:7gR) where:

e M is a nonempty set called the universe of M.

e go:C—> M.

e gr is a function on R such that gr(R) is a subset of M* for all R € Ry.

e gr is a function on F such that gz (f) is a k-ary function on M for all f € Fy.
We use the following notation:

e For each c € C, we use c™ to denote ge(c).

e For each R € Ry, we use RM to denote gr(R).

e For each f € Fy,, we use f™ to denote gr(f).

For example, let £ be the restricted group theory language, so £ = {e,f}, where e is a constant symbol and
f is a binary function symbol. To give an L-structure, we need to provide a set of elements M (to serve as
the universe of discourse), pick an element of M to serve as the interpretation of e, and pick a function from
M? to M to serve as the interpretation of f. Here are some examples of L-structures:

1. M =7Z,eM =3 and fM is the subtraction function (m,n) — m—n (in other words, f(m,n) = m—n).
2. M =R, eM =7 and fM is the function (a,b) ~ sin(a - b).

3. For any group (G, e, ), we get an L-structure by letting M = G, eM = ¢, and letting f™ be the group
operation.

In particular, notice that in our restricted group theory language L, there are L-structures that are not
groups! In other words, an L-structure need not respect our intentions when writing down the symbols of
L. An L-structure is any way to pick a set and a way to interpret the symbols as constants, relations, and
functions. It is possible to carve out special collections of structures by only looking at those structures that
make certain formulas true, but we first have to define “truth”, as we will shortly.

For another example, let £ = {R} where R is a binary relation symbol. Here are some examples of
L-structures:
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1. M =N and RM = {(m,n) € M?: m | n}.
2. M ={0,1}* and RM = {(0,7) € M? : 0 < 7}.
3. M =R? and RM = {((ay,b1), (az,b2)) € M? : a1 = az}.
4. M ={0,1,2,3,4} and RM = {(0,2),(3,3), (4,1), (4,2), (4,3)}.

At first, it may appear than an L-structure provides a means to make sense out of any formula. However,
this is not the case, as we can see by looking at the formula x =y where x,y € Var. Even given an L-
structure M, we can’t say whether the formula x =y is “true” in M until we know how to interpret both x
and y. For a more interesting example, consider the restricted group theory language £ = {e,f}. Let M be
the integers Z with e = 0 and with f™ being addition. Consider the formula fxy = z. If we “interpret” x
as 7,y as —3, and z as 4, then the formula fxy = z is “true” in M. However, if we “interpret” x as —2, y as
7, and z as 1, then the formula fxy = z is “false” in M. Once we fix an L-structure M, the need to interpret
the elements of Var as elements of M motivates the following definition.

Definition 4.2.2. Let M be an L-structure. A function s: Var — M is called a variable assignment on

M.

Recall that in propositional logic, every truth assignment M: P — {0,1} gave rise to a function
vy Formp — {0, 1} telling us how to assign a true/false value to every formula. In the first-order logic
case, we need an L-structure M together with a variable assignment s: Var — M to make sense of things.
We first explain how this apparatus allows us to assign an element of M to every term. We extend our
function s: Var — M to a function s: Term, — M, similar to how we extend a truth assignment M to a
function vys. The distinction here is that s and 5 output elements of M rather than true/false values.

Definition 4.2.3. Let M be an L-structure, and let s: Var — M be a variable assignment. By freeness,
there exists a unique 5: Termy — M with the following properties:

e 5(x) = s(x) for allv e Var.
e 35(c)=cM forallceC.

o S(ftaty - ty) = FM(5(t1),5(t2), - . ., 5(tr))-

Notice that there is nothing deep going on here. Given an L-structure M and a variable assignment s,
to apply s to a term, we simply unravel the term and attach “meaning” to each symbol (using M and s)
as we bottom-out through the recursion. For example, assume that £ = {c,f} where c is a constant symbol
and f is a binary function symbol. Given an L-structure M and a variable assignment s: Var — M, then
working through the definitions, we have

3(ffezfxffezy) = fM(3(fez), 3(fxffezy))
= F1(FM(3(c), 5(2)), F1 (5(x), 3(ffezy)))
= f1(FM(3(c), 5(2)), F1 (5(x), P4 (5(fez), 3(¥))))
= F1(FM(3(c), 5(2)), F1 (52, F1 (FM(3(c), 3(2)). 3(v))))
= FA(EM(M, 5(2)), P (s00), FEM (M, 5(2)), 5(1))).

In other words, we're taking the syntactic formula ffczfxffczy and assigning a semantic meaning to it by
returning the element of M described in the last line. For a specific example of how this would be interpreted,
let M be the integers Z with c™ = 5 and with f™ being addition. Let s: Var — M be an arbitrary variable
assignment with s(x) = 3, s(y) = —11, and s(z) = 2. We then have

S(ffezfxffezy) = 6
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because

(ffezfxffezy) = FM(FM (M, 5(2)), FM(s(x), FEM (M, s(2)), 5(y))))
= fM(FM(0,2), FM(3, FM(FM(0,2), —11)))
=((5+2)+ @B+ (+2)+(-11)))
=6.

We’re now ready to define the intuitive statement “y is true in the L-structure M with variable assignment
s” recursively. We need the following definition in order to handle quantifiers.

Definition 4.2.4. Let M be an L-structure, and let s: Var — M be a variable assignment. Given x € Var
and a € M, we let s[x = a] denote the variable assignment

s[x:»am:{“ S

s(y) otherwise.

Now we can actually define the analogue of vys from propositional logic. Given an L-structure M and
variable assignment s: M — Var, we should be able to “make sense of” every ¢ € Form . In other words,
we should be able to define a function v(aq, ) : Formg — {0,1}, where the value 0 corresponds to false and
the value 1 corresponds to true. Of course, the definition is recursive.

Definition 4.2.5. Let M be an L-structure. We recursively define a function vipq,s): Formp — {0,1} for
all p € Formg and all variable assignments s as follows:

o We first handle the case where ¢ is an atomic formula:

— IfRE Ry, and t1,ta, ..., tx € Termg, we let

1 if (3(t1),3(ts), ..., 5(ty)) € RM

U(M,S)(Rtth ote) = {0 otherwise.

— Ift1,to € Termy, we let

o= g =

0 otherwise.

I ifvom,s) () =0
1

e For any s, we let ’U(M,s)(ﬁ‘p) = {0 if v( )(90) =
M,s -

0 if vims) () =0 and va,s) (¥) = 0
e For any s, we let viags) (ApY) = i vps) (9) and vp,) (V)

0 if vam,s)(p) =1 and via,s) (¥) =0

Lif vms) () = 1 and v, (¥) = 1.

0 if vir,s)(9) =0 and va,s)(¥) =0

1 =0 d =1
o For any s, we let ’U(Mys)(\/QO’Q/J) = i U(M’S)(w) an U(M’S)(w)

L ifvms (p) =1 and vipa,6)() =0

L ifvms () =1 and v 6 (¥) = 1.
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L if vms) (@) = 0 and vipq,s) () = 0
L if vm,s)(9) = 0 and va,s) (¥) =1
e For any s, we let via o) (— @¢) = 0 if Uiﬁ ;(80) 1 and Uit ;(w) _q
L if vims) (@) =1 and v s () = 1.

L if there exists a € M with v\ six=a)) (@) =1

e For any s, we let v a6y (Ixp) =
Y (M) (3¢) {O otherwise.

L if for all a € M, we have v sjx=a)) (@) =1

e For any s, we let v um ) (Vxp) = {0 otherwise

The above recursive definition takes a little explanation, because some recursive “calls” change the variable
assignment. Thus, we are not fixing an L-structure M and a variable assignment s on M, and then doing
a recursive definition on ¢ € Formg. To fit this recursive definition into our framework from Chapter 2,
we can adjust it as follows. Fix an L-structure M. Let VarAssignaq be the set of all variable assignments
on M. We then define a function ga: Formp — VarAssigna, recursively using the above rules as guides,
with the intention that v(xqs) () = 1 means that s € ga(¢). Here are three representative examples of how
we define gaq:

Mm(Rtity .. ty) = {s € VarAssignag : (3(t1),5(t2),...,5(tx)) € RM}
grm(Aeh) = gm(e) N gam(¥)

gm (Fxe) = U {s € VarAssignm : s[x = a] € gm(p)}.
aeM

From here, we then define vaqs)(p) = 1 to mean that s € ga(p), and check that it has the required
properties.

Let’s consider a simple example. Let £ = {R,f} where R is a unary relation symbol and f is a unary
function symbol. Let M be the following L-structure:

« M=1{0,1,2,3}.
« RM ={1,3}.
o fM: M — M is the function defined by
fM(0) =3 M) =1 fM(2) =0 fM(3) = 3.
We now explore the values of v(xq,5)() for various choices of variable assignments s and formulas .
1. For any variable assignment s: Var — M, we have
VM) (FRX) =1 & v, (Rx) =0
s(x) ¢ RM
< s(x) =0 or s(x) = 2.
2. For any variable assignment s: Var — M, we have
V(Mm,s)(IXRx) = 1 < There exists a € M such that v sjxa)) (RX) = 1

& There exists a € M such that s[x = a](x) € RM

& There exists a € M such that s[x = a](x) € RM

& There exists @ € M such that a € RM.

Since RM 2£ (), it follows that v(aq,s)(3xRx) = 1 for all variable assignments s: Var — M.
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3. For any variable assignment s: Var — M, we have
VM, s) (VX(Rx = (fx = x))) = 1 < For all a € M, we have v sjx=a)) (Rx = (fx =x))) =1
< For all a € M, we have either

VM, six=a]) (RX) = 0 0T v aq sjxsa)) (FX = %) =1
< For all @ € M, we have either

s[x = a](x) ¢ RM or s[x = a](fx) = s[x = a](x)
& For all a € M, we have either

s[x = a](x) ¢ RM or fM(s[x = a](x)) = s[x = a](x)
< For all a € M, we have either

s[x = a](x) ¢ RM or fM(s[x = a](x))

= s[x = a](x)
& For all @ € M, we have either a ¢ R or fM

a) =
fx =x))) =1 for

( a.
Since 0 ¢ RM, fM(1) =1, 2 ¢ RM, and fM(3) = 3, it follows that v(uq,s) (Vx(Rx = (
all variable assignments s: Var — M.

In the above examples, notice that only the values of s on the free variables in ¢ affected whether or not
U(M,s) = 1. In general, this seems intuitively clear, and we now state the corresponding precise result.

Proposition 4.2.6. Let M be an L-structure.

1. Suppose that t € Termg and s1,s2: Var — M are two variable assignments such that s1(x) = s2(x)
for all x € OccurVar(t). We then have $1(t) = S2(t).

2. Let M be an L-structure. Suppose that ¢ € Formp and s1,s2: Var — M are two variable assignments
such that s1(x) = sa(x) for all x € FreeVar(yp). We then have

V(M,s1) (@) = 1 if and only if viags,) (@) = 1.
Proof. Each of these is a straightforward induction, the first on ¢t € T'erm,  and the second on ¢ € Form,. [0

We introduced the notation v ) () to correspond to our old notation vas(¢). In propositional logic,
we needed a truth assignment M: P — {0,1} to assign true/false values to all formulas. In first-order logic,
we need both an L-structure M and a variable assignment s: Var — M to assign true/false values to all
formulas. Despite the advantages of the similar notation, it is tiresome to keep writing so much in the
subscripts, and so people who work in mathematical logic have adopted other standard notation, which we
now introduce.

Notation 4.2.7. Let L be a language, let M be an L-structure, let s: Var — M be a variable assignment,
and let ¢ € Formg. We write (M, s) F ¢ to mean that via ) (@) = 1, and write (M, s) 7 ¢ to mean that

VM, s) (@) = 0.

In some ways, using the symbol F is natural, because we are defining the semantic notion that ¢ is true
in (M, s). However, in other ways, this notation is incredibly confusing. In propositional logic, we used
the symbol F only in I' F ¢ where I' C Formp and ¢ € Formp. In other words, we used F for semantic
implication, not semantic truth. Our new first-order logic notation would be akin to also writing M F ¢
in propositional logic to mean that vyr(¢) = 1. Although we could have done that in the Chapter 3, we
avoided the temptation to overload the notation at that stage. We will eventually define I' F ¢ in first-order
logic when I' C Form, and ¢ € Form,, and at that point we will just have to know which version of F we
are using based on what type of object appears on the left. Consider yourself warned!

With this new notation in hand, we can rewrite the recursive definition of v(aq,s) in the following way:
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e Suppose first that ¢ is an atomic formula.

— If p is Rtyty - - - g, we have (M, s) F ¢ if and only if (5(t1),5(t2),...,5(t;)) € RM.
— If  is = tyta, we have (M, s) F ¢ if and only if 5(¢1) = 35(t2).
o For any s, we have (M, s) F = if and only if (M, s) F ¢.
o For any s, we have ,8) E @ At if and only if (M, s) E ¢ and (M, s) E 1.
,8) E @V if and only if either (M, s) E v or (M, s) E 1.
)
)
)

(M
 For any s, we have (M
o For any s, we have (M, s) F ¢ — ¢ if and only if either (M, s) F ¢ or (M, s) F 1.
o For any s, we have (M, s) F Ixgp if and only if there exists a € M such that (M, s[x = a]) E ¢.
o For any s, we have (M, s) F Vxgp if and only if for all a € M, we have (M, s[x = a]) E ¢.
We now introduce some other notation in light of Proposition 4.2.6.

Notation 4.2.8. Let L be a language.

1. If x1,%2,..., %y € Var are distinct, and we refer to a formula ¢(x1,x2,...,%,) € Formg we mean that
v € Formg and FreeVar(p) C {x1,%2,...,%n}.

2. Suppose that M is an L-structure, ©(X1,X2,...,%,) € Formg, and aj,as,...,a, € M. We write
(M, a1,az,...,a,) F ¢ to mean that (M, s) E ¢ for some (any) s: Var — M with s(x;) = a; for all i.

3. As a special case of 2, we have the following. Suppose that M is an L-structure and o € Sent,. We
write M E o to mean that (M, s) E o for some (any) s: Var — M.

As we'’ve seen, given a language £, an L-structure can be any set M together with any interpretation
of the symbols. In particular, although we might only have certain structures in mind when we describe
a language, the structures themselves need not respect our desires. However, since we have now formally
defined the intuitive notion that a sentence ¢ € Sent, is true in an L-structure M (recall that a sentence
has no free variables, so we don’t need a variable assignment), we now carve out classes of structures which
satisfy certain sentences of our language.

Definition 4.2.9. Let £ be a language, and let ¥ C Sent,. We let Mod(X) be the class of all L-structures
M such that M E o for all o € ¥. If o € Sentr, we write Mod(o) instead of Mod({c}).

Definition 4.2.10. Let L be a language and let K be a class of L-structures.
1. K is an elementary class if there exists ¥ C Sent, such that K = Mod(X).
2. K is a strong elementary class if there exists o € Sent, such that K = Mod(o).
By taking conjunctions, we have the following simple proposition.

Proposition 4.2.11. Let L be a language and let IC be a class of L-structures. K is a strong elementary
class if and only if there exists a finite & C Sentp such that K = Mod(X).

For example, if we let £ = {e,f} be the restricted group theory language, then the class of groups is a
strong elementary class as we saw in Chapter 1, because we can let X be the following collection of sentences:

(a) WxWyVz(f(f(x,y),z) = f(x,f(y,z))).
(b) Wx((f(x,e) = x) A (f(e,x) = x)).
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(¢) ¥xIy((f(x,y) =e) A (f(y,x) =e)).

If we instead use the (full) group theory language £ = {e,f, g}, then the class of groups is a strong elementary
class by letting ¥ be the following collection of sentences:

(a) Wxvyvz(f(f(x,y),z) = f(x,f(y, 2))).

(b) Wx((f(x,e) =x) A (f(e,x) = x)).

(c) ¥x((f(x,8(x)) =€) A (f(g(x),x) = ¢)).
Moving on to another language, consider £ = {R} where R is a binary relation symbol. We can form several
fundamental strong elementary classes in this language:

1. The class of partially ordered sets is a strong elementary class as we saw in Chapter 1, because we can
let X be the following collection of sentences:
(a) WxRxx.
(b) Vx¥y((Rxy A Ryx) — (x =y)).
(c) ¥x¥yVz((Rxy A Ryz) — Rxz).
2. The class of equivalence relations is a strong elementary class by letting 3 be the following collection
of sentences:
(a) VxRxx.
(b) ¥xVy(Rxy — Ryx).
(c) Wx¥yVz((Rxy A Ryz) — Rxz).

3. The class of simple undirected graphs (i.e. edges have no direction, and there are no loops and no
multiple edges) is a strong elementary class by letting ¥ be the following collection of sentences:

(a) Vx(—Rxx).

(b) ¥xVy(Rxy — Ryx).
For another example, let £ = {0,1,+,-,—} where 0,1 are constant symbols and +,- are binary function
symbols, and — is a unary function symbol. We call £ the ring theory language. As in our group theory

language, we are including a unary function symbol for additive inverses for reasons that will be explained
in Section 4.3

1. The class of (possibly noncommutative) rings with identity is a strong elementary class by letting
be the following collection of sentences:

(a) YxXWWVz(x + (y +z) = (x +y) + 2).
(b) ¥x((x4+0=x) A (0+x=x)).

(c) Vx((x+ (=x) = 0) A ((—x) +x = 0)).
(d) IxVy(x+y =y +x).

(e) Yx((x-1=x)A(1-x=x)).

(f) vxvyvz(x- (y-z) = (x-y) - 2).

(8) VxWyVz(x- (y +2) = (x-y) + (x- 2)).

2. The class of fields is a strong elementary class by letting ¥ be the above sentences together with:
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(h) ~(0=1).
(i) Vxvy(x-y =y -x).
(3) ¥x(=(x=0) = Jy(x-y =1)).

3. For each prime p > 0, the class of fields of characteristic p is a strong elementary class. To see this,
fix a prime p > 0, and let ¥, be the above sentences together with the sentence 1+14---4+1=0
(where there are p many 1’s in the sum).

4. The class of fields of characteristic 0 is an elementary class because we can let 3 be the above sentences
together with {7, : n € NT} where for each n € N*, we have 7, = =(1 + 1+ --- + 1 = 0) (where there
are n many 1’s in the sum).

We now consider an example with an infinite language. Let F be a field, and let Lr = {0, +}U{h, : « € F}
where 0 is a constant symbol, + is binary function symbol, and each h, is a unary function symbol. The
class of vector spaces over F' is an elementary class, by letting 3 be the following collection of sentences:

1. IxWyVz(x + (y +z) = (x +y) + 2).

Yx((x +0=x) A (0 +x =x)).

YxJy((x+y=0) A (y+x=0)).
VXVy(x +y =y +X).

Vxvy(h,(x+y) = h_(x) +h_(y)) for each o € F'.
Vx(h,, 5(x) = (h,(x) + hg(x))) for each o, B € F..
Vx(h,.5(x) = h,(hs(x))) for each o, 8 € F'.

8. Wx(h;(x) = x).

Notice that if F' is infinite, then we really have infinitely many formulas here, because three of the sentences
are parametrized by elements of F'.

Finally, notice that given any language £ and any n € NT, the class of L-structures of cardinality at
least n is a strong elementary class as witnessed by the formula

NS Gt e W N

IxqIxo - - - Ixy /\ —(xi = %)

1<i<j<n

Furthermore, the class of L-structures of cardinality equal to n is a strong elementary class. To see this, let
o, be the above formula for n, and consider the sentence oy, A (—0,,41).

At this point, it’s often clear how to show that a certain class of structures is a (strong) elementary
class: simply exhibit a correct set of sentences. However, it is unclear how one could show that a class is
not a (strong) elementary class. For example, is the class of fields of characteristic 0 a strong elementary
class? Is the class of finite groups an elementary class? There are no obvious ways to answer these questions
affirmatively. We will eventually develop tools that will allow us to resolve these questions negatively.

Another interesting case is the class of Dedekind-complete ordered fields. Now the ordered field axioms
are easily written down in the first-order language £ = {0,1, +, —, -, <} of ring theory augmented by a binary
relation symbol <. In contrast, the Dedekind-completeness axiom, which says that every nonempty subset
that is bounded above has a least upper bound, can not be directly translated in the language £ because it
involves quantifying over subsets instead of elements. However, we are unable to immediately conclude that
this isn’t due to a lack of cleverness on our part. Perhaps there is an alternative approach which captures
Dedekind-complete ordered fields in a first-order way (by finding a clever equivalent first-order expression
of Dedekind-completeness). More formally, the precise question is whether the complete ordered fields is an
elementary class in the language £. We'll be able to answer this question in the negative later as well.
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4.3 Substructures and Homomorphisms

One of the basic ways to obtain new algebraic structures (whether vector spaces, groups, or rings) is to
find them “inside” already established ones. For example, when working in the vector space of all functions
f: R — R under the usual pointwise operations, we can form the subspace of continuous functions, or the
subspace of differentiable functions. Within the symmetric groups S,,, one naturally defines the alternating
groups A, and dihedral groups D,,. These ideas also arise in combinatorial structures, such as when ex-
amining subgraphs of a given graph, or viewing a partial ordering as a piece of a larger one. The general
unifying concept here is that of a substructure.

Definition 4.3.1. Let L be a language and let M and A be L-structures. We say that A is a substructure
of M if the following conditions hold:

1. AC M, where A and M are the underlying sets of A and M, respectively.
2. cA=cM forallceC.

3. RA=RMnNA* for all R € Ry.

4. fA=fM | A* for all f € F.

In other words, a structure A is a substructure of M if we may have thrown away some of the elements
of the set M, but on the remaining set A we have faithfully maintained the interpretation of every symbol.
Notice that the second and fourth conditions imply a few simple facts about our set A C M. We prove
that these are necessary and sufficient conditions for A to be the universe (i.e. the underlying set) of a
substructure of M.

Proposition 4.3.2. Let M be an L-structure, and let A C M be nonempty. The following are equivalent:

1. A is the universe of a substructure of M, i.e. there is a substructure A of M with A as the underlying
set.

2. FEwvery element of M that is named by a constant must appear in A, and A is closed under every function
fM. More formally, we have {c™ : c € C} C A and fM(ay,as,...,a;) € A for all f € Fy and all
ai,as,...,a; € A.

Proof. We first prove that (1) implies (2). Let .4 be a substructure of M with underlying set A. For any c € C,
we have ¢ € A by definition of a structure, and c¢* = c™ by definition of a substructure, so we conclude that
M e A Now let f € Fi, and aq,aq,...,a; € A be arbitrary. We have fA(al,ag, ...,a) € A by definition
of a structure, so since fA = fM | A* we conclude that fM(ay,as,...,a) = fA(a1,aq,...,a;) € A.

We now prove that (2) implies (1). Assume then that {c™ : c € C} C A and fM(a1,az,...,a;) € A
for all f € Fj, and all aj,as,...,ax € A. We can then define each c*, R4, and f* as in Definition 4.3.1,
and notice that these definitions make sense by our assumptions (i.e. we have each c* € A and each A is
actually a function from A* to A). Therefore, A is the universe of a substructure of A. O

For example, suppose that we are working in the restricted group theory language £ = {e,f}, and we let
M be the L-structure with universe Z, eM = 0, and f™ equal to the usual addition. We then have that M
is a group. Notice that if we let A = N, then A contains 0 = e™ and is closed under fM. In other words,
we can view A as the universe of a substructure A of M. However, notice that A is not a subgroup of M,
because it is not closed under inverses. The problem here is that the inverse function is not the interpretation
of any of the function symbols, so a substructure need not be closed under it. However, if we use the (full)
group theory language where we include a unary function that is interpreted as the inverse function, then a
substructure is precisely the same thing as a subgroup. In other words, our choice of language affects what
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our substructures are. The fact that substructures correspond to subgroups in the latter language is the
reason why we prefer to use it when working with group theory.

A similar situation happens with the choice of a ring theory language. If we work with the language
L =1{0,1,+,}, and we have an L-structure M that is a ring, then a substructure would necessarily contain
both the additive and multiplicative identities, and be closed under both addition and multiplication. How-
ever, these conditions do not force a substructure to be closed under additive inverses (again consider N as
a subset of the ring Z), and so substructures do not correspond to subrings. Thus, if we want substructures
to be subrings, then we should include a unary function symbol — for additive inverses (or, alternatively, a
binary function — for subtraction). Notice that because we include the constant symbol 1, every substruc-
ture of a ring will be a subring with the same multiplicative identity, which contrasts with the way a few
(unenlightened) sources define subrings. Finally, note that even if our L-structure happened to be a field,
then a substructure need not be a subfield, but merely a subring.

Our discussion shows that we can often change the language in order to make substructures correspond
to the usual definition of “subobject” in a given area mathematics. However, there are some situations
where this is not possible with our definition of substructure. To see this, note that in our definition, an
element of A is an element of R# if and only if it is an element of R™, and this condition does not always
match up with standard definitions of “subobjects”. For example, suppose we are working in the language
L = {R}, where R is a binary relation symbol. Suppose that M is an L-structure that is a graph, i.e. such
that M E ¥xVy(Rxy — Ryx). Typically, a subgraph of a given graph is a subset where we are allowed to
omit some vertices and edges, including the possibility of removing an edge despite keeping its endpoints.
For example, if M = {1,2,3,4} and

RM = {(1,2),(2,1),(1,3),(3,1),(2,3),(3,2),(3,4), (4,3)},
then the graph with A = {1,2,3} and
RA = {(17 2)7 (2’ 1)7 (1’ 3)7 (37 1)}

is a subgraph under the standard definition. Notice, however, that the corresponding A is not a substructure
of M, because
RM 1A% = {(1,2),(2,1),(1,3),(3,1),(2,3),(3,2)}.

In this context, the definition of a substructure matches up with the concept of an induced subgraph. In
order to handle situations like general subgraphs, some sources define the concept of a weak substructure by
leaving conditions (1), (3), and (4) of Definition 4.3.1 alone, but changing condition (2) to be R* C RM for
all R e R.

Suppose that we have a structure M, and we have an arbitrary set B C M. How can we get a substructure
A of M such that B C A? By Proposition 4.3.2, we need to ensure that A contains both B and the
interpretation of the constants, and is closed under the functions f*. Thus, we can build a substructure (in
fact the smallest substructure containing B) by starting with B and the various ¢, and then generating
new elements. In other words, we have the following result. Notice that we need to assume that either B # ()
or C # 0 so that we start with a nonempty set, since we require that A # @ (because the underlying set of
any structure must be nonempty by definition).

Corollary 4.3.3. Let M be an L-structure and let B C M be an arbitrary set. Suppose either that B # ()
orC#0. If welet A=G(M,BU{cM:ceC},{fM:fecF}), then A is the universe of a substructure of
M. Moreover, if N is any substructure of M with B C N, then A C N.

We now seek to generalize the concept of a homomorphism from its algebraic roots to more general
structures. In group theory, a homomorphism is a function that preserves the only binary operation. In
this setting, it is straightforward to check that a group homomorphism automatically sends the identity to
the identity, and sends the inverse of an element to the inverse of the image of that element. For rings
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with identity, it is possible to have a function that preserves both addition and multiplication, but not the
multiplicative identity. As a result, some sources enforce the additional condition that a ring homomorphism
must also preserve the multiplicative identity. As in the definition of substructure, we require that the
interpretation of the each of the first-order symbols from £ is preserved. In other words, if we choose to
include a constant symbol for the multiplicative identity in our language, then the multiplicative identity
of the first ring must be sent to the multiplicative identity of the second. Thus, as with substructures, our
choice of language will affect which functions we call homomorphisms.

Definition 4.3.4. Let L be a language, and let M and N be L-structures.
1. A function h: M — N is called a homomorphism if it satisfies the following conditions:

(a) For all c € C, we have h(cM) = V.
(b) For all R € Ry and all ay,aq,...,ar € M, we have

(a1,aq,...,ax) € RM if and only if (h(ay), h(as), ... h(ax)) € RV.
(¢) For all f € Fi, and all ay,as,...,a € M, we have
h(fM(ay, as, ... a)) = ¥ (h(ar), haz),. . ., h(ay)).
2. A function h: M — N is called an embedding if it is an injective homomorphism.

3. A function h: M — N is called an isomorphism if it is a bijective homomorphism.

We pause again to note that this definition occasionally differs from the usual mathematical definition of
homomorphism in languages with relation symbols. For instance, a graph homomorphism is often defined
as a function with the property that if (a,b) is an edge in the first graph, then (h(a), k(b)) is an edge in
the second. Note that this definition corresponds to only one direction of (b) above, rather than an if
and only if. Some logic sources do indeed change (b) in the definition of homomorphism to the weaker
condition that whenever (ay,as, ...,ax) € RM, we have (h(a1), h(as),...,h(ax)) € RN. Such sources often
use the terminology strong homomorphism for what we are simply calling a homomorphism, while sources
that use our definition of homomorphism sometimes refer to the weaker notion as a positive homomorphism.
In either case, embeddings and isomorphisms are always assumed to satisfy the if and only if described in
part (b) above, so there is no ambiguity when using these terms. Since we will almost exclusively work
with embeddings and isomorphisms (rather than just homomorphisms), and because our choice simplifies
the statement of part (3) of Theorem 4.3.6, we choose to adopt the above version of the definition of
homomorphism for simplicity. Just note that part (3) of Theorem 4.3.6 below would need to be modified if
one were to adopt the weaker definition of homomorphism.

Proposition 4.3.5. Let L be a language and let M and A be L-structures with A C M. We then have that
A is a substructure of M if and only if the inclusion function i: A — M given by i(a) = a is an embedding.

Proof. Immediate from the corresponding definitions. O

We now jump into our primary theorem about homomorphisms and isomorphisms. The last part of this
theorem gives one precise way to say that all “reasonable” properties are preserved by an isomorphism. It’s
not an at all clear how to make this precise in algebra, but now we have a formal language that allows
us to codify (at least some) “reasonable” properties. Since first-order formulas are generated from atomic
formulas using simple rules, we can prove by induction that all properties expressible by first-order formulas
are preserved.

Theorem 4.3.6. Let L be a language, and let M and N be L-structures. Suppose that h: M — N is a
homomorphism, and suppose that s: Var — M is a variable assignment. We have the following:
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1. The function ho s is a variable assignment on N .
2. For any t € Termg, we have h(3(t)) = h o s(t).

3. For every quantifier-free ¢ € Formg not containing the equality symbol, i.e. for all ¢ generated by
starting only with atomic formulas using elements of R, and generating with just the propositional
connectives, we have

(M, s) E ¢ if and only if (N,hos)E p.

4. If h is an embedding, then for every quantifier-free ¢ € Formg, i.e. for all ¢ generated by starting
with all atomic formulas and using just the propositional connectives, we have

(M, s) E ¢ if and only if (N, hos)E .
5. If h is an isomorphism, then for every ¢ € Form , we have
(M, s) E ¢ if and only if (N',hos)E p.
Proof.
1. This is immediate from the fact that s: Var — M and h: M — N, so hos: Var — N.
2. The proof is by induction on t. We have two base cases. For any ¢ € C, we have

h(s(c)) = h(c™)

=c (since h is a homomorphism)

— (hos)()
= hos(x).

For the inductive step, let f € Fj, and let ¢1,%o,...,t; € Termg be such that the statement is true for
each t;. We then have

h(E(ftity---tr)) = h(FM(E(4),3(ta), - - ., 5(tk))) (by definition of 3)
= fM(h(3(t1)), h(3(t2)), . .., h(3(tr))) (since h is a homomorphism)
=fN(hos(ty),hos(t),..., hos(ty)) (by induction)
= hos(ftity---ty) (by definition of h o s).

Hence, the statement is true for ftits - - - g, which completes the induction.

3. Assume that h is an embedding. The proof is by induction on ¢. Let R € Ry and ty,to, ...t € Termy
be arbitrary. We have

(M, S) = Rtltg e tk
h(3(t1)), h(3(t2)), . .., h(5(t))) € RV (since h is a homomorphism)
hos(ty),hos(ty),...,hos(ty)) € RN (by part 1)




92 CHAPTER 4. FIRST-ORDER LOGIC: LANGUAGES AND STRUCTURES

Suppose that the statement is true for . We prove it for ~¢. We have

(M,s) F—p e (M,s) 7o
& N, hos)F o (by induction)
& (N, hos)E .

Suppose that the statement is true for ¢ and ¥. We have

M,s)EpoNnp = (M,s)FE pand (M,s) E
& (NM,hos)Epand (N,hos)F ¢ (by induction)
& (N, hos)F oAy,

and similarly for V and —. The result follows by induction.

4. In light of the proof of (3), we need only show that if ¢ is = ¢;to where t1,t5 € Termg, then (M, s) E ¢
if and only if (N, hos) E ¢. For any t1,ts € Term,, we have

(M,S) FE =ttty & g(tl) = g(tg)

< h(5(t1)) = h(3(ta)) (since h is injective)
& hos(t;) =hos(ta) (by part 1)
4 (N,hOS) E =tits.

5. Suppose that the statement is true for ¢ and that x € Var. We have

(M, s) E 3xp < There exists a € M such that (M, s[x = a]) F ¢
< There exists a € M such that (M, ho (s[x=a])) F ¢ (by induction)
& There exists a € M such that (N, (hos)[x = h(a)] F ¢
< There exists b € N such that (N, (ho s)[z = b]) E ¢ (since h is bijective)
< (N, hos)E Ixp,

and also
(M, 5) E Vxp < For all a € M, we have (M, s|x = a]) F ¢
& For all a € M, we have (N, ho (s[x=a])) E ¢ (by induction)
< For all a € M, we have (N, (hos)[z = h(a)]) E ¢
< For all b € N, we have (N, (hos)[z = b)) Ep (since h is bijective)

& (N, hos)E Vxp.

O

Definition 4.3.7. Let M and N be L-structures. We say that M and N are isomorphic if there exists an
isomorphism h: M — N. In this case, we write M = N

We now introduce one of the central definitions of logic.

Definition 4.3.8. Let L be a language, and let M and N be L-structures. We write M =N, and say that
M and N are elementarily equivalent, if for all ¢ € Sent,, we have M E o if and only if N E 0.
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In other words, two structures are elementarily equivalent if the same sentences are true in each structure.
Notice that, by Proposition 4.2.6 we do not need to include any variable assignments in our definition, since
sentences do not have free variables. The fact that a given sentence can be evaluated to a true/false value
without a variable assignment is precisely what allows us to compare sentences across structures with perhaps
very different underlying sets.

Corollary 4.3.9. Let L be a language, and let M and N be L-structures. If M = N, then M = N.

Proof. Let M and N be L-structures, and assume that M = A. Fix an isomorphism h: M — N. Let
o € Sent, be arbitrary. Fix some (any) variable assignment on M. By Theorem 4.3.6, we have

(M, s) E o if and only if (M, hos)F 0.

Now since ¢ has no free variables, the variable assignments don’t matter (see Notation 4.2.8), so we conclude
that M F ¢ if and only if N F o. Since o € Sent, was arbitrary, it follows that M = N. O

Somewhat surprisingly, the converse of Corollary 4.3.9 is not true. In other words, there are elementarily
equivalent structures that are not isomorphic. In fact, not only do such examples exist, but we will see
that for essentially every structure M, we can build a structure N/ with M = A but M % A. Beyond
how intrinsically amazing this is, it turns out to be useful. If we want to show that M FE o for a given
o € Sent,, we can think about going to an elementarily equivalent structure A that is easier to work with
or understand, and show that A/ F o. We will eventually see some extraordinary examples of arguments in
this style.

Returning to substructures, notice that if A is a substructure of M, then we typically have A # M. For
instance, it is possible that a subgroup of a nonabelian group is abelian. For example, if M is the group S3,
and A is the substructure of M with underlying set {id, (1 2)} (where id is the identity function), then we
have

ME IXVy(x xy =y xx)

but
A EVUXVy(xxy =y *x).

Nonetheless, there are connections between when some restricted types of formulas are true in A versus in
M. To see this, we start with the following simple remark.

Definition 4.3.10. Let L be a language, and let QuantFreeForm, be the set of all quantifier-free formulas.
1. An existential formula is an element of G(Sym}, QuantFreeFormg,{h3« :x € Var}).
2. A universal formula is an element of G(Sym?}, QuantFreeFormg, {hyx :x € Var}).

In other words, an existential formula is a formula that begins with a block of existential quantifiers, and
then is followed by a quantifier-free formula. A universal formula instead begins with a block of universal
quantifiers, followed by a quantifier-free formula. For example,

YxVy(x xy =y % x)

is a universal formula in the language of group theory. We can now state and prove some simple connections
between how the truth of these formulas can vary between a substructure and the bigger structure.

Proposition 4.3.11. Let L be a language, let M and N be L-structures, and let h: M — N be an embedding.
Let s: Var — M be a variable assignment. We have the following:

1. If ¢ is an ezistential formula and (M, s) E ¢, then (N, ho s) E ¢.
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2. If ¢ is a universal formula, and (N',h o s) E ¢, then (M,s) E ¢
Proof.

1. The proof is by induction on ¢. For the base case, note that if ¢ is quantifier-free, then that statement
follows from Theorem 4.3.6. Suppose that we know that the statement is true for ¢, and assume
that (M,s) E 3xp. By definition, we can fix a € M such that (M, s[x = a]) F ¢. By induction,
we know that (M,ho (s[x = a])) E ¢. Since ho (s[x = a]) = (hos)[x = h(a)], it follows that
(N, (hos)[x= h(a)]) E ¢. Therefore, (N, hos)E Ixp.

2. The proof is by induction on ¢. For the base case, note that if ¢ is quantifier-free, then that statement
follows from Theorem 4.3.6. Suppose that we know that the statement is true for ¢, and assume that
(N, hos) E Vxp. By definition, it follows that for every b € N, we have (N, (ho s)[x = b]) F .

Now let @ € M be arbitrary. Since h(a) € N, it follows that (N, (h o s)[x = h(a)]) E . Since
(hos)[x = h(a)] = ho(s[x = a]), we conclude that (N, ho (s[x = a])) F ¢. By induction, it follows
that (M, s[x = a]) F ¢. Since a € M was arbitrary, we conclude that (M, s) F ¢

O
Corollary 4.3.12. Suppose that A is a substructure of M.

1. For any quantifier-free formula ¢ and any s: Var — A, we have
(A, s) E o if and only if (M, s) E .
2. For any existential formula ¢ and any s: Var — A, we have
If (A, s) E ¢, then (M, s) E .
3. For any universal formula ¢ and any s: Var — A, we have
If (M, s) E o, then (A, s) E ¢.

Proof. Immediate from Proposition 4.3.11 and Proposition 4.3.5. O

For example, the sentence o equal to VxVy(x*y =y xx) is a universal formula in the group theory
language. If M is a structure with M E o, then whenever A is a substructure of M, we have that A F o.
In particular, every subgroup of an abelian group is abelian. As mentioned above, the converse does not
hold, and this is the reason why we only have one direction in Corollary 4.3.12 in the case of existential and
universal formulas.

For more complicated formulas, we may not be able to go in either direction. For example, consider the
language £ = {0,1,4, —, -} of ring theory. Let o be the sentence

Vx(=(x=0) — Jy(x-y = 1)),

which says that every nonzero element has a multiplicative inverse. Notice that o is neither an existential
formula nor a universal formula. Now if we consider the L-structure M consisting of the rational field and
let A be the substructure consisting of the integers, then M F ¢ but A ¥ o. In contrast, if we consider
the L-structure M counsisting of the polynomial ring R[z] and let A be the substructure consisting of the
real numbers (i.e. constant polynomials), then M F o but A E 0. In other words, if a formula is neither
existential nor universal, it is possible that the truth of the formula in a structure has no relation to its truth
in a substructure.

We end this section with another simple way to take a structure and turn it into a “smaller” one. In this
scenario, we simply drop some symbols from our language.
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Definition 4.3.13. Let £’ C L be languages, let M’ be an L'-structure, and let M be an L-structure. We
say that M is the restriction (or reduct) of M to L, and that M is an expansion of M’ to L, if the following
conditions hold:

o« M =M.
e M =cM forallcec'.
e RM =RM forallReR'.
o fM =M forallfe F.
In this case, we write M' = M | L.

For example, suppose that £ = {0,1,+,—,-} is the language of rings and that £ = {0,+,—} is the
language of groups (we have changed the symbols in the latter from 0,4, —1, but only the types and arities
of the symbols really matter). Given an L structure M, we can form the restriction M’ of M to L' by
keeping the same underlying set and same interpretations of 0, +, and —, but by also “forgetting” about 1
and -. Notice that if M happened to be a ring, then M’ will be an abelian group.

In contrast to substructures, it is intuitively clear that truth is preserved between a structure and its
restriction. Here is the formal statement.

Proposition 4.3.14. Let £’ C L be languages, let M be an L-structure, and let M' = M | L be the
restriction of M to L'. For all ¢ € Formg: and all s: Var — M, we have (M,s) E ¢ if and only if
(M, 5) F .

Proof. By a trivial induction. O

4.4 Definability

A wonderful side-effect of developing a formal language is the ability to talk about what objects we can
define using that language.

Definition 4.4.1. Let M be an L-structure, let k € N*, and let X C M*. We say that X is definable in
M if there exists p(x1,X2,...,xk) € Formg such that

X:{(alaa%"'vak) €Mk : (M7a17a2,"'aak) }:30}

In other words, a set X C M k is definable in M if we can find a formula o with k free variables such that
the formula is true in M when we interpret the free variables as a k-tuple in X, and is false otherwise. For
example, let £ =1{0,1,+,-}, where 0 and 1 are constant symbols and + and - are binary function symbols.

1. The set X = {(m,n) € N? : m < n} is definable in the structure (N,0,1,+,-) as witnessed by the
formula
z(z#AO0A (x+2z=Yy)).

2. The set X = {n € N: n is prime} is definable in the structure (N, 0, 1, +, -) as witnessed by the formula

S(x=1)AWVz(x=y-z— (y=1Vvz=1)).

3. The set X = {r € R:r > 0} is definable in the structure (R,0,1,+,-) as witnessed by the formula
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Let’s consider another language. Let £ = {<} where < is a binary relation symbol. For every n € N,
the set {n} is definable in (N, <). To see this, for each nNT, let ¢, (x) be the formula

Fyidya- Iyl N\ i # ) A A\ < ).
1<i<j<n i=1

For each n € N*, the formula ¢, (x) defines the set {k € N : n < k}. Now notice that {0} is definable as
witnessed by the formula

=3y (y <x),
and for each n € NT, the set {n} is definable as witnessed by the formula
Pn(X) A 2@np1(x)-

Finally, let £ = {e,f} be the restricted group theory language. Let (G, e,-) be a group interpreted as an
L-structure. The center of G is definable in (G, e, ) as witnessed by the formula

Vy(f(x,y) = f(y,x)).

Sometimes, there isn’t an obvious way to show that a set is definable, but some cleverness and/or
nontrivial mathematics comes to the rescue. In each of the examples below, let £ = {0,1,+,-} be the
language described above.

1. The set N is definable in (Z,0,1,+, ) as witnessed by the formula

Jy13y2Tysya(x =y1-y1 + Y2 y2 +y3-yY3+ya-ya)

Certainly every element of Z that is a sum of squares must be an element of N. The fact that every
element of N is a sum of four squares is Lagrange’s Theorem, an important result in number theory.

2. Let (R,0,1,+, ") be a commutative ring. The Jacobson radical of R, denoted Jac(R) is the intersection
of all maximal ideals of R. As stated, it is not clear that this is definable in (R,0,1,+,-) because it
appears to quantify over subsets. However, a basic result in commutative algebra says that

a € Jac(R) < ab—11is a unit for all b € R
< For all b € R, there exists ¢ € R with (ab —1)c = 1.

Using this, it follows that Jac(R) is definable in (R,0,1,+,-) as witnessed by the formula
Vy3dz((x-y)-z=z+1).
3. The set Z is definable in (Q,0,1,+,-). This is a deep result of Julia Robinson using some nontrivial
number theory.
4. The set X = {(k,m,n) € N3 : k™ = n} is definable in (N,0,1,+,-), as is the set
{(m,n) € N? : m is the n'™ digit in the decimal expansion of 7}.

In fact, every set C C NF which is “computable” (i.e. for which it is possible to write a computer
program that outputs yes on elements of C' and no on elements of N¥\C) is definable in (N,0, 1, +,-).
We will prove this challenging, but fundamental, result later (see Corollary 14.1.5).

The collection of definable sets in a structure have some simple closure properties.
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Proposition 4.4.2. Let M be an L-structure, and let k € N*. Let

Dy = {X € P(M") : X is definable in M}.

We have the following:

1.
2.

If X,Y € Dy, then X UY € Dy.
If XY € Dy, then X NY € Dy.

3. If X € Dy, then M\X € Dy,.

Proof. Each of these follow by taking the Vv, A, and — of the respective formulas. O

Determining which sets in a structure are definable is typically a challenging task, but classifying the
collection of definable sets is one of the primary goals when seeking to fully “understand” a structure. Let’s
return to the language £ = {0,1,+,-}. Here we outline several important restrictions on definable sets in a
few natural L£-structures. We will prove each of these facts later.

1.

5.

In the structure (C,0,1,+,-), every subset of C that is definable is either finite or cofinite (i.e. its
complement is finite). The converse is not true. For example, any element of C that is transcendental
over QQ is not an element of any finite definable set.

. In the structure (R, 0,1, 4+, -), every subset of R that is definable is a finite union of intervals and points

(but again, the converse is not true).

In the structure (N,0,1,+,-), every computable subset of N is definable. In fact, many other subsets
of Z are also definable, and it is challenging to describe a subset of N that is not definable (although
we will eventually give an example in Theorem 14.2.2).

. Since N is definable in (Z,0,1,4,-), it turns out that the definable subsets of Z are also rich and

complicated.

Since Z is definable in (Q,0, 1,4+, -), the definable subsets of Q are similarly complicated.

Just like for elementary classes, it is clear how to attempt to show that something is definable (although
as we’ve seen this may require a great deal of cleverness). However, it is not at all obvious how one could
show that a set is not definable. Fortunately, Theorem 4.3.6 can be used to prove negative results about
definability.

Definition 4.4.3. Let M be an L-structure. An isomorphism h: M — M is called an automorphism.

Proposition 4.4.4. Suppose that M is an L-structure and k € NT. Suppose also that X C MF* is definable
in M and that h: M — M is an automorphism. For every ai,as,...,ar € M, we have

(a1,a9,...,a;) € X if and only if (h(a1),h(az),...,h(ar)) € X.

Proof. Fix ¢(x1,Xa,...,%x) € Formg such that

X ={(a1,aq,...,ax) e MF . (M, a1,as,...,ar) F p}.

By part 4 of Theorem 4.3.6, we know that for every aj,as,...,ar € M, we have

(M, a1,aq,...,a;) E ¢ if and only if (M, h(a1),h(az),...,h(ar)) E ¢.

Therefore, for every ay,as,...,ar € M, we have

(a1,a2,...,a;) € X if and only if (h(a1), h(az),...,h(ar)) € X.
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In other words, automorphisms of a structure must fix definable sets as a whole (note that this is not
saying that an automorphism must fix definable sets pointwise). Therefore, in order to show that a given
set is not definable, we can find an automorphism that does not fix the set.

Corollary 4.4.5. Suppose that M is an L-structure and k € N*. Suppose also that X C MF and that
h: M — M is an automorphism. Suppose that there exists ay,as,...,ar € M such that exactly one of the
following holds:

e (a1,a9,...,a;) € X.
e (h(a1),h(az),...,h(ax)) € X.
We then have that X is not definable in M.

For example, let £ = {R} where R is a binary relation symbol, and let M be the L-structure where
M = Z and RM = {(a,b) € Z* : a < b}. We show that a set X C M is definable in M if and only if either
X =0 or X = Z. First notice that @) is definable as witnessed by —(x = x) and Z as witnessed by x = x.
Suppose now that X C Z is such that X # 0 and X # Z. Fix a,b € Z such that a € X and b ¢ X. Define
h: M — M by letting h(c) = ¢+ (b —a) for all ¢ € M. Notice that h is automorphism of M because it is
bijective (the map g(c) = ¢ — (b — a) is clearly an inverse) and a homomorphism. For the latter, notice that
if ¢1,co € Z are arbitrary, then have have

(Cl,CQ) S RM e < ey
sca+b—a)<c+(b—a)
< h(Cl) < h(CQ)

& (h(e1), h(cz)) € RM.

Notice also that h(a) = a+ (b—a) =b,s0 a € X but h(a) ¢ X. Using Corollary 4.4.5, it follows that X is
not definable in M.

Definition 4.4.6. Let M be an L-structure. Suppose that k € Nt and X C M*. We say that X is definable
with parameters in M if there exists ©(X1,Xa, ..., Xk Y1,Y2, - - -, Yn) € Formg together with by, be, ..., b, € M
such that

X = {(a17a27--~7ak) < Mk : (M7a17a27"'7ak7bl7b2a"'abn) = QD}

Intuitively, a set X C M* is definable with parameters if we are allowed to use specific elements of M
inside our formulas to help us define it. For example, for each n € Z the set {n} is trivially definable with
parameters in the structure M = (Z, <): simply let ¢(x,y) be the formula x =y, and notice that for each
a € 7, we have

(M,a,n) Ep & a=n.

In fact, given any structure M, the set {m} is definable with parameters in M.

Let’s return to the language £ = {0,1,+,-}. Above, we talked about restrictions on definable sets in
several natural L-structures. We now discuss the situation when we switch to looking at those sets that are
definable with parameters.

1. In the structure (C,0,1,+,-), a subset of C is definable with parameters if and only if it is either finite
or cofinite.

2. In the structure (R,0,1,+,-), a subset of R is definable with parameters if and only if it is finite union
of intervals and points.

3. In the structures with underlying sets N, Z, and Q, we can already define each specific element without
parameters, so it turns out that a set is definable with parameters if and only if it is definable.

We will come back to discuss definability with parameters in Section 7.1.
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4.5 Elementary Substructures and Elementary Maps

Suppose that A is a substructure of M. In Corollary 4.3.12, we showed that for all quantifier-free formulas
w and all s: Var — A, we have
(A, s) E ¢ if and only if (M, s) E ¢.

Once we look at more general formulas involving quantifiers, this connection can easily break down. After all,
a quantifier ranges over the entire underlying set, so if A is a proper subset of M, the recursive definitions of F
will greatly differ. Regardless, it is at least conceivable that a proper substructure of a larger structure might
occasionally satisfy the same formulas. We give these (at the moment seemingly magical) substructures a
special name.

Definition 4.5.1. Let L be a language, let M be an L-structure, and let A be a substructure of M. We say
that A is an elementary substructure if for all ¢ € Form, and all s: Var — A, we have

(A, s) E v if and only if (M, s) E .
We write A < M to mean that A is an elementary substructure of M.

In our other notation, a substructure A of M is an elementary substructure if for all ¢(x1,%a,...,%,) €
Form, and all aq,as,...,a, € A, we have

(A,a1,as,...,a,) F ¢ if and only if (M, a1, aq,...,a,) F .

Notice that if A is an elementary substructure of M, then in particular we have that A = M, i.e. that A
is elementarily equivalent to M. To see this, simply notice that every ¢ € Sent, is in particular a formula,
and that variable assignments do not affect the truth of sentences (since sentences have no free variables).

However, it is possible to have a substructure A of M with A = M, but where A A M. For example,
let £ = {f} where f is a unary function symbol. Let M be the L-structure with M = N and f™(n) = n + 1.
Let A be L-structure with A = N* and f4(n) = n + 1. We then have that A is a substructure of M. Now
A = M via the function h(m) = m—1, so A = M by Corollary 4.3.9. However, notice that A A M because
if o(x) is the formula Jy(fy = x), we then have that (A4,1) & ¢ but (M, 1) E ¢. Generalizing this example,
one can show that the only elementary substructure of M is the structure M itself (noting that .4 has to
have a smallest element by well-ordering, then using the above argument to argue that this smallest element
is 0, and finally using the fact that A must be closed under the successor function).

Before jumping into a result that will greatly simplify the construction of elementary substructures, we
start with a simple lemma that will allow us to turn one type of quantifier into the other.

Lemma 4.5.2. Let M be an L-structure, and let s: Var — M be a variable assignment. For any p € Formg,
we have

(M, s5) EVzyp if and only if (M, s) E —Iz—.
Proof. Let ¢ € Formg be arbitrary. Using the recursive definition of F, we have

(M, s) EVzp < For all a € M, we have (M, s[x = a]) F ¢
< For all a € M, we have (M, s[x = a]) ¥ ¢
< There does not exist a € M with (M, s[x = a]) F ¢
& (M, s) F Ix—p
& (M, s) E ~Ix—e.



100 CHAPTER 4. FIRST-ORDER LOGIC: LANGUAGES AND STRUCTURES

As mentioned above, the quantifiers are the obstacle in pushing Corollary 4.3.12 from simple formulas to
more complex ones. The next test simplifies the process to that of checking one existential quantifier at a
time. Notice that the condition given only refers to truth in the structure M, and hence does not reference
truth in A.

Theorem 4.5.3 (Tarski-Vaught Test). Suppose that A is a substructure of M. The following are equivalent:
1. A<M, ie. Aisan elementary substructure of M.

2. Whenever ¢ € Formg, x € Var, and s: Var — A satisfy (M, s) E Ixp, there exists a € A such that
(M, s[x = al]) E ¢.

Proof. We first prove that 1 implies 2. Suppose then that A < M. Let ¢ € Form, and s: Var — A be
arbitrary such that (M, s) F Ixe. Using the fact that A < M, it follows that (A, s) F Ixe. Fix a € A such
that (A, s[x = a]) F ¢. Using again the fact that A < M, we have (M, s[x = a]) F ¢.

We now prove that 2 implies 1. We prove by induction on ¢ € Form, that for all s: Var — A, we have
(A, s) E o if and only if (M, s) E ¢. That is, we let

X ={p € Formg : For all s: Var — A we have (A, s) E ¢ if and only if (M, s) F ¢},

and prove that X = Form, by induction. First notice that ¢ € X for all quantifier-free ¢ by Corollary
4.3.12.
Suppose now that ¢ € X. For any s: Var — A, we have

(A, s) F oo (A s)F e
s (M,s)Hp (since p € X)
< (M, s)E—p

Therefore, =p € X.
Suppose now that ¢,1 € X. For any s: Var — A, we have

(A, s) Eony < (As)Fpand (A s)Ey
< (M, s) Fpand (M,s) E (since p, 9 € X)
& M s)FpAdy

Therefore, ¢ Ay € X. Similarly, we have p V¢ € X and p — ¢ € X.
Suppose now that ¢ € X and x € Var. For any s: Var — A, we have

(A, s) E Ixp < There exists a € A such that (A, s[x = a]) F ¢
< There exists a € A such that (M, s[x = a]) E ¢ (since ¢ € X)
< (M, s) EIxp (by our assumption 2).
Therefore, Ixp € X.

Suppose now that ¢ € X and x € Var. We then have that —¢p € X from above, hence dx—¢ € X from
above, hence —3Ix—p € X again from above. Thus, for any s: Var — A, we have

(A, 5) EVxp & (A, s) E—~Ix—p (by Lemma 4.5.2)
< (M, s) E=3x—p (since =Ix—p € X)
& (M, s) E Vxp (by Lemma 4.5.2).

Therefore, Vxp € X. O
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The Tarski-Vaught Test gives an interesting way to build an elementary substructure of a given structure
M. Start by taking the set Ay = {c™ : ¢ € C}, which must be a subset of the universe of any substructure.
Now we need to do two things. First, by Proposition 4.3.2, we need to ensure that our set is closed under
the functions fM. Suppose that we close off Ay under all of the functions and end up with a set A;.
Now we need to make sure that the Tarski-Vaught criterion is satisfied. The idea is to look at a formula
o(Y1,¥2, - -+, Yk, X) € Form, together with an assignment sending each y; to an a; € A;. If we find that

(M, a1,a9,...,a;) F Ixo(y1,y2, - -, Yk; X),

then we can fix an m € M with

(M,G;],G/Q,...,ak,m) F ‘P(Y1aY2a---7Yk7X)-

The idea then is to add m to our set A1, so that our substructure will now have a witness to this existential
statement. In fact, we want to fix a witnessing m for each formula and assignment of free variables to Ay,
and add all of the resulting m to A; in order form another set As. Now As may not be closed under the
functions fM. Moreover, if we allow variable assignments that take values in Ao (rather than just A), then
we may now have even more existential witnesses that we need to consider. The idea is to keep iterating the
process of closing off under the functions f™ and adding existential witnesses. In other words, we want to
generate a set using these processes.

We formalize these ideas in the following fundamental theorem. We even generalize it a bit by allowing
us to start with any countable set X that we want to include in our elementary substructure.

Theorem 4.5.4 (Countable Lowenheim-Skolem-Tarski Theorem). Suppose that L is countable (i.e. each of
the set C, R, and F are countable), that M is an L-structure, and that X C M is countable. There exists a
countable A < M such that X C A.

Proof. Since structures are nonempty, we first fix an element d € M. We will use d as “dummy” element of
M to ensure that we always have something to go to when all else fails.

o For each ¢ € Form, and x € Var such that FreeVar(¢) = {x}, we define an element n,yx € M as
follows. If M F 3xyp, fix an arbitrary m € M such that (M, m) F ¢, and let n,x = m. Otherwise, let
Npx = d.

o Now for each ¢ € Form, and x € Var such that {x} C FreeVar(p), we define a function. Suppose that
FreeVar(o) = {y1,¥2,---, Yk, x}. We define a function hy,,: M* — M as follows. Let a1, az,...,a) €
M be arbitrary. If (M, aq,as,...,ar) F Ixp, fix some b € M such that (M, ay,as,...,a,b) F ¢, and
let hy«(a1,aq,...,ar) =b. Otherwise, let hy «(a1,a9,...,ar) =d.

We now start with the set
B=XU{d}Uu{cM:ceCtU{n,x:¢€ Formg,x € Var, and FreeVar(p) = {x}},
and generate by closing off under the functions f™ and he x. In other words, we let
A=GM,B,{fM:f € Fr} U{hyx: ¢ € Formp,x € FreeVar(p), and |FreeVar(p)| > 2}).
Since L is countable, we have that Form, is countable by Exercise 6 in Chapter 2. Since Var is also
countable, it follows that Form, x Var is countable. Combining this with the fact that both X and C are

countable, it follows that B is countable. Moreover, using the fact that F is countable, it follows that

{fMf € FrlU{hyx: ¢ € Formp,x € FreeVar(yp), and |FreeVar(p)| > 2}
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is countable. Using Exercise 6 in Chapter 2 again, we conclude that A is countable. Since A is closed under
the functions f™, Proposition 4.3.2 implies that A is the universe of a substructure A of M. Notice also
that X C A since X C B.

Thus, we need only show that A < M, which we do by using the Tarski-Vaught test. Let ¢ € Formg,
x € Var, and s: Var — A be arbitrary such that (M, s) F Ixep.

o Suppose first that x ¢ FreeVar(p). Since (M, s) F Ixp, we may fix m € M such that (M, s[x =
m]) E ¢. Now using the fact that x ¢ FreeVar(y), it follows that (M, s[x = d]) F ¢.

 Suppose now that FreeVar(y) = {x}, and let @ = n,x € A. Since M F Ixyp, we have (M, a) E ¢ by
definition of n, «, so there exists a € A such that (M, s[x = a]) F .

 Finally, suppose that FreeVar(p) = {y1,y2,...,Yk, x}. For each i with 1 <1i <k, let a; = s(y;), and
let b = hy«(ai,as,...,a;) € A. Since (M, a1, a9, ...,a;) F Ixp, we have (M, a1, a9,...,ax,b) F ¢ by
definition of hy x, so there exists a € A such that (M, s[x = a]) F ¢.

Therefore, we have A < M. O

Corollary 4.5.5. Suppose that L is countable and that M is an L-structure. There exists a countable
L-structure N such that N' = M.

Proof. Applying Theorem 4.5.4 with X = ), we can fix a countable elementary substructure N' < M. For
any o € Sent,, we then have that A E o if and only if M F o, so N = M. O

This is our first indication that first-order logic is not powerful enough to distinguish certain aspects of
cardinality, and we’ll see more examples of this phenomenon after the Compactness Theorem (for first-order
logic) and once we talk about infinite cardinalities and extend the Lowenheim-Skolem-Tarski result. But our
first major result already has some interesting consequences.

Corollary 4.5.6. Let L be a countable language. Every nonempty elementary class of L-structures contains
a structure that is countable.

Proof. Let K be a nonempty elementary class of L-structures. Since K is nonempty, we can fix some M € K.
By Corollary 4.5.5, we can fix an N/ = M. Since K is an elementary class, it is clearly closed under elementary
equivalence, so N € K O

We can use our corollary to argue that some classes of structures are not elementary classes. For example,
you may be familiar with the result that the real numbers form the unique (up to isomorphism) Dedekind-
complete ordered field. In particular, every Dedekind-complete ordered field is uncountable. It follows the
class of Dedekind-complete ordered fields is not an elementary class in any countable language. In particular,
it is not an elementary class in the language £ = {0,1,+, —, -, <} of ordered rings.

In Section 4.3, we introduced one way to define subobjects and maps for structures. In many cases, these
definitions agree with the usual concepts of subobjects and maps (morphisms) in the corresponding area of
mathematics. However, as we saw in Theorem 4.3.6, substructures and homomorphisms (or embeddings)
do not typically preserve the truth of formulas, and hence may not be the “correct” definitions from the
viewpoint of logic. We introduced elementary substructures to fix this issue for subobjects, and we now
introduce the corresponding concept of an elementary map.

Definition 4.5.7. Let £ be a language and let M and N be L-structures. An elementary map, or elementary
embedding, from M to N is a function h: M — N such that for all s: Var — M and all p € Form,, we
have

(M, s) E ¢ if and only if (N, hos)E .
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Written in our other notation, a function h: M — N is an elementary map if for all p(xq,xa,...,%,) €
Form, and all aq,a9,...,a, € M, we have

(M, a1,az2,...,a,) F o if and only if (N, h(a1),h(az),...,h(a,)) E ¢.

Note that we did not assume that h was injective in the above definition, but we do obtain it for free. In
fact, every elementary map is an embedding, which explains the alternative name.

Proposition 4.5.8. Let L be a language and let M and N be L-structures. If h: M — N is an elementary
map, then h is an embedding.

Proof. Let h: M — N be an elementary map. We need to show that h is injective and that h is a homo-
morphism.

o h is injective: Let a,b € M be arbitrary with a # b. Notice that (M,a,b) E =(x = vy), so
(N, h(a), h(b)) E =(x =vy), and hence h(a) # h(b). Therefore, h is injective.

o h preserves constants: Let ¢ € C be a constant symbol of £. We then have that (M, cM) Ex=c, so
(N, h(cM))  x = ¢, and hence h(cM) = V.

e h preserves relations: Let R € Ry be a relation symbol of £, and let ay,as,...,ar € M be arbitrary.
Notice that

(al,ag,...,ak) S RM - (M,al,ag,...,ak) E Rxixg...xg
= (./\/, h(al),h(ag),. . ,h(ak)) E RxiXg ... Xk
& (h(ar), h(as), ..., h(ay)) € RV,

e h preserves functions: Let f € Fj be a function symbol of £, and let ay,as,...,ar € M be arbitrary.
We then have
(M, a1,az, ... a5, (a1, a0,...,a1)) Efxixa ... Xp = Xpp1,
SO
(N, h(al), h(a2)7 ey h(ak), h(fM(al,ag, ey ak))) E fX1X2 oo X = Xk+1,
and hence

V' (h(ar), h(as), ..., hax)) = h(fM (a1, as, ..., ax)).

The next simple result is the analogue of Proposition 4.3.5.

Proposition 4.5.9. Let L be a language, let M be an L-structure, and let A be a substructure of M. We
then have that A is an elementary substructure of M if and only if the inclusion function i: A — M given
by i(a) = a is an elementary embedding.

Proof. Immediate from the corresponding definitions. O

4.6 Substitution

Given an L-structure together with a variable assignment s: Var — M, we know that every term names an
element of M. Specifically, the term ¢ names the element $(¢). In normal mathematical practice, if we know
that a given statement is true for all elements of a set, then we can invoke the universal quantifier on any
specific element. To make this idea precise, we want to think about “substituting” a term ¢ for a variable.
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Roughly, one might naturally think that if ¥x¢ is true (M, s), then upon taking a term ¢ and substituting
it in for x in the formula ¢, the resulting formula would also be true in (M, s). We need a way to relate
truth before substituting with truth after substituting. The hope would be the following, where we use the
notation ¢! to intuitively mean that we substitute ¢ for all free occurrences of x:

Hope 4.6.1. Let M be an L-structure, let s: Var — M, let t € Termy, and let x € Var. For all
@ € Form,, we have
(M, 5) E ¢l if and only if (M, s[x = 3(t)]) F ¢.

However, even with the correct definition of substitution, the above statement is not true. To see this,
consider the language £ = (), and let p(x) € Form, be the formula

Fy-(y =x).
For any L-structure M and any s: Var — M, we have (M, s) F ¢ if and only if |[M| > 2. Now notice that
the formula ¢} is

Iy =y),
so for any L-structure M and any s: Var — M, we have (M, s) ¥ Y. Therefore, the above hope fails
whenever M is an L-structure with |M| > 2. The problem is that the term we substituted (in this case y)
had a variable which became “captured” by a quantifier, resulting in a fundamental change of the “meaning”
of the formula.

Before diving into how to avoid the underlying issue present in the above example, we first formally define
substitution for terms and show that it behaves as expected.

Definition 4.6.2. Let L be a language, letx € Var, and lett € Termy. Define a function Substl: Term, —
Termg, where we use ul to denote Substl(u), as follows:

1. ¢t =c forallceC.

2. yi:{t ify =x

y otherwise

forally € Var.
3. (fugug .. ugk)l = fug)i(uz)l -+ (ug)l for all f € Fy and all uy,us,...,ux € Termg.

When substituting a term for a variable, here is the key lemma that relates how to interpret a term
before and after the substitution.

Lemma 4.6.3. Let M be an L-structure, let s: Var — M, let t € Termg, and let x € Var. For all
u € Termg, we have
5(ul) = slx = 3(t)](u).

X

Although the statement of the lemma is symbol heavy, it expresses something quite natural. In order
to determine the value of the term u! according to the variable assignment imposed by s, we need only
change s so that x now gets sent to 5(¢) (the value of t assigned by s), and evaluate u using this new variable

assignment.
Proof. The proof is by induction on Term . For any c € C, we have

5(c) = 5(c)
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We now handle the case where u € Var. If u = x, then

On the other hand, if u =y € Var and y # x, then we have

5(yy) = 5(y)
(y)

I
®

y
s

x = 5()](y)
= sx=5()|(y)-
Finally, let f € F; be arbitrary, and that the statement is true for uy,us,...,ux € Term,. We then have
5((Furuz - - up)y) = 5(F(ur)g(uz)y - (ur)y)

= FM(5 (1)), 5((u2)y), - - -, 5((un)))
= fM(s[x = 5(8)](u1), s[x = 5()](ua), . . ., s[x = 5(t)](ur)) (by induction)

= slx = 5(6)] (furua - - up)

Therefore, the statement is true for fujus - - - ug.
This completes the induction. O

Now that we have handled terms, we move to define substitution for formulas. In the case of terms, we
naturally replaced every occurrence of x with the term ¢t. However, we do have to be a bit more discriminating
when faced with formulas. For example, we certainly do not want to change Vxp into Vt¢ (which would not
even be a formula if ¢t ¢ Var), nor do we want to mess with an x inside the scope of such a quantifier. We
thus make the following recursive definition. Intuitively, we want to replace each free occurrence of x with
the variable t. We now turn that intuition into a precise recursive definition.

Definition 4.6.4. Let £ be a language, let t € Termy, and let x € Var. Define FreeSubstt: Formp —
Formg, again denoted %, as follows:

1. (Ruyug - up)t = R(up)i(uz)t - - (ug)™ for all R € Ry and all ui,us, ..., ux € Termg.
2. We define (= uyuz)! to be = (uy)L(uz)l for all uy,us € Termy.

3. (m@)L = =(pl) for all p € Formy.

4. (Op)L = Ol for all v, € Formg and all & € {A,V,—}.

f_ JQ ifx=y
5. (Qyp)y = {Qy(@i) otherwise

for all p € Formg,y € Var, and Q € {3,V}.

Now that we have formally defined (free) substitution, we can turn our attention to the issue raised by
the example at the beginning of this section. When we substitute a term ¢ in for the free occurrences of
a variable x, it is possible that a variable appearing in ¢ will be “captured” by a quantifier. We will now
formally define the substitutions that do not result in such a captured variable.
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Definition 4.6.5. Let £ be a language, let t € Termg, and let x € Var. We define ValidSubstt: Form, —
{0,1} as follows:

1.

2.

ValidSubstt(p) = 1 for all ¢ € AtomicFormg.

ValidSubst (—¢) = ValidSubst () for all ¢ € Formg.

1 if ValidSubstt(p) = 1 and ValidSubstt () =1

ValidSubst!(Opi) =
alidSubst, (Cpi) {0 otherwise

for all p,¢ € Formg and all & € {A,V,—}.

1 ifx ¢ FreeVar(Qyy)
ValidSubstt(Qyp) = ¢ 1 ify ¢ OccurVar(t) and ValidSubstt(p) =1

0 otherwise

for all p € Formg,y € Var, and Q € {V,3}.

Before proving the fundamental Substitution Theorem below, we first establish a simple result to demon-
strate how we can work with the recursive definitions.

Proposition 4.6.6. Let L be a language, let t € Termr, and let x € Var. For all ¢ € Formg with
OccurVar(t) N BoundVar(p) = 0, we have ValidSubstl(p) = 1.

Proof. The proof is by induction on ¢.

For the base case when ¢ € AtomicForm,, we trivially have ValidSubst!(p) = 1 by definition.

Suppose that the statement is true for ¢ and that OccurVar(t) N BoundV ar(—¢) = (). By definition,
we have BoundV ar(—y) = BoundVar(p), and hence OccurVar(t) N BoundV ar() = 0. By induction,
we know that ValidSubstt(p) = 1, so ValidSubstt (—p) = 1 by definition.

Suppose that the statement is true for both ¢ and ¢, that & € {A,V,—}, and that OccurVar(t) N
BoundV ar(Opy) = 0. By definition, we have BoundV ar(Oey) = BoundVar(p)UBoundVar(v), and
hence both OccurVar(t)N BoundVar(¢) = § and OccurVar(t) N BoundV ar (i) = (. By induction, we
know that both ValidSubstt(¢) = 1 and ValidSubstt (1)) = 1, so ValidSubstt (<) = 1 by definition.

Suppose that the statement is true for ¢ and that OccurVar(t) N BoundVar(Qyy) = 0, wherey € Var
and Q € {V,3}. By definition, we have BoundVar(Qyyp) = BoundVar(yp) U {y}, and hence we have
both y ¢ OccurVar(t) and also OccurVar(t) N BoundVar(p) = 0. By induction, we know that
ValidSubstt(p) = 1, so ValidSubstl(Qyy) = 1 by definition.

O

We now prove the correct analogue of the hope expressed at the beginning of the section. That is, we
show that under the assumption that ValidSubsti(¢) = 1, we can directly relation the the truth of ¢! in a
structure to the truth of ¢ by changing the variable assignment on x appropriately.

Theorem 4.6.7 (Substitution Theorem). Let M be an L-structure, let s: Var — M, let t € Termg, and
let x € Var. For all ¢ € Formg with ValidSubstt(p) =1, we have

(M, s) E L if and only if (M, s[x = 3(t)]) F .
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Proof. The proof is by induction on ¢. We first handle the case when ¢ € AtomicForm,. Suppose that
R € Ry and that uy,us,...,ur € Term,. We then have

(M, ) F (Ruyuz - up) < (M, 8) F R(ua )y (ua)y - (ur)y

((u1)0),3((u2)), -+ 3((we)y)) € RM
s[x = 5(0)](u1), s[x = 5(t)](ug), - - - , s[x = 5(t)](ug)) € RM (by Lemma 4.6.3)
< (M, s[x = 35(t)]) E Rujug - - - ug.

(
& (s
< (
< (

If uy,ug € Termy, we have

(M, 5) F (= wua) & (M, 5) F = (u1),(u2),
& 5(( 1)3) = 5((u2);)
& sx = 5(8)](u1) = s[x = 5(t)](uz) (by Lemma 4.6.3)
& (M, s[x = 35(1)]) F = uius.

Suppose that the statement is true for p and that ValidSubstt(—¢) = 1. We then have that ValidSubst!(p) =
1, and hence

(M, 5) F (=) & (M, 5) F =(25)
& (M, 5) 7 o5
< (M sx=30)]) Fe (by induction)
& (M, s[x = 3(t)]) E —e.

The connectives A,V, and — are similarly uninteresting.

We next handle the existential quantifier. Suppose that the statement is true for ¢, that y € Var, and
that ValidSubstl(Jyp) = 1. By definition of ValidSubstl, we have two cases. If x ¢ FreeVar(Jyp), then
we have

(M, 5) F (Fye) & (M, 5) F Jyep
< (M, s[x=3(t)]) E Jyp (by Proposition 4.2.6).
Otherwise, we have y ¢ OccurVar(t) and ValidSubstt(¢) = 1. Notice that since y ¢ OccurVar(t), we have

sly = a](t) =35(t) by Proposition 4.2.6. Also, since we are not in the first case, we have x € FreeVar(Jyy),
and in particular x # y. Therefore,

(M,5) E (Gyg)l & (M, 5) F Fy(gl) (since x # y)
& There exists a € M such that (M, sy = a]) F ¢
& There exists a € M such that (M, (s[y = a])[x = sly = a](t)]) F ¢ (by induction)
< There exists a € M such that (M, (sly = a])[x = 35(t)]) F ¢ (from above)
< There exists a € M such that (M, (s[x =3¢y = a]) F ¢ (since x #y)

< (M, s[x = 35(t)]) E Jye.

We finally handle the universal quantifier. Suppose that the statement is true for ¢, that y € Var, and
that ValidSubst!(Vyp) = 1. By definition of ValidSubstt, we have two cases. If x ¢ FreeVar(Vyp), then
we have

(M, 5) E (Vyp), & (M, s) F Vyp
< (M, s[x = 5(t)]) E Vyp (by Proposition 4.2.6).
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Otherwise, we have y ¢ OccurVar(t) and ValidSubstt(o) = 1. Notice that since y ¢ OccurVar(t), we have
sly = a](t) = 3(¢t) by Proposition 4.2.6. Also, since we are not in the first case, we have x € FreeVar(Jyy),
and in particular x # y. Therefore,

(M, 5) F (Fyp), & (M, s) F ¥y (¥]) (since x 7 y)
& For all @ € M, we have (M, sly = a]) F ¢},
< For all a € M, we have (M, (sly = a])[x = sly = a](t)]) F ¢ (by induction)
(M, (sly = a))[x=30)]) F¢ (from above)
M, (slx =3Oy = al) F e (since x 7 y)

< For all a € M, we have
< For all a € M, we have
< (M, s[x = 35(t)]) E Vye.

O

As mentioned at the beginning of the section, it is natural to think that if ¥x¢ is true (M, s), then
upon taking a term ¢ and substituting it in for x in the formula ¢, the resulting formula would also be
true in (M, s). Using the Substitution Theorem we can prove this result (and a corresponding result about
existential quantifiers) under the assumption that ValidSubstl(p) = 1.

Corollary 4.6.8. Let M be an L-structure, let s: Var — M be a variable assignment, let x € Var, and let
teTerme.

1. If (M, s) E Vxp and ValidSubstt (@) = 1, then (M, s) E L.
2. If (M, s) E ol and ValidSubstt(p) = 1, then (M, s) F Ixp.
Proof.

1. Assume that (M, s) E Vxp and ValidSubstl(p) = 1. Since (M, s) E Vxp, we know by the recursive
definition of F that (M, s[x = a]) F ¢ for all a € M. In particular, since 5(t) € M, it follows that
(M, s[x = 35(t)]) F ¢. Using the Substitution Theorem, we conclude that (M, s) E L.

2. Assume that (M, s) F ¢! and ValidSubsti(¢) = 1. Using the Substitution Theorem, we conclude that
(M, s[x = 35(t)]) E ¢. Since 35(t) € M, it follows that there exists a € M with (M, s[x = a]) F ¢.
Therefore, (M, s) F Ixe.

O

What if we want to substitute terms tq,ta, ..., t, for (distinct) variables xq,xa,...,x,? We can of course
accomplish this in stages by first substituting ¢; for x;, then substituting ¢s for xo, etc. Although this is a
perfectly reasonable approach, one issue is that the order in which we perform this iterated substitution can
matter! To see this, notice that if xo € OccurVar(t1), then after substituting ¢; for x;, we have introduced
new occurrences of xo, which will then be replaced by ¢5 under the next substitution. For example, consider
the language £ = {c, R} where c is a constant symbol and R is a binary relation symbol, and let ¢ be the
formula Rxyx. Let t1 = xo and let t5 = ¢ We then have

((RX1X2)X)§2 = (RX2X2)§2 = Rcc

while
((RX1X2)C )X2 = (Rch)if = RXQC.

X2 /X1 T
In order to avoid this problem, we instead think about performing simultaneous substitution rather than

iterative substitution. That is, we think about instantly replacing each (free occurrence of) x; by the corre-
sponding ¢;. For our purposes, simultaneous substitution will be more natural and elegant, although we will
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typically use it in the case where the ¢; do not contain variables (so simultaneous and iterative approaches
would lead to the same result).

We now formally define this idea by staring with a function a: Var — Term,, which we think of as
coding the simultaneous substitution of replacing each variable x by the term «(x). This approach permits
the simultaneous substitution of infinitely many variables (although any given formula will only contain
finitely many), and one thinks of setting a(x) = x in the case where we do not want to substitute anything
for x. We first define substitution for terms.

Definition 4.6.9. Let L be a language and let «: Var — Termy be a function. We define a function
Subst®: Termg — Term,, where we use u® to denote Subst®(u), as follows:

1. c*=c forallceC.
2. x* = a(x) for all x € Var.
3. (ftyto .. up)® = fug)*(u2)® - (ug)® for all f € F, and all uy,us, ..., up € Termg.

We now state the analogue of Lemma 4.6.3. To think through the appropriate statement, consider having
a function a: Var — Term together with a variable assignment s: Var — M. Notice that s: Term, — M,
so So«: Var — M is a variable assignment that takes an input x, replaces it by the corresponding term,
and then evaluates the result. Since 5o« is a variable assignment, we can form 5o a:: Term, — M. Putting
together these ideas, we arrive at the following result.

Lemma 4.6.10. Let M be an L-structure, let s: Var — M, and let a: Var — Termg. For allu € Termg,
we have

5(u®) = o a)(u).
Proof. Exercise. O

We now extend our definition of simultaneous substitution to formulas. The key part of the definition is
how to handle quantifiers. When faced with (Qxp)®, we want to leave the occurrences of x inside of ¢ alone,
and we accomplish this by changing o to a new function that sends x to itself.

Definition 4.6.11. Let L be a language and let a: Var — Term,. We define FreeSubst®: Form, —
Formg, again denoted %, as follows:

e (Rujug - -ug)® = R(u1)*(u2)® -« (ug)® for allR € Ry and all uy,us, ..., ux € Termg.
o We define (= uiuz)® to be = (uy)*(u2)® for all uy,ug € Termyg.

o (m)* =—(¢*) for all ¢ € Formg.

o (Cp)* = Op*Y® for all p,1p € Formg and all & € {A,V,—}.

(Qxp)® = Qx(p™) for all p € Formg,y € Var, and Q € {3,V}, where ax: Var — Termg is given by

o) = {a(z) if z#x

X ifz=x.

Finally, we have to extend our definition of ValidSubst to our more general concept of substitution.

Definition 4.6.12. Let L be a language and let a: Var — Termg. We define ValidSubst®: Form, —
{0,1} as follows:

e ValidSubst®(p) =1 for all p € AtomicForm,.
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o ValidSubst®(—p) = ValidSubst®(p) for all ¢ € Form.

1 if ValidSubst®(¢) = 1 and ValidSubst*(¢) = 1

o ValidSubst® () = {0 otherwise

for all p,¢ € Form, and all & € {A,V,—}.

1 if ValidSubst®™ (o) =1 and
o ValidSubst®(Qxp) = x & OccurVar(a(y)) for ally € FreeVar(p)\{x}

0 otherwise

for all ¢ € Formg, x € Var, and Q € {V,3}, where ay is as described in the previous definition.

With all of the definitions in hand, we state the analogue of Theorem 4.6.7. The inductive proof is
similar, but we leave the details to the reader.

Theorem 4.6.13 (Multiple Substitution Theorem). Let M be an L-structure, let s: Var — M, and let
a: Var = Termg. For all ¢ € Formg with ValidSubst®(p) = 1, we have

(M, s) E % if and only if (M,50a) E ¢.
Proof. Exercise. O

We will almost always apply the Multiple Substitution Theorem in the special case where a: Var —
Term, has the property that for all z € Var, either a(z) = z or a(z) contains no variables. In other words,
whenever « actually encodes a actual change to a variable, it turns it into a term that is built up from
constants and function symbols. We give these types of terms a special name.

Definition 4.6.14. Let L be a language and let t € Term
1. We say that t is a closed term if OccurVar(t) = (.

2. If t is a closed term and M is an L-structure, we use the notation t*™ for the value of s(t) for some
(any) variable assignment s: Var — M (which is well-defined by Proposition 4.2.6).

In other words, since a closed term does not contain any variables, we can unambiguously assign it a
value in a given L-structure without having a particular variable assignment around. In the situation where
we substitute some of the free variables of a given formula with closed terms, then we arrive at the following
intuitive result that will play an important role in Chapter 7.

Corollary 4.6.15. Let M be an L-structure, let o(X1,...,Xk,Y1,---,Yn) € Formg, and let t1,...,t, be
closed terms of L. Define a: Var — Term, by letting

a(z) = {ti ifz=vyi

z otherwise.

We then have the following:
1. FreeVar(p®) C {x1,...,Xx}-
2. ValidSubst®(p) = 1.
3. For all ai,...,a; € M, we have (M, ay, ..., ap, M, ... M) E ¢ if and only if (M, ay,...,ax) E o°.

Proof. See Exercises 10, 11 and 12 for the first two claims. The final claim then follows from Theorem
4.6.13. O
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4.7 Exercises

1. (a) Let £ = {f} where f is a unary function symbol. Show that the class of all L-structures M such
that fM is a bijection on M is a strong elementary class in the language L.

(b) A directed graph is a nonempty set V of vertices together with a set E CV x V where (u,w) € E
intuitively represents an edge originating at u and terminating at w. A cycle in a directed graph
is a sequence ujug - - - ug of vertices, such that (u;,u;41) € Efor 1 <i <k —1 and (ux,u;) € E.
If we let £ = {R}, where R is a binary relation symbol, then directed graphs correspond exactly
to L-structures. Show that the class of directed acyclic graphs (that is, directed graphs with no
cycles) is an elementary class in this language.

2. (a) Let £ = {f} where f is a binary function symbol. Show that (N, +) # (Z,+).
(b) £ = {f} where f is a binary function symbol. Define g: {1,2,3,4}> — {1,2,3,4} and h: {a,b,c,d}?* —

{a,b,¢,d} by
lg[1[2[3]4] [ halblc[d]
141311 allb|b|lc|b
210121212 blla|d|d]|a
314 |1|4 cl|lblalcla
401113123 dild|b]|c|a

Interpret the diagrams as follows. If m,n € {1,2,3,4}, to calculate the value of g(m,n), go to
row m and column n. For example, ¢g(1,2) = 3. Similarly for h. Show that ({1,2,3,4},9) #
({a,b,c,d}, h).

(c) Let £ = {R} where R is a 3-ary relation symbol. Let M be the L-structure where M = R and
RM is the “betweenness relation”, i.e. RM = {(a,b,c) € R® : Either a < b < corc < b <
a}. Let N be the L-structure where N = R? and RV is the “collinearity relation”, i.e. RV =
{((z1,91), (z2,92), (x3,3)) € (R?)3 : There exists a,b,c € R with either a # 0 or b # 0 such that
az; + by; = c for all i}. Show that M # N.

3. Let £ = {f} where f is a binary function symbol. Let M be the L-structure where M = {0,1}* and
fM: M? — M is concatenation (i.e. f™(o,7) = o7).

(a
(b
(c
(d

Show that {A} C M is definable in M.

Show that for each n € N, the set {c € M : |o| = n} is definable in M.
Find all automorphisms of M.

Show that {o € M : ¢ contains no 1’s} = {0}* is not definable in M.

D =

4. Let £ = {f} where f is a binary function symbol. Let M be the L-structure where M = N and
fM: M? — M is multiplication (i.e. fM(m,n) = m - n).

(a

(b

(c

(d

(e

(f

Show that {0} C M is definable in M.

Show that {1} C M is definable in M.

Show that {p € M : p is prime} is definable in M.

Find all automorphisms of M.

Show that {n} C M is not definable in M whenever n > 2.
Show that {(k,m,n) € M3 : k+m = n} is not definable in M.

—_ L L O O
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5.

10.

11.

12.

13.
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Let £ = {e,f} be the restricted group theory language. Let M be the symmetric group Sy, and let
X C M be the set of all transpositions (i.e. 2-cycles) in Sy. Show that X is definable in M. If you
give an explicit formula, you should explain why it works.

Let £ = {P} where P is a unary relation symbol. Let M be the L-structure where M = Q and
PM = {g€Q:q>0} Let N be the L-structure where N = N and P = {2n : n € N}. Show that
MEN.

(a) Let £L = {P} where P is a unary relation symbol and let M be a finite L£-structure. Show that
there exists o € Sent, such that for all £L-structures N, we have

N E o if and only if M =2 N.

(b) Solve part (a) in the case of £ = {R}, where R is a binary relation symbol.

Note: This problem generalizes to any finite language £. In particular, if £ is a finite language and M
is a finite L-structure, then for any L-structure A, we have M = N if and only if M = N. In other
words, if M is finite, then being elementarily equivalent to M is the same thing as being isomorphic
to M. In contrast, we will show that this is never the case for an infinite £-structure M.

Let ¢ € Formg, t € Termg, and x € Var. Show that if x ¢ OccurVar(t), then x ¢ FreeVar(p}).

Let M be an L-structure, let s: Var — M, let ¢ € Form,, and let x,y € Var. If y ¢ OccurVar(p),
then ValidSubst(¢) =1 and

(M, s) E Ixyp if and only if (M, s) E Jye?.

Let M be an L-structure, let a: Var — Termg, and let x € Var. Assume that x ¢ OccurVar(a(z)

) for
all z € Var with z # x. Show that for all ¢ € Form with x ¢ FreeVar(yp), we have x ¢ FreeVar(p®

)
Let M be an L-structure, let «: Var — Termg, and let x € Var. Assume that x ¢ OccurVar(a(z))
for all z € Var.

(a) Show that for all u € Termy, we have x ¢ OccurVar(u®).
(b) Show that for all ¢ € Form,, we have x ¢ FreeVar(o®).

Let £ be a language and let a: Var — Term,. Assume that whenever y € OccurVar(«a(x)) and y # x,
we have y ¢ BoundV ar(p). Show that ValidSubst®(p) = 1.

(**) Let £ = {0,1,+, —, -} be the language of rings. Show that R C C is not definable in (C,0,1,+, —,-).



Chapter 5

Theories and Models

5.1 Semantic Implication

In propositional logic, we needed a truth assignment M: P — {0,1} in order to assign true/false values
to each formula ¢ € Formp. For first-order logic, we need an L-structure M and a variable assignment
s: Var — M in order to assign true/false values to each formula ¢ € Form . Since these pairs (M, s) now
provide the context that truth assignments M did in propositional logic, we can now define the first-order
version of semantic implication. We start with the following definition.

Definition 5.1.1. Let £ be a language and let T C Form,. A model of T is a pair (M, s), where M is an
L-structure and s: Var — M is a variable assignment, such that (M, s) E~ for all v € T.

Notice that this use of the word model matches up with the symbolism Mod(X) from Definition 4.2.9.
In that setting, we had a set X of sentences, and we were looking at all L-structures that made all of the
sentences in X true. In other words, we were looking at the class of all models of 3. Since sentences do not
have any free variables, we did not need to worry about the variable assignment in that case.

Definition 5.1.2. Let L be a language. Let I' C Formg and let p € Formg. We write I' F ¢ to mean that
whenever (M, s) is a model of T, we have that (M, s) E . We pronounce T'E ¢ as T' semantically implies

@Y.

As mentioned after Notation 4.2.7, be very careful to distinguish between (M, s) E ¢ and T' F ¢. When
we have a structure (together with a variable assignment) on the left, then F represents semantic truth. If
we instead have a set of formulas on the left, then F represents semantic implication. Moreover the latter
definition of semantic implication is defined in terms of the former definition of semantic truth.

For example, let £ = {f, g} where f and g are unary function symbols. We claim that

{¥x(fgx = x), ¥x(gfx = x)} E Vy3Ix(fx = y) A Vy3x(gx =y).

To see this, let (M, s) be an arbitrary model of {¥x(fgx = x), ¥x(gfx = x)}. We then have that f*: M — M
and gM: M — M are inverses of each other. It follows that both of the functions f™ and g™ are bijective,
and so in particular both are surjective. Therefore, (M, s) E Vy3Ix(fx = y) A VyIx(gx = y). Notice that the
variable assignment s played no role in any of our reasoning here, because all of the formulas involved are
sentences.

For another example, let £ = {f, R} where f is a unary function symbol and R is a unary relation symbol.
We claim that

{¥y(Ry — fy = y),Rx} F fx = x.

113
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To see this formally, let (M,s) be an arbitrary model of {Vy(Ry — fy =y),Rx}. Let a = s(x). Since
(M, 5) E Rx, we have s(x) € R™, which means that a € R™. Now we also have (M, s) F Vy(Ry — fy = y),
so in particular we know that (M, sly = a]) E Ry — fy =y. Since (M, sly = a]) F Ry, we conclude that
(M, sly = a]) F fy =y, hence f™(a) = a. Since s(x) = a, it follows that (M, s) F fx = x.
However, we claim that
{v(Ry = fy = y),Rx} #fy = .

To see this, it suffices to give a model (M, s) of {Vy(Ry — fy =y), Rx} such that (M,s) & fy =y. Let M
be the structure with M = {1,2}, with R™ = {1}, and with f™ equal to the function with f*(1) = 1 and
fM(2) = 1. Let s: Var — M be the variable assignment with

8(2)2{2 ifz=y

1 otherwise.

It is then straightforward to check that (M, s) is a model of {Vy(Ry — fy =y),Rx}, but (M, s) #fy =y.
Now consider the group theory language £ = {e, x, —1}. The group axioms can be written as £-sentences:

o1 VXVYVz((x xy) xz = x % (y % 2))
o9t Vx((x ke =x) A (exx = X))

o3 : x((xxx P =e) A (x Txx=¢)).

We then have
{01,02,03} EWXVYVz((x xy =x*z =y = z)

by simple properties of groups (i.e. if a,b,c € G and ab = ac, then b = ¢). However, notice that we have
both
{01,09,03} FIXVy(x*xy =y *x)

and
{Ula 02, 03} '7/ _'VXVy(X Yy =y* X)

because there exist both nonabelian groups and abelian groups. In particular, given I" and ¢, it is possible
that both T' # ¢ and I" ¥ =p. This is a key distinction between what happens when we have a structure
together with a variable assignment (M, s) on the left of the F, versus a set of formulas. Recall that for every
formula ¢, we have that exactly one of (M, s) E ¢ and (M, s) E —¢ is true, due to the recursive definition
of F in a structure. Always be mindful of how to interpret F by looking at the type of object on the left!

Similarly, suppose that £ = {R}, where R is a binary relation symbol. The partial ordering axioms can
be written as L-sentences:

o1 @ VxRxx
o2+ VXVy((Rxy A Ryx) = (x =y))
o3 : VxVyVz((Rxy A Ryz) — Rxz).

We have both
{01,09,03} F ¥xVy(Rxy V Ryx)

and
{01,02,03} K =VxVy(Rxy V Ryx)

because some partial ordering are linear orderings and some are not.
For a related cautionary example, consider the V connective. Recall that given a structure M, a variable
assignment s: Var — M, and ¢,v € Form,, we have that (M, s) E ¢V if and only if either (M, s) E ¢ or
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(M, s) E ¢ by the recursive definition of truth in a structure. However, if I' C Form, and ¢,9 € Formg,
then in general we do not have that I' E ¢ V ¢ if and only if either I' E ¢ or I' F 4. The right-to-left
direction is true in this case, but not the left-to-right direction. For example, if {01,02,05} is the set of
group theory axioms from above, and 7 is the sentence asserting that the binary operations is commutative,
then {01,02,03} F 7V (=7), but {01,02,03} ¥ 7 and {01,092,03} ¥ —7.

Sticking with the group theory language and axioms, notice that the formulas o1, 02, and o3 are all
sentences. If we add a formula t(x) to our assumptions, then a model of {01, 02, 03,1} will come equipped
with a variable assignment s that will send x to an element of the model. For example, a model of

{017025037X*X :X}

is a group together with an element a (the value of s(x)) such that a? = a. Given any such model (M, a),
notice that we must have a = e because we can multiply both sides of the equation a2 = a by a~*. Therefore,

{0'1,0'270'37X*X:X}':X:e.

In other words, if I' contains formulas with free variables, then a model of I" comes equipped with specific
elements of the (universe of the) model that satisfy those formulas. Moreover, if ¢ is a formula with some of
the same free variables, then I' £ ¢ means that whenever we have a model with specific elements that satisfy
the corresponding formulas in I'; then those same elements satisfy .

Now consider the situation where I F ¢, but ¢ contains a free variable that does not occur free in I'. For
example, with the same group theory axioms, we have

{o1,09,03} Fx=¢e,

because there exists a group G together with an element a such that a # e. Notice that since x does not
occur free in {01, 02,03}, we made no assumptions about what s(x) must satisfy in a model. In contrast, we
do have

{o1,02,03} E(m(x=¢e) A (xxx=¢)) = =(xx (xxx) = e)

because given any group G and any a € G with order 2, we have a® # e. Again, since x does not appear as a
free variable in {01, 09,03}, we are not making any assumptions about x, so we have to consider all possible
values of s(x) in any model. Thinking through the consequences, we arrive at the following simple result.

Proposition 5.1.3. Let L be a language, let I' C Form,, and let ¢ € Formg. Let x € Var be such that
x ¢ FreeVar(T), i.e. such that x ¢ FreeVar(y) for ally € T'. We then have T E ¢ if and only if T E Vxp

Proof. Assume first that I' F ¢. We show that I' E Vxp. Let (M,s) be an arbitrary model of I, and let
a € M be arbitrary. Since (M, s) is a model of T and x ¢ FreeVar(T'), it follows from Proposition 4.2.6
that (M, s[x = a]) is a model of T. Since I' F ¢, we conclude that (M, s[x = a]) F ¢. We have shown that
(M, s[x = al]) E ¢ whenever (M, s) is a model of " and a € M, so it follows that (M, s) E Vxp.

For the converse, assume that I' F ¥xp. We show that I' F ¢. Let (M, s) be an arbitrary model of T'.
Since I E Vxp, it follows that (M, s) E Vxp. By definition, we conclude that (M, s[x = a]) E ¢ for alla € M,
so in particular it follows that (M, s[x = s(x)]) E ¢. Since s[x = s(x)] = s, we conclude that (M, s) E ¢.
We have shown that (M, s) is a model of ¢ whenever (M, s) is a model of T', so ' E ¢. O

By iterating this result, we obtain the following corollary.

Corollary 5.1.4. Let L be a language, let I' C Formg, and let ¢ € Formyg. Let x1,X2,...,%, € Var be
variables such that x; ¢ FreeVar(T') for all i. We then have T E ¢ if and only if T E ¥x1Vxa ... ¥Xa.

As a special case, notice that if " is a set of sentences, then we lose no information by only considering
sentences on the right of F, because we can always replace such a formal by its universal closure, i.e. the
formula obtained by universally quantifying all of the free variables.
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What happens if we consider constant symbols that do not occur in I'? Intuitively, since I'" places no
restriction on the interpretation of such a symbol, it should act similarly to a variable that does not occur
free in I'. In other words, in this situation, I' F ¢ should be true if and only if I' F ¢S. Now in order to prove
this result carefully, we should first formally define what it means to say that “c does not occur in a formula
17, but it is straightforward to define the set of terms that occur in a formula 1 recursively by following a
hybrid between the definition of SubForm (in Definition 3.1.16) and OccurVar (in Definition 4.1.15). In the
proof, we will also make use of the fact that if ¢ does not occur in a formula v, then changing the value c™
in a structure does not affect whether (M, s) E 1. This intuitively clear result is analogous to Proposition
4.2.6, and follows from a completely straightforward induction, so will be omitted.

Proposition 5.1.5. Let L be a language, let T' C Form,, and let ¢ € Formg. Let c be a constant that does
not occur in any formula of T U {p}, and let x € Var be such that x ¢ FreeVar(I'). We then have I' E ¢ if
and only if I' E .

Proof. Assume first that I' F ¢. We show that I' F ¢S. Let (M,s) be an arbitrary model of T". Since
x ¢ FreeVar(T'), it follows from Proposition 4.2.6 that (M, s[x = c™]) is a model of I'. Using the fact that
I' E ¢, we conclude that (M, s[x = cM]) E ¢. Now c™M = 3(c) by definition, and ValidSubstS(p) = 1 by
Proposition 4.6.6 as OccurVar(c) = (). Therefore, by the Substitution Theorem (Theorem 4.6.7), it follows
that (M, s) E ¢S. Since (M, s) was an arbitrary model of T', we conclude that T' E f.

For the converse, assume that ' F ¢S. We show that I' E ¢. Let (M, s) be an arbitrary model of T.
Define a new L-structure N by letting it have the same underlying set and interpretations as M, except for
setting V' = s(x). Notice (N, s) is also a model of I' because ¢ does not occur in I'. Since T' E <, it follows
that (N, s) E ©S. Using the Substitution Theorem (Theorem 4.6.7), we conclude that (N, s[x = 35(c)]) E .
Now 3(c) = ¢V = 5(x), so s[x = 5(c)] = s, and hence (N, s) E ¢. As c also does not occur in ¢, we conclude
that (M, s) F ¢. Since (M, s) was an arbitrary model of T', we conclude that ' F ¢. O

By combining Proposition 5.1.3 and Proposition 5.1.5, we arrive at the following result, which will play
an important role in the next couple of chapters.

Corollary 5.1.6. Let L be a language, let I' C Formy,, and let ¢ € Formg. Let ¢ be a constant that does
not occur in any formula of T'U {p}, and let x € Var be such that x ¢ FreeVar(T'). The following are
equivalent:

1. TE .
2. TE 5.
3. T'E Vxp.

The next result is the multiple substitution variant of the previous corollary. Since we are only substi-
tuting constants (which do not contain variables), it turns out that simultaneous substitution is the same
as iterated substitution. If the reader accepts this fact, then the result follows by simply iterating Corollary
5.1.6. However, one can also prove it by following the outline of Proposition 5.1.5, but using the Multiple
Substitution Theorem together with Exercise 12 in Chapter 4.

Proposition 5.1.7. Let L be a language, let ' C Formg, and let ¢ € Formy. Let cy,...,c, be distinct
constants that do not occur in any formula of T'U {¢}, and let xq,...,x, € Var be distinct variables such
that x; ¢ FreeVar(T') for all i. Define a: Var — Termy by letting

Q(Z){Ci Z'fZ:XZ'

z  otherwise.

The following are equivalent:
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1. T F .
2. TE ¢“.
3. T EVxi¥xa ... ¥xa .

We can also define satisfiability in the first-order context, in analogy with how we defined it in proposi-
tional logic.

Definition 5.1.8. Let £ be a language and let ' C Formy. We say that T' is satisfiable if there exists a
model of T'. Otherwise, we say that I' is unsatisfiable.

Using our hard work on elementary substructures, we immediately obtain the following result.

Theorem 5.1.9 (Countable Lowenheim-Skolem Theorem). Suppose that L is countable and thatT' C Form,
is satisfiable. There exists a countable model (M, s) of T.

Proof. Since T' is satisfiable, we may fix a model (N, s) of I'. Let X = range(s) C N and notice that X
is countable. By the Countable Lowenheim-Skolem-Tarski Theorem, there exists a countable elementary
substructure M =< A such that X C M. Notice that s is also a variable assignment on M. Now for any
~v € T, we have that (N, s) F v because (N, s) is a model of T', hence (M, s) E v because M <X N. Tt follows
that (M, s) is a model of T". O

As in the propositional logic, we have the same fundamental connection between semantic implication
and satisfiability.

Proposition 5.1.10. Let L be a language, letI' C Form,, and let o € Formg. The following are equivalent.
1. TF .
2. TU{—¢} is unsatisfiable.

Proof. We prove the contrapositive of each direction. Suppose first that (1) is false, i.e. that T' ¥ ¢. By
definition, we can fix an L-structure M and variable assignment s: Var — M such that (M, s) E v for all
v €T, but (M, s) F ¢. By the recursive definition of F, we then have (M, s) F =p. Therefore, (M, s) is a
model of I'U {=¢p}, so I' U {—y} is satisfiable. Hence, (2) is false.

Suppose now that (2) is false, i.e. that I' U {—p} is satisfiable. By definition, we can fix a model (M, s)
of T U {—¢}. We then have (M, s) E v for all ¥ € T, and also that (M, s) F =¢. By the recursive definition
of E, we have (M, s) # ¢. We have found a model of (M, s) of ' with (M, s) ¥ ¢, so T & ¢. Hence, (1) is
false. O

Suppose that T' is a finite set of formulas and ¢ is a formula. In propositional logic, we could use truth
tables, i.e. try all of the finitely many truth assignments on the variables appearing in I' U {¢}, in order
to determine whether I' F ¢ Similarly, we could simply try all truth assignments to determine whether a
finite set is satisfiable. Although tedious and quite slow (both take exponential time), at least there was
an algorithm. In contrast, there is no obvious method that works in the first-order logic case. Intuitively,
it appears that we would have to examine all possible L-structures and variable assignments to determine
whether I" F ¢. Of course, there are infinitely many L-structures. Even worse, many of these L-structures
are themselves infinite, so it’s not even clear whether it’s possible to check that a given pair (M, s) is a
model of I'. We’ll have a lot more to say about these ideas in Chapter 13.
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5.2 Theories

Although we will sometimes have reason to work with formulas when considering semantic implication, we
will focus our attention on sentences. In that setting, we do not need to consider a variable assignment when
thinking about models. Certain collections of sentences are especially fundamental.

Definition 5.2.1. Let £ be a language. An L-theory, or simply a theory, is a set T C Senty such that
whenever o € Senty and T F o, we have o € T'.

In other words, a theory is a set of sentences that is closed under semantic implication (for sentences).
Note that since we are assuming that T C Sent, the brief discussion after Corollary 5.1.4 says that we do
not lose any information by only considering sentences on the right-hand side of F.

There a couple of standard ways to build a theory. The first way is to start with an arbitrary set of
sentences, and close it off under semantic implication.

Definition 5.2.2. Let L be a language and let ¥ C Senty. We let Cn(X) = {1 € Sents : T E 7}. We call
Cn(X) the set of consequences of X.

For example, let £ = {e, x, —1} be the group theory language, and consider the following sentences:

o1 VXVyVz((x xy) xz = x * (y * 2))

09 VX(xxe =xAexx=x)

1

o3: Wx(xxx T =eAx Texx=e).

The set Grp = Cn({01,02,03}) is the set of all first-order sentences that are true in every group.

Notice that a set T' C Sent, is a theory if and only if Cn(T) = T. Although Cn(X) is the set of all
sentences that ¥ semantically implies, it is not immediately obvious that Cn(X) is a theory, because there
could conceivably be new sentences that Cn(X) implies but ¥ itself does not. In other words, it is not clear
that Cn(Cn(X)) = Cn(X). Intuitively, it seems reasonable to believe that one iteration of “closing off” is
sufficient, like the situation in analysis (where the closure of the closure of a set is just the closure). Before
proving that Cn(X) is always indeed a theory, we establish the following simple fact.

Proposition 5.2.3. Let X C Sent;. Given an L-structure M, we have that M is a model of ¥ if and only if
M is a model of Cn(X). In other words, in the notation of Definition 4.2.9, we have Mod(X) = Mod(Cn(X)).

Proof. Notice that for all o € X, we trivially have ¥ E o, so ¢ € Cn(X). Therefore, ¥ C Cn(X). It follows
that any model of Cn(X) is a model of X.

Conversely, suppose that M is a model of ¥. Let 7 € Cn(X) be arbitrary. By definition, we have ¥ F 7.
Since M is a model of ¥, we know by definition of semantic implication that M is a model of 7. Since
T € Cn(X) was arbitrary, it follows that M is a model of Cn(X). O

Proposition 5.2.4. For any language £ and any ¥ C Sent., the set Cn(X) is an L-theory.

Proof. Let 7 € Sent, be arbitrary such that Cn(X) E 7. We need to show that 7 € Cn(X), i.e. that X F 7.
Let M be an arbitrary model of ¥. By Proposition 5.2.3, we know that M is a model of Cn(X). Since
Cn(X) E 7, it follows that M kE 7. Since M was an arbitrary model of ¥, we conclude that ¥ F 7, and hence
T € Cn(%). O

For example, the set Grp = Cn({o1, 02, 03}) described above is a theory, naturally called the theory of
groups. Similarly, we can form the theory of rings, the theory of equivalence relations, the theory of partial
orderings, etc. by taking C'n of the corresponding set of axioms.

Since Mod(X) = Mod(Cn(X)), it follows that an elementary class of structures is simply a class that
can be expressed as Mod(T) for some theory T. We can not say the same about strong elementary classes,
because if ¥ is finite, then Cn(X) is infinite.
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Proposition 5.2.5. Let X1, %y C Sent,. The following are equivalent:
1. Cn(X1) C Cn(Xs).
2. Mod(32) C Mod(%y), i.e. every model of ¥o is a model of 1.
Therefore, we have Cn(31) = Cn(X2) if and only if Mod(X1) = Mod(22)

Proof. Suppose first that Cn(X1) C Cn(Xs). Let M be an arbitrary model of ¥5. Using Proposition 5.2.3,
it follows that M is a model of Cn(X2). Since Cn(X1) C Cn(X2), we conclude that M is a model of Cn(%,),
and thus M is a model of ¥; by Proposition 5.2.3. Therefore, Mod(X2) C Mod(%,).

Conversely, suppose that Mod(23) C Mod(21). Let 7 € Cn(X1) be arbitrary. We then have that
31 E 7 by definition. Now given an arbitrary model M of ¥, we have that M is a model of ¥; (since
Mod(3s) C Mod(%1)), so using the fact that X1 F 7, we conclude that M is a model of 7. We have shown
that any model of 35 is a model of 7, so ¥ F 7, and hence 7 € Cn(X,). O

In particular, if 77 and 7% are theories, then using the fact that Cn(T") = T for all theories T, we have
T, = T if and only if Mod(T1) = Mod(T2). Now we noted above that a collection of L-structures is an
elementary class if and only if it equals Mod(T') for some L-theory T. Consider the set 7 of all L-theories.
If we think of Mod as a function from T to the collection of elementary classes of structures (there are
some set-theoretic issues here, which we will ignore until we talk about proper class later), then the previous
proposition says that Mod is an order-reversing bijection between 7 and the collection of elementary classes
of L-structures.

Our second standard way to construct a theory is to take a structure M, and consider all of the sentences
that are true in that structure.

Definition 5.2.6. Let M be an L-structure. We let Th(M) = {7 € Sent; : M E 7}. We call Th(M) the
theory of M.

Proposition 5.2.7. If M is an L-structure, then Th(M) is an L-theory.

Proof. Let o € Sent, be arbitrary such that Th(M) E o. Since M is a model of Th(M) by definition, it
follows that M E o, and hence o € Th(M). O

For example, if £ is the group theory language, and we let M be the group Ss, then Th(M) is the set
of all first-order sentences that are true in the specific group Ss. Notice that Grp C Th(M). However,
this containment is strict, because the sentence asserting that there are exactly 60 elements is an element of
Th(M), but is not an element of Grp.

Let’s compare the definitions of Cn(X) and Th(M). We have

Cn(X) ={r € Sent,: X E T}

Th(M) = {1 € Sent, : ME 7}.
On the face of it, the definitions look identical. We’ve simply alternated between putting a set of sentences
on the left of F and putting a structure on the left of F. However, remember that there is a crucial different

between how we interpret F in these two situations. To elaborate on this, we introduce the following
definition.

Definition 5.2.8. An L-theory ¥ is complete if for all T € Senty, either T € ¥ or =1 € X.
Proposition 5.2.9. If M is an L-structure, then Th(M) is a complete L-theory.

Proof. We've already seen in Proposition 5.2.7 that Th(M) is a theory. Let 7 € Sent, be arbitrary. If
M E 7, we then have that 7 € Th(M). Otherwise, we have M & 7, so M E —7 (by the recursive definition
of F in a structure), and hence =7 € Th(M). O
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As mentioned above, if ¥ is a set of sentences and 7 is a sentence, then it is possible that both X & 7
and ¥ ¥ -7 are true. In particular, the set Cn(3) may not be a complete theory. For example, Grp is not
complete because it neither contains Vx(x * x = e) nor its negation (because there are groups in which all
nonidentity elements have order 2, but there are also groups where this is not the case).

For another example, let £ = {R} where R is a binary relation symbol. Consider the following sentences:

o1 : Vx—Rxx
o2+ VxWyVz((Rxy A Ryz) — Rxz)
o3 : ¥xXVy(x =y V Rxy V Ryx).

The theory LO = Cn({o1,02,03}) is called the theory of (strict) linear orderings. LO is not complete
because it neither contains Jy¥x(x =y V Rxy) nor its negation, since there are linear ordering with greatest
elements and linear orderings without greatest elements.

There is a third natural way to create a theory that generalizes the idea of taking Th(M). Instead
of looking at the set of sentences that are true in one structure M, suppose that we have a class K of
L-structures, and we look at the set of sentences that are true in every element of K.

Definition 5.2.10. Given a class K of L-structures, we let Th(K) = {T € Senty : M E 1 for all M € K}.

Notice that this notation does slightly clash with our above definition of Th(M) in that we should have
originally written Th({M}) to be consistent. However, we will continue to slightly abuse the notation.

Proposition 5.2.11. If K is a class of L-structures, then Th(K) is an L-theory.

Proof. Let K is a class of L-structures. Let 7 € Sent, be arbitrary with Th(K) F 7. Given any M € K, we
trivially have that M is a model of Th(K), so since Th(K) E 7, we conclude that M E 7. We have shown
that M E 7 whenever M € K, so we conclude that 7 € Th(K). Therefore, Th(K) is a theory. O

For example, in the language £ of group theory, if we let I be the class of all L-structures that are groups,
then Th(K) is another way to define the theory of groups. Also, if we let M; be the symmetric group Ss,
and let My be the dihedral group Dg of the hexagon, then we can form Th({M;i, M>}) of sentences that
are true in both of these groups. For example, the sentence asserting that the group is not abelian is in
Th({M1,Mz}), as is the sentence asserting that all elements have order at most 6. However, in contrast
to the situation of the theory of just one structure, notice that Th({Mi, Mz} is not a complete theory.
For example, if 7 is the sentence asserting that there are at least 15 distinct elements, then we have both
7 ¢ Th({M1, M3}) and also -7 ¢ Th({M1, Ma}).

Let £ be a language. Notice that Mod gives us a way to take a set of sentences and turn it into a class of
structures, the output of which will always be an elementary class. In the other direction, Th takes a class
of structures and produces a set of sentences, the output of which will always be a theory. Suppose that we
let Struct, be the collection of all L-structures. As mentioned above, there are some serious set-theoretic
difficulties in doing this, but let’s ignore them for the moment. If we pretend that this issue does not exist, we
would then have that Mod: P(Sentr) — P(Structz) and Th: P(Structs) — P(Sents). If we think of the
“sets” P(Sent,) and P(Struct.) as partially ordered by C then the maps Mod and Th form an (antitone)
Galois connection. Under this Galois connection, the closed elements of P(Sent,) are the theories, and
the closed elements of P(Struct,) are the elementary classes, which provides a general perspective on the
statement above that Mod maps the set of theories bijectively onto the collection of elementary classes.

5.3 Counting Models of Theories

Given a theory T and an n € NT, we want to count the number of models of T of cardinality n up to
isomorphism. There are some technical set-theoretic difficulties here which will be elaborated upon later,
but the key fact that limits the number of isomorphism classes is the following result.
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Proposition 5.3.1. Let L be a language and let n € Nt. For every L-structure M with |M| = n, there
exists an L-structure N with N = [n] such that M = N

Proof. Let M be an L-structure with |M| = n. Fix a bijection h: M — [n]. Let A be the L-structure where
o N =|n].
o N =h(cM) forallceC.
o RN ={(b1,ba,...,by) € N¥: (h=1(by),h " (ba),..., h=1 (b)) € RV} for all R € Ry.

o« N is the function from N* to N defined by fV (b1, by, ..., bx) = h(fM(R=1(b1), h=1(b2), ..., h~ (bx)))
for all f € FF.

It is then straightforward to check that h is an isomorphism from M to N. O

Proposition 5.3.2. If £ is finite and n € NT, then there are only finitely many L-structures with universe

[n].

Proof. Since L is finite and we are working with the fixed universe [n], there are only a finite number of
choices for each c™, RM, and fM. O

Definition 5.3.3. Let L be a finite language and let T be an L-theory. For each n € Nt let I(T,n) be the
number of models of T of cardinality n up to isomorphism. Formally, we consider the set of all L-structures
with universe [n], and count the number of equivalence classes under the equivalence relation of isomorphism.

For example, if Grp is the theory of groups, then I(Grp,n) is a very interesting function that you study
in algebra courses. For example, you show that I(Grp,p) = 1 for all primes p, that I(Grp,6) = 2, and that
I(Grp,8) = 5.

Example 5.3.4. Let £L =0 and let T = Cn(0). We have I(T,n) =1 for alln € NT.

Proof. First notice that for every n € N, the L-structure M with universe [n] is a model of T' of cardinality
n, so I(T,n) > 1. Now notice that if M and N are models of T of cardinality n, then any bijection
h: M — N is an isomorphism (because £ = 0), so I(T,n) < 1. It follows that I(T,n) =1 for all n e N. O

Example 5.3.5. I[(LO,n) =1 for alln € NT.

Proof. First notice that for every n € N, the £-structure M where M = [n] and RM = {(k,¢) € [n]? : k < (}
is a model of LO of cardinality n, so I(LO,n) > 1. Next notice that any two linear orderings of cardinality
n are isomorphic. Intuitively, this works as follows. Notice (by induction on the number of elements) that
every finite linear ordering has a least element. Let M and N be two linear orderings of cardinality n.
Each must have a least element, so map the least element of M to that of A/. Remove these elements, then
map the least element remaining in M to the least element remaining in N, and continue. This gives an
isomorphism. Formally, you can turn this into a proof by induction on n. O

Example 5.3.6. Let £ = {f} where f is a unary function symbol, and let T = Cn({Vx(ffx =x)}). We have
I(T,n) = %] +1 for alln € N*.

Proof. Let’s first analyze the finite models of T'. Suppose that M is a model of T" of cardinality n. For every
a € M, we then have fM(fM(a)) = a. There are now two cases. Either f*(a) = a, or f™(a) = b # a in
which case fM(b) = a. Let

o Fizp={a€ M :fM(a) =a}.

e Movey ={a € M : fM(a) # a}.
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From above, we then have that |[Movep,| is even and that |Fixa| + |[Mover| = n. Now the idea is that
two models M and N of T of cardinality n are isomorphic if and only if they have the same number of fixed
points, because then we can match up the fixed points and then match up the “pairings” left over to get an
isomorphism. Here’s a more formal argument.

We now show that if M and A are models of T of cardinality n, then M = A if and only if |Fizp| =
|Fizy|. Clearly, if M = N, then |Fizp| = |Fizpr|. Suppose conversely that |Fiza| = |Fizar|. We then
must have [Move| = |[Movepr|. Let Xy € Movep, be a set of cardinality M such that fM(z) # y for
all 7,y € X (that is, we pick out one member from each pairing given by f*), and let X be such a set for .
Define a function h: M — N. Fix a bijection a: Fix g — Fixar and a bijection 8: Xy — X Define h by
letting h(a) = a(a) for all a € Fixny, letting h(z) = B(z) for all € X4, and letting h(y) = fV(B(fM(y)))
for all y € Movep\X. We then have that h is an isomorphism from M to N.

Now we need only count how many possible values there are for |Fiz p¢|. Let n € NT. Suppose first that n
is even. Since |Movep | must be even, it follows that |Fiz | must be even. Thus, |Fiza € {0,2,4,...,n},
so there are 3 + 1 many possibilities, and it’s easy to construct models in which each of these possibilities
occurs. Suppose now that n is odd. Since |Movep| must be even, it follows that |Fiza| must be odd.
Thus, |Fizm| € {1,3,5,...,n}, so there are %’1 + 1 many possibilities, and it’s easy to construct models in
which each of these possibilities occurs. Thus, in either case, we have I(T,n) = |§] + 1. O

Definition 5.3.7. Suppose that L is a finite language and o € Sent. Let
Spec(o) = {n € NT : [(Cn(c),n) > 0}.
The set Spec(o) is called the spectrum of .

Proposition 5.3.8. There exists a finite language L and a o € Senty such that Spec(c) = {2n :n € Nt}

Proof. We give two separate arguments. First, let £ be the language of group theory. Let o be the conjunction
of the group axioms with the sentence Ix(—(x =€) A x x x = e) expressing that there is an element of order
2. Now for every n € NT, the group Z/(2n)Z is a model of o of cardinality 2n because 7 is an element of
order 2. Thus, {2n : n € Nt} C Spec(c). Suppose now that k € Spec(c), and fix a model M of o with
cardinality k. We then have that M is a group with an element of order 2, so by Lagrange’s Theorem it
follows that 2 | k, so k € {2n : n € NT}. It follows that Spec(o) = {2n:n € NT}.

For a second example, let £ = {R} where R is a binary relation symbol. Let o be the conjunction of the
following sentences:

o VxRxx.

o ¥xVy(Rxy — Ryx).

o ¥xVyVz((Rxy A Ryz) — Rxz).

o VxIy(—(y =x) ARxy AVz(Rxz = (z=xVz=Yy))).

Notice that a model of ¢ is simply an equivalence relation in which every equivalence class has exactly 2
elements. It is now straightforward to show that Spec(c) = {2n :n € NT}. O

Proposition 5.3.9. There ezists a finite language L and a o € Senty such that Spec(c) = {2" :n € NT}.

Proof. Again, we give two separate arguments. First, let £ be the language of group theory. Let o be the
conjunction of the group axioms with the sentences Ix—(x = e) and Vx(x * x = e) expressing that the group is
nontrivial and that there every nonidentity element has order 2. Now for every n € NT, the group (Z/2Z)"
is a model of o of cardinality 2". Thus, {2" : n € N*} C Spec(c). Suppose now that k € Spec(c), and fix a
model M of o of cardinality k. We then have that £ > 1 and that M is a group such that every nonidentity
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element has order 2. Now for any prime p # 2, it is not the case that p divides k because otherwise M would
have to have an element of order p by Cauchy’s Theorem. Thus, the only prime that divides k is 2, and so
k€ {2n:n € Nt}. It follows that Spec(o) = {2" : n € NT}.

For a second example, let £ be the language of ring theory. Let ¢ be the conjunction of the field axioms
together with 1 + 1 = 0. Thus, the models of o are exactly the fields of characteristic 2. By results in algebra,
there is a finite field of characteristic 2 of cardinality % if and only if k is a power of 2. O

For the theory of linear orderings LO, we saw that I(LO,n) =1 for all n € N*. Now the theory of linear
orderings is not complete, because some linear orderings have a maximum element, and some do not. For
example, every finite linear ordering has a maximum element, but (N, <) does not. More formally, for the
sentence 7 equal to

IxVy(Ryx Vy = x),

we have both 7 ¢ LO and also -7 ¢ LO. Similarly, some linear orderings have a minimum elements, and
some do not. Suppose that we start with our three linear ordering axioms o1, 09,03, and then add two
axioms o4 and o5 saying that there is no minimum element and there is no maximum element. The theory
Cn({o1,02,03,04,05}) is called the theory of linear orderings without endpoints. It turns out that this
theory is also not complete. Consider the two models (Z, <) and (Q, <). The rational ordering is dense,
i.e. between any two elements we can always find another. In other words, we have

(Q, <) E ¥x¥y(Rxy — Jz(Rxz A Rzy)).

However, we have
(Z, <) ¥ ¥xV¥y(Rxy — Jz(Rxz A Rzy))

because there is no element between 0 and 1. Thus, the theory of linear orderings without endpoints is also
not complete, because it neither contains ¥xVy(Rxy — 3z(Rxz A Rzy)) nor its negation. If we add the density
condition as an axiom, we obtain an important theory.

Definition 5.3.10. Let £ = {R} where R is a binary relation symbol. Consider the following sentences

o1 : Vx—Rxx

o9 1 VxWyVz((Rxy A Ryz) — Rxz)
o3 : VxWy(x =y V Rxy V Ryx)

04 @ Vx3JyRxy

o5 : Vx3JyRyx

o6 : VxVy(Rxy — Jz(Rxz A Rzy))

and let DLO = Cn({o1,02,03,04,05,06,}). DLO ‘s called the theory of dense (strict) linear orderings
without endpoints.

Notice that I(DLO,n) = 0 for all n € N* because every finite linear ordering has a least element (see
Example 5.3.5). Of course, there are countable models of DLO, such as (Q, <). Somewhat amazingly, any
two countably infinite models of DLO are isomorphic.

Theorem 5.3.11 (Cantor). Suppose that M and N are two countably infinite models of DLO. We then
have that M = N

Proof. Since M is countably infinite, we can list the elements of M without repetition as mq,my, mo,. ...
Similarly, we an list the elements of N without repetition as ng,ni,ns,.... We now define a sequence of
“partial isomorphisms” hy: M — N, i.e. each hy will be a function from some finite subset of M to N that
preserves the relation. More formally, we will have the following for each k£ € N:
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domain(hy) is a finite nonempty set.
Each hy, is injective.
For each ¢ € N, we have {mg, m1,...,m¢} C domain(hgy).
For each £ € N, we have {ng,ny,...,ns} C range(hao11).
hi € hgt1, i.e. whenever a € domain(hy), we have a € domain(hg41) and hgy1(a) = hi(a).

Each hy is a partial isomorphism, i.e. for all a,b € domain(hy), we have (a,b) € RM if and only if
(hi(a), hi (b)) € RV.

We start by letting hg be the partial function with domain {mg} where ho(mg) = ng, and then we let hy = hy
(since ng is already in range(hg)). Suppose that k& € N* and we have defined hj,. We have two cases.

o Case 1: Suppose that k is odd, and fix £ € N with £ = 2¢ — 1. If m, € domain(hy), let hxy1 = hg.

Suppose then that m, ¢ domain(hy). Notice that A = domain(hy) U {m,} is a finite nonempty subset
of M, so when we restrict R™ to this finite set, we obtain a finite linear ordering. Similarly, we have
that C' = range(hy) is a finite nonempty subset of N, so when we restrict RV to this finite set, we
obtain a finite linear ordering.

— Subcase 1: Suppose my is the least element of the finite linear ordering A. Since C' is a finite
linear ordering, it has a least element, say c. Since A is a model of DLO, we can fix d € N with
(d,c) € RV. We now extend hy, to hi+1 by letting hgiq(me) = d.

— Subcase 2: Suppose my is the greatest element of the finite linear ordering A. Since C' is a finite
linear ordering, it has a greatest element, say c. Since A is a model of DLO, we can fix d € N
with (¢, d) € RN. We now extend hy, to hyiq by letting hyiq(my) = d.

— Subcase 3: Otherwise, my has an immediate predecessor a and immediate successor b in the finite
linear ordering A. Since (a,b) € RM, we have (hg(a), hi(b)) € RN. As N is a model of DLO, we
can fix d € N with (hg(a),d) € RV and (d, hi(b)) € RN. We now extend hy to hpy1 by letting
hiet1(me) = d.

Case 2: Suppose that k is even, and fix £ € N with k£ = 2¢. If n, € range(hy), let hxr1 = hi.
Suppose then that n, ¢ range(hy). Notice that A = domain(hy) is a finite nonempty subset of M,
so when we restrict R™ to this finite set, we obtain a finite linear ordering. Similarly, we have that
C = range(hy,) U {n¢} is a finite nonempty subset of N, so when we restrict RV to this finite set, we
obtain a finite linear ordering.

— Subcase 1: Suppose ny is the least element of the finite linear ordering C. Since A is a finite
linear ordering, it has a least element, say a. Since M is a model of DLO, we can fix b € M with
(b,a) € RM. We now extend hy to hyy 1 by letting hiy1(b) = ne.

— Subcase 2: Suppose ny is the greatest element of the finite linear ordering C. Since A is a finite
linear ordering, it has a greatest element, say a. Since M is a model of DLO, we can fix b € M
with (a,b) € RM. We now extend hy, to hyy1 by letting hyy1(b) = ng.

— Subcase 3: Otherwise, ny has an immediate predecessor ¢ and immediate successor d in the finite
linear ordering C. Fix a,b € M with h(a) = ¢ and h(b) = d. Since (¢c,d) € RV, we have
(h(a), h(b)) € RN, so (a,b) € RM. As M is a model of DLO, we can fix z € M with (a,z) € RM
and (z,b) € RM. We now extend hy to hyi 1 by letting hjy1(z) = ny.
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Now it is straightforward to check that if hj satisfies all of the above conditions, then hy1 also satisfies all
of the necessary conditions, regardless of which subcase we take.

Now define h: M — N by letting h(my) = hoe(my) for each £ € N. Using the second through fifth
conditions on the hy, we conclude that A is a bijection. Now let a,b € M be arbitrary. Fix &,/ € N with
a = my and b = my. Let t = max{k,¢}. Since a,b € domain(hy;), we have (a,b) € RM if and only if
(hat(a), hat (b)) € RM, which by fifth condition on the hy, is if and only if (k(a), k(b)) € RM. Therefore, h is

an isomorphism. O
Proposition 5.3.12. Let T be a theory. The following are equivalent:

1. T is complete.

2. Every two models of T' are elementarily equivalent.

Proof. Suppose that T' is not complete. Fix o € Sent, such that ¢ ¢ T and also o ¢ T. Since T is theory,
we have both T ¢ and also T ¥ —o. Since T ¥ o, we can fix a model M of T U {—c}. Since T ¥ —o, we
can fix a model N of TU{c}. Now Mk —¢ and N F o, so M # N. Thus, there exist two models of T' that
are not elementarily equivalent.

Suppose that T is complete, and let M and N be two arbitrary models of T'. Let o € Sent, be arbitrary.
If 0 € T, we then have that both M E ¢ and N F 0. Suppose that o ¢ T. Since T is complete, we then
have that =0 € T, hence M E =g and N E —¢o. It follows that both M ¥ ¢ and N ¥ o. Therefore, for all
o € Sentz, we have that M E ¢ if and only if N E o, so M = N. O

Theorem 5.3.13 (Countable Los-Vaught Test). Let £ be a countable language. Suppose that T is an L-
theory such that all models of T' are infinite, and suppose also that every two countably infinite models of T
are isomorphic. We then have that T' is complete.

Proof. We show that any two models of T are elementarily equivalent. Let M; and My be two arbitrary
models of T. By the Countable Lowenheim-Skolem-Tarski Theorem, we can fix countable elementary sub-
structures N7 < M; and My < Ms. Now N; and N> are also both models of T, are hence are both infinite
by assumption. Since any two countably infinite models of T are isomorphic, we conclude that N7 = N,
and hence N7 = Ny by Corollary 4.3.9. Now since each A; is an elementary substructure of M;, we also
have both M; = N7 and My = Ns. Therefore, M; = M. O

Corollary 5.3.14. DLO is complete.

Proof. Immediate from Theorem 5.3.11 and the Countable Y.os-Vaught Test, together with the fact that
DLO has no finite models (since a finite linear ordering has a least element) O

Corollary 5.3.15. In the language £ = {R} where R is a binary relation symbol, we have (Q, <) = (R, <).

Proof. Both (Q, <) and (R, <) are models of DLO, so this follows from Corollary 5.3.14 and Proposition
5.3.12. O

5.4 Equivalent Formulas

Given formulas ¢ and 1), we use ¢ +> ¢ as shorthand for (¢ = ¥) A (¥ — ¢).

Definition 5.4.1. Let L be a language, and let p,v € Formy. We say that ¢ and ¢ are semantically
equivalent if @ E 1 and 1 E . This is equivalent to saying that ) E @ < 1.

We now list a bunch of simple rules for manipulating formulas the preserve semantic equivalence.
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Proposition 5.4.2. Let o1, p2,11,1%s € Formg, and suppose that ) E o1 <> 11 and that O E pg <> 1. We
have the following:

1. 0F (me1) < (1)

0 Ixgpr < Iy

0 E Vxpy & Vxaby.

DF (o1 Ap2) < (b1 Ata).
DF (p1Vp2) < (11 Viha).
DE (p1 = p2) < (Y1 = ¢2).

Proposition 5.4.3. For all p,1) € Formg, we have the following:

S & o

~

. D E =(3xep) < Vx(—ep).
2. D E =(Vxp) + Ix(—gp).

3. Ifx & FreeVar(y), then 0 F (Ixp) A1 <> Ix(p A1h).
4. Ifx & FreeVar(y), then § E (Yxp) A < Vx(@ A1b).
5. Ifx & FreeVar(v), then 0 F (Ixp) Vb > Ix(p V 1h).
6. If x ¢ FreeVar(ih), then O E (Yxp) V 1 < Yx(p V 1)).
7. If x ¢ FreeVar(ih), then O F (Ixp) — 1 <> Vx(p — 1)).
8. If x & FreeVar(y), then 0 F (Vxg) — ¥ < Ix(p — 1b).

Proposition 5.4.4. For any ¢ € Form, and x € Var, we have the following:
1. If y ¢ OccurVar(p), then O F Ixp <> Jy(pY).
2. Ify ¢ OccurVar(p), then O E Vxp < Vy(p)).

Definition 5.4.5. Let L be a language. A literal is either an atomic formula over L, or the negation of an
atomic formula. We let Literals be the set of literals.

Definition 5.4.6. Let £ be a set. We let Conjp = G(Sym?., Lite,{ha}) be the formulas obtained by starting
with the literals and generating using only h, and call Conje the set of conjunctive formulas. From here,
we define DNF; = G(Sym},Conjz,{hv}) to be the formulas obtained by starting with the conjunctive
formulas, and generating using only hy. The elements of DN Fy are said to be in disjunctive normal form.

Proposition 5.4.7. Suppose that p(x1,xa,...,Xx) € Form, is quantifier-free. There exists a quantifier-free
formula 6(xy,%a, . ..,xg) in disjunctive normal form such that O F ¢ < 0.

Proof. As in Proposition 3.2.11, it’s possible to show by induction that every quantifier-free formula is
semantically equivalent to one built up by starting with literals, and then generated using A and V (here we
are using the fact that ¢ — v is semantically equivalent to (—¢) V), that —=(p A1) is semantically equivalent
to (—¢) V (), and that —(¢ V1)) is semantically equivalent to (—¢) A (—))). Now we can use the fact that
@ A (1 V) is semantically equivalent to (¢ A1) V (¢ A~y) and that (¢ V ¢) A+ is semantically equivalent to
(@ Ay) V (¥ A7) to push the A connectives to the inside. O
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Definition 5.4.8. A formula ¢ is called a prenex formula if it is an element of
G(Symp, QuantFreeFormg,{hyx, hax :x € Var}).

In other words, a prenex formula is a quantifier-free formula with a bock of quantifiers (potentially mixed
3 and V quantifiers) at the front.

Proposition 5.4.9. For every ¢ € Form,, there exists a prenex formula v such that ) E ¢ <> 1.

Proof. Repeatedly apply Proposition 5.4.4 and Proposition 5.4.3 to move all of the quantifiers to the front
of the formula. O

5.5 Quantifier Elimination

In the previous section, we showed how to transform formulas into semantically equivalent ones that had a
particularly simple “structure”. In that setting, the equivalence was relative to the empty set. In other words,
the two formulas had to have the same meaning for every choice of L-structure and variable assignment.
What if we allow ourselves to include sets of formulas on the left to help us simplify the formulas even more?

For example, consider putting a theory 7" on the left of F. Now a theory is a set of sentences, but we can
still consider putting formulas with free variable on the right-hand side of F. In such circumstances, we have
to think about variable assignments as well, but the hope is that we can find a “simpler” equivalent formula
to a given one. For example, let £ = {R}, where R is a binary relation symbol. Notice that

0 ¥ 3x(Rax A Rbx) <+ Rab
because we can let M be the L-structure with M = {0,1,2} and R™ = {(0,2), (1,2)}, and then
(M,0,1) £ 3x(Rax A Rbx)

but
(M7 O’ 1) '? Rab’

S0
(M,0,1) ¥ Ix(Rax A Rbx) <+ Rab).

Even though these formulas are not equivalent over the theory Cn (), it turns out that they are equivalent
over the theory of equivalence relations. Let EqRel is the theory of equivalence relations, i.e. EqRel =
Cn(o1,09,03) where the o; express that the relation is reflexive, symmetric, and transitive. We then have
that

EqRel E 3x(Rax A Rbx) <> Rab.

In other words, in every model (M, s) of EqRel, we have that
(M, s) E Ix(Rax A Rbx) <> Rab.

Thus, relative to the theory EqRel, the formula 3x(Rax A Rbx), which has a quantifier and two free variables,
is equivalent to the quantifier-free formula Rab in the same free variables. Notice that if we work with DLO
instead of EqRel, then we have

DLO E Ix(Rax A Rbx) <+ (a =2a) A (b = b).

For another example, consider solving linear equations. If we are working in the real numbers, then we
can always solve the equation ax + b = 0, unless a = 0 and b # 0. More formally, let £ = {0,1,+,—,-} be
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the language of ring theory. If we let M be the ring R, and let a,b € Var, then for any variable assignment
s: Var — R, we have
(M,s)EIx(a-x+b=0)+ (=(a=0)Vvb=0).

Notice that
D Ix(@a-x+b=0)<+ (~(a=0)Vb=0).

In fact, if R is the theory of rings, then we still have
R Ix(a-x+b=0) < (—~(a=0)Vb=0),
because we can let M be the ring Z, and notice that we have
M,2,1)F3Ix(a-x+b=0)+ (-(a=0)Vb=0).
However, if F' is the theory of fields, then we do have
FE3x(a-x+b=0)<«< (~(a=0)Vb=0).

Again, relative to a sufficiently strong theory, we can find a quantifier-free equivalent to a formula with two
free variables.

Definition 5.5.1. Let T be a theory. We say that T has quantifier elimination, or has QF, if for every
k> 1 and every o(x1,Xa,...,X;) € Formg, there exists a quantifier-free 1¥(xq1,Xa,...,xg) such that

TE o+

This seems like an awful lot to ask of a theory. However, it is a pleasant surprise that several natural
and important theories have QE, and in several more cases we can obtain a theory with QE by only adding
a few things to the language. We first prove that it suffices to eliminate one quantifier from formulas of a
very specific form.

Proposition 5.5.2. Let T be a theory. The following are equivalent

1. T has QF.
2. For each formula ©(x1,Xa2,...,Xg,y) that is a conjunction of literals, each of which has 'y as a free
variable, there exists a quantifier-free ¥ (x1,xa,...,xx) such that

TE (3yp) < .

Proof. The idea is to put a general formula in prenex form. If the innermost quantifier is V, change it to
—3- so that the innermost block is a existential quantifier followed by a quantifier-free formula ¢. Now find
a formula # that is in disjunctive normal form that is semantically equivalent to . From here, the key fact
to use is that

0E 3X(91 V 92) <~ (E|X01) \Y (3)(92)

We can then use the assumption to find quantifier-free equivalents (relative to T') of each formulas that is
an existential quantifier followed by a conjunction of literals. Now that we have eliminated the innermost
quantifier, we can continue in turn to eliminate later quantifiers. O

We now do the hard work of proving QE for two specific theories. We start with the very basic theory
of infinite structures in the empty language.
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Theorem 5.5.3. Let L= 0. For each n € NT, let o, be the sentence

IxqIxg - - - Ixy, /\ (% = %)

1<i<j<n
Let T =Cn({oy, :n € NT}). T has QE.
Proof. Suppose that k > 1 and we have have a formula ¢(x1,xa,...,xk,y) that is a conjunction of literals
a;, each of which has y as a free variable. We want to find a quantifier-free formula ¢ (xy,xa, ..., xx) such
that
TE Jyp < 1.

If one of the literals is y = x; (or x; =y) for some j, then
TEIyp < ).

Suppose then that none of the literals is of the form y = x;. We can remove any literals of the form y =y,
and if there is a literal of the form —(y =y), then the formula is trivially equivalent to —(x; = x;). Thus, we
need only examine the case where every literal is of the form —(y = x;) or =(x; = y) for some j. We then
have

TFE3yp ¢ (x1 =x1) A(xg =x2) Ao+ A (X = Xg).

because every model of T has infinitely many elements. O

We next show that DLO has QF. Before diving into the general proof, we first give a specific example.
Suppose that we want to find a quantifier-free equivalent to

Jy(Rxay A =(y = x3) A Ryxa A =(Rxzy)).
We begin by noticing that DLO F —(Rxyy) <> ((y = x1) V Ryx1), so we want to find a quantifier-free equivalent
to
Jy(Rxay A —(y = x3) ARyxsa A ((y = x1) V Ryxy)).
Since A distributes over V, it suffices to find a quantifier-free equivalent to
Fy((Rxay A =(y = x3) ARyxa A (y =x1)) V ((Rxay A =(y = x3) A Ryxq A Ryxy))).
Since this last formula is equivalent to
Fy(Rxoy A =(y =x3) ARyxq A (y =x1)) V Iy(Rxay A =(y = x3) A Ryxa A Ryxy),
it suffices to find a quantifier-free equivalent to each of
Fy(Rxay A =y = x3) ARyxa A (y = x1))

and
Jy(Rxay A —(y = x3) A Ryxa A Ryxy).

Now we have
DLO E Jy(Rxoy A =y = x3) ARyxs A (y = x1)) > (Rxoxy A =(x1 = x3) A Rxixa),

and we have
DLO E Jy(Rxay A =(y = x3) A Ryxg A Ryx1) <> (Rxaxgq A Rxoxq),

where we use the fact that if a < b in a model of DLO, then there are infinitely many ¢ with a < ¢ < b.
Thus, our original formula is equivalent over DLO to

(RX2X1 AN _‘(Xl = X3) AN RX1X4) \Y (RX2X4 A RX2X1).

We generalize this example in the following proof.
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Theorem 5.5.4. DLO has QF.

Proof. Suppose that we have have a formula ¢(x1,xa, ...,xg,y) that is a conjunction of literals «;, each of
which has y as a free variable. We want to find a quantifier-free formula 1(x1, X2, ...,xg) such that

DLO E Jyp <> 1.
If one of the literals is y = x; (or x; =y) for some j, then
DLO E Jyp < ¢y

Suppose then that none of the literals is of the form y = x;. If any of the literals is of the form —Rx;y, we
can replace it with (y = x;) V Ryx;, distribute the various A over the V, distribute the 3 over V, and find
quantifier-free equivalents to the two resulting clauses separately (as in the previous example). Similarly, if
any of the literals is of the form —Ryx;, we can replace it with (y = x;j) V Rx;y. Thus, we may assume that
all of the literals are of the form —(y = x;), Ryx;, or Rx;y. Let

o L={je{l,2,...,k}: There exists an a; equal to Rx,y}.
e U={j€{1,2,...,k} : There exists an o; equal to Ryx;}.

Now if either L or U is empty, then
DLOE Jyp > x1 =x1

because, if U = () say, we need only notice that in any model M of DLO together with ci,ca,...,cp € M,
there are infinitely many d € M such that (c;,d) € RM for all 4.
Suppose then that both L # 0 and U # (. We claim that

DLOE g+ \ N\ Rxexa
leL uelU

To see this, consider an arbitrary model M of DLO together with ¢y, co,...,cx € M.

o Assume that there exists a d € M with (cg,d) € RM for all £ € L and (d, c,) € RM for all u € U. We
then have (¢, c,) € RM for all £ € L and u € U by transitivity.

o For the converse, assume that we know that (cy,c,) € RM for all £ € L and v € U. Since M is a linear
ordering, there exists ¢* € L with (c¢, ce+) for all £ € L. Similarly, there exists u* € U with (cy», cy)
for all u € U. By assumption, we then have that (c¢-,c,-) € R™. Now the DLO axioms imply that
there exists infinitely many a € M with (cp-,a) € R™ and (a,c,-) € RM. Thus, we can fix such an a
with a # ¢; for all 4, and this a will make be an existential witness for .

Therefore, DLO has QF. O

Notice that in our definition of QF, we assumed that £ > 1. In other words, we did not require that we
could always find a quantifier-free equivalent sentence for each o € Sent;. We chose to do this because if
our language does not have any constant symbols (such as the language for DLO), then there simply are
no quantifier-free sentences! If our language does have a constant symbol, then the proof that a theory has
QF typically also applies in the case when there are no free variables. And in the case when our language
does not have any constant symbols, we can perform an ugly hack by taking a sentence ¢, and finding a
quantifier-free equivalent to the formula ¢(z) equal to o A (x = x). Of course, in this case, the value of x does
not affect the truth in any structure, so the truth value of the formula output by a quantifier elimination
procedure must also not depend on x in any fixed structure.

What do we gain by knowing that a formula has QFE? The first advantage is that it is much easier to
understand the definable sets in any model.
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Proposition 5.5.5. Suppose that T is a theory with QE. Given any model M of T, a set X C MF is
definable in M if and only if it is definable by a quantifier-free formula.

Proof. Immediate. O

Corollary 5.5.6. Let T be a theory that has QE, let M be a model of T, and let k € N*. Let Z be the
set of all subsets of M* which are definable by atomic formulas. The set of definable subsets of M* equals
G(P(M*), Z,{h1,ha}) where hy: P(M*) — P(M¥) is the complement function and hy: P(M*)? — P(M¥)
is the union function.

Proof. A quantifier-free formula is built up from atomic formulas using -, A, V, and —. Moreover, we
know that every quantifier-free formula is semantically equivalent to one that only uses = and V. Since
these operations correspond to complement and union on the corresponding definable sets, we obtain the
result. O

For example, in (Q, <), which is a model of DLO, the only atomic formulas with one free variable are
x =X, =(x =x), x < x, and —(x < x). Each of these defines either () or Q. Since the collection of sets {0, Q}
is closed under complement and union, we now have another proof (without using automorphisms) that @
and Q are the only definable subsets of Q in (Q, <). We can also use this method to determine the definable
sets of Q? in the structure (Q, <) (see the homework).

Another interesting consequence of a theory having QF is the following surprising fact.

Proposition 5.5.7. Let T be a theory that has QE. Suppose that A and M are models of T and that A is
a substructure of M. We then have that A < M.

Proof. Let ¢ € Form, and let s: Var — A be a variable assignment. Suppose first that ¢ ¢ Sent,. Since
T has QF, we may fix a quantifier-free v € Form, such that T F ¢ <> 1. We then have

M,s)Epes (M,s)Fy (since M is a model of T)
< (As)Ey (by Corollary 4.3.12)
< (As)Fop (since A is a model of T).

If o € Sent,, then we can use the hack alluded to above. That is, let ¢(x) be the formula o A (x = x). Since
T has QF, we may fix a quantifier-free ¢)(x) € Form, such that T E ¢ <> 9. Now fix some a € A. By the
above argument, we then have that (M, s) F ¢ if and only if (A, s) F ¢. Now notice that we trivially have
(M, s) E o if and only if (M, s) E ¢, and similarly that (A, s) F o if and only if (A, s) E ¢. Therefore, we
conclude that (M, s) F o if and only if (A4, s) F o. O

In particular, since DLO has QF, we now know that (Q, <) < (R, <). Recall that we already established
that (Q, <) = (R, <), but this new result is stronger.

By a similar argument, we can also use QF in an interesting way to find connections between two models
that share a common substructure. We will prove the converse of this result in Theorem 7.4.1.

Proposition 5.5.8. Let T be a theory that has QE. Suppose that M and N are models of T, and that M
and N have a common substructure A (note that we are not assuming that A is a model of T). For all
© € Formg and s: Var — A, we have (M, s) E ¢ if and only if (N, s) E ¢.

Proof. Let ¢ € Form, be arbitrary and s: Var — A be arbitrary. First, assume that ¢ is not a sentence.
Since T has QF, we can fix a quantifier-free ¢ with T'F ¢ <> ¢b. We then have
(M,s)Ep & (M,s)E (since M is a model of T)
< (As)Ey (by Corollary 4.3.12)
< (N)s)Ey (by Corollary 4.3.12)
& (N,s)E o (since NV is a model of T)
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If  is a sentence, then we can argue as in the previous result. O

The final application of using QF using the same ideas is to show that certain theories are complete. QF
itself is not sufficient, but a very mild additional assumption gives us what we want.

Proposition 5.5.9. Let T be a theory that has QE. If there exists an L-structure N' such that for every
model M of T there is an embedding h: N — M from N to M, then T is complete. (Notice, there is no
assumption that N is a model of T'.)

Proof. Fix an L-structure A such that for every model M of T there is an embedding h: N — M from N to
M, and fix n € N. Let M7 and M5 be two models of T. Fix embeddings hy: N — M; and he: N — Mo.
For each i, let A; = range(h;), and notice that A; is the universe of a substructure A; of M;. Furthermore,
notice that h; is an isomorphism from N to A;.

Let 0 € Sent, and let ¢(x) € Formg be the formula o A (x =x). Since T has QFE, we may fix a
quantifier-free 1(x) € Form, such that T E ¢ < 1. We then have

(
& (My,hi(n)) B¢ (since My is a model of T')
< (A, hi(n) By (by Corollary 4.3.12)
< (N,n) E (by Theorem 4.3.6)
& (Ag, ha(n)) E ¢ (by Theorem 4.3.6)
& (Ma, ha(n)) E ¢ (by Corollary 4.3.12)
& (Mo, ha(n)) F o (since My is a model of T)

5.6 Algebraically Closed Fields

A field F is algebraically closed if every nonzero polynomial in F[z] has a root in F. We can write down
infinitely many first-order axioms, each one saying all polynomials of a given degree have a root. We choose
to work in the language £ = {0,1,+, —, -} in the language of rings.

Definition 5.6.1. Let £ = {0,1,+, —, -} be the language of rings. Let ¥ C Sent, be the field axioms together
with the sentences
VaoVay - --Vap(ay 0 — Ix(apx" + -+ + a;x+ag = 0))

for eachn € Nt. Let ACF = Cn(X). ACF), is the theory obtained by also adding1+1+---+1=0 (where
there are p many 1’s) to X, and ACFy is the theory obtain by adding all of (1 =0), -(1+1=0), ... to .

We collect a few facts about algebraically closed fields.
o Every algebraically closed field is infinite.
e The Fundamental Theorem of Algebra is the statement that C is an algebraically closed field.

« The set Q, consisting of those elements of C that are algebraic over Q (i.e. are roots of some nonzero
polynomial over Q), is also an algebraically closed field.

e Every field can be embedded in an algebraically closed field.
Theorem 5.6.2. ACF has QF.
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Proof Sketch. The first thing to notice is that every term corresponds to a polynomial in several variables.
More formally, for all terms ¢ with variables xi,xs,...,xg, there exists a term u that corresponds to a
polynomial in Z[xy,xa,...,x,] such that ACF F t = u (in fact, ¢ and u are equivalent over the theory of
commutative rings). From here, the fundamental observation is that we can think of atomic formulas with
free variables in {y,x1,Xa,...,x;} as equations p(X,y) = 0 where p(X,y) € Z[X,y] is a polynomial.

Thus, we have to find quantifier-free equivalents to formulas of the form

=

WA @i%,y) = 0) A

i=1 =1

(¢;(X,y) # 0)]

If we just have a bunch of negated atomic formulas, i.e. if m = 0, then the formula is equivalent to saying
that each polynomial has a nonzero coefficient (since algebraically closed fields are infinite, and a nonzero
polynomial has only finitely many roots). Thus, we can assume that m > 1. Also, if n > 1, then by letting
q(Xy) = ]_[?:1 ¢;(X,y), our formula is equivalent over ACF to

Hy[/\(pi(i y) =0)Aq(Xy) #0].

Thus, we can assume that m > 1 and that n € {0, 1}.

Suppose now that R is an integral domain, that m > 2 and that p1, pa, ..., pm,q € R[y] listed in decreasing
order of degrees. Let the leading term of p; be ay™ and let the leading term of p,, be by* (in our case, R
will be the polynomial ring Z[xy,Xa, . . .,X,]). We then have that there is a simultaneous root of polynomials
P1,P2,- .., Pm which is not a root of ¢ if and only if either of the following happens:

1. b =0 and there is simultaneous root of the polynomials pi,pa,...,Pm—1,p}, which is not a root of ¢,
where p}, is the polynomial that results by deleting the leading term of p,,.

2. b # 0 and there is a simultaneous root of the polynomials bp; — ay™ *pum, p2, . .., pm which is not a
root of q.
If there is no ¢, i.e. if n = 0, then there is a simultaneous root of polynomials p1,pa, ..., py if and only if

either of the following happens:

1. b = 0 and there is simultaneous root of the polynomials p1, ps, . .., pm—1, D}, Where pZ, is the polynomial
that results by deleting the leading term of p,,.

2. b # 0 and there is a simultaneous root of the polynomials bp; — ay™ *pm. P2, - - ., Pm-
For example, we have that
(G + 2x1x2)y? + (5xa + x3%3)y + x2 = 0) A (3x2 + x1x2x3)y + (X1 — x2) = 0)
is equivalent to the disjunction of
33+ 2x1x0 = 0 A Fy(((5x2 + x3x3)y +x2 = 0) A (3x2 + x1%2x3)y + (X1 — x2) = 0)

and
Ty(((3xa + x1x2x3) (5x2 + 3x3x3) — (X1 — X2))y + (3x2 + X1x2x3)x2 = 0)

Repeating this, we may assume that we have a formula of the form

Jy[p(X,y) =0 A q(X,y) # 0]
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or
Fy[p(X,y) = 0].

In the latter case, then we may use the fact that in an algebraically closed field, the polynomial a,y™ +-- -+
a1y + ap has a root if and only if some a; # 0 for i > 0, or ayg = 0. Suppose then that we are in the former
case. The key fact is to use here is that if p and ¢ are polynomials over an algebraically closed field and the
degree of p is at most n, then every root of p is a root of ¢ if and only if p | ¢".

Thus, suppose that we have two polynomials p and ¢, and we want to find a quantifier-free formula
equivalent to p | g. Suppose that p(y) = 3" a;y* and that q(y) = >°7_; bjy’ (where the a; and b; are really
polynomials in xq,xa,...,xg). Now if m = 0, then we have p | ¢ if and only if either of the following is true:

e ap #0.
e ap =0 and each b; = 0.
If n = 0, then we have p | ¢ if and only if either of the following is true:
e by =0.
e bg#0,a9#0,and a; =0 for 1 <i < m.
Suppose that 1 < n < m. We then have that p | ¢ if and only if either of the following is true:
o Each b; =0.

e a; =0 for all ¢ with n < ¢ < m, and p* | ¢, where p* is the result of deleting all terms from p with
degree greater than n.

Finally, suppose that 1 < m < n. We then have that p | ¢ if and only if either of the following is true:
e a,, =0and p* | g, where p*, where p* is the polynomial that results by deleting the leading term of p.

n—m

p)-

Thus, in all cases, we’ve reduced the degree of one of the two polynomials. By repeatedly applying these latter
two, and bottoming out as appropriate, we eventually obtain a quantifier-free equivalent to our formula. [

o ay #0and p| (amq — bpy

Corollary 5.6.3. If F and K are algebraically closed fields such that F is a subfield of K, then (F,0,1,4,-) =
(K,0,1,+,-).

Proof. Immediate from Proposition 5.5.7. O

Since Q and C are both algebraically closed, and (Q, 0, 1, +, -) is a substructure of (C,0, 1, +, -), we obtain
the following corollary.

Corollary 5.6.4. (Q,0,1,+,-) =< (C,0,1,+,-).

Corollary 5.6.5. Suppose that F is an algebraically closed field. FEvery set X C F that is definable in
(F,0,1,4+,-) is either finite or cofinite.

Proof. Every atomic formula in one variable is equivalent to either p(x) = 0 or —=(p(x) = 0), for some choice
of polynomial p(x) in the variable x with integer coefficients. In the former case, notice that any nonzero
polynomial has only finitely many roots, so the corresponding definable set is finite. In the latter case, the
same argument shows that the corresponding definable set is cofinite. Now notice that the collection of
subsets of F' that are either finite or cofinite is closed under complement and union. Using Corollary 5.5.6,
we conclude that every definable set is either finite or cofinite. O

Corollary 5.6.6. ACFy is complete and ACF, is complete for all primes p.

Proof. Apply Proposition 5.5.9, together with the fact that Q embeds in all fields of characteristic 0, and
7 /pZ embeds in all fields of characteristic p. O
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5.7 Exercises

1. Either prove or give a counterexample: If I' C Form, and ¢,v € Formg, then I' E ¢ A ¢ if and only
if both T'F ¢ and T' F 4.

2. (a) Let £ = {P} where P is a unary relation symbol. Calculate I(Cn(0),n) for all n € NT.
(b) Let £ = {R} where R is a binary relation symbol, and let o be the sentence

(WxVy(Rxy — Ryx)) A Vx((JyRxy) — (VyRxy)).
Calculate I(Cn(o),n) for all n € N*.

Definition 5.7.1. A set A C NV is called a spectrum if there exists a finite language L and o € Sent,
such that A = Spec(a).

3. (a) Show that every finite set F' C NT is a spectrum.
(b) Show that {2n + 1:n € N} is a spectrum.
(c) Show that {n € NT : n > 1 and n is composite} is a spectrum.
4. (a) Show that if £ is a finite language and 0,7 € Sent., then Spec(c) U Spec(r) = Spec(o V 7).
(b) Show that there exists a finite language £ and 0,7 € Sent, such that Spec(o) N Spec(r) #

Spec(o A T).
(c) Show that there exists a finite language £ and o € Sent, such that N*\Spec(a) # Spec(—o).
(d) Show that if A, B C NT are both spectra, then AN B is a spectrum.

Cultural Aside: Although the class of spectra is closed under finite unions and intersections (by parts
(a) and (d)), it is an open question whether the class of spectra is closed under complement. This
problem is closely tied to problems in complexity theory. As mentioned in class, it turns out that
the class of spectra is exactly the collection of subsets of Nt which are in the complexity class NE,
i.e. those accepted by a nondeterministic Turing machine which runs in time 2°("). Thus, the question
of whether the class of spectra is closed under complement is equivalent to whether NE = co-NE, the
analogue of the question of whether NP = co-NP at a slightly higher complexity level.

(a) Show that {n?:mn € N*} is a spectrum.
(b) Show that {p € N : p is prime} is a spectrum.

6. Using the fact that DLO has QF, determine (with proof) all definable subsets of Q? in the structure
(@Q <).

7. Let £ = {R} where R is a binary relation symbol. Consider the L-structure M that is the linear
ordering obtained by putting one copy of R after another. More formally, M = (R x {0}) U (R x {1}),
where we order elements as usual in each copy, and where (a,0) < (b,1) for all a,b € R. Show that M
is not isomorphic to (R, <).

Note: If we do the same construction with Q, then the resulting linear ordering is a countable model
of DLO, so is isomorphic to (Q, <).

8. Let £ = {0,1,+} where 0 and 1 are constant symbols, and + is a binary function symbol. Let M be the
L-structure where M = Z, and where the symbols are interpreted in the usual way. Let T' = Th(M).
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(a) Show that if X C Z is definable in M by a quantifier-free formula, then X is either finite or
cofinite.

(b) Show that T" does not have QF by finding a definable subset of Z that is neither finite nor cofinite.
9. Let £ = {R} where R is a binary relation symbol. For each n € N*| let o,, be the sentence
Vy3xgIxo - - - Ixn( /\ —(xi = xj) A /\ Rxiy)
1<i<j<n i=1

and let 7,, be the sentence

IxqAxp -+ - Ixn( /\ S(xi = x5) A /\ —Rxix;)

1<i<j<n 1<i<j<n
Finally, let
¥ = {VxRxx, ¥xVy(Rxy — Ryx), ¥x¥yVz((Rxy A Ryz) — Rxz)} U {0, :n € Nt} U {7, : n € N*}

and let T'= Cn(X). Notice that models of T are equivalence relations such that there are infinitely
many equivalence classes, and such that every equivalence class is infinite.
(a) Show that any two countable models of T" are isomorphic, and hence that T is complete.

(b) Let M be the L-structure where M = {n € N : n > 2} and RM = {(a,b) € M? : For all
primes p, we have p | a if and only if p | b}. Let N be the L-structure where N = R? and
RV = {((a1,b1), (ag,b2)) € N? : ag — a; = by — by }. Show that M = N and M % N.

(¢) Show that T has QF.

10. Let £ = {f}, where f is a unary function symbol. For each n € NT, let o, be the sentence
Vx=(ff - - - fx = x), where there are n many f’s. Let

Y= {WWy(fx=fy = x=vy),VyIx(fx =y)} U {0, : n € NT}.

Let T = Cn(X). Thus, models of T are structures where f is interpreted as a bijection without any
finite cycles. For example, the structure M with universe M = Z and with f*(a) = a+ 1 for alla € Z
is a model of T

(a) Show that all models of T are infinite.
(b) Give an example of a model of T that is not isomorphic to the example described above.
(c¢) Show that T has QF.



Chapter 6

Soundness, Completeness, and
Compactness

6.1 Syntactic Implication and Soundness

Ever since we defined the syntactic construction of formulas we first-order logic, we have stayed on the
semantic side. That is, we talked about structures and variable assignments (which taken together form the
analogue of truth assignments), recursively defined truth of a formula in terms of these objects, and then we
proceeded to define semantic implication. We now extend the proof rules that we developed in propositional
logic in order to define a concept of syntactic implication in first-order logic. Most of our new rules will deal
with quantifiers, but we also have the special equality symbol in every first-order language.

Once again, the objects that we will manipulate will be pairs, where the first component is a finite
sequence of formulas, and the second is a formula. Given a finite sequence S € Form} and a formula
@ € Formg, we will write S F ¢ to intuitively mean that there is a formal syntactic proof of ¢ from the
assumptions that appear in the sequence S. We begin with the most basic proofs, and we now have two types.

Trivial Implications:

o We can assert S F ¢ if ¢ appears as an element in the sequence S, i.e. if there exists an i < |S| such
that S(i) = v. We denote these uses of this by writing (Assume,), since our conclusion appears in
our assumptions.

e For any sequence S and any t € Term,, we can assert S - ¢t = t. We denote a use of this rule by
writing (= Refl).

With these in hand, we describe ways to generate new formal proof from ones that we already have estab-
lished. We begin with all of the old rules, but now add five new rules: one dealing with equality, and two
for each quantifier:

Stehy Steny Ste Stw

St o (AEL) SFo (AER) SFony (AD)
Sk SE
Srovy VP Srovy VIR
St o= S,p b
Soro 7P Stoog D

137



138 CHAPTER 6. SOUNDNESS, COMPLETENESS, AND COMPACTNESS
S,pk0 Sy 0 S,k Sk

P -P
Sevora VPO ST o (=PC)
S,ﬁgo}—iﬁ S7ﬁ(p|—ﬁ’(/J
St o (Contr)
Sto SivvbEe S1,71,72, 82 F
Expand —_ Delete Reorder
S,vFe (Bopand) S,ybe ( ) S1,72,7, 82 F @ ( )

Equality Rules:

t _
SEG SEU=U oy lidSubst (o) = 1 = ValidSubst™(e) (= Sub)

S+
Existential Rules:
SEO it validSubsti(p) =1 ()
Sk Ixe AHASUDSENAP) =
S,pxty , vy
SaxoF o ify ¢ FreeVar(S,Ixp, ) and ValidSubst(p) =1 (3IP)
Universal Rules:
S F Vxp
if ] ¢ =1 (VE
STt if ValidSubst, (o) (VE)
SF e if y ¢ FreeVar(S,Vxyp) and ValidSubst)(¢) =1 (VI)
S+ Wxp Y s x\P) =

To formalize these ideas, we follow the outline from propositional logic.
Definition 6.1.1. Let L be language. We define the following:

e Liney = Form} x Formg.

o Assumes = {(S,p) € Liner : There exists i < |S| such that S(i) = p}.

e EqRefl, ={(S,t=1t):5 € Form},t € Termg}.

As in propositional logic, we then define a set-valued functions from Line. (or LineZ) to Line, for each
rule, and let H be the collection of all such functions. With this collection of function in hand, we define the

following.

Definition 6.1.2. Let S C Form} and let ¢ € Form,. We write S - ¢ to mean that
(S,¢) € (Liner, Assumep U EqReflz, H).
Definition 6.1.3. A deduction is a witnessing sequence in (Liner, Assumeg U EqRefle, H).

We have defined the concept of S F ¢ when S is a finite sequence of formulas. Using this, we can define
't ¢ in the case where I' is an arbitrary (possibly infinite) set of formulas.

Definition 6.1.4. Let L be a language, let I' C Formg, and let p € Form,. We write I' - ¢ if there exists
a finite sequence S € I'* such that S+ ¢. We pronounce I' - ¢ as “T" syntactically implies ¢
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For example, consider the language £ = {f, g} where f and g are unary function symbols. Given distinct
X,y € Var, here is an example of a deduction showing that Vx(fgx = x) F Vy3x(fx = y):

Wx(fgx = x) F Wx(fgx = x) (Assumes) (1)
Ux(fgx = x) - fgy =y (VE on 2 with fgx =x)  (2)
Yx(fgx = x) F Ix(fx =y) (37 on 1 with fx=vy) (3)
Vx(fgx = x) F Vy3Ix(fx = y) (VI on 3 with Ix(fx=vy)) (4)

Notice that this deduction is a formal syntactic derivation of the fact that if f is a left inverse of g (where
f and g are functions with the same common domain and codomain), then f is surjective. Furthermore, we
are using the fact that ValidSubstY(fgx = x) = 1 on line (2), that ValidSubst®(fx =y) = 1 on line (3), and
that both y ¢ FreeVar(Vx(fgx = x), Vy3x(fx = y)) and ValidSubst}(3x(fx =y)) = 1 on line (4).

For another example in the same language, given distinct x,y € Var, here is a deduction showing that
Wx(fgx = x) - WxVy(gx = gy = x =y):

Vx(fgx = x), gx = gy F Vx(fgx = x) (Assumes) (1)
Vx(fgx = x), gx = gy - fgx = x (VE on 1 with fgx =x)  (2)
Vx(fgx = x),gx =gy - fgy =y (VE on 1 with fgx =x)  (3)
Vx(fgx = x),gx = gy - gx = gy (Assumes)  (4)
Vx(fgx = x), gx = gy - fgx = fgx (= Refl) (5)
Vx(fgx = x), gx = gy - fgx = fgy (= Sub on 4 and 5 with fgx =fz)  (6)
Wx(fgx = x),gx = gy - x = fgy (= Sub on 2 and 6 with z="fgy) (7)
Vx(fgx =x),gx =gy Fx=y (= Subon 3and 7 withx=1z) (8)

Ux(fgx =x)Fgx =gy - x=y (= Iond (9

Vx(fgx = x) F Vy(gx = gy =+ x =) (VI on 9 with gx=gy > x=y) (10)

Wx(fgx = x) F VxVy(gx =gy = x =) (VI on 10 with Vy(gx =gy — x=vy)) (11)

We leave it as an exercise to check that all of the restrictions on the rules are satisfied (i.e. that ValidSubst
equals 1 in all appropriate cases, and no variable is free in the wrong circumstance).
We now prove a few simple results that will be essential later.

Proposition 6.1.5. For any t,u € Termg, we havet = u bt u =t.

Proof. Let t,u € Term, be arbitrary. Consider the following deduction:

t=ubt=t (= Refl) (1)
t=ukt=u (Assumer)  (2)
t=ubu=t (=Subon1land2withx=t) (3)

Proposition 6.1.6. For any t,u,w € Termg, we have t = u,u =wkFt = w.

Proof. Let t,u,w € Term, be arbitrary.

t=uwu=wkt=u (Assumez) (1)
t=uwu=whku=w (Assumer)  (2)
t=uu=wkt=w (= Subon1land 2 witht=x) (3)



140 CHAPTER 6. SOUNDNESS, COMPLETENESS, AND COMPACTNESS

Proposition 6.1.7. For any R € Ry and any t1,ta,...,tx € Term,, we have
{Rt1t2~-~tk,t1 = ’U,l,tg = ’U,Q,...,tk = uk} H Ru1u2--~uk.

Proof. Let R € Ry and tq,ta,...,tx € Termy be arbitrary. Since Var is infinite and each term has only
finitely many variables that occur in it, we can fix x ¢ Uf: (OccurVar(t;) U OccurVar(u;)). Let S be the
sequence of formulas Rtqts - - - t,t1 = u1,to = us,...,tx = ug. Consider the following deduction:

SE Rty -ty (Assumes) (1)

Skt =u (Assumes)  (2)

S F Ruqtats -« -t (= Sub on 1 and 2 with Rxtats---tx)  (3)

Sttty =uy (Assumes)  (4)

S+ Rujusats - - -t (= Sub on 3 and 4 with Rujxts---tx) (5)

St tp = up (Assumer)  (2k)

SE Rujug - - - uy (= Sub on 2k — 1 and 2k with Rujus---x)  (2k+1)

Proposition 6.1.8. For any f € Fi, and any t1,ta,...,tx € Term,, we have
{tl :’LLQ,tQ :’lLQ,...,tk :Uk} Fftltg"'tk :fu1u2~~uk

Proof. Let f € Fi and tq,ta,...,tx € Term, be arbltrary Since Var is infinite and each term has only
finitely many variables that occur in it, we can fix x ¢ Uz 1(OccurVar(t;) U OccurVar(u;)). Let S be the

sequence of formulas t; = uy,ts = us,...,t; = ug. Consider the following deduction:
St ftity -ty = ftity -t (= Refl) (1)
Skt =w (Assumer)  (2)
Sl—ftltg"'tk ZfU1t2"'tk (Z Sub on 1 and 2 with ]ctltz"'tk Zth2~'~tk) (3)
Sty = uy (Assumer)  (4)
Sl—ft1t2~-~tk :fulug---tk (: Sub on 1 and 2 with ftltg---tk :fulx-ntk) (3)
Sty =ug (Assumes)  (2k)

Sk ftitg -ty = fujug - -up (= Sub on 2k — 1 and 2k with ftitg -t = fujug---x) (2k+1)

Proposition 6.1.9. For any ¢ € Formg and x € Var, we have Ixp - ~Vx—p.

Proof. Let ¢ € Formg and x € Var be arbitrary. Since Var is infinite and each formula has only finitely
many variables that occur in it, we can fix y € Var with both y # x with y ¢ OccurVar(y). Consider the
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following deduction:

P> VX, VX VX (Assumer) (1)
O}, VX, VX X (Assumer)  (2)
Y%, VX VX (Contr on 1 and 2) (3)

Prr VX ) (VEon3) (4)

©%, VX (Assumer)  (5)

ol F =Vx—gp (Contr on 4 and 5)  (6)

Ixp F =Vx—p (3P on6) (7)

Proposition 6.1.10. For any ¢ € Formg and x € Var, we have ~Ix—p = Vxp.

Proof. Let ¢ € Formg and x € Var be arbitrary. Since Var is infinite and each formula has only finitely
many variables that occur in it, we can fix y € Var with both y # x with y ¢ OccurVar(y). Consider the
following deduction:

—Ix—ep, md B —Ix—gp (Assumeg) (1)
—3Ix—p, 2) -l (Assumer)  (2)
—3Ax—p, Y F Ix—p (3T on 2) (3)
—Ix—p Y (Contr on 1 and 3)  (4)
—Ix—p F Vxe (VIon4) (5)

O

The following definition and results following in precisely the same way as they did for propositional logic
(because we still include all of the old proof rules).

Definition 6.1.11. T' ¢s inconsistent if there exists 8 € Formg such that '+ 6 and I' - —=0. Otherwise, we
say that I' is consistent.

Proposition 6.1.12. Let I'y C Form, and I's C Form, be such that I'y CT's. If p € Formy is such that
'y o, then Ty F .

Proof. See the proof of Proposition 3.4.8. O

Proposition 6.1.13. Suppose that S € Form}. and ¢ € Formg are such that S & . IfT is any permutation
of S, then T+ .

Proof. See the proof of Proposition 3.4.9. O
Proposition 6.1.14. If T" is inconsistent, then I' - ¢ for all ¢ € Form,.
Proof. See the proof of Proposition 3.4.10. O
Proposition 6.1.15. Let I' C Form, and let p € Form,.

1. If T U{p} is inconsistent, then I' F —p.

2. If T U {—p} is inconsistent, then T+ .

Proof. See the proof of Proposition 3.4.11. O
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Corollary 6.1.16. If T' C Formg is consistent and ¢ € Formg, then either T' U {¢} is consistent or

T'U{—p} is consistent.
Proof. See the proof of Corollary 3.4.12.
Proposition 6.1.17. Let I' C Form, and let p € Form,.
1. IfTE o and TU{p} F 1, then T F 4.
2. IfTFp and ' o — 9, then T' - 4.
Proof. See the proof of Proposition 3.4.13.
Proposition 6.1.18. I' F ¢ if and only if there is a finite I'g C T" such that Ty - .
Proof. See the proof of Proposition 3.4.14.
Corollary 6.1.19. If every finite subset of T' is consistent, then I' is consistent.
Proof. See the proof of Corollary 3.4.15.
Theorem 6.1.20 (Soundness Theorem).
1. If TF @, then T F o.
2. Every satisfiable set of formulas is consistent.

Proof.

O

1. As in the proof of the Soundness Theorem for propositional logic, we prove the following fact: If
S € Form} and ¢ € Formg are such that St ¢, then S F ¢. To see why this suffices, suppose that
I' = ¢. By definition, we can then fix S € I'* with S F . From here we can conclude that S F ¢.

Since every element of S is an element of T, it follows that ' F .

We now prove the statement “Whenever S F ¢, we have S F ¢” by induction. In other words, if G is

the set generated by starting with Assume, U EqRefl: and using our proof rules, and we let

X ={(S,9) € G: SE ¢},

then we show by induction on G that X = G. We begin by noting that if ¢ appears in the sequence
S, then we trivially have S F ¢ by definition. Therefore, (S,¢) € X for all (S, ¢) € Assumes. Also,
for any S € Form}. and any t € Term,, we have S F t = ¢ because for any any model (M, s) of S
we trivially have 5(t) = 5(t), hence (M, s) E ¢t = t. Therefore, (S,t =t) € X for all § € Form} and

teTermpg.

We now handle the inductive steps. All of the old rules go through in a similar manner as before.

o We first handle the = Sub rule. Suppose that S F !, that S Ft = u, and that ValidSubstt(p) =
1 = ValidSubsty(p). We need to show that S F ¢¥. Let (M,s) be an arbitrary model of S.
Since S F ¢!, we have that (M, s) F ¢!. Also, since S F t = u, we have that (M, s) F t = u, and

hence 5(t) = s(u). Since

(M, 5) F ¢
we can use Theorem 4.6.7 together with the fact that ValidSubst() =1 to conclude that

(M, s[x = 3(t)]) E .
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Since 5(t) = s(u), it follows that
(M, s[x = 3(u)]) E ¢.
Finally, we can use Theorem 4.6.7 together with the fact that ValidSubst¥(¢) = 1 to conclude
that
(M, 5) E @y
Since (M, s) was an arbitrary model of S, it follows that S F Y.

o We now handle the 37 rule. Suppose that S F ! where ValidSubstl(p) = 1. We need to show
that S F 3xp. Let (M, s) be an arbitrary model of S. Since S E ¢, it follows that (M, s) E ¢k.
Using Theorem 4.6.7 together with the fact that ValidSubstt(p) = 1, we have

(M, s|x=35(¢)]) E .
Therefore, there exists a € M such that
(M, s[x = al) F o,
from which we conclude that
(M, s) E Ixep.
Since (M, s) was an arbitrary model of S, it follows that S F Ixp.

o Let’s next attack the 3P rule. Suppose that S, Y F ¢, that y ¢ FreeVar(S,3Ixp, 1), and that
ValidSubsty(¢) = 1. We need to show that S,3Ixp F 1. Let (M, s) be an arbitrary model of
S, Ixp. Since (M, s) F Ixp, we may fix a € M such that (M, s[x = a]) E ¢. We first divide into
two cases to show that (M, sly = a]) F ¢Y.

— Case 1: Suppose that y = x. We then have ¢ = ¢} = ¢ and s[x = a] = sly = a], hence
(M, sly = al]) E ¢¥ because (M, s[x = a]) E ¢.

— Case 2: Suppose that y # x. We know that (M, s[x = a]) F ¢, so since y # x and y ¢
FreeVar(p), we can conclude that

(M, (sly = a)[x = al) F .
From here, it follows that
M, (sly = a)[x = sly = al(y)]) F ¢,
so using Theorem 4.6.7 together with the fact that ValidSubst)(p) = 1, we conclude that
(M, sly = a]) F ¢}

Thus, (M, sly = a]) F ¢ in either case. Now since (M, s) E v forally € S andy ¢ FreeVar(S),
we have (M, sly = a]) E v for all ¥ € S. Since we are assuming that S, ¢} F 1, and we know that
(M, sly = a]) Eyforall v € S, and that (M, sy = a]) F ¢¥, we conclude that (M, sly = a]) F 1.
Finally, since y ¢ FreeVar(v), it follows that (M, s) F 1.

o We next do the VE rule. Suppose that S F Vxp and that ¢t € Term/ is such that ValidSubstL(p) =
1. We need to show that S F L. Let (M, s) be an arbitrary model of S. Since S F Vi, it follows
that that (M, s) F Vze. By definition, we conclude that (M, s[x = a]) F ¢ for all « € M. Now
5(t) € M, so in particular we have that

(M, slx=5@)]) F o
Using Theorem 4.6.7) together with the fact that ValidSubstt(p) = 1, it follows that
(M, 5) F g
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o We finally end with the VI rule. Suppose that S E ¢Y, that y ¢ FreeVar(S,Vxp), and that
ValidSubsty(p) = 1. We need to show that S E Vxp. Let (M, s) be an arbitrary model of S. We
handle two cases.

— Case 1: Suppose that y = x. Since y = x, we have ¢} = ¢% = ¢. Let a € M be arbitrary. Since
(M, s) is a model of S, we know that (M, s) E v for all v € S. Now we are assuming that
x =y & FreeVar(S), so we may conclude that (M, s[x = a]) F ~ for all ¥ € S. Since we are
also assuming that S F ¢Y, it follows that (M, s[x = a]) E ¥, and hence (M, s[x = a]) E ¢
(because @Y = ¢ in this case). Now a € M was arbitrary, so (M, s[x = a]) F ¢ for every
a € M. Therefore, by definition, we have (M, s) F Vxep.

— Case 2: Suppose that y # x. Let a € M be arbitrary. Since (M, s) is a model of S, we know
that (M, s) E « for all ¥ € S. Now we are assuming that y ¢ FreeVar(S), so we may conclude
that (M, sly = a]) E v for all v € S. Since we are also assuming that S E ¢Y, it follows that
(M, sly = a]) E Y. Using Theorem 4.6.7 together with the fact ValidSubsti(p) = 1, we
have

(M, (sly = a])[x = sly = a](y)]) F ¢,

and hence
(M, (sly = a])[x = a]) F ¢.

Since we are assuming that y ¢ FreeVar(p) and y # x, it follows that
(M, s|x = a]) E ¢.
Now a € M was arbitrary, so (M, s[x = a]) F ¢ for every a € M, hence (M, s) E Vxp.
The result follows by induction.

2. Let T be an arbitrary satisfiable set of formulas. Fix a model (M, s) of T'. Suppose that I is inconsistent,
and fix 8 € Form, such that T'+ 6 and T' - —0. We then have I' E § and T E =0 by part (1), hence
(M, s) E 0 and (M, s) FE =0, a contradiction. It follows that I" is consistent.

O

6.2 Completeness

Let’s recall the outline of our proof of the Completeness Theorem for propositional logic. We wanted to
show that every consistent set was satisfiable. Suppose then that we had an arbitrary consistent set I'. Since
T" could consist of many very complex formulas, and perhaps no simple formulas, it seemed hard to define
an appropriate truth assignment. Thus, our first step was to enlarge I' to a consistent and complete set A.
In particular, we then had that property that for every A € P, either A € A or -A € A. With this start,
we were able to define an appropriate truth assignment M, and then continue to use the fact that A was
complete to verify that vas(6) =1 for all § € A.

Suppose now that we are in the first-order logic setting. Thus, we have a language £ and aset I' C Form,
that is consistent. We will take our cue from propositional logic, and first expand the set appropriately. Here
is the definition.

Definition 6.2.1. Suppose that L is a language and that A C Formg. We say that A is complete if for all
p € Formg, either ¢ € A or —p € A.

Notice that this definition resembles the definition of a complete theory, but differs in the fact that
we are assuming that either ¢ € A or —p € A for each formula ¢ (which is more general than for each
sentence). Let’s assume that we can indeed expand every consistent set I' to a set A that is both consistent
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and complete (the proof is completely analogous to the proof in the propositional logic case). In order to
show that I' is satisfiable, it suffices to show that A is satisfiable. Thus, we need to construct an L-structure
M and a variable assignment s: Var — M such that (M, s) E 6 for all § € A. Now all that we have is the
syntactic information that A provides, so it seems that the only way to proceed is to define our M from
these syntactic objects. Since terms intuitively name elements, it is natural to try to define the universe M
to simply be T'erm. We would then define the structure as follows:

1. M=cforallceC.
2. RM = {(t1,ta,...,tx) € M¥ : Rtyty ...t € A} for all R € Ry.
3. FM(ty,ta, ... ty) = ftity-- -ty for all f € Fy, and all t1,t,...,t, € M.

Finally, it seems reasonable to define s: Var — M to be the variable assignment s(x) = x for all x € Var.

Despite the promise and elegance of this approach, there is one minor problem and one major problem
that we must address. First, let’s think about the minor problem. Suppose that £ = {f,e} is the basic group
theory language, and that I' is the set of group axioms. Suppose that A D T' is consistent and complete.
We then have fee = e € A because I' |- fee = e. However, the two terms fee and e are syntactically different
objects. In other words, if we follow the above idea by letting M = Term,, we would run into a problem
because fee and e are distinct, despite the fact that A says that they must be equal. Of course, when we
have distinct objects that we want to make equal, we should define an equivalence relation. The natural
relation here is to define ~ on Term, by letting ¢ ~ u mean that t = u € A. We would then need to check
that ~ is an equivalence relation and that the definition of the structure above is independent of our choice
of representatives for the classes. This is all fairly straightforward, and we will carry the details below.

On to the more serious obstacle. Suppose that £ = {P} where P is a unary relation symbol. Let
I={-Px:xeVarfU{-(x=y):x,y € Var with x # y} U {3xPx} and notice that T" is consistent because
it is satisfiable (let M = N, let s: Var — N be s(x;) = k + 1, and let PM = {0}). Suppose that A D T' is
consistent and complete. In the structure M described above, we have M = Term,; = Var (notice that the
equivalence relation defined above will be trivial in this case). Thus, since (M, s) E =Px for all x € Var, it
follows that (M, s) E IxPx. Hence, M is not a model of A.

The problem in the above example is that there was an existential statement in A, but whenever we
plugged a term in for the quantified variable, the resulting formula was not in A. Since we are building our
structure directly from the terms, this is a serious problem. However, if A had the following property, then
this problem would not arise.

Definition 6.2.2. Let L be a language and let T' C Formy,. We say that I' contains witnesses if for all
p € Formg and all x € Var, there exists c € C such that (Ixp) — ¢S € T.

Our goal then is to show that if T" is consistent, then there exists a A D I' which is consistent, complete,
and contains witnesses. On the face of it, this is not true, as the above example shows (because there are no
constant symbols). However, if we allow ourselves to expand our language with new constant symbols, we
can repeatedly add witnessing statements by using these fresh constant symbols as our witnesses. The key
question we need to consider is the following. Suppose that £ is a language and I' C Form, is consistent.
If we expand the language L to a language £’ obtained by adding a new constant symbol, is the set T" still
consistent when viewed as a set of £’ formulas? It might seem absolutely harmless to add a new constant
symbol about which we say nothing (and it’s not hard very hard to see that it is semantically harmless),
but we are introducing new deductions in £. We need a way to convert a possibly bad £’-deduction into a
similarly bad £-deduction to argue that I' is still consistent as a set of £'-formulas.

We can also define substitution of variables for constants in the obvious recursive fashion.

Definition 6.2.3. Letz € Var and let c € C be a constant symbol. We define a function Substz: Term, —
Termg, where we use tZ to denote Substi(t), as follows:
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1. dZ:{z ifd=c

d  otherwise

for alld € C.
2. xZ=x for allx € Var.
3. (ftyta.. . tg)2 =f(t1)2(t2)% - (tr)Z for all f € Fy, and all ty,ta, ..., t, € Termy.
We now extend our function to Substi: Formg — Formg, again denoted ¢Z%, as follows:
1. (Rugug -+ - ug)Z = R(uq)Z(u2)z - - - (ug)? for all R € Ry, and all uy,us, ..., ux € Termg.
2. We define (= uiug)Z to be = (u1)2(u2)Z for all uy,us € Termy.
3. (mp)2 = —(2) for all p € Formg.
4. (Cp)z = Op2yY? for all v, € Formg and all O € {\,V,—}.
5. (Qxp)e = Qx(7)-

Lemma 6.2.4. Let p € Formg, lett € Termg, letc € C, and let x,z € Var. Suppose thatz ¢ OccurVar(yp).
We have the following:

z

L (42 equals (92)x
2. If ValidSubstt(p) =1, then ValidSubstf;(gaz) =1

Proof. A straightforward induction. O

Lemma 6.2.5. Let L be a language, and let L be L together with a new constant symbol c. Suppose that

So e @o
S ke 1
Sa i o

Sn }_E’ Pn

is an L'-deduction. For any z € Var with z ¢ |J;_, OccurVar(S;, ¢;), we have that

is an L-deduction.
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Proof. We prove by induction on 4 that

(Si)e Fr (i)
is an L-deduction.

If ¢ € S, then ¢Z € SZ.

Suppose that line i is S - ¢ = ¢ where t € T'ermys. Since (¢t = t)Z equals tZ = ¢Z, we can place S? - Z = tZ
on line 7 by the = Refl rule.

Suppose that S 2/ @AY was a previous line and we inferred S ./ . Inductively, we have SZ 2 (¢ A 9)2
on the corresponding line. Since (¢ A1) = pZ A%, we may use the AEL rule to put S? k. ¢? on the
corresponding line. The other propositional rules are similarly uninteresting.

Suppose that S ks ol and S b,/ t = u were previous lines, that ValidSubstt(p) = 1 = ValidSubst(yp),
and we inferred S 2/ p¥. Inductively, we have SZ b, (pl)Z and S? b, (t = u)Z on the corresponding lines.
Now (L) equals (gpi)f} by the previous lemma, and (¢t = u)Z equals t2 = uZ. Thus, we have S% k. (gpﬁ)ié
and S? -, 2 = uZ on the corresponding lines. Using the fact that ValidSubstl(p) = 1 = ValidSubst?(p),

we can use the previous lemma to conclude that that ValidSubsth(goﬁ) = 1 = ValidSubst,*(¢Z). Hence, we
v z
X

may use that = Sub rule to put S? -2 (¢Z)x¢ on the corresponding line. We now need only note that (¢?)x®

equals (p¥)Z by the previous lemma.
Suppose that S bz ¢! where ValidSubstl(p) = 1 was a previous line and we inferred S kg Ixep.

Inductively, we have SZ . (%)Z on the corresponding line. Now (¢%)2 equals (goi)f; and ValidSubstf;(cpé) =1
by the previous lemma. Hence, we may use the 37 rule to put S? -z 3Ix(¢?) on the corresponding line. We
now need only note that Ix(¢?) equals (Ixp)Z2.

The other rules are similar. O
Corollary 6.2.6. Let L be a language, let ' C Formg, and let p € Form.

1. Let L' be L together with a new constant symbol. If T b, o, then T . .

2. Let L' be L together with finitely many new constant symbols. If T Fpr p, then T F, .

3. Let L' be L together with (perhaps infinitely many) new constant symbols. IfT'Frr @, then T b1 .
Proof.

1. Since I' b4/ ¢, we may fix an £’-deduction

So Frr o

Si ko1
Sa a2

Sn l_ﬁ’ ©n
such that each S; C Form},, and where S, € I'* and ¢, = ¢. Fix y € Var such that

y ¢ U OccurVar(S;, p;).

=0
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From Lemma 6.2.5, we have that

(S0)¢ bz (po)i
(S1)E ke ()l
(S2)t bz (w2)]

(Sn)e e (n):

is an L-deduction. Since S,, € I'" C Form}. and ¢ € Formy, it follows that (S,)¥ = S, and (¢n)! = ¢.
Thus, S, Fz p and so I' k¢ ¢.

2. This is proved by induction on the number of new constant symbols, using part (1) for both the base
case and the inductive step.

3. Since I' Fz/ ¢, we may fix an £'-deduction

So Fzr o
S1 ko1
Sa a2

Sn |_L',’ Pn

such that each S; C Form},, and where S,, € I'* and ¢, = ¢. Let {co,c1,...,¢n} be all of the
constant symbols appearing in some S; or ¢;, and let Lo = LU {cp,¢1,...,Cmn}. We then have that

So Fro ¥o
S1 Fro o1
So g, 2

Sn l_ﬁo Pn
is an Ly-deduction, so I" ¢, ¢. Therefore, I' k. ¢ by part (2).

O

Corollary 6.2.7. Let L be a language and let L' be L together with (perhaps infinitely many) new constant
symbols. Let T' C Formy. T is L-consistent if and only if T is L'-consistent.

Proof. Since any L-deduction is also a £'-deduction, if T" is £-inconsistent then it is trivially £’-inconsistent.
Suppose that T' is £'-inconsistent. We then have that T' .. ¢ for all ¢ € Form, by Proposition 6.1.14,
hence I' k-, ¢ for all ¢ € Form, by Corollary 6.2.6. Therefore, I' is L-inconsistent. O

Corollary 6.2.8 (Generalization on Constants). Let £ be a language, and let L' be L together with a new
constant symbol c. Suppose that I' C Formp and ¢ € Forme. IfU'tp oS, then T' 2 Vxp.
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Proof. Since T' b2/ ¢S, we may fix an £'-deduction

So Fzr o
Si e 1
So bz a2

Sn }_ll’ ®n
such that each S; C Form7,, and that S, € I'" and ¢, = ¢§. Fix y € Var such that

y ¢ U OccurVar(S;, p;).
i=0

From Lemma 6.2.5, we have that
(So) Fr (o)l

(512 Fe (pr)e
(S2) e (2)]

(Sn)l b (en)l

is an L-deduction. Since S,, € I'* C Form}, we have (5,)) = S,. Now (pn)f = (¢5)Y = ¢%. We therefore
have S, Fr @Y. We may then use the VI rule to conclude that S,, -z Vxp. Since S, € I'*, it follows that
T'Fz Vxep. O

Lemma 6.2.9. For all ¢,v € Formg, we have =(p — ) F o A ).
Proof. Let p,1 € Form, be arbitrary. Consider the following deduction:

(e =), g, 0, Wk (Assumeg) (1)
(e = ¥), 2, 0, e (Assumer)  (2)
(=), 0 (Contr on 1 and 2)  (3)

(e =), =9 (=Ion3) (4)

(e =), ok (e =) (Assumer)  (5)

(= Y) e (Contr on 4 and 5)  (6)

(e =), ~, 0, p =) (Assumes) (1)
—(p =), 7, 0, = = (Assumes)  (8)
(¢ = ¥), ot (Contr on 7 and 8)  (9)
(=), o= (= 1Ion9) (10)

(e =), m Wk =(p =) (Assumes)  (11)

=(p = Y)F - (Contr on 10 and 11)  (12)

(e =) Fp Ay (AL on 6and 12)  (13)

O

Lemma 6.2.10. Let £ be a language, and let L' be L together with a new constant symbolc. LetT' C Formg
and let ¢ € Formg. If T is L-consistent, then T'U {(Ixp) — ¢S} is L -consistent.
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Proof. We prove the contrapositive. Suppose then that T'U{(3x¢) — ¢S} is L'-inconsistent. By Proposition
6.1.15, we then have that
Iz =((Exp) = ¢5).
From Lemma 6.2.9, we have
~(Gzp) = ¢3) b Gp) A =(95),
and hence
FU{=((Fzp) = ¢5)} o (Fze) A=(eh)
Using Proposition 6.1.17, we conclude that

Lhe (3ze) A=(eg)-

Using the AEL rule, we conclude that I" k2 Ixgp. Since Ix¢ ko =Vx—¢ by Proposition 6.1.9, we can again
use Proposition 6.1.17 to conclude that I' -z =Vx—p. Since I' C Form, and —Vx—p € Form,, Corollary
6.2.6 allows us to conclude that

' Fp =Vx—g.
Using the AER rule instead, together with the fact that =(¢g) equals (—p)S, we also have I' 2/ (—¢)S, so
T'Fg Vx—p
by Generalization on Constants. Therefore, I' is L-inconsistent. O

Lemma 6.2.11. Let £ be a language and let T' C Formy be L-consistent. There exists a language L' D L,
obtained from L by only adding constant symbols, and IV C Form,: with the following properties:

1.TCr.
2. T is L'-consistent.
3. For all ¢ € Formyg and all x € Var, there exists ¢ € C such that (Ixp) — ¢S € IV,

Proof. For each ¢ € Form, and each x € Var, let c, x be a new constant symbol (distinct from all symbols
in £). Let L' = LU{cyx: ¢ € Formg and x € Var}. Let

" =T U{(3xp) = ¢x*" : ¢ € Form and x € Var}.

Conditions 1 and 3 are clear, so we need only check that I is £'-consistent. By Corollary 6.1.19, it suffices
to check that all finite subsets of IV are £’-consistent, and for this it suffices to show that

T U{(3x11) = (1), (Fxawa) = (92)527 o, (Fxan) = (90"}

is L’-consistent whenever ¢1, o, ..., 0, € Form, and x1,Xg,...,%, € Var. Formally, one can prove this by
induction on n. A slightly informal argument is as as follows. Let 1, @, ..., 0, € Formg and x1,%a,...,%X, €
Var be arbitrary. Since I' is L-consistent, we can apply Lemma 6.2.10 to conclude that

LU{(Bxap1) = (p1)x}
is (L U {cy, x })-consistent. Applying Lemma 6.2.10, we conclude that
PU{(3xap1) = (1) (Bxa2) = (p2)u*™
is (LU {Ccp; x1»Cprx})- By repeated applications of Lemma 6.2.10, we eventually conclude that
PU{Bxap1) = (p1)e™ (Bxap2) = (922, (Bxagn) = (pn)™™}
is (L U{Cpyx1»Cprxos - - - s Con o + )-COnsistent. Therefore,

P U{(Fxapr) = (p1)e™, (Frawz) = (92)x, -, (Fxan) = (0n)™}
is L'-consistent by Corollary 6.2.7, which completes the proof by the above comments. O
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Proposition 6.2.12. Let L be a language and let T' C Form, be consistent. There exists a language L' D L,
obtained from L by only adding constant symbols, and IV C Formg: with the following properties:

1. T CI.
2. TV is L'-consistent.
3. TV contains witnesses.

Proof. Let Ly = L and ') = I'. For each n € N, use Lemma 6.2.11 to obtain £, 41 and ', 7 from £,, and
Iy Now let L' =,y £ and set IV = | J,,cy I'n. We then clearly have properties (1) and (3), and property
(2) follows from Corollary 6.1.19 and Corollary 6.2.7. O

Proposition 6.2.13. If I' is consistent, then there exists a set A D I" which is consistent and complete.

Proof. Exactly the same proof as the propositional logic case, using Zorn’s Lemma in the uncountable case
(see Proposition 3.5.4 and Proposition 3.5.7). O

Proposition 6.2.14. Let £ be a language. If ' C L is consistent, then there a language L D L, obtained
from L by only adding constant symbols, and A C Form,: with the following properties:

e "CA.

e A is consistent.

e A is complete.

e A contains witnesses.

Proof. First apply Proposition 6.2.12 to obtain £’ and I, and then apply Proposition 6.2.13 to obtain A
from I O

Lemma 6.2.15. Suppose that A is consistent and complete. If AF ¢, then p € A.

Proof. Suppose that A - ¢. Since A is complete, we have that either ¢ € A or = € A. Now if —p € A,
then we would would trivially have A F = (in addition to our assumed A F ), contradicting the fact that
A is consistent. It follows that ¢ € A. O

Lemma 6.2.16. Suppose that A is consistent, complete, and contains witnesses. For every t € Termg,
there exists c € C such thatt = c € A.

Proof. Let t € Term,. Fix x € Var such that x ¢ OccurVar(t). Since A contains witnesses, we may fix
c € C such that (Ix(t = x)) — (t = c) € A (using the formula ¢t = x). Now A F (¢t = x){, so we may use the

X

37 rule (because ValidSubstl(t = x) = 1) to conclude that A F 3x(¢ = x). Since we have both A - Ix(t = x)
and A F (3x(t = x)) — (t = c), we can apply Proposition 6.1.17 to conclude that A ¢ = c. Using Lemma
6.2.15, it follows that that t = c € A. O

Lemma 6.2.17. Suppose that A is consistent, complete, and contains witnesses. We have
1. ~p € A if and only if p ¢ A.
2. o N € Adf and only if o € A and ¢p € A.
3. oV eAifandonly if p € A ori € A.
4. o= e A ifand only if o ¢ A or ¢ € A.
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5. Ixep € A if and only if there exists c € C such that ¢f € A.
6. Vxp € A if and only if ¢S € A for allc € C.

Proof. The proofs of the first four statements are identical to the proofs in the propositional logic case (see
Lemma 3.5.9). We prove the last two.

5. Suppose first that Ixp € A. Since A contains witnesses, we may fix ¢ € C such that (Ixp) = ¢S € A.
We therefore have A F Ixp and A F (Ixp) — ¢S, hence A - ¢S by Proposition 6.1.17. Using Lemma
6.2.15, we conclude that ¢$ € A.

Conversely, suppose that there exists ¢ € C such that ¢S € A. We then have A F ¢S, hence A F Ixe
using the 37 rule (notice that ValidSubstS(p) = 1). Using Lemma 6.2.15, we conclude that Ixp € A.

6. Suppose first that Vxp € A. We then have A F Vxp, hence A F ¢S for all ¢ € C using the VE rule
(notice that ValidSubsti(p) = 1 for all ¢ € C). Using Lemma 6.2.15, we conclude that ¢S € A for all
cecC.

Conversely, suppose that ¢$ € A for all ¢ € C. Since A is consistent, this implies that there does not
exist ¢ € C with =(p%) = (=p)S € A. Therefore, Ix—p ¢ A by part 5, so ~Ix—¢p € A by part (1). It
follows from Proposition 6.1.10 that A - Vx¢. Using Lemma 6.2.15, we conclude that Vxp € A.

O

Proposition 6.2.18. If A is consistent, complete, and contains witnesses, then A is satisfiable.

Proof. Suppose that A is consistent, complete, and contains witnesses. Define a relation ~ on Term, by
letting t ~ u if t = u € A. We first check that ~ is an equivalence relation. Reflexivity follows from the
= Refl rule and Lemma 6.2.15. Symmetry and transitivity follow from Proposition 6.1.5 and Proposition
6.1.6, together with Lemma 6.2.15.

We now define our L-structure M. We first let M = Term,/ ~ be the set of all equivalence classes
of our equivalence relation. For each ¢ € Termg, we let [t] denote the equivalence class of ¢. Notice that
M = {[c] : c € C} by Lemma 6.2.16. We now finish our description of the L-structure M by saying how to
interpret the constant, relation, and function symbols. We define the following:

1. M=|c] forall c € C.
2. RM = {([tl], [tg], ey [tk]) € M*F . Rtity -t € A} for all R € Ry.
3. fM([tl}, [t2]7 ey [tk]) = [ftltg .. 'fk] for all f € Fp.

Notice that our definitions of R™ do not depend on our choice of representatives for the equivalence classes
by Proposition 6.1.7. Similarly, our definitions of f* do not depend on our choice of representatives for the
equivalences classes by Proposition 6.1.8. Finally, define s: Var — M by letting s(x) = [x] for all x € Var.

We first show that 5(t) = [t] for all t € Term, by induction. We have 3(c) = ¢c™ = [c] for all ¢ € C and
3(x) = s(x) = [x] for all x € Viar. Suppose that f € Fj, and t1,to,...,t; € Term, are such that 5(¢;) = [t;]
for all 2. We then have

S(ftaty - - ty) = F(s(t),5(ta), -, 5(t))
= M), [ta], - - [th]) (by induction)
= [ftth o tk]

Therefore, 5(t) = [t] for all ¢ € Term,.
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We now show that by induction that for all ¢ € Form,, we have ¢ € A if and only if (M, s) E ¢. We
first prove the result for ¢ € AtomicForm,. Given arbitrary R € Ry and t1,ts,...,tx € Term,, we have

Rtity---tp € A < ([ta], [ta], ..., [tx]) € RM
& (3(t1),5(t2), ..., 5(t)) € RM
= (M,S) E Rttty - - - ty.

Given arbitrary t1,ty € Termy,, we have

If the statement is true for ¢, then

weASpd A (by Lemma 6.2.17)
& (M, s)Hp (by induction)
& (M, s) E .

Similarly, if the statement is true for ¢ and ¥, then

pANYpeEAS peAandyp € A (by Lemma 6.2.17)
< (M, s)Epand (M,s) Ey (by induction)
& M, s)Ep Ny

and
pVyeAspeAorp e A (by Lemma 6.2.17)
< (M,s)Epor (M,s)E (by induction)
& M) FoVe
and finally
poYpeEAsSpedAorypeA (by Lemma 6.2.17)
& (M, s)Hpor (M,s)E (by induction)

& (M,s)Ep— .
If the statement is true for ¢ and x € Var is arbitrary, then

Ixp € A < There exists ¢ € C such that ¢ € A (by Lemma 6.2.17)
< There exists ¢ € C such that (M, s) F ¢} (by induction)
< There exists ¢ € C such that (M, s[x = 3(c)]) E ¢ (by the Substitution Theorem)
< There exists ¢ € C such that (M, s[x = [c]]) F ¢
< There exists a € M such that (M, s[x = a]) F ¢ (since M ={[c] : c € C})
& (M, s) F Ixp
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and also
Vap € A & For all c € C, we have o € A (by Lemma 6.2.17)
< For all c € C, we have (M, s) F ¢5 (by induction)
< For all c € C, we have (M, s[x = 35(c)]) F ¢ (by the Substitution Theorem)
< For all ¢ € C, we have (M, s[x = [c]])
< For all a € M, we have (M, s[x = a]) E ¢ (since M = {[c] : c € C})
& (M, s) E Vxep.

Therefore, by induction, we have ¢ € A if and only if (M, s) F ¢. In particular, we have (M, s) F ¢ for all
@ € A, hence A is satisfiable. O

Theorem 6.2.19 (Completeness Theorem). Let L be a language.
1. Every consistent set of formulas is satisfiable.
2. IfT'E o, then ' - .

Proof.

1. Suppose that I" is consistent. By Proposition 6.2.14, we may fix a language £ O £ and A C Formy;
such that A D I' is consistent, complete, and contains witnesses. Now A is satisfiable by Proposition
6.2.18, so we may fix an £'-structure M’ together with s: Var — M’ such that (M’,s) E ¢ for all
¢ € A. We then have (M’ s) E v for all v € T'. Letting M be the restriction of M’ to £, we then
have (M, s) E v for all v € T. Therefore, T" is satisfiable.

2. Suppose that T' £ ¢. We then have that T' U {—p} is unsatisfiable, hence T" U {—¢} is inconsistent by
part 1. It follows from Proposition 6.1.15 that I' I ¢.

O

We now give another proof of the Countable Lowenheim-Skolem Theorem which does not go through the
concept of elementary substructures.

Corollary 6.2.20 (Countable Lowenheim-Skolem Theorem). Suppose that L is countable and T C Form
is consistent. There exists a countable model of T'.

Proof. Notice that if £ is consistent, then the £’ formed in Lemma 6.2.11 is countable because Form, x Var
is countable. Thus, each £, in the proof of Proposition 6.2.12 is countable, so the £’ formed in Proposition
6.2.12 is countable. It follows that T'erm,: is countable, and since the £’-structure M we construct in the
proof of Proposition 6.2.18 is formed by taking the quotient from an equivalence relation on the countable
set T'erm ., we can conclude that M is countable. Therefore, the L-structure which is the restriction of M
to L from the proof of the Completeness Theorem is countable. O

6.3 Compactness and Applications

Now that we have completed proofs of the Soundness and Completeness Theorems, we immediately obtain
the following result, which is one of the primary tools in logic.

Corollary 6.3.1 (Compactness Theorem). Let L be a language.

1. If T'E ¢, then there exists a finite 'y C T' such that 'y F ¢.
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2. If every finite subset of T' is satisfiable, then I is satisfiable.
Proof.

1. Suppose that I' F ¢. By the Completeness Theorem, we have I" - ¢. Using Proposition 6.1.18, we may
fix a finite Iy C IT" such that I'g - ¢. By the Soundness Theorem, we have 'y F ¢.

2. If every finite subset of I" is satisfiable, then every finite subset of I' is consistent by the Soundness
Theorem, hence I' is consistent by Corollary 6.1.19, and so I is satisfiable by the Soundness Theorem.

O

For our first application of Compactness, we prove another result expressing the fact that first-order logic
is not powerful enough to distinguish certain aspects of cardinality. We already have the Lowenheim-Skolem
Theorem saying that any satisfiable set has a countable model (assuming that £ is countable), and hence
first-order logic does not have the expressive power to force all models to be uncountable. In this case, our
distinction is between large finite numbers and the infinite.

Proposition 6.3.2. Let L be a language. Suppose that I' C Formy is such that for alln € N, there exists a
model (M, s) of I such that |M| > n. We then that there exists a model (M, s) of T such that M is infinite.

We give two proofs.

Proof 1. For each n € N with n > 2, let o,, be the sentence

IxyIxg ... Ixy, /\ (% =%5) |,

1<i<j<n

and let
I'=TU{o,:n>2}.

We claim that every finite subset of I is satisfiable. Let I'yy C I be an arbitrary finite subset of I'. We can
then fix V € N such that
I, Ccru{o,:2<n<N}.

By assumption, we may fix a model (M, s) of " such that |M| > N. Since |[M| > N, we have that (M, s) E o,

whenever 2 <n < N, and hence (M, s) is a model of I'j. Therefore, every finite subset of I' is satisfiable.
By the Compactness Theorem, it follows that IV is satisfiable. Fix a model (M’,s) of I'. We then have

that (M, s) is a model of T and that M’ is infinite (because it is a model of o, for all n > 2). O

Our second proof changes the language in order to force many distinct elements.
Proof 2. Let L = L U {cy, : k € N} where the cj are new distinct constant symbols, and let
I"M=TU{~(ck =cp) : k,l € Nand k # (}.

We claim that every finite subset of I is satisfiable. Let I'yy C I be an arbitrary finite subset of I'. We can
then fix NV € N such that
Iy CTU{~(ck =c¢): kL <N and k # ¢}.

By assumption, we may fix a model (M, s) of I such that |M]| > N. Let M’ be the £’ structure M together
with interpreting the constants cg,cy,...,cy as distinct elements of M, and interpreting each ¢; for i > N
arbitrarily. We then have that (M, s) is a model of I". Therefore, every finite subset of I' is satisfiable.
By the Compactness Theorem, it follows that I is satisfiable. Fix a model (M, s) of V. If we let M be
the restriction of M’ to £, then (M, s) is a model of I which is infinite. O
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As a simple application, we can show that many natural classes of finite structures are not elementary
classes. Recall that if ¥ C Sent., then we let Mod(X) be the class of all L-structures M such that M E o
for all o € 3. Also recall that we say that a class K of L-structures is an elementary class if there exists
3 C Sent, such that K = Mod(X). Furthermore, K is a strong elementary class if we can choose a finite
such X, which is equivalent to saying that we can choose ¥ to consist of just one sentence (by taking the
conjunction of the finitely many sentences).

Corollary 6.3.3. The class KC of all finite groups is not an elementary class, in either the restricted group
theory language L = {e,x}, or the full group theory language £ = {e,x, —1}.

Proof. Let ¥ C Sent, be arbitrary such that £ C Mod(X). We show that there is an element of Mod(X)
that is not in . Using the trivial fact that there are arbitrarily large finite groups, we know that there for
every n € N, there exists a element of U with at least n elements. Therefore, for every n € N, there is a
model of ¥ with at least n elements. By Proposition 6.3.2, we conclude that there is an infinite model M of
3. We then have that M is an element of Mod(X) that is not a model of K. O

In fact, we can greatly extend Proposition 6.3.2 to much larger structures. In this case, it is essential
to follow the second proof and add lots of symbols to the language (because if £ is countable, then every
satisfiable set of formulas over £ has a countable model by Lowenheim-Skolem).

Proposition 6.3.4. Let £ be a language. Suppose that I' C Formy is such that there exists a model (M, s)
of T' with M infinite. We then have that there exists a model (M, s) of T' such that M is uncountable.

Proof. Let L' = LU {c, : a € R} where the ¢, are new distinct constant symbols, and let
I"=TU{~(c, =¢p):a,beRand a # b}.

We claim that every finite subset of I' is satisfiable. Let I'jy C I be an arbitrary finite subset of I'V. We can
then fix a finite Z C R such that
Iy CTU{=(ca=cp):a,be Z}.

By assumption, we may fix a model (M, s) of I" such that M is infinite. Let M’ be the £’ structure M
together with interpreting the constants c, for a € Z as distinct elements of M, and interpreting each c; for
b ¢ Z arbitrarily. We then have that (M’,s) is a model of I'V. Hence, every finite subset of I" is satisfiable.

By the Compactness Theorem, it follows that I is satisfiable. Fix a model (M, s) of IV, If we let M be
the restriction of M’ to L, then (M, s) is a model of I' which is uncountable. O

By using the idea of adding a special new constant symbol to our language, we can show that other
natural classes are not elementary classes. As an example, consider the class of all torsion groups, i.e. the
class of groups in which every element has finite order.

Proposition 6.3.5. The class K of all torsion groups is not an elementary class, in either the restricted
group theory language L = {e,*}, or the full group theory language L = {e, *,—1}.

Proof. Let ¥ C Sent, be arbitrary such that K C Mod(X). Let £’ = £ U {c} where c is a new constant
symbol. For each n € Nt let 7, € Sent, be —(c" = e). More formally, for each n € N*, we let 7,, be the
sentence —(c* ¢ * - - - *x ¢ = e), where there are n many c’s. Now let

Y =XU{r:neNt}

We claim that every finite subset of ¥’ has a model. Let X, C ¥’ be an arbitrary finite subset of ¥'. Fix
N € N such that
Yo CXU{m :n< N}
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Notice that if we let M’ be the group Z/NZ and let <M’ = 1, then M’ is a model of ¥j. Thus, every
finite subset of ¥’ has a model, so ¥’ has a model by Compactness. If we restrict this model to £, we
obtain a structure M in Mod(3) which is not in K because it has an element (namely ¢™”) of infinite order.
Therefore, K # Mod(X). O

Proposition 6.3.6. The class K of all equivalence relations in which all equivalence classes are finite is not
an elementary class in the language L = {R}.

Proof. Suppose that ¥ C Sent. is such that £ C Mod(X). Let £’ = LU{c} where c is new constant symbol.
For each n € N, let 7,, € Sent,s be

IxqIxg - - - Ixy, /\ (X: # %X5) A /\ Rex;
i=1

1<i<j<n

and let
Y =Y U{r :n€eN}L

We claim that every finite subset of ¥’ has a model. Let X, C ¥’ be an arbitrary finite subset of ¥'. Fix
N € N such that
S0 CXU{r,:n< N}

Notice that if we let M’ = {0,1,2,..., N}, RM = (M")?, and M’ = 0, then M’ is a model of %{. Thus,
every finite subset of ¥/ has a model, so ¥’ has a model by Compactness. If we restrict this model to £, we
get an element of Mod(X) which is not in IC because it has an infinite equivalence class. O

We can also use the Compactness Theorem to show that certain elementary classes are not strong
elementary classes. The key result behind such arguments is the following proposition, which says that
if we have a strong elementary class I that we have already know is equal to Mod(X) for an infinite set X,
then we can find a finite subset of ¥ itself witnessing the fact that that IC is a strong elementary class.

Proposition 6.3.7. Suppose that K is a strong elementary class, that X C Sent., and that K = Mod(X).
There exists a finite Xo C X such that K = Mod ().

Proof. Since K is a strong elementary class, we may fix 7 € Sent, with K = Mod(7). We then have ¥ F 7
because any model of ¥ is an element of Mod(X) = K = Mod(7), and hence is a model of 7. Therefore, by
Compactness we may fix a finite ¥y C ¥ such that Xy F 7. Now notice that K = Mod(X) C Mod(3,) and
Mod(Xo) C Mod(1) = K, so K = Mod(X). O

Corollary 6.3.8. The class K of all fields of characteristic 0 is an elementary class, but not a strong
elementary class, in the ring theory language £ = {0,1,4,—,-}.

Proof. We already know that IC is an elementary class because if we let o be the conjunction of the fields
axioms and let 7, be 1 +1+ .-+ 1 # 0 (where there are n many 1’s) for each n € NT, then K = Mod(X)
where

Y={o}U{r :neNt}L

Assume then that K is a strong elementary class. By Proposition 6.3.7, we may fix a finite ¥y C X such that
K = Mod(%y). Fix N € N such that
Yo C{otU{m :n <N}

Now if fix a prime p > N (which is possible because there are infinitely many primes) we see that
(Z/pZ,0,1,+,-) is a model of ¥y which is not an element of K. This is a contradiction, so K is not a
strong elementary class. O
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For each prime p, there is a field with p elements, namely the ring Z/pZ. For the remainder of this section,
we use the notation ), to denote this field. Recall that every field F' can be embedded in an algebraically
closed field, and in fact, there is a unique (up to isomorphism) algebraically closed field K extending F' that
is an algebraic extension of F. Such a field K is called an algebraic closure of F'. Since this field is unique
up isomorphism, we denote any particular algebraic closure of F by the notation F.

Theorem 6.3.9. Let £L = {0,1,+,-,—} be the language of rings, and let o € Senty. The following are
equivalent:

1. ACFy E o (which is equivalent to o € ACFy because ACFy is a theory).
2. CEo.

3. There exists m € N such that ACF, E o for all primes p > m.

4. There exists m € N such that F,, F o for all primes p > m.

5. ACF, E o for infinitely many primes p.

6. F, E o for infinitely many primes p.

Proof. Recall from Corollary 5.6.6 that ACF} is complete. We claim that this implies that (1) and (2) are
equivalent. To see this, notice first that if ACFy E o, then C E ¢ because C is a model of ACF,. For the
converse, notice that if ACFy & o, then ACF, F -0 because ACF| is complete, so C F —¢ and hence C I .
Similarly, since each ACF,, is complete by Corollary 5.6.6, and since each F,, is a model of ACF},, we obtain
the equivalence of (3) and (4), along with the equivalence of (5) and (6). Next notice that (3) implies (5)
trivially. To complete the proof, we show that (1) implies (3) and that (5) implies (1).

First, we show that (1) implies (3). Suppose then that ACF, F 0. For each n € Nt let 7, be the
sentence saying that 1 added to itself n times does not equal 0, and let p,, be the sentence saying that every
polynomial of degree n with nonzero leading coefficient has a root (see the beginning of Section 5.6 for the
formal sentences). Finally, let 7 be the conjunction of the field axioms, and let

S={n}U{pp:neNT}U{r, :ne N}

We then have that ACFy = Cn(X), so since ACF E o, it follows that ¥ F 0. By Compactness, we can fix
a finite X9 C X such that ¥y F 7. Fix an N € N such that

Yo C{r}U{pp :neNT}U{r, :n < N}.

Now if p is any prime greater than IV, then any algebraically closed field of characteristic p is a model of X%,
and hence is a model of 7. Therefore, ACF, F o for all p > N.

We finally show that (5) implies (1) by proving the contrapositive. Suppose then that ACFy ¥ o. Since
ACF, is complete, we have that ACFy E —o. Since we have already established that (1) implies (3), we
can fix m € N such that ACF, F —o for all primes p > m. Since each ACF} is satisfiable, it follows that
ACF, i o for all primes p > m. Therefore, the set of primes p such that ACF}, F ¢ is finite. O

Before using this theorem to prove an amazing result, we first summarize several important facts about
finite fields. Recall that every finite field has characteristic equal to some prime p. Furthermore, if F' has
characteristic p, then F' contains a copy of Z/pZ. From here, it follows that a finite field of characteristic p
can be viewed as a vector space of Z/pZ, and hence has p™ many elements for some n (because if we fix a
basis of F' over Z/pZ, then there is a finite number n of elements of the basis, from which we can describe
elements of F' uniquely by picking n coefficients from Z/pZ). Next, if F is a field of characteristic p, and
a,b € F, then (a + b)P = aP + bP for all a,b € F (essentially this comes from the fact that all of the other
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coefficients of binomial expansion is divisible by p, and hence equal 0 in F'). By induction, it follows that
for all a,b € F and n € NT, we have

(a+b)P =a? +07 .
Another important fact is that if F is a finite field with |F| = p™ (and hence of characteristic p), then we
have

" Tl =1

for all nonzero a € F by Lagrange’s Theorem (because F\{0} is a finite group of order p™ — 1 under
multiplication). Therefore, we have
=a
for all a € F, including 0. With all of this in mind, we have the following fact.
Proposition 6.3.10. Let p be prime. Every finitely generated subfield of F,, is finite.

Proof. Let p be an arbitrary prime. For each n € NT, let K,, = {a € Fp e a}, and notice that K, is the
set of roots of zP" — x in F,. Since F,, is algebraically closed, we know that 2" — x splits in F,. Notice that
xP" — x is a separable polynomial because it has formal derivative equal to —1, which is trivially relatively
prime to z?" — z. Therefore, the roots of zP" — z in Fp are distinct, and hence |K,,| = p"™. Furthermore, we
have that each K, is closed under addition and multiplication because if a,b € K,,, then

(a+b)P =a® +" =a+b

from above, and

(ab)?" = a?"b" = ab.
Notice that —1 € K,, because we have (—1)?" = —1 whenever p is odd, and (=1)?" =1 = —1 when p = 2.
Since K, is closed under multiplication, it follows that if a € K, is arbitrary, then —a = (—1) - a € K,,.
Finally, if if a € K is nonzero, then
(a—l)p’ — (ap ’)71 _ ail,

so K, is closed under multiplicative inverses (of nonzero elements). Therefore, K, is a subfield of F, with
p" elements. Moreover, if L is an arbitrary subfield of IF, with p" many elements, then a?" =aforallacL
from above, so L C K, and hence L = K because L and K are finite sets of the same cardinality. In other
words, I, is the unique subfield of I, with p" elements.

Next, we claim that if d | n, then K4 C K,,. To see this, let a € K be arbitrary. We then have a?’ = a,
SO

a,p2vd _ (apd)pd _ apd —u

hence 3-d 2-d d d
a? = (a” P =da’ =a.
By a simple induction, it follows that a?"" = a for all m € N*. Thus, if d | n, then K4 C K,,.

Let K =, ey Kn- We claim that K = F,. We clearly have that K C F,,. To show equality, it suffices
to show that K itself is algebraically closed. Let f(z) € K[z] be an arbitrary nonconstant polynomial, and
write f(2) = apma™ + apm_12™ 1+ - +a12 + ag where each a; € K. Using the fact that K = Unen Kn and
that Kq C K,, whenever d | n, there exists N € NT such that a; € Ky for all ¢ (by taking a least common
multiple). Now f(z) € Kn[x] C F,[z], so since F, is algebraically closed, we know that it has some root
a of f(x). We now have Ky C Kn(a) C E), and that Ky («) is a finite extension of K. Since Ky is a
finite field, and K («) is a finite extension of Ky, the field Ky(a) is a finite subfield of F,. Since every
finite subfield of F, equals some K,,, we conclude that Ky(a) C K, and hence o € K. Therefore, every
polynomial over K has a root in K, and hence K is algebraically closed. It follows that K = F,,.

We now prove the result. Let aq,as9,...,a,, € Fp be arbitrary. Since Fp = K, we have a,as,...,a, € K.
By taking a least common multiple, we can fix N € NT such that ai,as,...,a, € Ky. We then have that
the subfield of Fp generated by aq,as,...,an is a subfield of K, and hence is finite. O
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Given a field F, each polynomial in F[z] determines a function from F to F via evaluation. Similarly,
an element of Fzy,za,...,z,], i.e. a polynomial of several variables, determines a function from F™ to F
via evaluation. By putting several such polynomial functions (in the same number of variables) together,
we can define polynomial functions from F™ to F™. For example, if fi(x,y) = 2%y + 5z and fao(x,y) =
2%y — 3wy?® + Ty, then f(z,y) = (f1(x,y), f2(z,y)) can be viewed as a polynomial function from Q? to Q2
(or really from F? to F? for any field F).

Theorem 6.3.11 (Ax-Grothendieck). FEwvery injective polynomial map from C™ to C™ is surjective.

Proof. Let £L = {0,1,+,—,-} be the language of rings. Notice that given any n,d € Nt we can write a
sentence o, q € Sent, expressing that every injective polynomial map from F™ to £, where each polynomial
has degree at most d, is surjective. We want to show that C F o,, 4 for all n,d € NT. By Theorem 6.3.9, it
suffices to show that Fp E 0,4 for all primes p and all n,d € N*. Thus, it suffices to show that for all primes

p and all n € NT, every injective polynomial map from FZ to IFZ

Let p,n € NT be arbitrary with p prime. Let f: ﬁ; — F;L be an arbitrary injective polynomial map,
and let (by,be,...,b,) € FZ be arbitrary. We need to show that there exists (a1,aq9,...,a,) € FZ with
flar,az,...,an) = (by,b2,...,by). Let fi, fo,..., fn € Fp[z1,22,...,2,] be such that f = (f1, fa,..., fn),
and let C' be the finite set of coefficients appearing in f1, fa,..., fn. Let K be the subfield of IF, generated by
C U{by,ba,...,b,} and notice that K is a finite field by Proposition 6.3.10. Now f [ K™ maps K" into K"
and is injective, so must be surjective because K™ is finite. Thus, there exists (a1, ag,...,a,) € K™ C FZ
such that f(al,ag,...,an) = (b1,b2,...,bn). ]

is surjective.

6.4 Random Graphs

Throughout this section, we work in the language £ = {R} where R is binary relation symbol. We consider
loopless undirected graphs, which we view as L-structures that are models of {¥x—Rxx, ¥x¥y(Rxy — Ryx)}.

Definition 6.4.1. For each n € NT, let G, be the set of of all models of {Vx—Rxx, Vx¥y(Rxy — Ryx)} with
universe [n].

Definition 6.4.2. For each A C G,,, we let

_ A

Pr,(A) = Gl

For each o € Sent,, we let

MegG, : MFE
Pro(o) =1 o i}

We use the suggestive Pr because we think of constructing a graph randomly by flipping a fair coin for
each 2-element subset {4, j} of [n] to determine whether or not there is an edge linking them. In this context,
Pr,(A) is the probability the graph so constructed with vertex set [n] is an element of .A. Notice that if A
and B are both subsets of G,,, then we trivially have | AU B| < | A| + |B|, and hence

AU B]
|Gnl
_ AL+
[
Al (8]
< —— 4+ —
1Gnl |Gl
= Pr,(A) + Pr,(B).

Pr,(AUB) =
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More generally if A;, As, ..., Ay are all subsets of G,,, then
Pr,(AyUA U UA) < Prp(Ay) + Prp(As) + - + Pr,(Ag).
Notice that if A C B C G,,, then
A
|Gl
|B|

<
|gn‘
= Pr,(B)

Pr,(A)

and for any A C G,,, we have
Pr,(Gn\A) =1— Pr,(A).

Now given given two distinct 2-element subsets {i,7} and {i’,j'} of {1,2,...,n}, the question of whether
there is an edge linking ¢ and j and the question of whether there is an edge linking ' and j’ is independent.
More formally, if

A ={M¢€gG,: (i,j) € RM}

and

Ay ={Meg,:(7,j) e RM},

then we have

1 11
P?"n(.Al ﬂAQ) = Z == 5 . 5 = PTn(Al) . P?"n(AQ)
More generally, suppose that we have sets Fi, Es,..., Ey, where each E; is a set of 2-element subsets of

[n]. Suppose that we fix choices for whether each pair in E; should be in the graph or not, and let A4;
be the subset of G,, consisting of those edges that meet the requirements for the edges in F;. If the sets
Fq, Fs, ..., B} are pairwise disjoint, then

P’I"n(.A1 NAyN--- ﬂAk) = Prn(.Al) . PT‘n(.AQ) .- 'P?”n(Ak).

In other words, the events saying that the edges in each of E; behave according to a specified pattern are
mutually independent when the E; are pairwise disjoint.
For example, suppose that o is the sentence

IxJyTFz(Rxy A Ryz A Rzx)

saying that the graph has a triangle. We want to understand Pr, (o). Determining the exact values for

various n is difficult, but we can classify the long term behavior as n gets large. To see this, let n € NT be
arbitrary. Consider partitioning the n vertices of [n] into | § | many set of size 3 (with perhaps 1 or 2 vertices
left over) by considering the sets {1,2, 3}, then {4,5,6}, etc. Now for any one of these sets, the probability
that the vertices in the set forms a triangle is (%)3 = %, so the probability that the vertices in a set do not
form a triangle is 1 — é = g. Since these events are mutually independent (as the corresponding potential

edge sets are disjoint), the probability that none of these families forms a triangle equals

7 L5
g .

Therefore, the probability that there is no triangle, which is Pr, (—0), satisfies the following inequality:

Pro(oo) < (;) L5] . (;)Z
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It follows that

Since

wl3

) 7
nl;rx;Q(l—(g) )-1—0—1,

and we trivially have Pr,(c) <1 for all n € N*, we conclude that lim Pr,(c) = 1. In other words, when
n—oo

n is large, a randomly constructed graph on [n] will almost surely have a triangle.
For another example, consider the sentence

Wx1Vx2(—(x1 = x2) = Fz(—(z = x1) A =(z2 = x2) A Rx1z A Rxp2))

saying that whenever we have two distinct vertices, we can find a common neighbor. Let n € N with n > 3
be arbitrary. Consider arbitrary distinct a1, a2 € [n]. For each ¢ € [n] distinct from the a1 and a9, let

A. ={M € G, : ¢ is adjacent to both a; and as},

so that
G\ A. = {M € G, : c is not adjacent to at least one of a; or as}.

For each such ¢, we have Pr,(A:) = (3)2 =1, so Pr,,(G,\Ac) =1— 1 = 3. As we vary ¢ through the n —2

other vertices, the corresponding events G,\A. are mutually independent, so the probability that no ¢ is a
common neighbor for this particular pair {a1, as} equals

3 n—2
Pro(()(Gn\Ae) = [[ Pra(Gn\Ac) = (4) .

Now there are (g) possible pairs of distinct vertices a; and as, so the probability that there exists such a

pair with no common neighbor is
n 3 n—2
2 4

b (o)

ey 0= 1) (3) 0

Pr,(—o)

IN

Since

n— 00 2 4

(see the proof of Proposition 6.4.5), it follows that lim Pr(—o) = 0. Using the fact that Pr,(c) = 1 —
n—oo
Pr,(—0), we conclude that lim Pr,(c) = 1.
n—o0
We aim to prove the following result, originally proven by Glebskii, Kogan, Liagonkii, and Talanov, but

also independently by Fagin.

Theorem 6.4.3. For all 0 € Sent., either lim Pr,(c) =1 or lim Pr,(c) =0.

n—oo n— oo

The key step in proving this result is generalizing the last example.
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Definition 6.4.4. For each r,s € N with max{r,s} > 0, let 0,. 5 be the sentence

VxaVxo Wy sy A\ E ) A A i E ) A N\ A\ # i)
1<i<j<r 1<i<j<s i=1j=1
— Elz(/\(z £ x) A /\(z #yi) A /\ Rxiz A /\ -Ry;z))
i=1 =1 i=1 =1

If s =0, we simply omit all quantifiers and conjuncts mentioning a yj. Similarly, if r = 0, we simply omit
all quantifiers and conjuncts mentioning a X;.

Intuitively, a graph is model of o, if it has the property that whenever A and B are disjoint sets of
vertices with |A| = r and |B| = s, we can always find a vertex u ¢ AU B that is adjacent to every element of
A, but not adjacent to any element of B. Peter Winkler has called the statements o, ; the Alice’s Restaurant
axioms, references Arlo Guthrie’s story/song containing the line “You can get anything you want at Alice’s
Restaurant”.

Proposition 6.4.5. For all r,s € N with max{r, s} > 0, we have lim Pr,(o,s) = 1.
n—oo

Proof. Let r,s € N be arbitrary with max{r,s} > 0. Let n € N be arbitrary with n > r + s. Consider
arbitrary disjoint subsets U and W of [n] with |U| = r and |W| = s. For each ¢ € [n]\(U UW), let

A. ={M € G, : ¢ is adjacent to each element of U and to no element of W}

For each such ¢, we have Pr,(A.) = 52, so Pr,(G,\A:) = 1 — 54=. As we vary c through the n —r — s
vertices in [n]\(U U W), the corresponding events G, \A. are mutually independent, so the probability that
no ¢ works for this choice of U and W equals

1 n—r—s
L)

Now there are (") - (",7) possible choices for the sets U and W, so

Pro ) < n\(n=r\ (4 1 \"7"°
Tn(70rs) > -
’ r s 2r+s
1 n—r—s
<n"-n°- (1— 2T+S>
1 —r—s 1 n
— _ .S _
- (1 27‘+s) n <1 2r+s)
B 1 1 —r—s s 2T+S _ 1 n
=13 T
_(4 1 —r—s s
- B or+s ’ ( P )n

2rts—1

Now we use the fact that if k € N* and r € R with r > 1, then

k
lim — =0
n—oo 1"
(i.e. that any exponential eventually dominates any polynomial) to conclude that lim Pr,(-o,s) = 0.

n—oo
Therefore lim Pry,(o,s) = 1.
n— o0
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Definition 6.4.6. Let ¥ = {Vx—Rxx,VxVy(Rxy — Ryx)} U {0, : r,s € NT and max{r,s} > 0} and let
RG = Cn(%).

Proposition 6.4.7. RG is satisfiable.

Proof. We build a countable model M of RG with M = N. Notice first that since Py;,,(N) (the set of all
finite subsets of N) is countable, so is the set Py;,,(N)?, Hence the set

{(A,B) € Prin(N)> : ANB =0 and AU B # 0}
is countable. Therefore, we may list it as
(Ah Bl)a (A27 BQ)) (A3a B3)a s

and furthermore we may assume that max(A, U B,,) < n for all n € N. Let M be the L-structure where
M = Nand RM = {(k,n) : k € A,} U{(n,k) : k € A,}. Suppose now that A, B C N are finite with
ANB=0and AUB # (. Fix n € N with A = A, and B = B,,. We then have that (k,n) € R™ for all
k € A (because k € A,,) and (¢,n) ¢ RM for all £ € B (because £ ¢ A,, and n ¢ A since £ < n). Therefore,
ME o0, for all r,s € N with maxr,s > 0. Thus, M is a model of RG. O

Theorem 6.4.8. All models of RG are infinite, and any two countable models of RG are isomorphic.

Proof. Let M be an arbitrary model of RG. Suppose that M is finite, and let n = |M|. Since M F o, 0,
there exists b € M such that (b,a) € RM for all a € M. However, this is a contradiction because (a, a) ¢ R
for all a € M. It follows that all models of RG are infinite.

Suppose now that M and N are two countable models of RG. From above, we know that M and N are
both countably infinite. List M as mg, m1,mso,... and list N as ng,nq,no,.... We build an isomorphism
via a back-and-forth construction as in the proof of the corresponding result for DLO. In other words, we
define a sequence of “partial isomorphisms” hy: M — N, i.e. each hy will be a function from some finite
subset of M to N that preserves the relation. More formally, we will have the following for each k € N:

o domain(hy) is a finite nonempty set.

e Each hy is injective.

o For each ¢ € N, we have {mg, m1,...,my} C domain(hgy).

e For each ¢ € N, we have {ng,n1,...,ns} C range(hasy1).

o hy C hpy1, i.e. whenever a € domain(hy), we have a € domain(hg1) and hyy1(a) = hi(a).

« Each hy is a partial isomorphism, i.e. for all a,b € domain(hy), we have (a,b) € R™ if and only if
(hw(a), hi (b)) € RV.

We start by letting hg be the partial function with domain {mg} where ho(mg) = ng, and then we let hy = hy
(since ny is already in range(hg)). Suppose that k € N* and we have defined hy. We have two cases.

o Case 1: Suppose that k is odd, and fix £ € N with k = 2¢ — 1. If my € domain(hy), let hxy1 = hg.
Suppose then that m, ¢ domain(hy). Let

A = {a € domain(hy,) : (a,mg) € RM}
B = {b € domain(hy,) : (b,m¢) ¢ RM}
C ={hi(a):ac A}
D = {hy(b) : b € B}.
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Since domain(hy) is finite, we have that A and B are finite disjoint subsets of M with AU B =
domain(hy). Since hy is injective, we have that C' and D are disjoint subsets of N with C U D =
range(hy), and that |A| = |C| and |B| = |D|. Now N is model of RG and C N D = (), so we can fix
w € N\(C U D) such that (c,w) € RN for all ¢ € C and (d,w) ¢ RV for all d € D. We now extend
hi, to hi41 by letting hyi1(me) = w. It is straightforward to check that if hy satisfies all of the above
conditions, then hy,1 also satisfies all of the necessary conditions.

o Case 2: Suppose that k is even, and fix £ € N with k = 2¢. If n, € range(hy), let hip41 = hg. Suppose
then that n, ¢ range(hy). Let

C = {c e range(hy) : (¢,ny) € RV}
D = {d € range(hy,) : (d,n;) ¢ RV}
A = {a € domain(hy) : hi(a) € C}
B = {b € domain(hy) : hi(b) € D}.

Since domain(hy) is finite, we have that range(hy) is finite, and so C' and D are finite disjoint subsets
of N with C' U D = range(hy). Since hy is injective, we have that A and B are disjoint subsets of M
with AU B = domain(hy), and that |A| = |C| and |B| = |D|. Now M is model of RG and AN B = (),
so we can fix u € M\(AU B) such that (a,u) € RM for all a € A and (b,u) ¢ RM for all b € B. We
now extend hy, to hgy1 by letting hgi1(u) = ng. It is straightforward to check that if hy satisfies all of
the above conditions, then hy41 also satisfies all of the necessary conditions.

Now define h: M — N by letting h(myg) = has(my) for each £ € N. Using the second through fifth conditions
on the hy, we conclude that h is a bijection. Now let a,b € M be arbitrary. Fix k,¢ € N with a = mj and
b = my. Lett = max{k, ¢}. Since a,b € domain(hg;), we have (a,b) € RM if and only if (hat(a), hos (b)) € RM,
which by fifth condition on the hy, is if and only if (h(a), h(b)) € RM. Therefore, h is an isomorphism. [

Corollary 6.4.9. RG is a complete theory.
Proof. Immediate from the Countable Los-Vaught Test. O
Theorem 6.4.10. Let 7 € Sent,.

1. If T € RG, then nl;rrgo Pr,(r)=1.

2. If T ¢ RG, then nILH;o Pr, (1) =0.
Proof.

1. Let 7 € RG be arbitrary. We then have ¥ F 7, so by Compactness we may fix N € N such that

{¥x=Rxx, ¥x¥y(Rxy — Ryx)} U{o, s :r,s < N} ET.
We then have that if M € G,, is such that M E =7, then

ME \/ —Ors

0<r,s<N,max{r,s}>0

Hence for every n € N we have

PT‘n(ﬁT> S Z Prn(ﬁar,s)
0<r,s<N,max{r,s}>0

Since lim Pr,(—o,s) = 0 for each fixed choice of r and s, and since we have a finite sum, we conclude
n—oo

that lim Pry,(—7) = 0. Therefore, lim Pr,(7)=1.
n— 00 n—oo
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2. Suppose that 7 ¢ RG. Since RG is complete, it follows that =7 € RG. Thus, li_>m Prp(—7) =1 by

part 1, and hence lim Pr,(7) =0.
n—oo

O

With this background, the theorem that we want to prove is now immediate.

Proof of Theorem 6.4.3. Apply the previous theorem together with the fact that RG is complete. O

6.5 Exercises

1. Let £ = {R} where R is a binary relation symbol, and let x,y € Var be distinct.

(a) Give a deduction showing that IxVyRxy F Vy3xRxy.
(b) Show that VydxRxy I/ IxVyRxy.

. Let £ be the basic group language, and let 3 be the group theory axioms, i.e.

Y = {WxWyVz(fxfyz = ffxyz), Vx(fex = x A fxe = x), Vx3y(fxy = e Afyx = e) }.
Give a deduction showing that ¥ F ¥x(fex =e — x = e).

Let £ = {R} where R is a binary relation symbol.

(a) Show that the class of directed acyclic graphs is not a strong elementary class in the language L.
(Exercise 1b in Chapter 4 asked you to show that it was an elementary class).

(b) Show that the class of all connected graphs is not an elementary class in the language £. (A
graph (V) E) is connected if whenever v,w € V are distinct, there exists ui,ug,...,u, € V such
that u1 = v, u, = w, and (u;,u;41) € F for all ¢ with 1 <i <n —1).

. Let £ = {e,f} where e is a constant symbol and f is a binary function symbol.

(a) Show that the class of all simple abelian groups is not a weak elementary class in the language L.
(Recall that an abelian group is simple if and only if it has no proper nontrivial subgroup, since
all subgroups are normal.)

(b) Show that the class of all torsion-free abelian groups (that is, abelian groups in which every
nonidentity element has infinite order) is a weak elementary class but not an elementary class in
the language £

Let £ = {R} where R is a binary relation symbol. Let Q be the L-structure (Q, <). Suppose that M
is an infinite £-structure which is a model of

¥ = {¥x—-Rxx, VxWyVz((Rxy A Ryz) — Rxz), ¥xV¥y(Rxy V Ryx Vx =y)}

(i.e. M is an infinite strict linear ordering). Show that there exists a model N/ of ¥ such that M =N
and such that there exists an embedding from Q to N.

Stated more succinctly, show that for every infinite linear ordering, there exists an elementarily equiv-
alent linear ordering that embeds the rationals.



Chapter 7

Model Theory

In many mathematical areas (like partial orderings, groups, or graphs), we write down some axioms and
immediately have several different models of those axioms in mind. In the setting of first-order logic, this
corresponds to writing down a set ¥ of sentences in a language, and looking at the elementary class Mod(X).
Since Mod(X) = Mod(Cn(X)) by Proposition 5.2.3, and Cn(X) is a theory by Proposition 5.2.4, we can
view this situation as looking at the (elementary) class of models of a theory.

If we create a theory T in a different way (rather than as Cn(X) for some easily written down sentences
Y)), then there are situations where we might only envision one model of T. For example, consider the
language £ = {0,1,+,-, <} of arithmetic, where 0,1 are constant symbols, < is a binary relation symbol,
and +, - are binary function symbols. Let M = (N, 0,1, +, -, <) where the symbol 0 is interpreted as the real
0, the symbol + is interpreted as the real addition, etc. Does Th(M) completely determine the model M?
In other words, is every model of T'h(M) isomorphic to M?

We have already answered this question in great generality. Using (the note after) Exercise 7 in Chapter
4, we know that if M is an structure of a finite language £, then any model of Th(M) is isomorphic to
M. However, If T is a theory in a countable language that has at least one infinite model, then we know
from Theorem 5.1.9 and Proposition 6.3.4 that T" has both a countable model and an uncountable model. In
particular, if M is an infinite structure in a countable language, then Th(M) will have at least two models
that are not isomorphic. Once we have developed the set-theoretic tools, we will eventually show that if T is
a theory in language £ that has at least one infinite model, then it has a model of every infinite cardinality
greater than or equal to the cardinality of £. Thus, outside of the realm of the finite, first-order logic is not
powerful enough to put any control on the existence of models of various infinite sizes.

In particular, there are many models of Th((N,0,1,+,-, <)) that are not isomorphic to the natural
numbers! We will spend some time examining the structure of such models in Section 7.2. More generally,
we will make extensive use of the Compactness Theorem in this chapter to begin a deeper exploration of the
class of models of a given theory.

7.1 Diagrams and Embeddings

Given an L-structure M, the set Th(M) = {o € Sent, : M E o} contains all of the first-order facts that
are true in M. As we have seen, the amount of information contained in this set can vary based on the
language and the structure. For example, we know that Th((Q, <)) = Th((R, <)), and that this common
theory is just DLO, which is the set of consequences of a few simple axioms. In contrast, if we work in the
language of rings, then

Th((Q,0,1,+,—,)) # Th((R,0,1,+,—,-))

because the latter contains Ix(x - x = 1 4 1) but the former does not does not.
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Let’s explore the theory of the structure M = (N,0,1,+,-,<) in the language £ of arithmetic. As
mentioned above, there are models of Th(M) that are not isomorphic to M. To begin to understand such
models, we first investigate a few peculiarities of the structure M. Recall from Definition 4.6.14 that a closed
term is a term that does not contain any variables. We can obtain some closed terms of £ by simply adding
the constant symbol 1 to itself many times. Since every nonzero element of M = N can be obtained by
adding 1 to itself a finite number of times, it follows that every element of M can be “named” by a closed
term. Here is the formal definition.

Definition 7.1.1. Let L be the language of arithmetic. For each n € N, we define a term n € Term, as
follows. Let 0 =0 and let 1 = 1. Now define n recursively by lettingn +1=n+1 for each n > 1.

Notice here that the 1 and the + in n + 1 means the actual number 1 and the actual addition function,
whereas the 1 and + in n + 1 mean the symbols 1 and 4 in our language £. Thus, for example, 2 is the
term 1+ 1 and 3 is the term (1 + 1) 4+ 1. Each n is a closed term, so given an L-structure M and an n € N,
recall that we write n™*! to mean 3(t) for some (any) variable assignment s: Var — M. In the structure
M = (N,0,1,+,-, <), we have that n™ = n for all n € N by a trivial induction.

Using these special closed terms, we can write down simple sentences like 2 + 3 = 5 that are true in M
and hence are elements of Th(M). In fact, for any m,n € N, the sentences m+n=m+nandm-n=m-n
are elements of Th(M). Similarly, we can write down some important sentences about <. For example,
3 < 7is in Th(M), as is the more complicated

Wx(x <3 —= (x=0Vx=1Vx=2)).

Any model Th(M) must satisfy all of these sentences. Notice that the sentences like m +n = m+n
are just basic atomic sentences. Now if A/ is a model of these literals (see Definition 5.4.5), then the set
{n : n € N} is a part of the model N where addition in A" behaves just like addition in the natural numbers.
In fact, thinking about the corresponding literals for the other function and relation symbols, it follows that
{@N : n € N} is a substructure of N that is isomorphic to M. We make this precise with the following
general result. Notice that part (2) implies that {@N : n € N} is actually an elementary substructure of N
that is isomorphic to M, but it uses the fact that N satisfies more than just the literals.

Proposition 7.1.2. Let M be an L-structure. Assume that for every a € M, there exists a closed term
t € Termp such that tM = a.

1. If N is a model of {o € Sent, : 0 € Literaly and M E o}, then the function h: M — N defined by
letting h(a) = tN' | where t € Termy is some closed term with t" = a, is a well-defined embedding of
M into N.

2. If N is a model of Th(M) = {o € Senty : M £ o}, then the function h described above is an
elementary embedding of M into N.

Proof. Assume first that A is a model of {o € Sent, : 0 € Literaly and M E o}. We check that h is a
well-defined embedding.

e h is well-defined: Let a € M be arbitrary. Suppose that t,u € Term, are both closed terms with
tM = a = u™. We then have that M E t = u, so since t = u is a sentence and a literal, it follows that
N E t = u, and hence tV = V. Therefore, h is well-defined.

e h is injective: Let a,b € M be arbitrary with a # b. By assumption, we can fix closed terms t,u €
Term, with t*™ = a and u™ = b. We then have that M E —(t = u), so since —(t = u) is a sentence
and a literal, it follows that N E =(t = u), so t¥ # ", and hence h(a) # h(b). Therefore, h is
injective.
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o h preserves constants: Let ¢ € C be a constant symbol. Since c is a closed term, we have h(c™) =

immediately by definition.

e h preserves relations: Let R € Ry, be a relation symbol of £, and let a1, as,...,ax € M be arbitrary.
For each i, fix a closed term t; € Term, with tZM = a;. We have two cases:

— Case 1: Suppose that (ai,as,...,a;) € RM. We then have that M F Rtyty---t, so since
Rtity-- -t is a sentence and a literal, it follows that A/ F Rtity---t,. Therefore, we have
V1, ) € RV, and hence (h(ay), h(az), ..., h(ax)) € RV,

— Case 2: Suppose that (ay,as,...,ar) ¢ R™M. We then have that M E —Rtity---t, so since
—Rtity-- -t is a sentence and a literal, it follows that N' F —Rtity---t;. Therefore, we have
V6, ) ¢ RV, and hence (h(ay), h(az), ..., h(ax)) ¢ RV,

Thus, (a1,as,...,ar) € RM if and only if (h(a1), h(az),. .., h(ax)) € RV.

e h preserves functions: Let f € Fj be a function symbol of £, and let ay,as,...,ar € M be arbitrary.
Let
b= fM(&l,ag, ce ,ak).

For each i, fix a closed term t; € Term, with tM = a;, and also fix a closed term u € Term,
with 4™ = b. We then have that M E ft1tg---tx = u, S0 since ftits-- -t = u is a sentence and a
literal, it follows that A/ E ftity---t; = u. Therefore, we have fN(tjl\/7t/2\/, . ,tj,;[) = o, and hence
fN'(h(a1), h(az), ..., h(ax)) = h(b). Thus,

h(fM(ay, az,. .. az)) = h(b) = ¥ (h(a1), h(az),. .., h(ax)).

Therefore, under the assumptions of (1), we have shown that h is a well-defined embedding of M into N.
Suppose now that A is a model of {oc € Sent, : M E o}. We need to show that h is an elementary
embedding. Let ¢(x1,X2,...,x;) € Formg and let a1,aq,...,ar € M be arbitrary. Assume first that

(M, a1,as,...,a;) F p.

For each i, fix a closed term t; € Term, with t = a;. Let o be the sentence obtained by simultaneously
substituting the t¢; for the x;. By Corollary 4.6.15, we have that M F o¢. By assumption, it follows that
N E o. Using Corollary 4.6.15 again, together with the fact that té\/ = h(a;) for all ¢, we conclude that

(N, h(a1), h(az),. .., h(ag)) E .

Conversely, if (M,aq,as,...,ar) ¥ ¢, then (M,aq,aq,...,ar) FE —¢, so the above argument shows that
(N, h(a1), h(az),...,h(ax)) F =y, from which we conclude that (N, h(a1), h(as),...,h(ag)) & ©. Therefore,
h is an elementary embedding. O

As mentioned before the proposition, since M = (N,0,1,+,-,<), it follows that given any model N
of Th(M), we can find an elementary embedding of M into /. Thus, any model of Th(M) contains an
elementary substructure that is isomorphic to M. Alternatively, if we identify M with this elementary
substructure, then every model N of Th(M) can be viewed as an elementary extension of M. We will
explore these models of Th(M) in more detail in Section 7.2, but we now spend the rest of section thinking
about how to cope with the assumption of Proposition 7.1.2.

Of course, there are many structures M where some elements are not named by closed terms. In the
language of group theory (which does have a constant symbol e), if M is an L-structure that is a group, then
for every closed term t, we have t™ = e. Thus, the only groups in the language £ in which every element is
named by a closed term are the trivial groups. In a language without constant symbols, such as the language
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L = {R} where R is a binary relation symbol (suitable for partial orderings, equivalence relations, graphs,
etc.), then there are no closed terms, so L-structures never have this property!

For another example, consider the language £ of ordered rings, and let R = (R,0,1,+,—,-,<). Now it
is straightforward to see that every element of Z is named by a closed term, but no elements of R\Z have
this property. In fact, the conclusion of Proposition 7.1.2 is false! There are models of Th(R) that do not
embed R (let alone elementarily embed), because there is a countable model of Th(R) by the Countable
Lowenheim-Skolem Theorem.

Although these examples seem to suggest that Proposition 7.1.2 is of extremely limited usefulness, we can
always change the language. If we have a given L-structure M in hand, then we can add a (potentially large)
collection of constant symbols to the language £ so that every element of M has such a symbol associated
to it.

Definition 7.1.3. Let M be an L-structure.
e For each a € M, let a be a new constant symbol that does not appear in the language L.
o Let L be the language L together with the addition of {a :a € M} to the set of constant symbols.

o Let M.y, be the Lpr-structure that is obtained by expanding (see Definition 4.3.13) M by letting
aMesr = ¢ for alla € M.

e Let Diag(M) = {0 € Sentr,, : 0 € Literalg,, and My, F o}.
e Let Diagei(M) = {o € Sentr,, : Meyp E 0}
We call Diag(M) the (atomic) diagram of M, and call Diage; (M) the elementary diagram of M.

Suppose that we are working in the group theory language £, and we have an L-structure M that is
a group. The elements of Diag(M) express very simple facts about whether certain elements of M are
equal or are not equal. For example, the sentences a * ¢ = ¢ and —(a * a = a) are what typical elements of
Diag(M) look like. Note that there are two distinct constant symbols e and e that are both interpreted as
the identity of M, so there is some redundancy. We also have literals like =((a *e) - ¢ = b * a). However,
the basic sentences of the form a * b = ¢ provide all of the information that appears in the Cayley table
(i.e. multiplication table) of the group. In fact, it often useful to think of Diag(M) as generalizing the idea
of a Cayley table to any structure.

Now for any L-structure M, the expanded Ls-structure M.,;, has the property that every element of
the universe is named by a closed term, which leads to the following consequence.

Corollary 7.1.4. Let L be a language and let M be an L-structure. Let N be an Lyr-structure, and define
h: M — N by letting h(a) = aV'.

1. If N is a model of Diag(M), then h is an embedding from M.y to N, and hence h is an embedding
from M to N | L.

2. If N is a model of Diage;(M), then h is an elementary embedding from M.y, to N, and hence h is
an elementary embedding from M to N | L.

Proof. Notice that for every a € M, there trivially exists a closed term t € Term,,, such that tMe» = q,
because we can just take t = a.

Suppose now N is a model of Diag(M). Proposition 7.1.2 immediately implies that h is an embedding
from My, to N. Since M and N | £ are simply the restrictions of M., and N to the language £, we
immediately conclude that h is an embedding of these restricted structures as well. If in addition N is a
model of Diage (M), then part (2) of Proposition 7.1.2 implies that h is an elementary embedding from
Mezp to N, and hence of the restricted structures as well. O
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One way to use Corollary 7.1.4 is as a tool to determine whether an L-structure N' embeds another
L-structure M. If we can expand N to interpret the new constants a of £j; in such a way that the resulting
expanded structure is a model of Diag(M) (i.e. if we can find elements of N that respect the generalized
Cayley table of M), then we can indeed embed M. Similarly, if the resulting structure is a model of all of
the sentences in Diage; (M), then we can find an elementary embedding of M.

However, the real power of the result comes from combining it with the Compactness Theorem to build
models of Th(M) that embed M. Our first result in this direction says that we can always extend a structure
M to a strictly larger world where M sits inside as an elementary substructure.

Corollary 7.1.5. Let L be a language. For every infinite L-structure M, there exists an L-structure N
with M XN and M C N. Moreover, if L and M are both countable, then there exists a countable such N .

Proof. Let L' = L U{c}, where c is a new constant symbol. Let
Y = Diageg(M)U{-(c=a):a € M}.

Since M is infinite, every finite subset of ¥ is satisfiable (by taking M.y, and then interpreting c as an
element of M distinct from each a € M whose name appears in the finite set). Therefore, ¥ is satisfiable by
Compactness. Fix a model N of X. Since N | Ly is an Ly structure that is a model Diage (M), it follows
from Corollary 7.1.4 that the function h: M — N defined by h(a) = ¢’V is an elementary embedding from
M to N | L. Notice also that ¢V # ¢V for each a € M, so ¢ ¢ range(h). By identifying M with its image
(i.e. by renaming each of the elements of range(h) C N to be the corresponding input from M that hits it),
we can view A as an elementary extension of M.

For the last statement, notice that if £ and M are both countable, then £, U {c} is countable, so there
exists a countable model A/ of ¥ by the Countable Lowenheim-Skolem Theorem. O

Suppose that £ is a countable language. Recall that the Countable Lowenheim-Skolem-Tarski Theorem
(see Theorem 4.5.4) says then every L-structure had a countable elementary substructure. In particular,
every uncountable structure has a proper elementary substructure. In contrast, we just showed that every
infinite structure can be strictly extended to an elementary superstructure. Moreover, we can follow the idea
of the proof of Proposition 6.3.4 to show that we can extend every structure to an uncountable elementary
superstructure.

Corollary 7.1.6. Let L be a language. For every infinite L-structure M, there exists an uncountable
L-structure N with M < N

Proof. Let L' = Ly U{c, : a € R} where the ¢, are new distinct constant symbols, and let
Y = Diage(M)U{—(c, =¢p) : a,b € R and a # b}.

Using the fact that M is finite, every finite subset of ¥ has a model by interpreting the c, that appear
differently (see the proof of Proposition 6.3.4). Therefore, > has a model N' by Compactness, which is
necessarily uncountable. Now follow the proof of the previous corollary to argue that there is an elementary
embedding of M to A | £, and hence we can view M as an elementary substructure of N' | L. O

Before moving on, we prove the converse of Corollary 7.1.4. That is, instead of starting with a model
N of Diag(M) and showing that the natural map from M to N is an embedding, we instead show that if
the natural map is an embedding (resp. elementary embedding), then the corresponding expansion of N is
a model of Diag(M) (resp. Diage(M)).

Proposition 7.1.7. Let M and N be L-structures, and let h: M — N be a function. Ezpand N to an
Lr-structure N' by letting a¥' = h(a) for all a € M.

1. If h is an embedding of M into N, then N is a model of Diag(N).
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2. If h is an elementary embedding of M into N, then N is a model of Diage(N).

The proof of part (1) is reasonably straightforward (see below) with the tools that we have developed.
However, part (2) requires a little thought. Suppose that we want to prove that A is a model of Diage;(M).
The obstacle is that sentences in Diage;(M) might not be elements of Sent, as they might contain constant
symbols from L£\L, which is an issue because the assumption that h is an elementary embedding only
gives us information about formulas over £. However, if the new constant symbols appearing in a sentence
o € Diage(M) are ai,ag,...,an, then it is intuitively clear that there exists ¥(yi,...,yn) € Formg such
that o is the result of simultaneously substituting the a; for the variables y;. The following result states this
fact in a general form. Although we originally defined simultaneous substitution of terms for variables, we
can also define such simultaneous substitution of terms for constant symbols (we leave the formal recursive
definition to the reader).

Proposition 7.1.8. Let £ C L' be languages such that the only new symbols of L' are constant symbols. Let

M be an L' -structure, and let p(x1,...,xx) € Formg:,. Suppose that the new constants (i.e. the elements of
L\L) that occur in ¢ arecy,...,Cn. Letyy,...,yn be variables that do not occur in ¢, and let 1 be the result of
simultaneously substituting the y; for the constants c;. We then have that ¥(X1,...,Xg,Y1,---,Yn) € Formg

and that ¢ is the result of simultaneously substituting the constants c; for the y;. Moreover, for any
ai,as,...,ax € M, we have

(M,aq,...,ax) F ¢ if and only z'f(./\/l,a1,...,ak,c{\’l,...,ch) E ).

Proof. Let a: Var — Termg,, be the function that codes simultaneous substitution of the (closed terms) c;
for the y;, while leaving other variables alone, as described in Corollary 4.6.15. Similarly, let 8: C — Term
be the function that codes simultaneous substitution of the y; for the ¢;, while leaving all other constants
alone. Notice that ¢ = ¢ by definition. It is then tedious but straightforward to check that 1) € Form,
and (since the y; do not occur in ) that ¢ = (¢°)%, so ¢ = .

Now let ay,...,ar € M be arbitrary. Using Corollary 4.6.15 together with the fact that ¥ = ¢, it
follows that

(M, ar,... a5, c,...,cM) E 4 if and only if (M, aq,...,a) E ¢,

completing the proof. O
We now return to the proof of Proposition 7.1.7.
Proof of Proposition 7.1.7.

1. Suppose that h is an embedding of L-structures from M to N. We first show that h is an embedding
(of L-structures) from M.y, to N7, Since M.y, and N’ are expansions of these structures to the
language L7, we need only check that h preserves the new constant symbols. Now for any a € M, we
have

h(aewr) = h(a) = a".

Thus, h is indeed an embedding from M.z, to N”. Applying Theorem 4.3.6, we know that for any
quantifier-free ¢ € Form,,, and any s: Var — M, we have

(Mezp,8) E o & (N hos)E .
Thus, if o € Sent,,, is quantifier-free, then since ¢ has no free variables, it follows that
Mezp Eo e N Eo.

In particular, since every element of Diag(M) is a quantifier-free sentence, we have N/ E ¢ for all
o € Diag(M). Therefore, N’ is a model of Diag(M).
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2. Suppose that h is an elementary embedding of L£-structures from M to N. By definition, we know
that for every ¢(xq,Xa,...,xg) € Form, and every by,ba,...,b; € M, we have

(M, by, ba, ..., by) E @ if and only if (N, h(b1), h(ba), ..., h(by)) F .

Now let o € Diage;(M) be arbitrary. Suppose that the new constants (i.e. the elements of £\ L) that
appear in o are by, ...,b,. Let yq,...,y, be new variables that do not occur in o, and let ¢ (y1,...,yn)
be the result of simultaneously substituting the variables y; for the corresponding b;. Using Proposition
7.1.8 applied to the languages £ C Ly and the £y-structure M.y, we have ¥(y1,...,yx) € Formg
and

Mezp E o if and only if (Megp, by, . b, Memr) 4.

Since o € Diage; (M), we know that M., F 0. Since QM”P = b; for all 4, and since ¢ € Form,, we
can use Proposition 4.3.14 to conclude that (M, by,...,by,) F 1. Since h is an elementary embedding,
it follows that (A, h(b1), ..., k(b)) E 1, so (N, b, ... b, ) E 4, and hence (N, b)Y, ..., bM') E .
Using Proposition 7.1.8 again, but now applied to the L£,;-structure N’, we conclude that N’ E o.
Since o € Diage (M) was arbitrary, it follows that A/ is a model of Diage(M).

O

Finally, we can use diagrams together with the ideas in the previous proofs to give another, more natural,
interpretation of the concept of definability with parameters (see Definition 4.4.6).

Corollary 7.1.9. Let M be an L-structure. Suppose that k € Nt and X C M*. We then have that X is
definable with parameters in M if and only if X is definable in Megp.

Proof. Assume first that X is definable with parameters in M. Fix o(x1,...,Xk,Y1,---,Yn) € Formg
together with by, bo,...,b, € M such that

X ={(ay,as,...,a;) € M* : (M, ay,as,...,a3,b1,b,...,by) E @}
By Proposition 4.3.14, we have
X = {(a1,a9,...,a5) € M* : (Meap,ar,a, ... a5, bi,ba, ..., by) E @}

Let a: Var — Termg,, be the function that codes simultaneous substitution of the (closed terms) b; for the
y;. By Corollary 4.6.15 together with the fact that QM”P = b; for all 4, it follows that

X = {(a1,a2,...,a5) € M* : (Mezp,a1,az,...,a;) E ©*}.
Therefore, X is definable in Mgp.

Assume now that X is definable in My, Fix ¢(x1,...,xx) € Formg,, such that
X = {(a1,a2,...,a5) € M* : (Mezp,a1,az,...,a;) E ¢}

Suppose that the new constants (i.e. the elements of £y/\L£) that appear in ¢ are bi,...,b,. Let y1,...,y,
be new variables that do not occur in ¢, and let ¥ be the result of simultaneously substituting the variables
y; for the corresponding b;. Using Proposition 7.1.8 applied to the languages £ C Ly and the £jys-structure

Megp, we have ¥(xq, ..., Xk, Y1,---,¥Yn) € Form, and also
(Megp, ai,...,ax) E ¢ if and only if (Megp,a1,...,ak,01,...,b,) E ¢
whenever ay,...,ar € M. Therefore,

X = {(a1,a2,...,a5) € M* : (Meup, a1, ..., an,b1,...,by) E ).
Since ¢ € Form, we can use Proposition 4.3.14 to conclude that
X ={(a1,a2,...,a;) € M* : (M,ay,...,a5,b1,...,b,) E ¥}
Therefore, X is definable with parameters in M. O
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7.2 Nonstandard Models of Arithmetic and Analysis

As mentioned at the beginning of the chapter, we know that every theory (in countable language) that has
an infinite model has both a countable model and also an uncountable model. In particular, if M is an
infinite structure (in a countable language), then there exists models of Th(M) that are not isomorphic to
M. In this section, we explore what these models look like for two important structures.

We begin by working in the language £ = {0,1,+,-, <} of arithmetic and with the L-structure N' =
(N,0,1,+,-,<). Let M be a model of Th(N). Notice that we have changed the role of M and A from
the previous section, as it will be more natural to use N for the structure with universe N. Here are some
important examples of sentences that are in Th(N'), and thus must be true in M:

. m+n=m+nand m-n=m-n for all m,n € N.
XYy (x +y =y +x).

Yx(=(x=0) — Jy(y + 1 =x)).

Vx=(Fy((x <y) Ay <x+1))).

ook N

For each ¢(x) € Form,, the sentence

(@2 N Vx(p = @it

expressing that induction holds on the (definable) subset of N defined by ¢(x) is in Th(M). We often
write this sentence in the following informal way:

((0) AVX((x) = @(x + 1)) = Vxop.

) — Vxp

Since every element of the structure N’ = (N, 0,1, +, -, <) is named by a closed term, we can use Propo-
sition 7.1.2 to conclude that whenever M is a model of Th(N), the function h: N — M defined by letting
h(n) = n™ is an elementary embedding of A/ into M. We also have the following simple fact.

Proposition 7.2.1. Let M be a model of Th(N'), and let h: N — M be defined by letting h(n) = n™. The
following are equivalent:

1. M=N.
2. h is surjective, i.e. M = {n™ :n € N}.

Proof. If (2) holds, then since we already know that h is an embedding (by Proposition 7.1.2), it follows
immediately that h is surjective. Suppose then that (1) holds and fix an isomorphism f: N — M from N to
M. We show that we must have f(n) = n™ for all n € N by induction. Notice that

f(0) = f(oV) = oM

and also
f) =Ny =1M

Now given any n € N with f(n) = n’', we have

n

n+ 1M,

(
where the last line used the fact that n 4+ 1 = n+ 1 is an element of Th(N), and hence must be true in
M. Therefore, by induction, it follows that f(n) = n™ for all n € N. Since f is surjective (because it is an
isomorphism), we conclude that M = {n™ : n € N}. O
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Definition 7.2.2. A nonstandard model of arithmetic is a model M of Th(N') such that M £ N

We have already seen that there are nonstandard models of arithmetic by cardinality considerations.
Moreover, by Corollary 7.1.5, we also know that there exists a countable nonstandard model of arithmetic.

Suppose that M is a model of Th(N'). As mentioned above, the function h: N — M defined by letting
h(n) = n™ is an elementary embedding of A" into M. It follows that we can view M as an elementary
extension of A/ by identifying each n € N with n™. For the rest of our discussion, we will adopt this
perspective.

Convention 7.2.3. Given a model M of Th(N), we will identify N with the image of h: N — M given by
h(n) = n™, so we assume that N' < M.

By Proposition 7.2.1, we know that M is a nonstandard model of arithmetic if and only if N C M under
this identification. Since A" < M, the restriction of +™, ™ and <™ to N coincide with the usual addition,
multiplication, and order. As it quickly becomes tiresome to write +™, -, and <M, we’ll abuse notation
by using just +, -, and < to also denote the interpretations in M. Thus, these symbols now have two
different meanings, depending on context: as formal symbols in our language and as their interpretations in
M (which matches up with the usual notions on N C M). Be careful to distinguish between when we are
using the formal symbols, and when we are talking about the interpretation in M.

Anything that we can express in the first-order language of £ that is true of N is in Th(N'), and hence
is true in any nonstandard model of arithmetic. For example, we have the following simple facts.

Proposition 7.2.4. Let M be a nonstandard model of arithmetic.
e + is associative on M.
e + is commutative on M.
o < is a linear ordering on M.
o For all a € M with a # 0, there exists b€ M with b+ 1 = a.
Proof. Consider the following sentences:
o VXWWWz(x+ (y+2) = (x+y) +x).
o WXWy(x+y=y+x).
o VXWWWz((x <yAy<z)—=x<2).
o Vx—(x < x).
o WXYY(x <y — —(y < x)).
o WXYY(x <yVy<xVx=y).
o WX(x#0— Jy(y+1=x)).
Each of these sentences is true in N, so is an element of Th(N'), and hence is true in M. O

Given a nonstandard model of arithmetic M, we know that there exist elements in M\N. We just showed
that < is a linear ordering on M, so we may wonder how these new elements relate to the elements of N.

Proposition 7.2.5. Let M be a nonstandard model of arithmetic. If a € M\N and n € N, then n < a.
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Proof. Let a € M\N and n € N be arbitrary. The sentence

Vx<x<n—>n\_/(x:i)>

=0

is in Th(N), and hence true in M. Since a € M\N, we have a # i for all i € N. As < is a linear ordering
on M, we conclude that n < a. O

Since the elements of M\N are greater than all the standard natural numbers, we naturally use the
following terminology.

Definition 7.2.6. Given a nonstandard model of arithmetic M, we let M;,; = M\N, and we call My, the
set of infinite elements of M.

Given a nonstandard model of arithmetic M, we know that 0 is the least element, which is followed by
1, then by 2, etc. So under the linear ordering <, we start with 0 <1 <2 < ---. If a € M;,¢, then a is
greater than all these elements. Now, since a # 0, we know from Proposition 7.2.4 that there exists b € M
with b+ 1 = a. Since
WX(x < x+1A-Fy(x<yAy<x+1))

is true in A, it is also true in M. In other words, every infinite element of M has an immediate predecessor
under the ordering <, which must also be an infinite element (because if b € N, then b+ 1 € N). Of course,
a has an immediate successor a + 1 as well. Thus, in the infinite part of M, each element a gives rise
(by repeating iterating immediate predecessors and successors) to a two-way discrete linear ordering that
is order-isomorphic to (Z,<). If we naturally use a — 1 for the immediate predecessor of a, we obtain a
structure like:

0<l<2< v <a—-2<a—-1<a<a+l<a+2<---

Now there might be other infinite elements of M, and in fact we will show that there must be other such
elements. For example, it is reasonably straightforward to see that a + a does not equal any of the above
elements. In order to explore the infinite realm in more detail, we introduce the following relation.

Definition 7.2.7. Let M be a nonstandard model of arithmetic. Define a relation ~ on M by letting a ~ b
if there exists n € N such that either a+n =0 orb+n = a.

In other words, we let a ~ b if a and b are “finitely” far apart. Notice that if there exists n € N with
a+mn = b, then we must have a < b in M, because the sentence Vxvy((x =x+y) V (x < x +)) is true in N.

Proposition 7.2.8. If M is a nonstandard model of arithmetic, then ~ is an equivalence relation on M.

Proof. For any a € M, we have a + 0 = a because the sentence Vx(x + 0 =x) is true in N. Thus, ~ is
reflexive. Also, ~ is clearly symmetric by definition. Now let a,b,c € M be arbitrary such that both a ~ b
and b ~ c. We show that a ~ ¢. There are four possible cases that fall into two categories.

e Case 1: Suppose that we can fix m,n € N with a +m = b and b + n = ¢. We then have

a+(m+n)=(a+m)+n
=b+n
:C7
so as m+n € N, it follows that a ~ c.

e C(Case 2: If there exist m,n € N with b+ m = a and ¢ + n = b, the argument is similar to Case 1.
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e Case 3: Suppose that we can fix m,n € N with a + m =b and c+n =b.

— Subcase 1: Suppose that m < n. Let Kk =n —m € N. We then have

(c+k)+m=c+ (k+m)

=c+n

=b

=a-+m.
Now VxWVz(x+z=y+z—x=y) is in Th(N), so is true in M. Therefore, we must have
c+ k = a, and hence a ~ c.

— Subcase 2: Suppose that m > n. Let k = n — m € N. Following the argument in Subcase 1, it
follows that a + k = ¢, so a ~ c.
e Case 4: If there exist m,n € N with b+ m = a and b + n = ¢, the argument is similar to Case 3.

O

Definition 7.2.9. Let M be a nonstandard model of arithmetic, and let a,b € M. We write a < b to mean
that a < b and a £ b.

We now show that relation < is well-defined on the equivalence classes of ~. The following lemma is
useful.

Lemma 7.2.10. Let M be a nonstandard model of arithmetic. Let a,b,c € M be such that a < b < ¢ and
suppose that a ~ c. We then have a ~ b and b ~ c.

Proof. If either a = b or b = ¢, this is trivial, so assume that a < b < ¢. Since a < ¢ and a ~ ¢, we can fix
n € Nt with a + n = ¢. Now the sentence

WXVZVw(x +w =z = Vy(x < yAy <z) = Ju(u<wAX+u=y)))

is in Th(N), so is true in M. Thus, we can fix d € M such that d < n and a+d = b. Since d < n, it follows
from Proposition 7.2.5 that d € N, hence a ~ b. The proof that b ~ ¢ is similar. O

Proposition 7.2.11. Let M be a nonstandard model of arithmetic. Suppose that ag,by € M are such that
ag K bg. For any a,b € M with a ~ ag and b ~ by, we have a < b.

Proof. We first show that a < b. Notice that ag < b, because otherwise we would have b < a¢ < by, so
ag ~ bg by Lemma 7.2.10. Similarly, a < by, because otherwise we would have ay < by < a, so ag ~ by by
Lemma 7.2.10. Now if b < a, then we would have

a0<b§a<b0,

so b ~ ag by Lemma 7.2.10, hence ag ~ by, a contradiction. Since < is a linear ordering on M, we conclude
that a < b.

We next show that a % b. If a ~ b, then using ag ~ a and by ~ b, together with the fact that ~ is an
equivalence relation, we can conclude that ag ~ by, a contradiction. Therefore, a ¢ b. O]

Since we have shown that < is well-defined on the elements of the equivalence classes, we define the
following ordering on the classes (where we use the notation @ for the equivalence class of a).

Definition 7.2.12. Let M be a nonstandard model of arithmetic. Given a,b € M, we write @ < b to mean
that a < b.
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The next proposition implies that there is no largest equivalence class under the ordering <.
Proposition 7.2.13. Let M be a nonstandard model of arithmetic. For any a € My, we have a < a + a.

Proof. Let a € M,y be arbitrary. Now
Yx(=(x =0) = x < x+Xx)

is true in NV, and hence is true in M. Since a € M;, 5, we have a # 0, and thus a < a + a. Suppose, for the
same of obtaining a contradiction, that a ~ a + a. Since a < a + a, we can fix n € N with a +n = a + a.
Since

VXWYVz(x +y =x+z =y = 2)

is true in NV, it is also true in M. Therefore, we would have n = a, contradicting the fact that a € M;, . It
follows that a £ a + a. O

Although there is no largest equivalence class, we trivially have a smallest equivalence class 0 = N. Is
there a next smallest equivalence class, i.e. is there a smallest infinite one? Intuitively, if we have an infinite
element, we should be able to divide it in half to get a much “smaller” infinite element. Now N does not
strictly have division, but it does have division with remainder.

Lemma 7.2.14. Let M be a nonstandard model of arithmetic. For all a € M, one of the following holds:
1. There exists b € M such that a = 2 - b.
2. There exists b€ M such thata =2-b+ 1.

Proof. The sentence
Yxdy(x=2-yVx=2-y+1)

is in Th(N), and hence is true in M. O

Proposition 7.2.15. Let M be a nonstandard model of arithmetic. For anya € My, there exists b € M,y
with b < a.

Proof. Let a € M,y be arbitrary. Using Lemma 7.2.14, we have two cases:

e (Case 1: Suppose first that there exists b € M such that a = 2 - b, and fix such a b. We then have
a = b+ b because ¥x(2 - x = x + x) is in Th(N). Notice that b ¢ N because otherwise we would have
a € N. Using Proposition 7.2.13, we conclude that b < b+ b = a.

o Case 2: Suppose now that there exists b € M such that @ = 2-b+ 1. We then have a = (b+b) +1
because Vx(2-x+ 1 = (x +x) + 1) is in Th(N'). Notice that b ¢ N because otherwise we would have
a € N. By Proposition 7.2.13, we know that b < b+b. Nowb+b~b+b+1,s0b<<b+b+1=aby
Proposition 7.2.11.

O

Now we know that the infinite equivalence classes have no smallest and no largest elements. Can we have
two equivalence classes that are direct neighbors? Or must there always exist an equivalence class between
two others? Suppose that a < b. A natural guess for an element of an equivalence class between @ and b is
the average of a and b. Of course we can not necessarily divide a + b by 2, but we can again use division
with remainder.

Proposition 7.2.16. Let M be a nonstandard model of arithmetic. For any a,b € My, with a <K b, there
exists ¢ € Minp with a < ¢ < b.
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Proof. Let a,b € My with a < b be arbitrary. We again have two cases:

e Case 1: Suppose first that there exists ¢ € M with a + b = 2 - ¢, and fix such a ¢. We then have
a+b=c+ c. Since
UXVYWz((x <yAx+y=z+4+2z) > (x<zAz<Yy))
is in Th(N), it follows that a < ¢ < b. Thus, we need only show that a ¢ ¢ and ¢  b.
Suppose that a ~ ¢. Since a < ¢, we can fix n € N with a + n = ¢. We then have that

at+tb=c+c
=a+a+2n.

Since additive cancellation is expressible as a first-order sentence that is true in N, we conclude that
b = a + 2n, contradicting the fact that a < b. Therefore a # c.

Suppose that ¢ ~ b. Since ¢ < b, we can fix n € N with ¢ +n = b. We then have that

a+2n+b=a+b+2n
=ct+ct+n+n
= (c+n)+ (c+n)
=b+b.

Since additive cancellation is expressible as a first-order sentence that is true in N, we conclude that
a+ 2n = b, contradicting the fact that a % b. Therefore, b £ c.

e C(Case 2: Otherwise, there exists ¢ € M with a +b =2 -c+ 1. In this case, a similar argument shows
that a < ¢ < b.

O

As mentioned above, 0 is the smallest equivalence class in our ordering. If we omit this one equivalence
class, then Proposition 7.2.13, Proposition 7.2.15, and Proposition 7.2.16 taken together say that the re-
maining equivalence classes form a dense linear ordering without endpoints. If our nonstandard model M
is countable, then we know that this ordering of (infinite) equivalence classes is isomorphic to (Q, <) by
Theorem 5.3.11.

Our last proposition shows how nonstandard models can simplify quantifiers. It says that asking whether
a first-order statement holds for infinitely many n € N is equivalent to asking whether it holds for at least
one infinite element of a nonstandard model.

Proposition 7.2.17. Let M be a nonstandard model of arithmetic, and let p(x) € Formg. The following
are equivalent:

1. There are infinitely many n € N such that (N,n) F .
2. There exists a € M;ny such that (M, a) F ¢.
Proof. Suppose first that there are infinitely many n € N such that (NV,n) E ¢. In this case, the sentence
YyIx(y < xA @)

is in Th(N), so it holds in M. Fixing any b € M;,r, we may conclude that there exists a € M with b < a
such that (M, a) F ¢. Since b < a and b € M;,, s, we may conclude that a € M;, ;.
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Conversely, suppose that there are only finitely many n € N such that (M, n) E ¢. Fix N € N such that
n < N for all n with (V,n) E . We then have that the sentence

Yx(p — x < N)

is in Th(N), so it holds in M. Since there is no a € M;,, with a < N by Proposition 7.2.5, it follows that
there is no a € M,y such that (M, a) E ¢. O

With a basic understanding of nonstandard models of arithmetic, let’s think about nonstandard models
of another theory. One of the more historically interesting ones is the theory of the ordered ring of real
numbers. So let £ ={0,1,4, —, -, <} be the language of ordered rings, and let M = (R,0,1,+, —, -, <). Now
as mentioned in Section 7.1, it is not true that every element of M is named by a closed term, so Proposition
7.1.2 does not apply. In fact, since £ is countable, we know that Th(M) has a countable model, and hence
models of Th(M) need not contain (a copy of) M as an elementary substructure. In fact, it turns out the
set of real algebraic numbers (i.e. the elements of R that are algebraic over Q) forms a model of Th(M) that
is a countable elementary substructure of M.

Of course, as we saw in Section 7.1, we should add names for the elements of R and work with Diage; (M)
in order to obtain elementary extensions of M. In other words, we should add a constant symbol r for each
r € R to the language of ordered rings. The idea is that we will have nonstandard models Diage; (M) which
contain both “infinite” and “infinitesimal” elements. We can then transfer first-order statements back-and-
forth, and do “calculus” in this expanded structure where the basic definitions (of say continuity) are simpler
and more intuitive.

However, before carrying out this idea, we should think more carefully about the language. If we want
to do calculus, then we want to have analogs of all of our favorite functions, such as sin, in the nonstandard
models. Once we throw these in, it is hard to know where to draw the line. In fact, there is no reason to
draw a line at all. Simply throw in relation symbols for every possible subset of R*, and throw in function
symbols for every possible function f: R¥ — R. Thus, throughout the rest of this section, we work in the
(gigantic) language

L£={0,1,+,—,<}U{r:reR}U{P: PCRF}U{f: f: R* 5 R},

where the various P and f have the corresponding arities. Of course, we do not need to include the symbols
for ordered rings, as there are corresponding symbols in the other sets, but we choose to keep them around
for consistency.

Definition 7.2.18. In the above language L, let R be the structure with universe R and where we interpret
all symbols in the natural way.

Now clearly every element of R is named by the closed term r in our language L, so Proposition 7.1.2
implies that there exists an elementary embedding of R into any model of Th(R). Also, by Corollary
7.1.5, we know that R has a proper elementary extension. Before moving on, we first prove an analogue
of Proposition 7.2.1. In this case, the proof is easier, because every element of R is named by a constant
symbol.

Proposition 7.2.19. Let M be a model of Th(R). The following are equivalent:
1. MR,
2. M ={rM:r cR}.

Proof. If (2) holds, then the h of Proposition 7.1.2 is surjective and hence an isomorphism. Suppose then that
(1) holds and fix an isomorphism f: R — M from R to M. For any r € R, we must have f(r) = f(r*) = r™.
Since f is surjective, it follows that M = {rM : r € R}. O
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Definition 7.2.20. A nonstandard model of analysis is a model M of Th(R) such that M 2 R.

As mentioned above, we can view any model M of Th(R) as an elementary extension of R by identifying
r € R with r™. As in the case for nonstandard models of arithmetic, we will use +, -, —, and < in place
of +M M _M_ and <M. Since R < M, the restriction of these interpretations match up with the usual
notions on R, so there is no confusion on the semantic side. Now we also have function symbols like sin in
our language. We could similarly use sin(a) in place of sin™(a) for elements of a € M\R, but it is typical
in the field the adopt the following notation to avoid conflating every function and relation.

Notation 7.2.21. For the rest of this section, fix a nonstandard model of analysis and denote it by *R, and
its universe by *R. We know that h: R — *R defined by h(r) = r R is an elementary embedding, and we
identify each r € R with its image so that R = *R. Instead of writing fR for each f:RF = R, we simply
write *f. We also use similar notation for each P C R*. Finally, for operations like + and -, we will abuse
notation and omit the *’s.

Thus, we think of the function sin: R — R as extending to a function *sin: *R — *R. Since R is an
elementary substructure of *R, we know that *sin(r) = sin(r) for each r € R, so *sin | R is just the function
sin. Moreover, this is true for every function and relation on R.

Since *R is a model of Th(R), we know that every first-order sentence that is true in R will also be true
in the proper elementary extension *R. For example, we immediately obtain the following.

Proposition 7.2.22. *R is an ordered field.

Proof. The ordered field axioms can expressed as first-order sentences, each of which is true in R. O

Before moving on, we should say a bit more about multiplicative inverse in the field *R. As alluded to
in the proof, the sentence Vx(—(x = 0) — Jy(x-y = 1)) is true in R and hence in *R. Moreover, we know
that multiplicative inverses of nonzero elements are unique, as that is true in any field. Now given a € R
with a # 0, we can naturally write % for the multiplicative inverse of a. However, we can also get our hands
on the multiplicative inverse of a directly using one of the function symbols. Let f: R — R be the function

f(r){:’ ifr#0

0 otherwise.

Now f € L, so *f is a function from *R to *R. Moreover, the sentence
Vx(—(x=0) = x- fx=1)

is true in R, and hence is also true in *R. Thus, we have 1 = *f(a) for all @ € *R\{0}. The ability to
use [ as a way to obtain the multiplicative inverse of an element is useful, as it is typically easier to write
sentences using f rather than having to use quantifiers to refer to the inverse of an element.

With that background in hand, we can ask the same question that we did for nonstandard models of
arithmetic. We know that there exist elements of *R\R, and we know that < is a linear ordering on *R.
Where do the new elements live in the ordering? As we will see, we can find them sprinkled throughout.
We start by showing that there must exist a positive element that is less than every positive element of R,
i.e. the structure *R contains an infinitesimal.

Proposition 7.2.23. There exists z € *R such that z > 0 and z < € for all e € R with € > 0.

Proof. Fix a € *R\R. We have the following cases:
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e Case 1: Suppose that a > r for all r € R. We claim that % works as such a z. One way to see this is
use the general fact that whenever 0 < b < ¢ in an ordered field, then 0 < % < %. Alternatively, we
can work directly with sentences as follows. Let f: R — R be the above function

f(r):{i if 7 # 0

0 otherwise,
and let z = *f(a). We then have have that z > 0 using the sentence
Vx(0 < x— 0 < fx).
Also, for any ¢ € R with € > 0, we have that a > % by assumption, so z < € using the sentence

Wx(fe<x— fx<g).

e Case 2: Suppose that a < r for all » € R. We then have that a < —r for all r € R and hence r < —a
for all » € R. Thus, we may take z = * f(—a) by the argument in Case 1.

e C(Case 3: Suppose then that there exists r € R with » < a and there exists » € R with a < r. Let
X={reR:r<a}.

Notice that X is downward closed (if 71,72 € R with ro € X and r1 < ra, then r; € X), nonempty,
and bounded above. Let s =sup X € R. Now a = s is impossible, so either s < a or a < s.

— Subcase 1: Suppose that s < a. We claim that we may take z = a — s. Since s < a, we have
z=a—58>0. Let ¢ € R be arbitrary with £ > 0. We then have that s + & > s = sup X, so
s+e ¢ X and hence s + ¢ > a. Now s+ ¢ # a because s + ¢ € R, so s + € > a. It follows that
z=a—s8<Ee.

— Subcase 2: Suppose that a < s. We claim that we may take z = s — a. Since a < s, we have
z=s—a>0. Let € € R be arbitrary with € > 0. We then that s — ¢ < s = sup X, so we may
fix r € X with s —e < r. Since X is downward closed, we have that s —e¢ € X, s0 s —e < a. It
follows that z = s —a < e.

O

Now that we know that there exists an infinitesimal z, we can easily obtain other elements of *R\R. For
example, since z < 1 and z > 0, we know that 0 < 22 < z, so there are other positive infinitesimals. Negative
infinitesimals like —z also exist. A simple argument (or an appeal to the ordered field axioms) shows that
% > r for all » € R, so there exist infinite elements. Also, 3 + z is not infinitesimal, but 3 < 3+ z < r for all
r € R with r > 3.

Of course, we have a symbol for the absolute value function g: R — R. Since

g0 = 0 A Vx(=(x=0) = 0 <gx)

is true in R, it is also true in *R. Other basic properties like *g(a) = —a whenever a < 0, and the triangle
inequality *g(a + b) < *g(a) + *g(b), are true by writing down the corresponding sentences. We will simply
use |a| in place of *g(a).

Definition 7.2.24.

1. Z={a€*R:|a| <e for all e € R with ¢ > 0}. We call Z the set of infinitesimals.
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2. F={ae€*R:|a| <r for somer € R withr > 0}. We call F the set of finite or limited elements.
3. T="R\F. We call T the set of infinite or unlimited elements.
Proposition 7.2.25.
1. Z is a subring of *R.
2. F is a subring of *R.
3. Z is a prime ideal of F.
Proof.

1. First notice that 0 € Z. Let a,b € Z be arbitrary. Let ¢ € R with € > 0. We have that § € R and
5 >0, hence |a| < § and |b| < §. It follows that

|+ 6] < laf + [b|

<E.E
2 2
=E£.

Therefore, a + b € Z. We also have that |a| < 1 and |b| < &, hence
|a -] = |a - [b]
<l-e
=e.
Therefore, a - b € Z. Finally, Z is clearly closed under negation.

2. Clearly, 0 € F. Let a,b € F be arbitrary. Fix r1,r2 € R with 71,75 > 0 such that |a| < r; and [b] < 7.
We have

|a+b] < |a] + |b]
<7ry+ro,
so a + b e F. We also have
|a-b] = af - [b]
<7r1-Te
so a-b € F. Finally, F is clearly closed under negation.

3. We first show that Z is an ideal of F. We already know from part (1) that Z is closed under addition
and negation. Let a € F and b € Z be arbitrary. Fix r € R with > 0 and |a| < r. Let ¢ € R with
€ > 0. We then have that £ € R and £ > 0, hence |a| < £. It follows that

|a-b] = |a] - [b]
< -7

O < |m

Therefore, a - b € Z. It follows that Z is an ideal of F.

We now show that Z is a prime ideal of F. Let a,b € F\Z be arbitrary. We show that a -b ¢ Z. Fix
g,0 € R with €, > 0 such that |a| > € and |b| > 6. We then have |a-b| = |a|-|b| > ¢4, hence a-b ¢ Z.
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O

In contrast to the situation for nonstandard models of arithmetic, we can define two natural relations
that have to do with “closeness”. Given a,b € *R, we can say that a and b are “close” if they are off by an
infinitesimal, or we can use it to mean that they are off by a limited element.

Definition 7.2.26. Let a,b € *R.
1. We write a = b to mean thata —b € Z.
2. We write a ~ b to mean that a — b € F.
Proposition 7.2.27. =~ and ~ are equivalence relations on *R.
Proof. Exercise using Proposition 7.2.25. O

Definition 7.2.28. Let a € *R. The =-equivalence class of a is called the halo of a. The ~-equivalence
class of a is called the galaxy of a.

Under the relation =, we have that 0 is the class of infinitesimals, and 1 is the class of all elements of
*R that are infinitely close to 1. In contrast, under the relation ~, we have that 0 = 1 = F. Now similar
arguments (although in some cases easier, because we just divide by 2) show that < is well-defined on the
equivalence classes, that there is no largest ~-equivalence class, and that the ~-equivalence classes are dense.
Moreover, in this setting there is no smallest ~-equivalence class because *R has additive inverses. More
interestingly, we have some nice algebraic properties.

Proposition 7.2.29. Let a1,b1,a2,bs € *R with a; =~ by and as = by. We have the following:
1. a1 +as =~ by + bs.
2. a1 —ag =~ by — bs.
3. If a1,by1,a9,by € F, then a1 - ag = by - bs.
4. If a1,b1 € F and az,by € F\Z, then Z—; ~ g—;
Proof.
1. We have a1 — b; € Z and ay — by € Z, hence
(a1 +ag) — (b1 + b2) = (a1 — b1) + (az — b)
is in Z by Proposition 7.2.25.
2. We have a1 — b1 € Z and ay — by € Z, hence
(a1 —az) — (b1 — b2) = (a1 — b1) — (a2 — ba)
is in Z by Proposition 7.2.25.
3. We have a; — by € Z and ay — by € Z. Notice that
a1 -as — by -ba=aj;-ay—aj;-by+ajy-by—by-by
=ay - (ag — ba) + by - (a1 — by).

Since a; € F and as — by € Z, we may use Proposition 7.2.25 to conclude that a; - (as — b2) € Z.
Similarly, we have ba- (a1 —b1) € Z. Applying Proposition 7.2.25 again, we conclude that a1-as—by-by €
Z.
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4. We have a1 — by € Z and as — by € Z. Now

ar by ayp-by—ay-by

as bg ag - bQ

:a2_b2'(a1'bz—a2'b1)7

and we know by part (3) that a; - by — ag - by € Z. Since ag,by € F\Z, it follows from Proposition
7.2.25 that ag - be € F\Z. Therefore, ﬁ € F (if € > 0 is such that |ag - ba| > &, then \ﬁ| < 1), 50
oL _ Z—; € Z by Proposition 7.2.25.

az

O
An important fact is that every limited elements is infinitely close to a standard real number.
Proposition 7.2.30. For every a € F, there exists a unique r € R such that a =~ r.

Proof. Fix a € F. We first prove existence. Let X = {r € R : r < a} and notice that X is downward closed,
nonempty, and bounded above because a € F. Now let s = sup X and argue as in Case 3 of Proposition
7.2.23 that a = s.

Suppose now that r1,7, € R are such that a =~ r1 and a =~ ro. We then have that r; ~ ry because = is
an equivalence relation. However, this is a contradiction because |ry — ro| > % cR. O

Definition 7.2.31. We define a map st: F — R by letting st(a) be the unique r € R such that a = r. We
call st(a) the standard part, or shadow, of a.

Using Proposition 7.2.25, we immediately obtain the following fact.

Corollary 7.2.32. The function st: F — R is a surjective ring homomorphism and ker(st) = Z. Thus, by
the First Isomorphism Theorem, the quotient ring F/Z is isomorphic to the ring R.

We now turn our attention to expressing Calculus concepts in the nonstandard realm by making use of
infinitesimals.

Proposition 7.2.33. Suppose that f: R — R, and that r,£ € R. The following are equivalent:
1. lim f(x) =¢.

r—r

2. For all a =~ r with a # r, we have * f(a) = £.

Proof. Suppose first that lim f(z) = ¢. Let a € *R\{r} be arbitrary with a ~ r. Let ¢ € R with ¢ > 0.
T—T
Since ligl f(x) =¥, we may fix § € R with § > 0 such that |f(z) — ¢| < e whenever 0 < |z —r| < §. Notice

that the sentence
(0 < x—r|Alx—r] <8) = [f(x) — £ <€)

isin Th(R) = Th(*R). Now we have a € *R and 0 < |[a—r| < §, so |*f(a) —£| < e. Since € was an arbitrary
positive element of R, it follows that *f(a) — £ € Z, hence *f(a) ~ .

Suppose conversely that for all @ = r with a # r, we have *f(a) ~ ¢. Fix some z € Z with z > 0. Let
¢ € R with € > 0. By assumption, whenever a € *R and 0 < |a — r| < 2z, we have that *f(a) — ¢ € Z. Thus,
the sentence

@ >0AYX((0 < [x—r|Alx—1] <d) = |f(x) — €] <¢g))

is in Th(*R) = Th(R). By fixing a witnessing § in the structure R, we see that the limit condition holds
for e. O
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Now that we have a simple condition for limits in the nonstandard rule, and a good understanding of the
arithmetic of both limited and infinitesimal elements, we can give a very simple proof of the typical algebraic
limit laws by transferring everything over to *R.

Proposition 7.2.34. Suppose that f,g: R — R, and that r,{,m € R. Suppose also that lim f(x) = £ and
r—r

lim g(z) = m. We then have the following:
r—r

1. lim(f + g)(z) = L+ m.

r—Tr

2. lim(f —g)(x) =L+ m.

r—Tr

3. lm(f-g)(z) =10 -m.

T
4. If m#0, then lim (£)(2) = 7.

Proof. In each case, we use Proposition 7.2.33. Let a ~ r be arbitrary with a # r. By assumption and
Proposition 7.2.33, we then have *f(a) = £ and *g(a) = m.

1. Notice that the sentence
Yx((f +g)x = fx+ gx)

is in Th(*R) = Th(R). Therefore, we have

“(f+9)(a) ="f(a) +7g(a)
~l+m (by Proposition 7.2.29).

Using Proposition 7.2.33 again, we conclude that lim (f + ¢)(z) = £+ m.
r—r

2. Completely analogous to (1).
3. As in part (1), we have *(f - g)(a) = *f(a) - *g(a). Therefore,

“(f+9)(a) ="f(a)-"g(a)
~L-m (by Proposition 7.2.29),

where we are using the fact that ¢, m,* f(a),*g(a) € F, the latter two of which follow from the fact
that they are infinitely close to the former two. Using Proposition 7.2.33 again, we conclude that

lim (f - g)(z) = €-m.

4. Notice that *f(a) € F because *f(a) = ¢ € R, and *g(a) € F because *g(a) =~ m. We also have
*g(a) ¢ Z because m # 0. Therefore,

()= 5

1
— (by Proposition 7.2.29).
m

Q

£
pre

Using Proposition 7.2.33 again, we conclude that lim(g)(x) =

T—T

O

Since continuity is typically defined in terms of limits, we immediately obtain the following nonstandard
equivalent of continuity, which has a very intuitive feeling.
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Corollary 7.2.35. Suppose that f: R — R, and that r € R. The following are equivalent:

1. f is continuous at r.

2. For all a =~ r, we have *f(a) ~ f(r).

Of course, one could go on to find simple equivalent conditions of other analytic notions like differentiabil-
ity in the nonstandard realm. By doing so, we can often simply arguments by eliminating several quantifiers
and instead relying on algebraic facts.

7.3 Theories and Universal Sentences

Given any structure M, we know that whenever A is an elementary substructure of M, we have Th(A) =
Th(M). However, the same is not true for substructures. That is, if A is a substructure of M, then we
often have Th(A) # Th(M). The one result that we have that relates truth in A to truth in M is Corollary
4.3.12. That is, any universal formula with parameters in A that is true in M will be true in A, and any
existential formula with parameters in A that is true in A will be true in M.

When we work with sentences, then we do not have to think about the parameters. Suppose then that T
is a theory. If M is a model of T" and A is a substructure of M, then we know that A satisfies every universal
sentence in T. Our first task will be to prove the converse of this result. That is, if T is a theory, and A
satisfies every universal sentence in T, then A sits inside (as a substructure) some model of T. Although it
is difficult to think about how to build such a superstructure directly, Corollary 7.1.4 reduces the problem
to showing that T'U Diag(.A) is satisfiable. The key idea then is to use Compactness to argue that every
finite subset is satisfiable, because any finite obstruction can be captured in terms of one universal sentence.

Proposition 7.3.1. Let T be a theory in a language L, and let ¥ = {7 € T : 7 is universal}. For every
model A of 3, there exists a model M of T such that A is a substructure of M.

Proof. We first show that T'U Diag(A) is satisfiable. Assume, for the sake of obtaining a contradiction, that
T U Diag(.A) is not satisfiable. By Compactness, we can fix ¢; € Diag(A) such that T'U {61, d2,...,0x} is
not satisfiable. We then have

TE (61 ANda A=+ Adg).

Let a1, as, ..., a, be the new constants (i.e. the constants in £4\£) that occur in =(61 Ada A---Ad), and let
Y1,Y2,. ., Yn be new variables that do not occur in this formula. For each i, let ¢;(y1,y2,...,yn) € Form, be
the result of substituting the y; for the a;. By Proposition 7.1.8, for each i, we know that ¢; € Form, and
that ¢; is the result of substituting the a; in for the y;. Since the a; do not occur in T or in = (1 ApaA- - -Apy),

and T contains no free variables (every formula in T is a sentence), we can use Proposition 5.1.7 to conclude
that
T FVy1Vys - Vyr=(p1 A2 Ao A gr).

Notice that each ¢; is a literal because each §; is a literal. Thus, the formula on the right is a universal
L-sentence, and hence is an element of X. Since A is a model of X, it follows that

A = VyNyg . -Vykﬁ(w A\ Y2 VANREIAN Sﬁk)
Using Proposition 4.3.14, we conclude that
Aczp EVy1Vya - Vyp=(01 Apa A+ A gp).

Therefore, we have
(AencpaalaaQ) cee aan) F _‘(Qﬁl AN WARERRA 9016)7
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and hence we can use Corollary 4.6.15 to conclude that
.Aezp E —‘((51 ANdag A A 5k:)

However, this contradicts the fact that A..p, F J; for each i, as each 6; € Diag(A).

We have shown that T'U Diag(.A) is satisfiable, so we can fix an £4-structure N that is a model of
T U Diag(A). Letting M = N | L, we then have that M is a model of T, and that there is an embedding
h: A — M of Ato M by Corollary 7.1.4. Identifying the image of A under h with A itself, it follows that
A is a substructure of a model of T. O

Given a theory T, the set {r € T : 7 is universal} is not a theory. If we instead take the set of consequences
of this set, then we do obtain a theory by Proposition 5.2.4.

Definition 7.3.2. Given a theory T, we let Ty = Cn({T € T : T is universal}).
We can rephrase the previous result together the above discussion in terms of theories.

Corollary 7.3.3. Let T be a theory in a language L, and let A be an L-structure. The following are
equivalent:

1. A is a model of Ty.
2. There exists a model M of T such that A is a substructure of M.

Proof. If A is a model of Ty, then A is trivially a model of {r € T : 7 is universal}, so there exists a model
M of T such that A is a substructure of M by Proposition 7.3.1.

Conversely, assume (2), and fix a model M of T such that A is a substructure of M. For any 7 € T
that is universal, we have that M E 7, and hence A F 7 by Corollary 4.3.12. Thus, A is a model of {r € T':
7 is universal}. Using Proposition 5.2.3, it follows that A is a model of Cn({7 € T : 7 is universal}) = Ty,. O

Although we have obtained an elegant abstract characterization of the theory of all substructures of
models of T, it is not immediately clear how to determine T3 for a given theory 7. For example, consider
the theory of fields T in the language of ring theory. We know that T'= Cn(X) for the set X consisting of
the following 10 sentences:

o WXWWVz(x+ (y+2) = (x+y) +2).

o Wx((x+0=x)A(0+x=x)).

o Wx((x+ (=x) = 0) A ((=x) +x = 0)).
o WxVy(x+y=y+x).

o Wx((x-1=x)A (1-x=x)).

o YxWVz(x- (y-z) = (x-y) - 2).

o WWy(x-y=y-x).

o VRVYVZ(x- (y +2) = (x-y) + (x-2)).

o W(=(x=0) = Jy(x-y=1)).
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Note that all but the last of these sentences is universal. So a natural guess might be that Ty is the set of
consequences of the first 9 sentences, i.e. that Ty is the theory of nonzero commutative rings. However, this
is not the case. One way to see this is notice that not every nonzero commutative ring can be embedded
in a field (e.g. Z/4Z is not a subring of any field) and then apply Corollary 7.3.3. Such an example leads
us to search for a new (interesting) universal consequence of the field axioms. An important example is the
universal sentence

Uxvy(x-y=0—= (x=0Vy=0)),

which is in T because every field is an integral domain. Notice that this sentence is not a consequence of the
first 9 universal sentences above as the example Z /47, which is not an integral domain, demonstrates. Since
Ty contains this sentence, in addition to the first 9 sentences above, it follows that Ty contains the theory of
integral domains. Are the equal? The key result we need is the following.

Corollary 7.3.4. Let T a theory in a language L. Suppose that ¥ C T is a set of universal sentences, and
that every model of ¥ is a substructure of (or can be embedded in) some model of T. Then Ty = Cn(X).

Proof. Since Ty is a theory, it suffices to show that Mod(X) = Mod(Ty) by Proposition 5.2.5. Since ¥ C Ty
by assumption, we clearly have Mod(Ty) C Mod(X). Conversely, given any A € Mod(X), we can fix a model
M of T that has A as a substructure by assumption, so A € Mod(Ty) by (the easy direction of) Corollary
7.3.3. O

Now we know from algebra that every integral domain can be embedded in a field. Thus, letting 7' be
the theory of fields in the language of rings, it follows that Ty is the theory of integral domains.

Note the importance of the choice of language in the field example. Suppose that we work in the language
L={0,1,+,—,-,—1}, where —1 is a unary function symbol. Now 0 does not have a multiplicative inverse
in a field, but we can hack it by stipulating that 0! = 0 by convention. If we do this, then we replace the
last sentence in the field axioms by

Y(x=0—=x1t=0)A(~(x=0) = x-xt=1).

Thus, in this language, every field axiom is a universal sentence. So if we let ¥’ be the corresponding 10
universal sentences, then 77 = Cn(Y’) is the theory of the fields. Notice then that every substructure of a
model of T” is a model of 77, and we trivially have (T")y = T”. We could instead have gone in a different
direction, and worked with the smaller language £ = {0,1,+, -} that omits the additive inverse symbol. In
this case, we would have to change the third sentence asserting the existence of additive inverses to include
an existential quantifier. In this setting, substructures are not necessarily subrings, because they do not have
to be closed under additive inverses. Of course, the resulting 7y would change as well.

We can see this more easily by looking at the theory of groups. In the (full) group theory language
L = {e,-,—1}, the theory of groups is the set of consequences of three universal sentences, and every
substructure of a group is a group. Suppose instead that we work in the restricted group theory language
L = {e,-}, and let T be the theory of groups in this language. In this case, we have T = Cn(X), where ¥
is a set of three sentences, two of which are universal (associativity and properties of e), but the last one
asserting the existence of additive inverses is not. In this setting, substructures of models of T are monoids,
but Ty is not the theory of monoids. For example, the universal sentences

UxVyVz((zxx =z*y) > x=y) and WxWVz((xxz=yxz) =>x=y)

asserting two-sided cancellation are both elements of Ty,. However, Ty is not the set of consequences of the
two universal group axioms and the two universal cancellation axioms, because there does exist a cancellative
monoids (i.e. a monoid that has two-sided cancellation) that can not be embedded in a group. Determining
Ty in this case is quite interesting. In contrast, every commutative cancellative monoid can be embedded in
an abelian group, so if T is the theory of abelian groups in the restricted group theory language,then Ty is
the theory of commutative cancellative monoids.
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For a final example, let £ = {R} where R is a binary relation symbol. In Definition 5.3.10, we defined
the theory DLO of dense linear orderings as the set of consequences of 6 sentences. Now the first three of
these sentences are universal, and they express the axioms of a linear ordering, so DLOy contains the theory
of linear orderings (and, of course, every substructure of a dense linear ordering is a linear ordering). In
contrast, the last three sentences are not universal. In this case, it turns out that DLOy is the theory of
linear orderings, because every linear ordering can be embedding in a dense linear ordering, essentially by
putting a copy of Q at both ends, and a copy of Q between any two immediate neighbors.

7.4 Model Theoretic Characterization of Quantifier Elimination

We now prove the converse to Proposition 5.5.8.

Theorem 7.4.1. Let T be a theory. Suppose that n > 1 and that ©(x1,...,%,) € Formg. The following
are equivalent:

1. There exists a quantifier-free ¥ (x1,...,x,) € Formyg such that T E ¢ <> 1.

2. Whenever M and N are models of T sharing a common substructure A (which need not be a model of
T), and a1, as,...,a, € A, we have that (M, ay,...,a,) E ¢ if and only if (N, a1,...,a,) F p.

Proof. Proposition 5.5.8 gives the direction (1) = (2). We prove (2) = (1). We may assume, by changing
the names of bound variables if necessary, that x; ¢ BoundVar(y) for each i. Let

I ={v(x1,...,xn) € Formg : v is quantifier-free and T' F ¢ — ~}.

The essential part of the argument is showing that T U T E ¢, which we do below. We first show how to
finish the argument under this assumption. Suppose then that T UT F ¢. By Compactness, we can fix a
finite set {y1,...,Ym} C T such that T U {y1,...,vm} E ¢. We then have

TEMA-AYm) = .
Since T E ¢ — ~; for each i, it follows that
TE@« (A Aym),

so we can let ¢ =y A Ay,

We now show that TUT F ¢. Let (M,aq,as,...,a,) be an arbitrary model of T UT. To show that
(M,a1,as,...,a,) E o, we instead show that there exists a model NV of T' containing the substructure
generated by {ai,as,...,a,} such that (M, a1, as,...,a,) F ¢, and use (2).

Let A be the substructure of M generated by {a1,as,...,a,}, let a1, as,...,a, be new constant symbols,
and let £' = LU {a1,as,...,a,}. Let A" be the L'-structure that is obtained by expanding the L-structure
A so that ajAl = a; for all j. Since A is generated by {a1,as,...,ay}, it follows that every element of A’ is
named by a closed £'-term. Let

Y = {o € Senty: : 0 € Literalg and A" F o},

and let 7 € Sent’, be the result of plugging in the a; for the x;.
We claim that TUX U {7} is satisfiable. Assume, for the sake of obtaining a contradiction, that it is not
satisfiable. By Compactness, we can fix 01,09,...,0, € X such that

TU{o1,02,...,0U{T}
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is not satisfiable. We then have
TET— (o1 ANog A+ Nog).

Notice that x1,xa, . .., X, do not occur in 7 — —(o1 Aga A---Aoy). For each i, let ¥;(x1,xa,...,%,) € Formg
be the result of substituting the x; for the a; in the sentence ;. By Proposition 7.1.8, for each i, we know
that 1; € Form, and that o; is the result of substituting the a; in for the x;. Since the a; do not occur in
T orin ¢ — —(¢p1 Aba A-+- Ay), and T contains no free variables (as every formula in 7' is a sentence), we
can use Proposition 5.1.7 to conclude that

TE@—= =1 A2 A Ay).
Thus, (1)1 Ao A--- A)) € T. Recall that (M, aq,as,...,ay,) is a model of T, so
(M, a1, a2,...,a,) F (Y1 Apa A= Aiy).

Since —(1)1 Ao A -+ Adg) is quantifier-free and A is a substructure of M, it follows from Corollary 4.3.12
that

(A,ar,az,...,an) F (1 Aha Ao+ Ady).

However, this is a contradiction because A’ F o; for each i, and so (A, aj,as,...,a,) E 9; for each i by
Proposition 7.1.8.

We have shown that 77U X U {7} is satisfiable, so we can fix an £’-structure N’ that is a model of
TUX U {r}. Since every element of A" is named by a closed L'-term, we can use Proposition 7.1.2 to
conclude that there is an embedding from A’ to N’, and hence we can view A’ as a substructure of N”.
Letting N'= AN’ | L, we then have that A is a substructure of N'. Now A E 7, s0 (N, a1,...,a,) E ¢ by
Proposition 7.1.8. By our assumption (2), we conclude that (M, aq,...,a,) E ¢. O

Can we use this to show that ACF has QE? Suppose that K; and K> are two algebraically closed fields
that contain a common (finitely generated) substructure, which will just be a common subring R, which is
necessarily an integral domain. Let F' be the fraction field, and note that we can embed F' in each of K;
and Ks. Consider a formula ¢ that is an existential quantifier over a conjunction of literals, with finitely
many parameters taken from F'. Each literal is a polynomial equality or inequality with coefficients from F'.
Thus, ¢ is of the form

There exists x such that (fi(z) =0A--- A fr(@) =0Ag1(x) ZOA ... gn(z) #0).

We need to show that this is true in K if and only if it is true in Ks. Is it true that either K; embeds in
K5 (in a way that is the identity on F') or vice-versa?

Key Fact: If A and M are both models of ACF, and A is a substructure of M, then existential (at least
over conjunction of literals) statements go down from M to A.

Proposition 7.4.2. Let F C K be two algebraically closed fields, and let fi,..., fn,91,-..,9m € Flx].
Suppose that there exists ¢ € K such that fi(c) =0 for all i and g;(c) # 0 for all j. Then there exists d € F
such that fi(c) =0 for alli and g;(c) # 0 for all j.

Proof. Suppose first that some f; is not the zero polynomial. Then c is algebraic over F', and hence must be
an element of F'. Otherwise, we only have g; that are nonzero. Since there exists ¢ € K that works, it must
be the case that each g; is nonzero. Now each g; has only finitely many roots, and F' must be infinite, so
such a d exists. O

What else do we need? If F; and F5 are both fields with subrings R; and Ry, and we have an isomorphism
from Ry to Ry, then the isomorphism can be extended to subfields.

If K7 and K5 are two algebraically closed fields with subfields F; and F5, and we have an isomorphism
from F to Fj, then the isomorphism can be extended to algebraically closed subfields.
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Proposition 7.4.3. Let A be a substructure of M, and assume that both A and M are models of ACF.
Let 0(x,y1,...,yx) € Formg be a conjunction of literals, and let ay,as,...,ar € A. If (M, aq,...,ax) E Ix0
then (A, aq,...,a;) F 0.

Proof. O

Why? If some f; is nonzero, then an x that works in M is algebraic over the subfield generated by the
coefficients, which lie in A, so that & must be an element of A. Otherwise, we only have g;. If there is an
x that works in M, then all g; must be nonzero, and so there is an x in A that works because A is infinite
and each nonzero polynomial has only finitely many roots.

7.5 Exercises

1. Let £ = {0,1,+,-,<} be the language of arithmetic. For each n € N, let ¢,(x) be the formula
Jy(n -y =x).
(a) Show that for any nonstandard model of arithmetic M, there exists a € M\{0™} such that
(M,a) E ¢, for all n € NT.

(b) Let P C N be the set of primes numbers and suppose that @ C P. Show that there exists
a countable nonstandard model of arithmetic M and an a € M with both of the following
properties:

o (M,a)E ¢, forall pe Q.
o (M,a)E —p, for all p e P\Q.

2. (**) Let M be a nonstandard model of arithmetic. Show that {QM :n € N} C M is not definable in
M.



Chapter 8

Introduction to Axiomatic Set Theory

No one shall expel us from the paradise that Cantor has created. - David Hilbert

8.1 Why Set Theory?

Set theory originated in an attempt to understand and somehow classify “small” or “negligible” sets of
real numbers. Cantor’s early explorations in the realm of the transfinite were motivated by a desire to
understand the points of convergence of trigonometric series. The basic ideas quickly became a fundamental
part of analysis.

Since then, set theory has become a way to unify mathematical practice, and the way in which math-
ematicians deal with the infinite in all areas of mathematics. We’ve all seen the proof that the set of real
numbers is uncountable, but what more can be said? Exactly how uncountable is the set of real numbers?
Does this taming of the infinite give us any new tools to prove interesting mathematical theorems? Is there
anything more that the set-theoretic perspective provides to the mathematical toolkit other than a crude
notion of size and cute diagonal arguments?

We begin by listing a few basic questions from various areas of mathematics that can only be tackled
with a well-defined theory of the infinite which set theory provides.

Algebra: A fundamental result in linear algebra is that every finitely generated vector space has a basis,
and any two bases have the same size. We call the unique size of any basis of a vector space the dimension
of that space. Moreover, given two finitely generated vectors spaces, they are isomorphic precisely when
they have the same dimension. What can be said about vector spaces that aren’t finitely generated? Does
every vector space have a basis? Is there a meaningful way to assign a “dimension” to every vector space
in such a way that two vector spaces over the same field are isomorphic if and only if they have the same
“dimension”? We need a well-defined and robust notion of infinite sets and infinite cardinality to deal with
these questions.

Analysis: Lebesgue’s theory of measure and integration require an important distinction between count-
able and uncountable sets. Aside from this use, the study of the basic structure of the Borel sets or the
projective sets (an extension of the Borel sets) require some sophisticated use of set theory, in a way that
can be made precise.

Foundations: A remarkable side-effect of our undertaking to systematically formalize the infinite is that
we can devise a formal axiomatic and finitistic system in which virtually all of mathematical practice can
be embedded in an extremely faithful manner. Whether this fact is interesting or useful depends on your
philosophical stance about the nature of mathematics, but it does have an important consequence. It puts us
in a position to prove that certain statements do not follow from the axioms (which have now been formally
defined and are thus susceptible to a mathematical analysis), and hence can not be proven by the currently
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accepted axioms. For better or worse, this feature has become the hallmark of set theory. For example, we
can ask questions like:

1. Do we really need the Axiom of Choice to produce a nonmeasurable set of real numbers?

2. Is there an uncountable set of real numbers which can not be in one-to-one correspondence with the
set of all real numbers?

Aside from these ideas which are applicable to other areas of mathematics, set theory is a very active
area of mathematics with its own rich and beautiful structure, and deserves study for this reason alone.

8.2 Motivating the Axioms

In every modern mathematical theory (say group theory, topology, the theory of Banach spaces), we start
with a list of axioms, and derive results from these. In most of the fields that we axiomatize in this way,
we have several models of the axioms in mind (many different groups, many different topological spaces,
etc.), and we're using the axiomatization to prove abstract results which will be applicable to each of these
models. In set theory, we may think that it is our goal to study one unique universe of sets, and so our
original motivation in writing down axioms is simply to state precisely what we are assuming in an area that
can often be very counterintuitive. Since we will build our system in first-order logic, it turns out that there
are many models of set theory as well (assuming that there is at least one...), and this is the basis for proving
independence results, but this isn’t our initial motivation. This section will be a little informal. We’ll give
the formal axioms (in a formal first-order language) and derive consequences starting in the next section.

Whether the axioms that we are writing down now are “obviously true”; “correct”, “justified”, or even
worthy of study are very interesting philosophical questions, but we will not spend much time on them here.
Regardless of their epistemological status, they are now nearly universally accepted as the “right” axioms to
use in the development of set theory. The objects of our theory are sets, and we have one binary relation €
which represents set membership. That is, we write x € y to mean that z is an element of y. We begin with
an axiom which ensures that our theory is not vacuous.

Axiom of Existence: There exists a set.

We need to have an axiom which says how equality of sets is determined in terms of the membership
relation. In mathematical practice using naive set theory, the most common way to show that two sets A
and B are equal is to show that each is a subset of the other. We therefore define A C B to mean that for
all x € A, we have x € B, and we want to be able to conclude that A = B from the facts that A C B and
B C A. That is, we want to think of a set as being completely determined by its members, thus linking =
and €, but we need to codify this as an axiom.

Axiom of Extensionality: For any two sets A and B, if AC B and B C A, then A = B.

The Axiom of Extensionality implicitly implies a few, perhaps unexpected, consequences about the nature
of sets. First, if a is a set, then we should consider the two sets {a} and {a,a} (if we are allowed to assert
their existence) to be equal because they have the same elements. Similarly, if a and b are sets, then we
should consider {a,b} and {b,a} to be equal. Hence, whatever a set is, it should be inherently unordered
and have no notion of multiplicity. Also, since the only objects we are considering are sets, we are ruling
out the existence of “atoms” other than the empty set, i.e. objects a which are not the empty set but which
have no elements.

We next need some rules about how we are allowed to build sets. The naive idea is that any property
we write down determines a set. That is, for any property P of sets, we may form the set {z : P(x)}. For
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example, if we have a group G, we may form the center of G given by Z(G) = {z : z € G and zy = yx for
all y € G}. Of course, this naive approach leads to the famous contradiction known as Russell’s paradox.
Let P(x) be the property = ¢ z, and let z = {z : P(z)} = {z : © ¢ x}. We then have z € z if and only if
z ¢ z, a contradiction.

This gives our first indication that it may be in our best interest to tread carefully when giving rules about
how to build sets. One now standard reaction to Russell’s Paradox and other similar paradoxes in naive set
theory is that the set-theoretic universe is too “large” to encapsulate into one set. Thus, we shouldn’t allow
ourselves the luxury of forming the set {z : P(z)} because by doing so we may package too much into one
set, and the set-theoretic universe is too “large” to make this permissible. In other words, we should only
christen something as a set if it is not too “large”.

However, if we already have a set A and a property P, we should be allowed to from {x € A : P(z)}
because A is a set (hence not too “large”), so we should be allowed to assert that the subcollection consisting
of those sets « in A such that P(x) holds is in fact a set. For example, if we have a group G (so G is already
known to be a set), its center Z(G) is a set because Z(G) = {x € G : zy = yx for all y € G}. Following this
idea, we put forth the following axiom.

Axiom of Separation: For any set A and any property P of sets, we may form the set consisting of
precisely those x € A such that P(x), i.e. we may form the set {z € A: P(z)}.

You may object to this axiom because of the vague notion of a “property” of sets, and that would certainly
be a good point. We’ll make it precise when we give the formal first-order axioms in the next section. The
Axiom of Separation allows us to form sets from describable subcollections of sets we already know exist,
but we currently have no way to build larger sets from smaller ones. We now give axioms which allow us to
build up sets in a permissible manner.

Our first axiom along these lines will allow us to conclude that for any two sets x and y, we may put
them together into a set {x,y}. Since we already have the Axiom of Separation, we will state the axiom in
the (apparently) weaker form that for any two sets « and y, there is a set with both « and y as elements.

Axiom of Pairing: For any two sets  and y, there is a set A such that z € A and y € A.

We next want to have an axiom which allows us to take unions. However, in mathematics, we often
want to take a union over a (possibly infinite) family of sets. For example, we may have a set A, for
each natural number n, and then want to consider J, .y An. By being clever, we can incorporate all of
these ideas of taking unions into one axiom. The idea is the following. Suppose that we have two sets
A and B, say A = {u,v,w} and B = {x,z}. We want to be able to assert the existence of the union of
A and B, which is {u,v,w,z,2}. First, by by the Axiom of Pairing, we may form the set F = {A, B},
which equals {{u,v,w},{z,z}}. Now the union of A and B is the set of elements of elements of F. In the
above example, if we can form the set 7 = {A1, A3, A3,...} (later axioms will justify this), then |,y 4n
is the set of elements of elements of F. Again, in the presence of the Axiom of Separation, we state this
axiom in the (apparently) weaker form that for any set F, there is set containing all elements of elements of F.

Axiom of Union: For any set F, there is a set U such that for all sets z, if there exists A € F with x € A,
then x € U.

We next put forward two axioms which really allow the set-theoretic universe to expand. The first is the
Power Set Axiom which tells us that if we have a set A, it is permissible to form the set consisting of all
subsets of A.

Axiom of Power Set: For any set A, there is a set F such that for all sets B, if B C A, then B € F.
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Starting with the empty set () (which exists using the Axiom of Existence and the Axiom of Separation),
we can build a very rich collection of finite sets using the above axioms. For example, we can form {@} using
the Axiom of Pairing. We can also form {@} by applying the Axiom of Power Set to (). We can then go on
to form {(, {0}} and many other finite sets. However, our axioms provide no means to build an infinite set.

Before getting to the Axiom of Infinity, we will lay some groundwork about ordinals. If set theory is going
to serve as a basis for mathematics, we certainly need to be able to embed within it the natural numbers.
It seems natural to represent the number n as some set which we think of as having n elements. Which set
should we choose? Let’s start from the bottom-up. The natural choice to play the role of 0 is () because it is
the only set without any elements. Now that we have 0, and we want 1 to be a set with one element, perhaps
we should let 1 be the set {0} = {#}. Next, a canonical choice for a set with two elements is {0, 1}, so we let
2={0,1} = {0,{0}}. In general, if we have defined 0,1,2,...,n, we can let n +1 = {0,1,...,n}. This way
of defining the natural numbers has many advantages which we’ll come to appreciate. For instance, we’ll
have n < m if and only if n € m, so we may use the membership relation to define the standard ordering of
the natural numbers.

However, the ... in the above definition of n+ 1 may make you a little nervous. Fortunately, we can give
another description of n 4+ 1 which avoids this unpleasantness. If we’ve defined n, we let n+ 1 = n U {n},
which we can justify the existence of using the Axiom of Pairing and the Axiom of Union. The elements of
n + 1 will then be n, and the elements of n which should “inductively” be the natural numbers up to, but
not including, n.

Using the above outline, we can use our axioms to justify the existence of any particular natural number
n (or, more precisely, the set that we’ve chosen to represent our idea of the natural number n). However,
we can’t justify the existence of the set of natural numbers {0,1,2,3,...}. To enable us to do this, we make
the following definition. For any set z, let S(z) = z U {}. We call S(z) the successor of . We want an
axiom which says that there is a set containing 0 = () which is closed under successors.

Axiom of Infinity: There exists a set A such that ) € A and for all z, if x € A, then S(z) € A.

With the Axiom of Infinity asserting existence, it’s not too difficult to use the above axioms to show
that there is a smallest (with respect to C) set A such that ) € A and for all z, if z € A, then S(z) € A.
Intuitively, this set is the collection of all natural numbers. Following standard set-theoretic practice, we
denote this set by w (this strange choice, as opposed to the typical N, conforms with the standard practice
of using lowercase greek letters to represent infinite ordinals).

With the set of natural numbers w in hand, there’s no reason to be timid and stop counting. We started
with 0,1,2,..., where each new number consisted of collecting the previous numbers into a set, and we’ve
now collected all natural numbers into a set w. Why not continue the counting process by considering
S(w) = wU{w} ={0,1,2,...,w}? We call this set w + 1 for obvious reasons. This conceptual leap of
counting into the so-called transfinite gives rise to the ordinals, the “numbers” which form the backbone of
set theory.

Once we have w + 1, we can then form the set w+2 = S(w+1) = {0,1,2,...,w,w + 1}, and continue
on to w+ 3,w + 4, and so on. Why stop there? If we were able to collect all of the natural numbers into a
set, what’s preventing us from collecting these into the set {0,1,2,...,w,w+ 1,w+2,...}, and continuing?
Well, our current axioms are preventing us, but we shouldn’t let that stand in our way. If we can form w,
surely we should have an axiom allowing us to make this new collection a set. After all, if w isn’t too “large”,
this set shouldn’t be too “large” either since it’s just another sequence of w many sets after w.

The same difficulty arises when you want to take the union of an infinite family of sets. In fact, the
previous problem is a special case of this one, but in this generality it may feel closer to home. Suppose we
have sets Ag, A1, Ao, ..., that is, we have a set A, for every n € w. Of course, we should be able to justify
making the union (J,,,, A into a set. If we want to apply the Axiom of Union, we should first form the
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set F = {Ap, A1, Ao, ...} and apply the axiom to F. However, in general, our current axioms don’t justify
forming this set despite its similarity to asserting the existence of w.

To remedy these defects, we need a new axiom. In light of the above examples, we want to say something
along the lines of “if we can index a family of sets with w, then we can form this family into a set”. Using this
principle, we should be able to form the set {w,w + 1,w+2,...} and hence {0,1,2,...,w,w+1L,w+2,...}
is a set by the Axiom of Union. Similarly, in the second example, we should be able to form the set
{Ap, A1, As,...}. In terms of our restriction of not allowing sets to be too “large”, this seems justified
because if we consider w to not be too “large”, then any family of sets it indexes shouldn’t be too “large”
either.

There is no reason to limit our focus to w. If we have any set A, and we can index a family of sets using
A, then we should be able to assert the existence of a set containing the elements of the family. We also
want to make the notion of indexing more precise, and we will do it using the currently vague notion of a
property of sets as used in the Axiom of Separation.

Axiom of Collection: Suppose that A is a set and P(x,y) is a property of sets such that for every x € A,
there is a unique set y such that P(z,y) holds. Then there is a set B such that for every € A, we have
y € B for the unique y such that P(x,y) holds.

Our next axiom is often viewed as the most controversial due to its nonconstructive nature and the
sometimes counterintuitive results it allows us to prove. I will list it here as a fundamental axiom, but we
will avoid using it in the basic development of set theory below until we get to a position to see it’s usefulness
in mathematical practice.

The Axiom of Separation and the Axiom of Collection involved the somewhat vague notion of property,
but whenever we think of a property (and the way we will make the notion of property precise using a
formal language) we have a precise unambiguous definition which describes the property in mind. Our next
axiom, the Axiom of Choice, asserts the existence of certain sets without the need for such a nice description.
Intuitively, it says that if we have a set consisting only of nonempty sets, there is a function which picks an
element out each of these nonempty sets without requiring that there be a “definable” description of such
a function. We haven’t defined the notion of a function in set theory, and it takes a little work to do, so
we will state the axiom in the following form: For every set F of nonempty pairwise disjoint sets, there is a
set C consisting of exactly one element from each element of F. We think of C' as a set which “chooses” an
element from each of the elements of F. Slightly more precisely, we state the axiom as follows.

Axiom of Choice: Suppose that F is a set such every A € F is nonempty, and for every A, B € F, if there
exists a set x with x € A and = € B, then A = B. There exists a set C such that for every A € F, there is
a unique z € C with z € A.

Our final axiom is in no way justified by mathematical practice because it never appears in arguments
outside set theory. It is also somewhat unique among our axioms in that in asserts that certain types of sets
do not exist. However, adopting it gives a much clearer picture of the set-theoretic universe and it will come
to play an important role in the study of set theory itself. As with the Axiom of Choice, we will avoid using
it in the basic development of set theory below until we are able to see its usefulness to us.

The goal is to eliminate sets which appear circular in terms of the membership relation. For example, we
want to forbid sets = such that € x (so there is no set  such that x = {z}). Similarly, we want to forbid
the existence of sets x and y such that € y and y € x. In more general terms, we don’t want to have a
set with an infinite descending chain each a member of the next, such as having sets x,, for each n € w such
that --- € x5 € 1 € xg. We codify this by saying every nonempty set A has an element which is minimal
with respect to the membership relation.
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Axiom of Foundation: If A is a nonempty set, then there exists € A such that there is no set z with
both z € A and z € z.

8.3 Formal Axiomatic Set Theory

We now give the formal version of our axioms. We work in a first-order language £ with a single binary
relation symbol €. By working in this first-order language, we are able to make precise the vague notion of
property discussed above by using first-order formulas instead. However, this comes at the cost of replacing
the Axiom of Separation and the Axiom of Collection by infinitely many axioms (also called an axiom scheme)
since we can’t quantify over formulas within the theory itself. There are other more subtle consequences of
formalizing the above intuitive axioms in first-order logic which we will discuss below.

Notice also that we allow parameters (denoted by p) in the Axioms of Separation and Collection so that
we will be able to derive statements which universally quantified over a parameter, such as “For all groups
G, the set Z(G) = {x € G : xy = yx for all x € G} exists”, rather than having to reprove that Z(G) is
a set for each group G that we know exists. Finally, notice how we can avoid using defined notions (like
0, C, and S(x) in the Axiom of Infinity) by expanding them out into our fixed language. For example, we
replace x Cy by Vw(w € x - w € y) and replace ) € z by Iw(Vy(y ¢ w) Aw € z) (we could also replace it
Yw(Vy(y ¢ w) = w € z)).

In each of the following axioms, when we write a formula ¢(x1,Xa,...,X;), we implicitly mean that the
x;’s are distinct variables and that every free variable of ¢ is one of the x;. We also use p to denote a finite
sequence of variables p1,p2,...,pr. Notice that we don’t need the Axiom of Existence because it is true in
all L-structures (recall that all £-structures are nonempty).

Axiom of Extensionality:
VxWy(Vw(w Ex <> w Ey) = x=y)
Axiom (Scheme) of Separation: For each formula ¢(x,y,p) we have the axiom

VpYydzVx(x € z ¢+ (x € yA@(x,Y,P)))

Axiom of Pairing:
VxVydz(x € z Ay € z)

Axiom of Union:
VxJuVz(Jy(z ey Ay €x) = z € u)

Axiom of Power Set:
Vx3zVy(Vw(w €y > w € x) =y € z)

Axiom of Infinity:
Fz(Aw(Vy(y ¢ w) Aw €2) AVx(x €z = Jy(Vw(w €y > (W EXV W =X)) Ay € 2)))

Axiom (Scheme) of Collection: For each formula ¢(x,y,p) we have the axiom

VpVYw((Vx(x € w = Jyp(x,y, p))AVX(x € w = YuWv((¢(x, u, ) A o(x,v,p)) = u=v)))
— Az¥x(x ew = Fy(y € zA p(x,y,P))))

Axiom of Choice:

Vz((Vx(x € z = Fw(w € X)) AVXYY((x €EzAy €zATw(w EXAwWEY)) = x=Y))
— dcWx(x €z — (Bw(w € xAw € ) AVUW((u EXAVEXAUECAVEC) = uUu=V))))
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Axiom of Foundation:
Vz(Ix(x € 2) = Ix(x € zA=(Fy(y € zAy €X))))

Let Azzpc be the above set of sentences, and let ZFC = Cn(Azzpc) (ZFC stands for Zermelo-Fraenkel
set theory with Choice). Other presentations state the axioms of ZFC a little differently, but they all
give the same theory. Some people refer to the Axiom of Separation as the Axiom of Comprehension, but
Comprehension is sometimes also used to mean the contradictory statement (via Russell’s Paradox) that
we can always form the set {z : P(x)}, so I prefer to call it Separation. Also, some presentations refer to
the Axiom of Collection as the Axiom of Replacement, but this name is more applicable to the statement
that replaces the last — in the statement of Collection with a <+, and this formulation implies the Axiom of
Separation.

8.4 Working from the Axioms

We have set up ZFC as a first-order theory similar to the group axioms, ring axioms, or partial orderings
axioms. The fact that we have created formal first-order axioms for set theory has several far-reaching
and surprising consequences. For example, if ZFC is satisfiable, then since £ is countable, there must be
a countable model of ZFC. This shocking result may seem to contradict the fact that (as we will see) ZFC
proves the existence of uncountable sets. How can these statements not contradict each other? This seeming
paradox, known as Skolem’s paradox, can only be understood and resolved once we have a better sense of
what models of ZFC look like. Notice also that if ZFC is satisfiable, then there is an uncountable model of
ZFC by Proposition 6.3.4. Therefore, if ZFC has a model, then it has several nonisomorphic models. It is
very natural to find all of these facts disorienting, because our original motivation was to write down axioms
for “the” universe of sets.

What does a model of ZFC look like? Recall that we are working in a language £ with just one binary
relation symbol. An L-structure M in this language can be visualized as a directed graph, where we draw
an arrow from vertex u to vertex v if (u,v) is an element of €. Given a vertex v in such a directed
graph, the set of predecessors of v is just the set of vertices that have an arrow pointing to v. From this
perspective, the Axiom of Extensionality says that if two vertices have the same set of predecessors, they
then must be the same vertex. The Axiom of Pairing says that given any two vertices u and w, we can
always find a vertex v such that v and w are both predecessors of v. For a more interesting example, the
Axiom of Separation says that given any vertex v, if we consider any subset of the predecessors of v that
is definable (with parameters), then there is a vertex u whose predecessors consist of exactly this definable
subset. Moreover, a defined notion like “u is a subset of w” just means that the set of predecessors of u is a
subset of the set of predecessors of w.

For a concrete example, consider the L-structure 9t = (N, <). As a directed graph, we have a vertex m
for each natural number, and we have an arrow from m to n if and only if m < n. We determine which of
the ZFC axioms are true in 9

e Aziom of Extensionality: In the structure 91, this interprets as saying that whenever two elements of
N have the same elements of N less than them, then they are equal. This holds in 1.

o Axiom (Scheme) of Separation: This does not hold in M. Let p(x,y) be the formula Iw(w € x). The
corresponding instance of Separation is:

Vydz¥x(x € z <> (x € y A Jw(w € X)))

In the structure 91, this interprets as saying that for all n € N, there is an m € N such that for all
k € N, we have k < m if and only if £ < n and k # 0. This does not hold in 91 because if we consider
n = 2, there is no m € N such that 0 £ m and yet 1 < m.
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e Aziom of Pairing: In the structure 91, this interprets as saying that whenever m,n € N, there exists
k € N such that m < k and n < k. This holds in 9t because given m,n € N, we may take k =
max{m,n} + 1.

e Aziom of Union: In the structure 91, this interprets as saying that whenever n € N, there exists £ € N
such that whenever k € N has the property that there exists m € N with £k < m and m < n, then
k < £. This holds in 91 because given n € N, we may take ¢ = n since if k < m and m < n, then k <n
by transitivity of < in N (in fact, we may take £ =n — 1 if n # 0).

o Aziom of Power Set: In the structure I, this interprets as saying that whenever n € N, there exists
¢ € N such that whenever m € N has the property that every k& < m also satisfies k < n, then m < /.
This holds in 91 because given n € N, we may take ¢ = n + 1 since if m € N has the property that
every k < m also satisfies k < n, then m <n and hence m <n + 1.

o Aziom of Infinity: In the structure 9%, this interprets as saying that there exists n € N such that 0 < n
and whenever m < n, we have m + 1 < n. This does not hold in 1.

o Aziom (Scheme) of Collection: This holds in 91, as we now check. Fix a formula ¢(x,y, p). Interpreting
in 9, we need to check that if we fix natural numbers ¢ and an n € N such that for all & < n there
exists a unique ¢ € N such that (91, &, ¢, §) E ¢, then there exists m € N such that for all k¥ < n there
exists an ¢ < m such that (91, k,¢, ¢) E . Let’s then fix natural numbers ¢ and an n € N, and suppose
that for all k& < n there exists a unique ¢ € N such that (M, %,¢,q) E ¢. For each k < n, let ¢ be
the unique element of N such that (9, k, 0k, §) F ¢. Letting m = max{¢ : k < n} + 1, we see that m
suffices. Therefore, this holds in 1.

o Axiom of Choice: In the structure 9, this interprets as saying that whenever n € N is such that

— Every m < n is nonzero.

— For all /,m < n, there is no k with k < £ and k <m

then there exists m € N such that for all k& < n, there is exactly one ¢ € N with { < m and ¢ < n.
Notice that the only n € N satisfying the hypothesis (that is, the above two conditions) is n = 0. Now
for n = 0, the condition is trivial because we may take m = 0 as there is no k < 0. Therefore, this
holds in 1.

e Aziom of Foundation: In the structure 9, this interprets as saying that whenever n € N has the
property that there is some m < n, there there exists m < n such that there is no k£ with £k < m and
k < n. Notice that n € N has the property that there is some m < n if and only if n # 0. Thus, this
holds in 91 because if n # 0, then we have that 0 < n and there is no k with £ < 0 and k < n.

Is ZFC, or equivalently Axzpc, satisfiable? Can we somehow construct a model of ZFC? These are
interesting questions with subtle answers. For now, we’ll just have to live with a set of axioms with no
obvious models. How then do we show that an L-sentence o is in ZFC? Since we have two notions of
implication (semantic and syntactic), we can show that either Axzpc F o or Azzpc F o. Given our
experience with syntactic deductions, of course we will choose the the former. When attempting to show
that Azzpc E o, we must take an arbitrary model of Az pc and show that it is a model of o. Even though
we do not have a simple natural example of such a model, we can still argue in this way, but we must be
mindful of strange L-structures and perhaps unexpected models.

Thus, when we develop set theory below, we will be arguing semantically via models. Rather that
constantly saying “Fix a model M of Azzpc” at the beginning of each proof, and proceeding by showing
that (M, s) E ¢ for various ¢, we will keep the models in the background and assume that we are “living”
inside one for each proof. When we are doing this, a “set” is simply an element of the universe M of
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our model M, and given two “sets” a and b, we write a € b to mean that (a,b) is an element of eM,
Notice that this approach is completely analogous to what we do in group theory. That is, when proving
that statement is true in all groups, we take an arbitrary group, and “work inside” that group with the
appropriate interpretations of the symbols.

Also, although there is no hierarchy of sets in our axioms, we will often follow the practice of using
lowercase letters a, b, ¢, etc. to represent sets that we like to think of as having no internal structure (such
as numbers, elements of a group, points of a topological space), use capital letters A, B, C, etc. to represent
sets whose elements we like to think of as having no internal structure, and use script letters A, F, etc. to
represent sets of such sets. Again, an arbitrary model of ZFC can be viewed as a directed graph, so every
element of the model is a certain vertex (like any other) in this structure. In other words, our notational
choices are just for our own human understanding.

8.5 ZFC as a Foundation for Mathematics

In the next few chapters, we’ll show how to develop mathematics quite faithfully within the framework of
ZFC. This raises the possibility of using set theory as a foundation for mathematical practice. However, this
seems circular because our development of logic presupposed normal mathematical practice and “naive” set
theory (after all, we have the set of axioms of ZFC). It seems that logic depends on set theory and set theory
depends on logic, so how have we gained anything from a foundational perspective?

It is indeed possible, at least in principle, to get out of this vicious circle and have a completely finististic
basis for mathematics. The escape is to buckle down and use syntactic arguments. In other words, we can
show that Azzpc b o instead of showing that Azzpc E 0. Now there are infinitely many axioms of ZFC
(because of the two axioms schemes), but any given deductions will only use finitely many of the axioms.
Furthermore, although there are infinitely many axioms, we can mechanically check if a given L-sentence
really is an axiom. Informally, the set of axioms is a “computable” set. In this way, it would be possible in
principle to make every proof completely formal and finitistic, where each line follows from previous lines by
one of our proof rules. If we held ourselves to this style, then we could reduce mathematical practice to a
game with finitely many symbols (if we insisted on avoiding reference to the natural numbers explicity, we
could replace our infinite stock of variables Var with one variable symbol x, introduce a new symbol /, and
refer to x3 as x’”’, etc.) where each line could be mechanically checked according to our finitely many rules.
Thus, it would even be possible to program a computer to check every proof.

In practice (for human beings at least), the idea of giving deductions for everything is outlandish. Leaving
aside the fact that actually giving short deductions is often a painful endeavor, it turns out that even the
most basic statements of mathematics, when translated into ZFC, are many thousands of symbols long, and
elementary mathematical proofs (such as say the Fundamental Theorem of Arithmetic) are many thousands
of lines long. We’ll discuss how to develop the real numbers below, but any actual formulas talking about
real numbers would be ridiculously long and incomprehensible to the human reader. Due to these reasons,
and since the prospect of giving syntactic deductions for everything should give you nightmares, we will
argue everything semantically in the style of any other axiomatic subject in mathematics. It is an interesting
and worthwhile exercise, however, to imagine how everything could be done syntactically.
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Chapter 9

Developing Basic Set Theory

9.1 First Steps

We first establish some basic set theoretic facts carefully from the axioms.
Definition 9.1.1. If A and B are sets, we write A C B to mean for all ¢ € A, we have ¢ € B.

Although the symbol C is not part of our language, we will often use C in our formulas and arguments.
This use is justified because it can always be transcribed into our language by replacing it with the corre-
sponding formula as we did in the axioms. As mentioned previously, if we have a model M of ZFC viewed
as a directed graph, and we also have a,b € M, then a C b will be true in M if every vertex that points to a
also points to b. In other words, always remember that although we call elements “sets”, in any given model,
these “sets” can be viewed as vertices of a directed graph with certain properties. From this perspective, the
next result says that in any model of ZFC, there is a unique vertex that has no incoming arrows.

Proposition 9.1.2. There is a unique set with no elements.

Proof. Fix a set b (which exists by the Axiom of Existence, or because L-structures are nonempty by
definition). By Separation applied to the formula x # x, there is a set ¢ such that for all a, we have a € ¢ if
and only if @ € b and a # a. Now for all sets a, we have a = a, hence a ¢ c¢. Therefore, there is a set with no
elements. If ¢; and ¢ are two sets with no elements, then by the Axiom of Extensionality, we may conclude
that C1 = Co. O

Definition 9.1.3. We use () to denote the unique set with no elements.

As above, we will often use ) in our formulas and arguments despite the fact that there is no constant in
our language representing it. Again, this use can always be eliminated by replacing it with a formula, as we
did in the Infinity, Choice, and Foundation axioms. We will continue to follow this practice without comment
in the future when we introduce new definitions to stand for sets for which ZFC proves both existence and
uniqueness. In each case, be sure to understand how these definitions could be eliminated.

We now show how to turn the idea of Russell’s Paradox into a proof that there is no universal set.

Proposition 9.1.4. There is no set u such that a € u for every set a.

Proof. We prove this by contradiction. Suppose that u is a set with the property that a € u for every set a.
By Separation applied to the formula —(x € x), there is a set ¢ such that for all sets a, we have a € ¢ if and
only if a € uw and a ¢ a. Since a € u for every set a, it follows that for each set a, we have a € ¢ if and only
if a ¢ a. Therefore, ¢ € c if and only if ¢ ¢ ¢, a contradiction. O

203
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Proposition 9.1.5. For all sets a and b, there is a unique set ¢ such that, for all sets d, we have d € ¢ if
and only if either d =a or d =b.

Proof. Let a and b be arbitrary sets. By Pairing, there is a set e such that a € e and b € e. By Separation
applied to the formula x = a V x = b (notice that we are using parameters a and b in this use of Separation),
there is a set ¢ such that for all d, we have d € ¢ if and only if both d € e and either d = a or d = b. It
follows that a € ¢, b € ¢, and for any d € ¢, we have either d = a or d = b. Uniqueness again follows from
Extensionality. O

Corollary 9.1.6. For every set a, there is a unique set ¢ such that, for all sets d, we have d € ¢ if and only
if d=a.

Proof. Apply the previous proposition with b = a. O

Definition 9.1.7. Given two sets a and b, we use the notation {a,b} to denote the unique set guaranteed to
exist by the Proposition 9.1.5. Given a set a, we use the notation {a} to denote the unique set guaranteed to
exist by the Corollary 9.1.6.

Using the same style of argument, we can use Union and Separation to show that for every set F, there
is a unique set z consisting precisely of elements of elements of F.

Proposition 9.1.8. Let F be a set. There is a unique set U such that for all a, we have a € U if and only
if there exists B € F with a € B.

Proof. Exercise. O

Definition 9.1.9. Let F be a set. We use the notation |JF to denote the unique set guaranteed to exist by
the previous proposition. If A and B are sets, we use the notation AU B to denote | J{A, B}.

We now introduce some notation which conforms with the normal mathematical practice of writing sets.

Definition 9.1.10. Suppose that p(x,y,p) is a formula (in our language L = {€}), and that B and q are
sets. By Separation and Extensionality, there is a unique set C' such that for all sets a, we have a € C if
and only if a € B and ¢(a, B,q). More formally, given a model M of ZFC and elements B,q of M, there
is unique element C' of M such that for all a, we have a € C if and only if a € M and (M, a, B,q) E ¢. We
denote this unique set by {a € B : p(a, B,q)}.

With unions in hand, what about intersections? As in unions, the general case to consider is when we
have a set F, which we think of as a family of sets. We then want to collect those a such that a € B for all
B € F into a set. However, we do need to be a little careful. What happens if F = (}? It seems that our
definition would want to make the the intersection of the sets in F consists of all sets, contrary to Proposition
9.1.4. However, this is the only case which gives difficulty, because if F # (), we can take the intersection to
be a subset of one (any) of the elements of F.

Proposition 9.1.11. Let F be a set with F # (). There is a unique set I such that for all a, we have a € I
if and only if a € B for all B € F.

Proof. Since F # (), we may fix C € F. Let  ={a € C : VB(B € F — a € B)}. For all a, we have a € I if
and only if a € B for all B € F. Uniqueness again follows from Extensionality. O

Definition 9.1.12. Let F be a set with F # (). We use the notation (|F to denote the unique set guaranteed
to exist by the previous proposition. If A and B are sets, we use the notation AN B to denote ({4, B}.

If A is a set, then we can not expect the complement of A to be a set because the union of such a purported
set with A would be a set which has every set as an element, contrary to Proposition 9.1.4. However, if A
and B are sets, and A C B, we can take the relative complement of A in B.



9.1. FIRST STEPS 205

Proposition 9.1.13. Let A and B be sets with A C B. There is a unique set C such that for all a, we have
a€C ifand only if a € B and a ¢ A.

Proof. Exercise. O

Definition 9.1.14. Let A and B be sets with A C B. We use the notation B\A, or B — A, to denote the
unique set guaranteed to exist by the previous proposition.

Since sets have no internal order to them, we need a way to represent ordered pairs. Fortunately (since
it means we don’t have to extend our notion of set), there is a hack that allows us to build sets capturing
the only essential property of an ordered pair.

Definition 9.1.15. Given two sets a and b, we let (a,b) = {{a},{a,b}}.
Proposition 9.1.16. Let a,b,c,d be sets. If (a,b) = (c,d), then a = ¢ and b = d.

Proof. Let a,b,c,d be arbitrary sets with {{a},{a,b}} = {{c},{c,d}}. We first show that a = ¢. Since
{c} € {{a},{a,b}}, either {c} = {a} or {c} = {a,b}. In either case, we have a € {c}, hence a = ¢. We
now need only show that b = d. Suppose instead that b # d. Since {a,b} € {{c},{c,d}}, we have either
{a,b} = {c} or {a,b} = {c,d}. In either case, we conclude that b = ¢ (because either b € {c}, or b € {¢,d}
and b # d). Similarly, since {c,d} € {{a},{a,b}}, we have either {c,d} = {a} or {¢,d} = {a,b}, and in
either case we conclude that d = a. Therefore, using the fact that a = ¢, it follows that b = d. O

We next turn to Cartesian products. Given two sets A and B, we would like to form the set {(a,b) : a € A
and b € B}. Justifying that we can collect these elements into a set takes a little work, since we don’t have a
set that we are “carving” out from. The idea is as follows. For each fixed a € A, we can assert the existence
of {a} x B = {(a,b) : b € B} using Collection (and Separation) because B is a set. Then using Collection
(and Separation) again, we can assert the existence of {{a} x B : a € A} since A is a set. The Cartesian
product is then the union of this set. At later points, we will consider this argument sufficient, but we give a
slightly more formal version here to really see how the axioms of Collection and Separation are applied and
where the formulas come into play.

Proposition 9.1.17. For any two sets A and B, there exists a unique set, denoted by A X B, such that for
all x, we have x € A X B if and only if there exists a € A and b € B with x = (a,b).

Proof. Let ¢(x,a,b) be a formula expressing that “x = (a,b)” (think about how to write this down). Letting
3! be shorthand for “there is a unique”, the following sentence follows (either semantically or syntactically)
from Axzpc, and hence is an element of ZFC:

VaVB(Vb(b € B — Jlxp(x, a, b))).

Therefore, by Collection, we may conclude that the following sentence is an element of ZFC:

VaVB3CVb(b € B — Ix(x € C A (x,a,b))).
Next using Separation and Extensionality, we have the following:

VaVB3!Cvb(b € B ++ Ix(x € C A p(x, a, b))).
From here, it follows that

VAVBVa(a € A — JICVb(b € B +» Ix(x € CA p(x,a,b)))).

Using Collection again, we may conclude that

VAYB3FVa(a € A — IC(C € FAVb(b € B +» Ix(x € CAp(x,a,b))))),
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and hence the following is an element of ZFC:
VAYBIFVavb((a € AAb e B) — 3C(Ce FAIx(xeCAp(xa,b)))).

Now let A and B be arbitrary sets. From the last line above, we may conclude that there exists F such that
foralla € A and all b € B, there exists C' € F with (a,b) € C. Let D =|JF. Givenany a € Aand b € B, we
then have (a,b) € D. Now applying Separation to the set D and the formula Jadb(a € AA b € B A ¢(x, a, b)),
there is a set E such that for all z, we have x € F if and only if there exists a € A and b € B with z = (a, b).
As usual, Extensionality gives uniqueness. O

Now that we have ordered pairs and Cartesian products, we can really make some progress.

Definition 9.1.18. A relation is a set R such that every set x € R is an ordered pair, i.e. if for every x € R,
there exists sets a,b such that x = (a,b).

Given a relation R, we want to define its domain to be the set of first elements of ordered pairs which are
elements of R, and we want to define its range to be the set of second elements of ordered pairs which are
elements of R. These are good descriptions which can easily (though not shortly) be turned into formulas,
but we need to know that there is some set which contains all of these elements in order to apply Separation.
Since the elements of an ordered pair (a,b) = {{a},{a,b}} are “two deep”, a good exercise is to convince
yourself that | J|J R will work. This justifies the following definitions.

Definition 9.1.19. Let R be a relation
1. domain(R) is the set of a such that there exists b with (a,b) € R.
2. range(R) is the set of b such that there exists a with (a,b) € R.

We can define the composition of two relations, generalizing the idea of a composition of functions (we
talk about this special case below).

Definition 9.1.20. Let R and S be relations. Let A = domain(R) and C = range(S). We define
SoR={(a,c) € Ax C: There exists b with (a,b) € R and (b,c) € S}.
Definition 9.1.21. Let R be a relation. We write aRb if (a,b) € R.
Definition 9.1.22. Let A be a set. We say that R is a relation on A if domain(R) C A and range(R) C A.
We define functions in the obvious way.

Definition 9.1.23. A function f is a relation which is such that for all a € domain(f), there exists a unique
b € range(f) such that (a,b) € f.

Definition 9.1.24. Let f be a function. We write f(a) =b if (a,b) € f.

The definition of function composition is now a special case of the definition of the composition of
relations. We do need the following result.

Proposition 9.1.25. If f and g are both functions, then go f is a function with domain(go f) C domain(f).

Definition 9.1.26. Let f be a function. f isinjective (or an injection) if whenever f(a1) = b and f(az) = b,
we have a1 = as.

Definition 9.1.27. Let A and B be sets. We write f: A — B to mean that f is a function, domain(f) = A
and range(f) C B.
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We are now in a position to define when a function f is surjective and bijective. Notice that surjectivity
and bijectivity are not properties of a function itself because these notions depend on a set which you consider
to contain range(f). Once we have a fixed such set in mind, however, we can make the definitions.

Definition 9.1.28. Let A and B be sets, and let f: A — B.
1. f is surjective (or a surjection) if range(f) = B.
2. f is bijective (or a bijection) if f is injective and surjective.
Definition 9.1.29. Let A and B be sets.
1. We write A < B to mean that there is an injection f: A — B.
2. We write A = B to mean that there is a bijection f: A — B.
Proposition 9.1.30. Let A, B, and C be sets. If A < B and B = C, then A <X C.

Proof. Use the fact that the composition of injective functions is injective. O

Proposition 9.1.31. Let A, B, and C be sets.
1. A~ A.
2. If A= B, then B~ A.
3. If A= B and B~ C, then A~ C.
Definition 9.1.32. Let R be a relation on a set A.
1. R is reflexive on A if for all a € A, we have aRa.
2. R is symmetric on A if for all a,b € A, if aRb then bRa.
3. R is asymmetric on A if for all a,b € A, if aRb then it is not the case that bRa.
4. R is antisymmetric on A if for all a,b € A, if aRb and bRa, then a = b.
5. R is transitive on A if for all a,b,c € A, if aRb and bRc, then aRc.
6. R is connected on A if for all a,b € A, either aRb, a = b, or bRa.
Definition 9.1.33. Let R be a relation on a set A.
1. R is a (strict) partial ordering on A if R is transitive on A and asymmetric on A.
2. R is a (strict) linear ordering on A if R is a partial ordering on A and R is connected on A.

3. R is a (strict) well-ordering on A if R is a linear ordering on A and for every X C A with X # 0,
there exists m € X such that for all x € X, either m = x or mRz.
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9.2 The Natural Numbers and Induction

We specifically added the Axiom of Infinity with the hope that it captured the idea of the set of natural
numbers. We now show how this axiom, in league with the others, allows us to embed the theory of the
natural numbers into set theory. We start by defining the initial natural number and successors of sets.

Definition 9.2.1. 0 =0
Definition 9.2.2. Given a set x, we let S(z) =z U {x}, and we call S(x) the successor of x.

With 0 and the notion of successor, we can then go on to define 1 = S(0), 2 = S(1) = S(5(0)), and
continue in this way to define any particular natural number. However, we want to form the set of all natural
numbers.

Definition 9.2.3. A set I is inductive if 0 € I and for all x € I, we have S(x) € I.

The Axiom of Infinity simply asserts the existence of some inductive set J. Intuitively, we have 0 € J,
S(0) € J, S(S(0)) € J, and so on. However, J may very well contain more than just repeated applications
of S to 0. We now use the top-down approach of generation to define the natural numbers (the other two
approaches will not work yet because their very definitions rely on the natural numbers).

Proposition 9.2.4. There is a smallest inductive set. That is, there is an inductive set K such that K C [
for every inductive set I.

Proof. By the Axiom of Infinity, we may fix an inductive set J. Let K = {z € J : x € I for every inductive
set T}. Notice that 0 € K because 0 € I for every inductive set I (and so, in particular, 0 € J). Suppose
that € K. If I is inductive, then = € I, hence S(z) € I. Tt follows that S(z) € I for every inductive set I
(and so, in particular, S(z) € J), hence S(x) € K. Therefore, K is inductive. By definition of K, we have
K C I whenever [ is inductive. O

By Extensionality, there is a unique smallest inductive set, so this justifies the following definition.
Definition 9.2.5. We denote the unique smallest inductive set by w.

We think that w captures our intuitive idea of the set of natural numbers, and it is now our goal to show
how to prove the basic statements about the natural numbers which are often accepted axiomatically. We
first define a relation < on w. Remember our intuitive idea is that € captures the order relationship on the
natural numbers.

Definition 9.2.6.

1. We define a relation < on w by setting < = {(n,m) € w X w:n € m}.
2. We define a relation < on w by setting < = {(n,m) Ew X w :n < m orn=m}.
3. We define a relation > on w by setting > = {(n,m) € w x w:m < n}.
4. We define a relation > on w by setting > = {(n,m) Ew xw:n >m orn=m}.
Lemma 9.2.7. There is non € w with n < 0.

Proof. Since 0 = (), there is no set x such that x € 0. Therefore, there is no n € w with n < 0. O

Lemma 9.2.8. Let m,n € w be arbitrary. We have m < S(n) if and only if m < n.
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Proof. Let m,n € w. We then have S(n) € w since w is inductive, and

m < S(n) < me Sn)
< menU{n}
< Either m € n or m € {n}
& Either m <norm=n

S m < n.
This proves the lemma. O

Our primary objective is to show that < is a well-ordering on w. Due to the nature of the definition of
w, it seems that only way to prove nontrivial results about w is “by induction”. We state the Step Induction
Principle in two forms. The first is much cleaner and seemingly more powerful (because it immediately
implies the second and we can quantify over sets but not over formulas), but the second is how one often
thinks about induction in practice by using “properties” of natural numbers, and will be the only form that
we can generalize to the collection of all ordinals.

Proposition 9.2.9 (Step Induction Principle on w).
1. Suppose that X is a set, 0 € X, and for alln € w, if n € X then S(n) € X. We then have w C X.

—
l

2. For any formula ¢(n,p), the sentence

VB((¢(0,p) A (Vn € w)(w(n,p) = ¢(S(n),p))) = (Vn € w)p(n,p))

is in ZFC, where ¢(0,p) is shorthand for the formula

(VY (=(y € X)) A p(x,P)),

and ©(S(n),p) is shorthand for the formula
I(Wy(y Ex < (y€nVy=n))Ap(x,p))

Proof.

1. Let Y = X Nw. Notice first that 0 € Y. Suppose now that n € ¥ = X Nw. We then have n € w
and n € X, so S(n) € w (because w is inductive), and S(n) € X by assumption. Hence, S(n) € Y.
Therefore, Y is inductive, so we may conclude that w C Y. It follows that w C X.

2. Let ¢ be an arbitrary sequence of sets, and suppose ¢(0,q) and (¥n € w)(¢(n,q) — ©(S(n),q)). Let
X ={n €w:p(n,q)}, which exists by Separation. Notice that 0 € X and for all n € w, if n € X then
S(n) € X by assumption. It follows from part 1 that w C X. Therefore, we have (Vn € w)p(n, q).

O

With the Step Induction Principle in hand, we can begin to prove the basic facts about the natural
numbers. Our goal is to prove that < is a well-ordering on w, but it will take some time to get there.
We first give a very simple inductive proof. For this proof only, we will give careful arguments using both
versions of Step Induction to show how a usual induction proof can be formalized in either way.

Lemma 9.2.10. For all n € w, we have 0 < n.

Proof. The following two proofs correspond to the above two versions of the Induction Principle.
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1. Let X = {n € w: 0 < n}, and notice that 0 € X. Suppose now that n € X. We then have n € w
and 0 < n, hence 0 < S(n) by Lemma 9.2.8, so S(n) € X. Thus, by Step Induction, we have w C X.
Therefore, for all n € w, we have 0 < n.

2. Let ¢(n) be the formula “0 < n”. We clearly have ¢(0) because 0 = 0. Suppose now that n € w and
©(n). We then have 0 < n, hence 0 < S(n) by Lemma 9.2.8. It follows that ¢(S(n)). Therefore, by
Step Induction, we have 0 < n for all n € w.

O

We give a few more careful inductive proof using the second version of the Induction Principle to illustrate
how parameters can be used. Afterwards, our later inductive proofs will be given in a more natural relaxed
style.

Our relation < is given by €, but it is only defined on elements of w. We thus need the following
proposition which says that every element of a natural number is a natural number.

Proposition 9.2.11. Suppose that n € w and m € n. We then have m € w.

Proof. The proof is “by induction on n”; that is, we hold m fixed by treating it as a parameter. Thus, let
m € w be arbitrary, and let X = {n € w: m € n - m € w}. In other words, we have X = {n € w: m ¢
n or m € w}. Notice that 0 € X because m ¢ 0 = (). Suppose now that n € X. We show that S(n) € X.
Suppose that m € S(n) = nU {n} (otherwise we trivially have m € X). We then know that either m € n,
in which case m € w by induction (i.e. because n € X), or m = n, in which case we clearly have m € w.
It follows that S(n) € X. Therefore, by Step Induction, we may conclude that X = w. Since m € w was
arbitrary, the result follows. O

Proposition 9.2.12. < is transitive on w.

Proof. We prove the result by induction on n. Let k,m € w be arbitrary, and let
X={new:(k<mAm<n)—k<n}

We then have that 0 € X vacuously because we do not have m < 0 by Lemma 9.2.7. Suppose now that
n € X. We show that S(n) € X. Suppose that k& < m and m < S(n) (if not, then S(n) € X vacuously).
By Lemma 9.2.8, we have m < n, hence either m < n or m = n. If m < n, then k < n because n € X. If
m = n, then k < n because k < m. Therefore, in either case, we have k < n, and hence k < S(n) by Lemma
9.2.8. Tt follows that S(n) € X. Thus, by Step Induction, we may conclude that X = w. Since k,m € w
were arbitrary, the result follows. O

Lemma 9.2.13. Let m,n € w. We have S(m) < n if and only if m < n.
Proof. Suppose first that m,n € w and S(m) < n.
o Case 1: Suppose that S(m) = n. We have m < S(m) by Lemma 9.2.8, hence m < n.

o Case 2: Suppose that S(m) < n. We have m < S(m) by Lemma 9.2.8, hence m < n by Proposition
9.2.12.

Therefore, for all n,m € w, if S(m) < n, then m < n.

We prove the converse statement that for all m,n € w, if m < n, then S(m) < n by induction on n. Let
m € w be arbitrary, and let X = {n € w: m <n — S(m) < n}. We have 0 € X vacuously because we
do not have m < 0 by Lemma 9.2.7. Suppose now that n € X. We show that S(n) € X. Suppose that
m < S(n) (otherwise S(n) € X vacuously). By Lemma 9.2.8, we have m < n.

o Case 1: Suppose that m = n. We then have S(m) = S(n), hence S(n) € X.
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o Case 2: Suppose that m < n. Since n € X, we have S(m) < n. By Lemma 9.2.8, we know that
n < S(n). If S(m) = n, this immediately gives S(m) < S(n), while if S(m) < n, we may conclude that
S(m) < S(n) by Proposition 9.2.12. Hence, we have S(n) € X.

Thus, by Step Induction, we may conclude that X = w. Since m € w was arbitrary, the result follows. [

Lemma 9.2.14. There is no n € w with n < n.

Proof. This follows immediately from the Axiom of Foundation, but we prove it without that assumption.
Let X = {n € w: -(n <n)}. We have that 0 € X by Lemma 9.2.7. Suppose that n € X. We prove that
S(n) € X by supposing that S(n) < S(n) and deriving a contradiction. Suppose then that S(n) < S(n).
By Lemma 9.2.8, we have S(n) < n, hence either S(n) = n or S(n) < n. Also by Lemma 9.2.8, we have
n < S(n). Therefore, if S(n) = n, then n < n, and if S(n) < n, then n < n by Proposition 9.2.12 (since
n < S(n) and S(n) < n), a contradiction. It follows that S(n) € X. Therefore, there is no n € w with
n < n. O

Proposition 9.2.15. < is asymmetric on w.

Proof. Suppose that n,m € w, n < m, and m < n. By Proposition 9.2.12, it follows that n < n, contradicting
Lemma 9.2.14 O

Proposition 9.2.16. < is connected on w.

Proof. We prove that for all m,n € w, either m < n, m = n, or n < m by induction on n. Let m € w be
arbitrary, and let X = {n € w: (m <n)V (m=mn)V (n <m)}. We have 0 < m by Lemma 9.2.10, hence
either m = 0 or 0 < m, and so 0 € X. Suppose then that n € X, so that either m <n, m =n, or n < m.

o Case 1: Suppose that m < n. Since n < S(n) by Lemma 9.2.8, we have m < S(n) by Proposition
9.2.12.

o Case 2: Suppose that m = n. Since n < S(n) by Lemma 9.2.8, it follows that m < S(n).

o Case 3: Suppose that n < m. We have S(n) < m by Lemma 9.2.13. Hence, either m = S(n) or
S(n) <m.
Therefore, in all cases, either m < S(n), m = S(n), or S(n) < m, so S(n) € X. The result follows by

induction. O

In order to finish off the proof that < is a well-ordering on w, we need a new version of induction. You
may have heard it referred to as “Strong Induction”.

Proposition 9.2.17 (Induction Principle on w).

1. Suppose that X is set and for alln € w, if m € X for all m < n, thenn € X. We then have w C X.

2. For any formula ¢(n,p), we have the sentence
VB((Vn € w)((Ym < n)p(m, ) = @(n, B)) = (Vn € w)e(n, B))

Proof.

1. Let Y = {n € w: (Vm < n)(m € X)}. Notice that Y C w and 0 € Y because there is no m € w with
m < 0 by Lemma 9.2.7. Suppose that n € Y. We show that S(n) € Y. Suppose that m < S(n). By
Lemma 9.2.8, we have m < n, hence either m < n or m = n. If m < n, then m € X because n € Y.
For the case m = n, notice that n € X by assumption (because m € X for all m < n). Therefore,
S(n) € Y. By Step Induction, it follows that w C Y.

Now let n € w be arbitrary. We have n € w, hence S(n) € w because w is inductive, so S(n) € Y.
Since n < S(n) by Lemma 9.2.8, it follows that n € X. Therefore, w C X.
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2. This follows from part 1 using Separation. Fix sets ¢, and suppose that

(Vn € w)((Ym < n)p(m, q) = ¢(n,q))

Let X = {n € w: ¢(n,q)}. Suppose that n € w and m € X for all m < n. We then have
(Ym < n)e(m, ), hence p(n,q) by assumption, so n € X. It follows from part 1 that w C X.
Therefore, we have (Vn € w)p(n, 7).

O

It is possible to give a proof of part 2 which makes use of part 2 of the Step Induction Principle, thus
avoiding the detour through sets and using only formulas. This proof simply mimics how we obtained part 1
above, but uses formulas everywhere instead of working with sets. Although it is not nearly as clean, when
we treat ordinals, there will times when we need to argue at the level of formulas.

Theorem 9.2.18. < is a well-ordering on w

Proof. By Proposition 9.2.12, Proposition 9.2.15, and Proposition 9.2.16, it follows that < is a linear ordering
on w. Suppose then that Z C w and there is no n € Z such that for all m € Z, either n = m or n < m. We
show that Z = (). Notice that for every n € Z, there exists m € Z with m < n by Proposition 9.2.12.

Let Y = w\Z. We show that ¥ = w using the Induction Principle. Let n € w be arbitrary with the
property that m € Y for all m < n. We then have that m ¢ Z for all m < n. Therefore, by the last sentence
of the previous paragraph, we must have that n ¢ Z, and so n € Y. By the Induction Principle, we have
that ¥ = w, and hence Z = (.

Therefore, if Z C w and Z # (), there exists n € X such that for all m € Z, either n = m or n < m. It
follows that < is a well-ordering on w. O

9.3 Sets and Classes

We know from Proposition 9.1.4 that there is no set u such that a € u for all sets a. Thus, our theory forbids
us from placing every set into one universal set which we can then play with and manipulate. However,
this formal impossibility within our theory does not prevent us from thinking about or referring to the
“collection” of all sets or other “collections” which are too “large” to form into a set. After all, our universal
quantifiers do indeed range over the “collection” of all sets. Also, if we are arguing semantically, then given
a model M of ZFC, we may “externally” work with the power set of M.

We want to be able to reason about such “collections” of sets in a natural manner within our theory
without violating our theory. We will call such “collections” classes to distinguish them from sets. The idea
is to recall that any first-order theory can say things about certain subsets of every model: the definable
subsets. In our case, a formula ¢(x) is implicitly defining a certain collection of sets. Perhaps this collection
is too “large” to put together into a set inside the model, but we may nevertheless use the formula in various
ways within our theory. For example, for any formulas ¢(x) and ¥(x), the sentence Vx(p(x) — ¥(x)) says
that every set which satisfies ¢ also satisfies 9. If there exist sets C' and D such that Vx(¢(x) — x € C) and
Yx(1(x) = x € D), then we can use Separation to form the sets A = {x € C': p(x)} and B ={z € D : y(x)},
in which case the sentence ¥x(¢(x) — ¥(x)) simply asserts that A C B. However, even if we can’t form these
sets (intuitively because {x : p(z)} and {x : (x)} are too “large” to be sets), the sentence is expressing
the same underlying idea. Allowing the possibility of parameters, this motivates the following “internal”’
definition.

Definition 9.3.1. A class C is a formula ¢(x, p).
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Our course, this isn’t a very good way to think about classes. Externally, a class is simply a definable
set (with the possibility of parameters). The idea is that once we fix sets ¢ to fill in for the position of the
parameters, the formula describes the collection of those sets a such that ¢(a, §). The first class to consider
is the class of all sets, which we denote by V. Formally, we define V to be the formula x = x, but we will
content ourselves with defining classes in the following more informal “external” style.

Definition 9.3.2. V is the class of all sets.

Here’s a more interesting illustration of how classes can be used and why we want to consider them. Let
Cr be the class of all relations and let Cg be the class of all functions. More formally, Cg is the formula
¢r(x) given by

Vy(y € x = Jadb(y = (a,b)))

while Cp is the formula pp(x) given by
Vy(y € x — Jadb(y = (a,b))) A Va¥b1Vba(((a,b1) € x A (a,bz) € x) — by = by)

With this shorthand in place, we can write things like Cp C Cpg to stand for the provable sentence
Yx(¢r(x) = @r(x)). Thus, by using the language of classes, we can express complicated formulas in a
simplified, more suggestive, fashion. Of course, there’s no real need to introduce classes because we could
always just refer to the formulas, but it is psychologically easier to think of a class as some kind of ultra-set
which our theory is able to handle, even if we are limited in what we can do with classes.

With the ability to refer to classes, why deal with sets at all? The answer is that classes are much less
versatile than sets. For example, if C and D are classes, it makes no sense to write C € D because this
doesn’t correspond to a formula built from the implicit formulas giving C and D. This inability corresponds
to the intuition that classes are too “large” to collect together into a set and then put into other collections.
Hence, asking whether V € V is meaningless. Also, since classes are given by formulas, we are restricted to
referring only to “definable” collections. Thus, there is no way to talk about or quantify over all “collections”
of sets (something that is meaningless internally). However, there are many operation which do make sense
on classes.

For instance, suppose that R is a class of ordered pairs (with parameters p). That is, R is a formula
©(x, p) such that the formula Vx(p(x,p) — Jadb(x = (a,b))) is provable. We think of R as a class relation.
Using suggestive notation, we can then go on to define domain(R) to be the class consisting of those sets
a such that there exists a set b with (a,b) € R. To be precise, domain(R) is the class which is the formula
¥(a, p) given by Ix3b(x = (a,b) A ¢(x, p)). Thus, we can think of domain(-) as a operation on classes (given
any formula ¢(x,p) which is a class relation, applying domain(-) results in the class given by the formula
Sx3b(x = (3,b) A ¢(x, §))).

Similarly, we can talk about class functions. We can even use notation like F : 'V — V to mean that
F is a class function with domain(F) = V. Again, each of these expressions could have been written out as
formulas in our language, but the notation is so suggestive that it’s clear how to do this without actually
having to do it. An example of a general class function is U : 'V x V — V given by U(a,b) = a U b.
Convince yourself how to write U as a formula.

We can not quantify over classes within our theory in the same way that we can quantify over sets because
there is no way to quantify over the formulas of set theory within set theory. However, we can, at the price
of considering one “theorem” as infinitely many (one for each formula), make sense of a theorem which does
universally quantify over classes. For example, consider the following.

Proposition 9.3.3. Suppose that C is a class, 0 € C, and for alln € w, if n € C then S(n) € C. We then
have w C C.

This proposition is what is obtained from the first version of Step Induction on w by replacing the set
X with the class C. Although the set version can be written as one sentence which is provable in ZFC, this
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version can not because we can’t quantify over classes in the the theory. Unwrapping this proposition into

formulas, it says that for every formula ¢(x, p), if we can prove ¢(0,5) and (Vn € w)(p(n,p) = ©(S(n),p)),
then we can prove (Vn € w)p(n,B). That is, for each formula ¢(x, ), we can prove the sentence

VB((¢(0,p) A (Vn € w)((n, B) = ¢(S(n),p))) = (Vn € w)p(n, p)).

Thus, the class version is simply a neater way of writing the second version of Step Induction on w which masks
the fact that the quantification over classes requires us to write it as infinitely many different propositions
(one for each formula ¢(x,p)) in our theory.

Every set can be viewed as a class by making use of the class M given by the formula x € p. That is,
once we fix a set p, the class x € p describes exactly the elements of p. For example, using M in class version
of Step Induction on w, we see that the following sentence is provable:

Vp((0 epA(Vnew)(nep— Sn)ep)) = (Vnew)(nep)).

Notice that this is exactly the set version of Step Induction on w.

On the other hand, not every class can be viewed as a set (look at V, for example). Let C be a class.
We say that C is a set if there exists a set A such that for all 2, we have x € C if and only if x € A. At
the level of formulas, this means that if C is given by the formula ¢(x, ), then we can prove the formula
JAYx(p(x, p) <> x € A). By Separation, this is equivalent to saying that there is a set B such that for all z,
if x € C then x € B (i.e. we can prove the formula IBVx(¢(x, p) = x € B)).

Definition 9.3.4. Let C be a class defined by a formula o(x,p). We say that C is a proper class if C is
not a set, i.e. if we can prove =(IAYX(p(x,p) «> x € A)).

For example, V is a proper class. The following proposition will be helpful to us when we discuss
transfinite constructions. Intuitively, it says that proper classes are too large to embedded into any set.

Proposition 9.3.5. Let C be a proper class and let A be a set. There is no injective class function F : C
— A.

Proof. Suppose that F : C — A is an injective class function. Let B = {a € A: Jc¢(c € CAF(c) = a)} and
notice that B is a set by Separation (recall that C and F are given by formulas). Since for each b € B, there
is a unique ¢ € C with F(c) = b (using the fact that F is injective), we may use Collection and Separation
to conclude that C is a set, contradicting the fact that C is a proper class. O

We end this section by seeing how to simply restate the Axiom of Separation and the Axiom of Collection
in the language of classes.

Axiom of Separation: Every subclass of a set is a set.

Axiom of Collection: If F is a class function and A is a set, then there is a set containing the image of A
under F.

9.4 Finite Sets and Finite Powers

Definition 9.4.1. Let A be a set. A is finite if there exists n € w such that A = n. If A is not finite, we
say that A is infinite.

Proposition 9.4.2. Suppose that n € w. Every injective f: n — n is bijective.
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Proof. The proof is by induction on n € w. Suppose first that n = 0 and f: 0 — 0 is injective. We then have
f =0, so f is trivially bijective. Assume now that the result holds for n, i.e. assume that every injective
f:n — nis bijective. Let f: S(n) — S(n) be an arbitrary injective function. We then have f(n) < n, and
we consider two cases.

o Case 1: Suppose that f(n) = n. Since f is injective, we have f(m) # n for every m < n, hence
f(m) < n for every m < n (because f(m) < S(n) for every m < n). It follows that f [ n: n — n.
Notice that f [ n: n — n is injective because f is injective, hence f [ n is bijective by induction.
Therefore, range(f | n) = n, and hence range(f) = S(n) (because f(n) = n). It follows that f is
surjective, so f is bijective.

o Case 2: Suppose that f(n) < n. We first claim that n € range(f). Suppose instead that n ¢ range(f).
Notice that f | n: n — n is injective because f is injective, hence f | n is bijective by induction.
Therefore, f(n) € range(f [ n) (because f(n) < n), so there exists £ < n with f(¢) = f(n), contrary
to the fact that f is injective. It follows that n € range(Jf).

Fix k < n with f(k) = n. Define a function g: n — n by

[ fm) iEm Ak
g(m){f(n) if m = k.

Notice that if my,ms < n with my # mo and my,ms # k, then g(my) # g(ms) since f(m1) # f(ms)
(because f is injective). Also, if m < n with m # k, then g(m) # g(k) since f(m) # f(n) (again
because f is injective). It follows that g: n — n is injective, hence bijective by induction. From this we
can conclude that range(f) = S(n) as follows. Notice that f(n) € range(f) trivially, and n € range(f)
because f(k) = n. Suppose that ¢ < n with £ # f(n). Since g: n — n is bijective, there exists a unique
m < n with g(m) = ¢. Since ¢ # f(n), we have m # k, hence f(m) = g(m) = ¢, so £ € range(f).
Therefore, range(f) = S(n), and hence f is bijective.

O
Corollary 9.4.3 (Pigeonhole Principle). If n,m € w and m > n, then m £ n.

Proof. Suppose that f: m — n is injective. It then follows that f [ n: n — n is injective, hence f [ n is
bijective by Proposition 9.4.2. Therefore, since f(n) € n, it follows that there exists k < n with f(k) = f(n),
contradicting the fact that f is injective. Hence, m #A n. O

Corollary 9.4.4. If m,n € w and m = n, then m = n.

Proof. Suppose that m # n so that either m > n or m < n. If m > n, then m A n by the Pigeonhole
Principle, so m % n. If m < n, then n A m by the Pigeonhole Principle, so n % m and hence m # n. O

Corollary 9.4.5. If A is finite, there exists a unique n € w such that A =~ n.

Definition 9.4.6. If A is finite, the unique n € w such that A ~ n is called the cardinality of A and is
denoted by | A|.

Proposition 9.4.7. Let A be a nonempty set and let n € w. The following are equivalent:
1. A=<n.
2. There exists a surjection g: n — A.

3. A is finite and |A| < n.
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Proof. We prove four implications.

o 1 implies 2: Suppose that A < n and fix an injection f: A — n. Fix an element b € A (which exists

since A # (). Define a set g by letting

g={(m,a)enxA: fla)=m}U{(m,a) €nx A:m ¢range(f) and a = b}.

Notice that ¢ is a function because f is injective. Furthermore, we have that domain(g) = n and

range(g) = A, so the function g: n — A is surjective.
e 2 implies 1: Suppose that g: n — A is a surjection. Define a set f by letting

f={(a,m) € Axn:g(m)=aand g(k) # a for all K < m}.

Notice that f is a function because < is connected on w by Proposition 9.2.16. Furthermore, using the
assumption that ¢ is a surjection together with the fact that < is a well-ordering on w, it follows that

domain(f) = A so f: A — n. Finally, we have that f is injective because ¢ is a function.

e 1 implies 3: Suppose that A < n. Since < is a well-ordering on w, we may let m be the least element
of w such that A < m. Notice that m < n. By definition of A < m, we can fix an injection g: A — m.
We claim that ¢ is also surjective. Suppose not, and fix £ < m such that ¢ ¢ range(g). Notice that
m # 0 because A is nonempty, so we may fix k € w with m = S(k). If £ = k, then we can view g as
an injective function g: A — k, contradicting our choice of m as least. Otherwise, we have ¢ < k, and

then the function h: A — k defined by

ha) = {g(a) if g(a) # k

Y4 otherwise

would be injective, a contradiction. Therefore, g is surjective, hence bijective, and so |A] = m < n.

o 3 implies 1: Suppose that A is finite and |A| < n. Let m = |A| < n and fix a bijection f: A — m. We

then have that f: A — n is an injection, so A < n.

Corollary 9.4.8. Suppose that n € w. FEvery surjective g: n — n is bijective.

Proof. Suppose that g: n — n is surjective. Let

f={(a,m)enxn:gim)=aand g(k) # a for all k < m}

O

and notice that f: n — n is an injective function by the proof of “2 implies 1” above. By Proposition 9.4.2,

we know that f is bijective. Now let k,m € n be arbitrary with g(k) = g(m).

o Case 1: Suppose that k < m. Since f is bijective, we can fix b € n with f(b) = m. We then have
(b,m) € f, so by definition, we must have g(m) = b and g(k) # b. However, this is a contradiction

because g(m) = g(k).

o Case 2: Suppose that m < k. Since f is bijective, we can fix b € n with f(b) = k. We then have
(b,k) € f, so by definition, we must have g(k) = b and g(m) # b. However, this is a contradiction

because g(k) = g(m).

Since < is connected on w, the only possibility is that £ = m. Therefore, g is injective, and hence bijective.

O
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It is possible to use ordered pairs to define ordered triples, ordered quadruples, and so on. For example,
we could define the ordered triple (a, b, c) to be ((a,b),c). However, with the basic properties of w in hand,
we can give a much more elegant definition.

Proposition 9.4.9. Let A be a set. For all n € w, there is a unique set, denoted by A™, such that for all
f, we have f € A™ if and only if f: n — A.

Proof. Let A be an arbitrary set. As usual, uniqueness follows from Extensionality, so we need only prove
existence. The proof is by induction on n. Suppose that n = 0. Since for all f, we have f: 0 — A if and
only if f = 0, we may take A° = {(}. Suppose that the statement is true for a given n € w, i.e. there exists
a set A™ such that for all f, we have f € A™ if and only if f: n — A. We prove it for S(n).

Let a € A be arbitrary. Notice that for each f € A", there is a unique function f, : S(n) — A such
that fo,(m) = f(m) for all m < n and f,(n) = a (let f, = fU{(n,a)} and use Lemma 9.2.8). Therefore,
by Collection (since A™ is a set), Separation, and Extensionality, there is a unique set C, such that for all
g, we have g € C, if and only if g = f, for some a € A. Notice that for every g: S(n) = A with g(n) = a,
there is an f: n — A such that g = f, (let f = ¢\{(n,a)}). Therefore, for every g, we have g € C, if and
only if g: S(n) = A and g(n) = a.

By Collection (since A is a set), Separation, and Extensionality again, there is a set F such that for
all D, we have D € F if and only if there exists a € A with D = C,. Notice that for all sets g, we have
g € |UF if and only if there exists a € A with g € C,. Let AS(™ = |JF. We then have g € A5 if and
only g: S(n) — A. O

Proposition 9.4.10. Let A be a set. There is a unique set, denoted by A<%, such that for all f, we have
f € A<¥ if and only if f € A™ for some n € w.

Proof. By Collection (since w is a set), Separation, and Extensionality, there is a unique set F such that for
all D, we have D € F if and only if there exists n € w with D = A™. Let A<¥ = |J F. For every f, we then
have f € A<% if and only if f € A™ for some n € w. O

9.5 Definitions by Recursion

Theorem 9.5.1 (Step Recursive Definitions on w - Set Form). Let A be a set, letb € A, andlet g: wx A — A.
There exists a unique function f:w — A such that f(0) = b and f(S(n)) = g(n, f(n)) for alln € w.

Proof. We first prove existence. Call a set Z C w x A sufficient if (0,b) € Z and for all (n,a) € Z, we have
(S(n),g(n,a)) € Z. Notice that sufficient sets exists (since w x A is sufficient). Let

Y ={(n,a) ew x A: (n,a) € Z for every sufficient set Z}.

We first show that Y is sufficient. Notice that (0,b) € Y because (0,b) € Z for every sufficient set Z. Let
(n,a) € Y be arbitrary. For any sufficient set Z, we then have (n,a) € Z, so (S(n), g(n,a)) € Z. Therefore,
(S(n),g(n,a)) € Z for every sufficient set Z, so (S(n),g(n,a)) € Y. It follows that Y is sufficient.

We next show that for all n € w, there exists a unique a € A such that (n,a) € Y. Let

X = {n € w: There exists a unique a € A with (n,a) € Y}.

Since Y is sufficient, we know that (0,b) € Y. Let d € A be arbitrary with d # b. Since the set (wx A)\{(0,d)}
is sufficient (because S(n) # 0 for all n € w), it follows that (0,d) ¢ Y. Therefore, there exists a unique
a € A such that (0,a) € Y (namely, a =b), so 0 € X.

Now let n € X be arbitrary, and let ¢ be the unique element of A such that (n,¢) € Y. Since Y
is sufficient, we have (S(n),g(n,c)) € Y. Let d € A be arbitrary with d # g(n,c). We then have that
Y\{(S(n),d)} is sufficient (otherwise, there exists a € A such that (n,a) € Y and g(n,a) = d, contrary to



218 CHAPTER 9. DEVELOPING BASIC SET THEORY

the fact that in this case we have a = ¢ by induction), so by definition of Y it follows that Y C Y\{(S(n),d)}.
Hence, (S(n),d) ¢ Y. Therefore, there exists a unique a € A such that (S(n),a) € Y (namely, a = g(n,c)),
so S(n) € X.

By induction, we conclude that X = w, so for all n € w, there exists a unique a € A such that (n,a) € Y.
Let f =Y and notice that f: w — A because X = w. Since Y is sufficient, we have (0,b) € Y, so f(0) = b.
Let n € w be arbitrary. Since (n, f(n)) € Y and Y is sufficient, it follows that (S(n), g(n, f(n))) € Y, so
£(S(n)) = g(n, ().

We now prove uniqueness. Suppose that fi, fo: w — A are arbitrary function with the following proper-
ties:

1. f1(0) =b.

2. f2(0) =b.

3. f1(S(n)) = g(n, f1(n)) for all n € w.
(

4. f2(S(n)) = g(n, fa(n)) for all n € w.

Let X = {n € w: fi(n) = fo(n)}. Notice that 0 € X because f1(0) = b = f2(0). Suppose that n € X so
that f1(n) = fa(n). We then have

fi(8(n)) = g(n, f(n))
= g(”af?(n))
= f2(5(n)),

hence S(n) € X. It follows by induction that X = w, so fi1(n) = fa(n) for all n € w. Therefore, f1 = fo. O

As an example of how to use this result (assuming we already know how to multiply - see below), consider
how to define the factorial function. We want to justify the existence of a unique function f: w — w such
that f(0) = 1 and f(S(n)) = f(n) - S(n) for all n € w. We can make this work as follows. Let A = w,
b =1, and define g: w X w — w by letting g(n,a) = S(n) - a (here we are thinking that the second argument
of g will contain the “accumulated” value f(n)). The theorem now gives the existence and uniqueness of a
function f: w — w such that f(0) =1 and f(S(n)) = S(n)- f(n) for all n € w.

However, this begs the question of how to define multiplication. Let’s start by thinking about how to
define addition. The basic idea is to define it recursively. For any m € w, we let m + 0 =m. If m € w, and
we know how to find m + n for some fixed n € w, then we should define m 4+ S(n) = S(m + n). It looks like
an appeal to the above theorem is in order, but how do we treat the m that is fixed in the recursion? We
need a slightly stronger version of the above theorem which allows a parameter to come along for the ride.

Theorem 9.5.2 (Step Recursive Definitions with Parameters on w). Let A and P be sets, let h: P — A,
and let g: P x w x A — A. There exists a unique function f: P x w — A such that f(p,0) = h(p) for all
p € P, and f(p,S(n)) = g(p,n, f(p,n)) for allp € P and alln € w.

Proof. One could reprove this from scratch following the above outline, but we give a simpler argument
using Collection. For each p € P, define g,: w x A — A by letting g,(n,a) = g(p,n,a) for all (n,a) € w x A.
Using the above results without parameters, for each fixed p € P, there exists a unique function f,: w — A
such that f,(0) = h(p) and f,(S(n)) = gp(n, fp(n)) for all n € w. By Collection and Separation, we may
form the set {f, : p € w}. Let f be the union of this set. It is then straightforward to check that f is the
unique function satisfying the necessary properties. O

Definition 9.5.3. Let h: w — w be defined by h(m) = m and let g: w X w X w — w be defined by
g(m,n,a) = S(a). We denote the unique f from the previous theorem by +. Notice that +: w X w — w, that
m+0=m for allm € w, and that m + S(n) = S(m +n) for all m,n € w.
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Now that we have the definition of +, we can prove all of the basic “axiomatic” facts about the natural
numbers with + by induction. Here’s a simple example.

Proposition 9.5.4. 0+ n =n for alln € w.

Proof. The proof is by induction on n. For n = 0, simply notice that 0 + 0 = 0. Suppose that n € w and
0+ n = n. We then have 0+ S(n) = S(0 +n) = S(n). The result follows by induction. O

A slightly more interesting example is a proof that + is associative.
Proposition 9.5.5. For all k,m,n € w, we have (k+m) +n=Fk+ (m+n).

Proof. We fix k,m € w, and prove the result by induction on n. Notice that (k+m)+0 = k+m = k+(m+0).
Suppose that we know the result for n, so that (k+m)+n =k + (m + n). We then have

(k+m)+S(n)=S((k+m)+n)
=Sk+ (m+n)) (by induction)
=k+S(m+n)
=k+ (m+ Sn)).

The result follows by induction. O

Definition 9.5.6. Let h: w — w be defined by h(m) = 0 and let g: w X w X w — w be defined by g(m,a,n) =
a+m. We denote the unique f from the previous theorem by -. Notice that -: w X w — w, that m-0=0 for
allm € w, and that m - S(n) =m-n+m for allm,n € w.

From now on, we will present our recursive definitions in the usual mathematical style. For example, we
define iterates of a function as follows.

Definition 9.5.7. Let B be a set, and let h: B — B be a function. We define, for each n € w, a function
h™ by letting h°® = idp and letting h°™) = ho h™ for alln € w.

For each fixed h: B — B, this definition can be justified by appealing to the theorem with A = B?,
b=1idp, and g: A xw — w given by g(a,n) = hoa. However, we will content ourselves with the above more
informal style when the details are straightforward and uninteresting.

The above notions of recursive definitions can only handle types of recursion where the value of f(S(n))
depends just on the previous value f(n) (and also n). Thus, it is unable to deal with recursive definitions such
as that used in defining the Fibonacci sequence where the value of f(n) depends on the two previous values
of f whenever n > 2. We can justify these more general types of recursions by carrying along all previous
values of f in the inductive construction. Thus, instead of having our iterating function g: A xw — A, where
we think of the first argument of g as carrying the current value f(n), we will have an iterating function
g: A<¥ — A, where we think of the first argument of g as carrying the finite sequence consisting of all values
f(m) for m < n. Thus, given such a g, we are seeking the existence and uniqueness of a function f: w — A
such that f(n) = g(f | n) for all n € w. Notice that in this framework, we no longer need to put forward a
b € A as a starting place for f because we will have f(0) = g(). Also, we do not need to include a number
argument in the domain of g because the current n in the iteration can recovered as the domain of the single
argument of g.

Theorem 9.5.8 (Recursive Definitions on w). Let A be a set and let g: A<* — A. There exists a unique
function f:w — A such that f(n) = g(f [ n) for alln € w.
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Proof. We first prove existence. Call a set Z C w x A sufficient if for all n € w and all ¢ € A™ such that
(k,q(k)) € Z for all k < n, we have (n,g(q)) € Z. Notice that sufficient sets exists (since w x A is sufficient).
Let

Y ={(n,a) ewx A:(n,a) € Z for every sufficient set Z}.

We first show that Y is sufficient. Let n € w and ¢ € A™ be arbitrary such that (k,q(k)) € Y for all k < n.
For any sufficient set Z, we have (k,q(k)) € Z for all k < n, so (n,g(q)) € Z. Therefore, (n,9(q)) € Z for
every sufficient set Z, so (n,g(q)) € Y. It follows that Y is sufficient.

We next show that for all n € w, there exists a unique a € A such that (n,a) € Y. Let

X = {n € w: There exists a unique a € A such that (n,a) € Y}.

Let n € w be arbitrary such that k € X for all k < n. Let ¢ =Y N (n x A) and notice that ¢ € A™. Since
(k,q(k)) € Y for all k < n and Y is sufficient, it follows that (n,g(q)) € Y. Let b € A be arbitrary with
b # g(q). We then have that Y\{(n,b)} is sufficient (otherwise, there exists p € A™ such that (k,p(k)) € Y
for all k < n and g(p) = b, but this implies that p = ¢ and hence b = a), so by definition of Y it follows that
Y CY\{(n,b)}. Hence, (n,b) ¢ Y. Therefore, there exists a unique a € A such that (n,a) € Y, son € X.
By induction, we conclude that X = w, so for all n € w, there exists a unique a € A such that (n,a) € Y.
Let f =Y and notice that f: w — A because X = w. Let n € w be arbitrary. Let ¢ = Y N(n x A) and notice
that ¢ € A™ and ¢ = f [ n. Since (k,q(k)) € Y for all k < n and Y is sufficient, it follows that (n,g(q)) € Y,

so f(n) =g(q) =g(f I n).
We now prove uniqueness. Suppose that fi, fo: w — A are arbitrary functions with the following prop-
erties:

1. filn) =g(f1 [ n) for all n € w.
2. fa(n) =g(fa [ n) for all n € w.

Let X = {n € w: fi(n) = f2(n)}. We prove by induction that X = w. Let n € w be arbitrary such that
k € X for all k < n. We then have that f; [ n = fo [ n, hence

filn) =g(fi I'n)
=g(f2 I'n)
:fQ(n)a

hence n € X. It follows by induction that X = w, so fi(n) = fa(n) for all n € w. Therefore, f; = fo. O

As above, there is a similar version when we allow parameters. If f: P x w — A and p € P, we use the
notation f, to denote the function f,: w — A given by f,(n) = f(p,n) for all n € w.

Theorem 9.5.9 (Recursive Definitions with Parameters on w). Let A and P be sets and let g: Px A< — A.
There exists a unique function f: P x w — A such that f(p,n) = g(p, fp [ n) for allp € P and n € w.

Proof. Similar to the proof of Theorem 9.5.2. O

9.6 Infinite Sets and Infinite Powers

Theorem 9.6.1 (Cantor-Schroder-Bernstein). Let A and B be sets. If A< B and B = A, then A~ B.

Proof. We may assume that A and B are disjoint (otherwise, we can work with A x {0} and B x {1}, and
transfer the result back to A and B). Fix injections f: A — B and g: B — A. We say that an element a € A
is B-originating if there exists by € B and n € w such that by ¢ range(f) and a = (go f)™(g(bo)). Similarly,
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we say that an element b € B is B-originating if there exists by € B and n € w such that by ¢ range(f) and
b= (fog)"(by). Let

h = {(a,b) € A x B : Either a is not B-originating and f(a) = b or a is B-originating and g(b) = a}.

Notice that h is a function (because f is a function and g is injective), domain(h) C A, and range(h) C B.
We first show that domain(h) = A. Let a € A be arbitrary. If a is not B-originating, then (a, f(a)) € h,
hence a € domain(h). Suppose that a is B-originating, and fix by € B and n € w with a = (g o f)™(g(bo)).
If n =0, then a = g(bo), so (a,by) € h and hence a € domain(h). Suppose that n # 0 and fix m € w with
n = S(m). We then have

a= (g0 f)%"(g(bo))
= (g0 f)(((go )™ (g(bo))))
= 9(f((g° £)"™(9(bo))))-

Therefore, (a, f((go f)™(g(bo)))) € h, and hence a € domain(h). It follows that domain(h) = A.

We now know that h: A — B, and we need only show that & is a bijection. Let aj,as € A be arbitrary
with h(ay) = h(az). We first show that either both a; and as are B-originating or both a; and as are not B-
originating. Without loss of generality, suppose that a; is B-originating and as is not, so that a; = g(h(aq))
and h(az) = f(az). Since ay is B-originating, we may fix by € B and n € w such that by ¢ range(f) and

= (go f)"(g(by)). Notice that

If n = 0, this implies that g(by) = g(f(az)), hence f(az) = by (because g is injective), contrary to the fact
that by ¢ range(f). Suppose that n # 0 and fix m € w with S(m) = n. We then have

(g0 f)((ge f)™(9(bo))) = (go f)"(g(bo))
= (g0 f)(az),

hence (g o f)™(g(bp)) = as (because g o f is injective), contrary to the fact that as is not B-originating.
Therefore, either a; and as are both B-originating or both a; and as are both not B-originating. If a; and
as are both not B-originating, this implies that f(a;) = f(a2), hence a1 = as because f is injective. If a;
and ag are both B-originating, we then have a; = g(h(a1)) = g(h(az)) = as. It follows that h is injective.
We finally show that h is surjective. Fix b € B. Suppose first that b is B-originating, and fix by € B and
n € w such that by ¢ range(f) and b = (f 0 g)"(bp). We then have g(b) = g((f o g)™(bo)) = (g o f)™(g(bo)),
hence g(b) € A is B-originating. It follows that h(g(b)) = b, so b € range(h). Suppose now that b is
not B-originating. We then must have b € range(f), so we may fix a € A with f(a) = b. If a is B-
originating, we may fix by € B and n € w such that by ¢ range(f) and a = (g o f)"(g(bo)), and notice that
(fog)’™(by) = f((go £)"(g9(bo))) = f(a) = b, contrary to the fact that b is not B-originating. Therefore,
a is not B-originating, so h(a) = f(a) = b, and hence b € range(h). It follows that & is surjective. O

Definition 9.6.2. Let A and B be sets. We write A < B to mean that A = B and A % B.
Definition 9.6.3. Let A be a set.

1. A is countably infinite if A =~ w.
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2. A is countable if A is either finite or countably infinite.
3. A is uncountable if A is not countable.
Proposition 9.6.4. Let A be a set. The following are equivalent:
1. A is countable.
2. A<w.
3. There is a surjection g: w — A.
Proof. Exercise. O

Given a set A and an natural number n € w, we defined A™ be the set of all functions from n to A. In
fact, there is no reason to restrict to powers that are natural numbers. In general, we want to define A® to
be the set of all functions from B to A. We can certainly make this definition, but it is the first instance
where we really need to use Power Set.

Proposition 9.6.5. Let A and B be sets. There is a unique set, denoted by AP, such that for all f, we
have f € AB if and only if f: B — A.

Proof. Notice that if f: B — A, then f C B x A, hence f € P(B x A). Therefore, AP = {f e P(Bx A): f
is a function, domain(f) = B, and range(f) = A}. As usual, uniqueness follows from Extensionality. O

Theorem 9.6.6. For any set A, we have A < P(A).

Proof. First, define a function f: A — P(A) by letting f(a) = {a} for every a € A. Notice that f is an
injection, hence A < P(A). We next show that A % P(A) by showing that there is no bijection f: A — P(A).
Let f: A — P(A) be an arbitrary function. Let B={a € A:a ¢ f(a)}, and notice that B € P(A). Suppose
that B € range(f), and fix b € A with f(b) = B. We then haveb € f(b) <> b€ B <> b ¢ f(b), a contradiction.
It follows that B ¢ range(f), hence f is not surjective. Therefore, A < P(A). O

9.7 Exercises

1. Let A and B be sets. Suppose that a € A and b € B. Show that (a,b) € P(P(AU B)) where P(x) is
the power set of z. This allows one to construct A x B using Power Set (and Separation) instead of
Collection.

2. Show that the class of all ordered pairs is a proper class.

3. (a) Let m,n € w. Prove that if S(m) = S(n), then m = n.
(b) Show that for every n € w with n # 0, there exists a unique m € w with S(m) = n.
(¢) Prove that m +n =mn+m for all m,n € w.

Hint for c: It may help to first prove that 1 4+ n = S(n) for every n € w.
4. Induction Variants:

(a) Let X C w and let k € w. Suppose that k¥ € X and whenever n € X, we have S(n) € X. Show
that n € X for all n € w with n > k.

(b) Let X C wand let k € w. Suppose that 0 € X and whenever n € X and n < k, we have S(n) € X.
Show that for all n € w, if n <k, then n € X.
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(c) Let X C w x w. Suppose that for all (m,n) € w x w, if (k,¢) € X for all k,¢{ € w with either
k <mor (k=m and ¢ < n), then (m,n) € X. Prove that X = w x w.
5. (a) Show that if A is a finite set and b ¢ A, then AU {b} is finite with |[AU {b}| = |A| + 1.
(b) Show that if A and B are finite and disjoint (i.e. AN B = @), then AU B is finite with |AU B| =
Al +1B].
6. (a) Explain how to define the function f(n) = 2" formally using Theorem 9.5.1.
(b) Show that if A is finite with |A| = n, then P(A) is finite with |P(A4)| = 2™.
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Chapter 10

Ordinals, Cardinals, and Choice

10.1 Well-Orderings

The ability to do induction and make definitions by recursion on w was essential to developing the basic
properties of the natural numbers. With such success, we now want to push inductive arguments and
recursive constructions to other structures. In Chapter 2, we successfully generalized the “step” versions
of induction and recursive to other contexts where we generate elements one at a time. Now, we seek to
generalize the “”order” versions. The key property underlying the order versions is the fact that < is a
well-ordering on w. In fact, it is straightforward to see translate order induction to any well-ordering.

Proposition 10.1.1 (Induction on Well-Orderings). Let (W, <) be a well-ordering.

1. Suppose that X is set and for all z € W, if y € X for all y < z, then z € X. We then have W C X.

2. For any formula p(z,p), we have the sentence
VB((vz € W)((Vy < 2)¢(y,P) = ¢(z,F)) = (Vz € W)¢(z,P))

3. Suppose that C is a class and for all z € W, if y € C for ally < z, then z € C. We then have W C C.
Proof.

1. Suppose that W ¢ X so that W\X # 0. Since (W, <) is a well-ordering, there exists z € W\X such
that for all y € W\ X, either z = y or z < y. Therefore, for all y € W with y < z, we have y € X
(because y ¢ W\X). It follows from assumption that z € X, contradicting the fact that z € W\ X.
Thus, it must be the case that W C X.

2. This follows from part 1 using Separation. Fix sets ¢, and suppose that

(V2 € W)((Vy < 2)e(y,q) — »(2,4))

Let X = {2z € W : ¢o(n,q)}. Suppose that z € W and y € X for all y < z. We then have
My < 2)e(y, §), hence ¢(z, §) by assumption, so z € X. It follows from part 1 that W C X. Therefore,
we have (Vz € W)p(z, ).

3. This is just a restatement of 2 using the language of classes.

225



226 CHAPTER 10. ORDINALS, CARDINALS, AND CHOICE

This is all well and good, but are there other interesting well-orderings other than w (and every n € w)?
Well, any well-ordering has a smallest element. If there are any elements remaining, there must be a next
smallest element. Again, if there are any elements remaining, there must be a next smallest element, and so
on. In other words, any infinite well-ordering begins with a piece that looks like w.

However, we can build another “longer” well-ordering by taking w, and adding a new element which is
greater than every element of w. This can be visualized by thinking of the following subset of R:

A:{l—i:nEw\{O}}U{l}.

It’s a simple exercise to check that A, under the natural ordering inherited from R, is a well-ordering. We
can then add another new element which is greater than every element, and another and another and so
on, to get a well-ordering that is a copy of w with another copy of w on top of the first. We can add a
new element greater than all of these, and continue. These well-orderings “beyond” w differ from w (and all
n € w) in that they have points that are neither initial points nor immediate successors of other points.

Definition 10.1.2. Let (W, <) be a well-ordering, and let z € W.
1. If z <y for ally € W, we call z the initial point (such a z is easily seen to be unique).
2. If there exists y € W such that there is no x € W with y < x < z, we call z a successor point.
3. If z is meither an initial point nor a successor point, we call z a limit point.

A little thought will suggest that all well-orderings should be built up by starting at an initial point,
taking successors (perhaps infinitely often), and then jumping to a limit point above everything previously.
After all, if we already have an initial part that looks like w, and we haven’t exhausted the well-ordering,
then there must be a least element not accounted for, and this is the first limit point. If we still haven’t
exhausted it, there is another least element, which is a successor, and perhaps another successor, and so on.
If this doesn’t finish off the well-ordering, there is another least element not accounted for which will be the
second limit point. For example, as a subset of the real line, the set

A—{li:new\{o}}U{QTll:new\{O}}U{Q}.

is a well-ordering (under the inherited ordering from R) with two limit points (namely 1 and 2).

This idea makes it seem plausible that we can take any two well-orderings and compare them by running
through this procedure until one of them runs out of elements. That is, if (W7, <) and (Ws, <2) are well-
orderings, then either they are isomorphic, or one is isomorphic to an initial segment of the other. We now
develop the tools to prove this result. We first show that we can make recursive definitions along well-
orderings. The proof is basically the same as the proof of the Induction Principle on w because the only
important fact that allowed that argument to work was the property of the order < on w (not the fact that
every element of w was either an initial point or a successor point).

Definition 10.1.3. Let (W, <) be a well-ordering, and let z € W. We let W(z) ={y e W :y < z}.

Definition 10.1.4. Let (W, <) be a well-ordering. A set I C W is called an initial segment of W if I # W
and whenever x € I and y < x, we have y € I.

Proposition 10.1.5. Suppose that (W, <) is a well-ordering and I is an initial segment of W. There exists
z €W with I =W (z).

Proof. Since I is an initial segment of W, we have I C W and I # W. Therefore, W\I # (). Since (W, <) is
a well-ordering, there exists z € W\I such that z <y for all y € W\I. We claim that I = W (z).
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o Let y € W(z) be arbitrary. Since y < z, we then have y ¢ W\I, so y € I. Therefore, W(z) C I.

o Let y € I be arbitrary with y ¢ W (z). We then have y £ z, so y > z because < is a well-ordering (and
hence a linear ordering). Therefore, z € I because I is an initial segment, contradicting the fact that
z € W\I. Tt follows that I C W (z).

Combining these, it follows from Extensionality that I = W(z). O
Definition 10.1.6. Let (W, <) be a well-ordering and let A be a set. We let

AW = {f e P(W x A) : f is a function and f: W(z) — A for some z € W}.

Theorem 10.1.7 (Recursive Definitions on Well-Orderings). Let (W, <) be a well-ordering, let A be a set,
and let g: AW — A. There exists a unique function f: W — A such that f(z) = g(f | W(z)) for all
zeW.

Proof. We first prove existence. Call a set Z C W x A sufficient if for all z € W and all ¢ € AW () such that
(y,q(y)) € Z for all y < z, we have (2,9(q)) € Z. Notice that sufficient sets exist (since W x A is sufficient).
Let

Y ={(2,a) e W x A: (2,a) € Z for every sufficient set Z}.

We first show that Y is sufficient. Let z € W and ¢ € AW(2) be arbitrary such that (y,q(y)) € Y for all
y < z. For any sufficient set Z, we have (y,q(y)) € Z for all y < z, so (z,9(q)) € Z. Therefore, (z,9(q)) € Z
for every sufficient set Z, so (z,9(q)) € Y. It follows that Y is sufficient.

We next show that for all z € W, there exists a unique a € A such that (z,a) € Y. Let

X = {z € W : There exists a unique a € A such that (z,a) € Y}.

Let z € W be arbitrary such that y € X for all y < z. Let ¢ = Y N (W (2) x A) and notice that ¢ € AW (),
Since (y,q(y)) € Y for all y < z and Y is sufficient, it follows that (z,g(¢)) € Y. Fix b € A with b # ¢(q).
We then have that Y'\{(z,b)} is sufficient (otherwise, there exists p € A" (*) such that (y,p(y)) € Y for all
y < z and g(p) = b, but this implies that p = ¢ and hence b = a), so by definition of YV it follows that
Y CY\{(z,0)}. Hence, (z,b) ¢ Y. Therefore, there exists a unique a € A such that (z,a) €Y, so z € X.
By induction, we conclude that X = W so for all z € W, there exists a unique a € A such that (z,a) € Y.
Let f =Y and notice that f: W — A because X = W. Let z € W be arbitrary. Define ¢ € A" (%) by letting
g=Y N(W(z) x A) and notice that ¢ = f [ W(z). Since (y,q(y)) € Y for all y < z and Y is sufficient, it

follows that (2,9(q)) € Y, so f(2) = g(q) = g(f | W(2)).
We now prove uniqueness. Suppose that fi, fo: W — A are arbitrary functions with the following

properties:
L fi(z)=g(f1 1

2. fa(z) =g(f2 1
Let X ={z € W: fi(2) = f2(2)}. We prove by induction that X = W. Let z € W and suppose that y € X
for all y < z. We then have that f1 [ W(z) = fa | W(z), hence

fi(z) = g(f1 I W(2))
=g(f2 [ W(2))
= fa(2),

hence z € X. Tt follows by induction that X = W, so f1(z) = fa(z) for all z € W. Therefore, f1 = fo. O

W(z)) for all z € W.
W (z)) for all ze€ W.

Definition 10.1.8. Let (W1, <1) and (Wa, <2) be well-orderings.



228 CHAPTER 10. ORDINALS, CARDINALS, AND CHOICE
1. A function f: Wy — Wy is order-preserving if whenever x,y € W1 and x <1 y, we have f(x) <y f(y).
2. A function f: Wy — Ws is an isomorphism if it is bijective and order-preserving.
3. If W1 and Wy are isomorphic, we write Wy = Ws.

Proposition 10.1.9. Suppose that (W, <) is a well-ordering and f: W — W is order-preserving. We then
have f(z) > z for all z € W.

Proof. We prove the result by induction on W. Suppose that z € W and f(y) > y for all y < z. Suppose
instead that f(z) < z, and let * = f(z). Since f is order-preserving and z < z, it follows that f(z) <
f(z) = z, contradicting the fact that f(y) > y for all y < z. Therefore, f(z) > z. The result follows by
induction. O

Proposition 10.1.10. Let (Wy,<1) and (Wa, <2) be well-orderings. If f: Wi — Wy is an isomorphism,
then f=1: Wy — W, is also an isomorphism.

Proof. Exercise. O

Corollary 10.1.11.
1. If (W, <) is a well-ordering and z € W, then W 2 W(z).
2. If (W, <) is a well-ordering, then its only automorphism is the identity.

3. If (Wh,<1) and (Wa, <3) are well-orderings, and W1 = W, then the isomorphism from Wy to Wy is
unique.

Proof.

1. Suppose that W = W(z) for some z € W and let f: W — W(z) be a witnessing isomorphism. Then
f: W — W is order-preserving and f(z) < z (because f(z) € W(z)), contrary to Proposition 10.1.9.

2. Let f: W — W be an arbitrary automorphism of W. Let z € W be arbitrary. By Proposition 10.1.9,
we have f(z) > z. Since f~': W — W is also an automorphism of W, Proposition 10.1.9 implies that
F~Y(f(2)) > f(2), hence z > f(z). Combining f(z) > z and z > f(z), we conclude that z = f(z).
Since z € W was arbitrary, we conclude that f is the identity function.

3. Suppose that f: W, — Wy and ¢g: W, — W> are both isomorphisms. We then have that g=': Wy — W)
is an isomorphism, hence g~ ' o f: W; — W, is an automorphism. Hence, by part b, we may conclude
that g~! o f is the identity on W;. It follows that f = g.

O
Theorem 10.1.12. Let (W1, <1) and (Wa,<3) be well-orderings. Fzactly one of the following holds:
1. Wy =2 Ws.
2. There exists z € Wy such that Wi = Wa(2).
3. There exists z € W such that W1(z) = Wa.

In each of the above cases, the isomorphism and the z (if appropriate) are unique.
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Proof. We first prove that one of the three options holds. Fix a set a such that a ¢ Wi U Wy (such an
a exists by Proposition 9.1.4). Our goal is to define a function f: W7 — Wh U {a} recursively. Define
g: (WoU{a})"* — Wy U {a} as follows. Let ¢ € (Wo U {a})<" be arbitrary, and fix z € W such that
q: Wi(z) - Wa U {a}. If a € range(q) or range(q) = Wa, let g(q) = a. Otherwise range(q) is a proper
subset of Wy, and we let g(q) be the <o-least element of Ws\range(q). By Theorem 10.1.7, there is a unique
f: Wy — WaU{a} such that f(2) = g(f | Wi(2)) for all z € Wh.

Suppose first that a ¢ range(f) so that f: W, — W5. We begin by showing that range(f | Wi(z)) is an
initial segment of Ws for all z € Wi by induction. Let z € W; be arbitrary such that range(f | W1 (y)) is an
initial segment of Wy for all y < z. We have three cases:

o Case 1: Suppose that z is the initial point of W;. We then range(f | W1 (z)) = 0 is certainly an initial
segment of W,

e Case 2: Suppose that z is a successor point of Wi. Fix y € Wj such that there is no x € Wy
with y < z < z. By induction, we know that range(f | Wi(y)) is an initial segment of W5. Since
f(y) = g(f I Wi(y)) is the <o-least element of Wa\range(f | W1(y)), it follows that range(f | W1 (z)) =
range(f | Wi(y)) U {f(y)} is an initial segment of Ws.

o Case 3: Suppose finally that z is a limit point of Wj. It then follows that range(f | Wi(z)) =
Uy <. range(f [ Wi(y)). Since every element of the union is an initial segment of W5, it follows that
range(f [ Wi(z)) is an initial segment of W5 (note that it can’t equal Wj because f(z) # a).

Therefore, range(f | Wi(z)) is an initial segment of Wy for all z € Wi by induction. It follows that for
all y,z € Wy with y < z, we have f(y) < f(z) (because range(f | Wi(z)) is an initial segment of W; and
f(y) € range(f | W1(2))), so f is order-preserving. This implies that f is an injection, so if range(f) = W,
we have W7 = W,. Otherwise, range(f) is an initial segment of W, so by Proposition 10.1.5 there is a
z € Wy such that W = Wh(z2).

Suppose now that a € range(f). Let z € Wp be the <j-least element of W7 such that f(z) = a. It
then follows that f | Wi(z) : Wi(z) — Wa is order-preserving by induction as above. Also, we must have
range(f | Wi(z)) = Wa because f(z) = a. Therefore, f | Wi(z) : Wi(z) — Wh is an isomorphism. This
completes the proof that one of the above 3 cases must hold.

The uniqueness of the case, the isomorphism, and the z (if appropriate), all follow from Corollary 10.1.11
O

With this result in hand, we now know that any well-ordering is uniquely determined by its “length”.
The next goal is to find a nice system of representatives for the isomorphism classes of well-orderings. For
that, we need to generalize the ideas that went into the construction of the natural numbers.

10.2 Ordinals

Our definition of the natural numbers had the advantage that the ordering was given by the membership
relation €. This feature allowed us to define successors easily and to think of a natural number n as the
set of all natural numbers less than n. We now seek to continue this progression to measure well-orderings
longer than w. The idea is to define successors as in the case of the natural numbers, but now to take unions
to achieve limit points.

The key property of w (and each n € w) that we want to use in our definition of ordinals is the fact that
€ well-orders w (and each n € w). We need one more condition to ensure that there are no “holes” or “gaps”
in the set. For example, € well-orders the set {0,2,3,5}, but we don’t want to consider it as an ordinal
because it skipped over 1 and 4. We therefore make the following definition.

Definition 10.2.1. A set z is transitive if whenever x and y are sets such that x € y and y € z, we have
T e z.
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Definition 10.2.2. Let z be a set. We define a relation €, on z by setting €,= {(x,y) € z X z : x € y}.
Definition 10.2.3. An ordinal is a set a which is transitive and well-ordered by €,,.

Our hard work developing the natural numbers gives us one interesting example of an ordinal.
Proposition 10.2.4. w is an ordinal.

Proof. Proposition 9.2.11 says that w is transitive, and Theorem 9.2.18 says that w is well-ordered by
< = €. O

Proposition 10.2.5. If « is an ordinal and 8 € «, then B is an ordinal.

Proof. We first show that § is transitive. Let z and y be sets with z € y and y € 8. Since y € 3, 8 € a, and
« is transitive, it follows that y € a. Since x € y and y € «, it follows that x € a. Now since z,y,5 € «a,
r €y, y € B, and €, is transitive on «, we may conclude that = € 8. Therefore, 3 is transitive.

Notice that 5 C « because 5 € o and « is transitive. Therefore, €3 is the restriction of €, to the subset
B C a. Since €, is a well-ordering on a, it follows that €3 is a well-ordering on 5. Hence, /3 is an ordinal. [

Corollary 10.2.6. Every n € w is an ordinal.
Lemma 10.2.7. If « is an ordinal, then o ¢ «.

Proof. Suppose that « is an ordinal and o € . Since « € «, it follows that €, is not asymmetric on «,
contradicting the fact that €, is a well-ordering on a. O

Proposition 10.2.8. If « is an ordinal, then S(«) is an ordinal.

Proof. We first show that S(«) is transitive. Suppose that x € y € S(«). Since y € S(a) = a U {a}, either
Yy € a or y = . Suppose first that y € a. We then have x € y € a, so z € a because « is transitive. Hence,
x € S(a). Suppose now that y = a. We then have = € « because x € y, so x € S(«).

We next show that €g(,) is transitive on S(a). Let z,y, 2z € S(a) with z € y € 2. Since z € S(a), either
z € a or z = «. Suppose first that z € a. We then have y € « (since y € z € o and « is transitive), and
hence z € a (since x € y € « and « is transitive). Thus, z,y,2z € «, so we may conclude that x € z using
the fact that €, is transitive on a. Suppose now that z = a. We then have © € a = 2z because z € y € «
and « is transitive.

We next show that €g(q) is asymmetric on S(a). Let z € S(a). If x € «, then x ¢ x because €, is
asymmetric on a. If x = «, then = ¢ = by Lemma 10.2.7.

We now show that €g(o) is connected on S(a). Let z,y € S(a). If z € @ and y € «, then either x € y,
T =1y, or y € x because €, is connected on . If z = o and y = «a, we clearly have x = y. Otherwise, one
of x,y equals «, and the other is an element of «, if which case we’re done.

Finally, suppose that X C S(«) and X # 0. If X N« = (), then we must have X = {a}, in which case
X clearly has a €g(y)-least element. Suppose that X N # ). Since X Na C « is nonempty and &, is a
well-ordering on «, there exists a €,-least element 8 in X Na. For any v € X, either v € « in which case we
have have either 8 = v or 8 € v by choice of 8, or v = « in which case 5 € v (because 8 € a). Therefore,
X has a €g(q)-least element. O

Proposition 10.2.9. Suppose that a and 3 are ordinals. We then have o C 8 if and only if either a = 3
ora € f.

Proof. (<) If « = j3, then clearly « C 8 and if a €  we can use the fact that /3 is transitive to conclude
that o C .

(=) Suppose that « C 8 and o # (. Notice that S\« is an nonempty subset of 3, so there exists a
€p-least element of S\a, call it z. We show that a = z, hence a € 8. We first show that z C a. Let z € z.



10.2. ORDINALS 231

Since z € § and [ is transitive, we have z € . Since = € z, we can not have x € B\« by choice of z, so
z € a. Thus, z C a. We next show that a C 2. Let z € a. Since a C 3, we have x € . Using the fact
that x,z € 8 and €3 is connected on 8, we know that either z € z, z = 2, or 2 € x. We can not have x = z
because x € « and z € B\«a. Also, we can not have z € x, because if z € x we can also conclude that z € «
(because z € x € o and « is transitive), contradicting the fact that z € f\a. Thus, a C 2. It follows that
z = «a (by Extensionality), so o € §. O

Proposition 10.2.10. Suppose that o and [ are ordinals. Ezxactly one of a € B, a = 3, or B € a holds.

Proof. We first show that at least one of o € B, @ = 3, 8 € « holds. We first claim that o N 3 is an ordinal.
Ifreyeanp, thenxz ey caandax €y € §,s0 x € @ and z € B (because o and § are transitive), and
hence x € aNB. Thus, aNj is transitive. Notice that €, is the restriction of €, to the subset aN g C .
Since €, is a well-ordering on «;, it follows that €,z is a well-ordering on o N 3. Hence, aN 3 is an ordinal.

Now we have aNf Caand aNpgC . f anf#aand anNP# [, then anNf € aand ang e S by
Proposition 10.2.9, hence anNp € aN g, contrary to Lemma 10.2.7. Therefore, either aNg = a or aNg = S.
If an g = «, we then have o« C (3, hence either a« = 8 or a € 8 by Proposition 10.2.9. Similarly, if aNg = g,
we then have 8 C «, hence either § = « or f € a by Proposition 10.2.9. Thus, in any case, at least one
a € B, a=p,or f € aholds.

We finish by showing that exactly one of &« € 8, a = 3, or § € a holds. If @ € § and a = 3, then a € «,
contrary to Lemma 10.2.7. Similarly, if « = 8 and 8 € «, then 5 € 3, contrary to Lemma 10.2.7. Finally, if
a € B and 8 € a, then a € a (because « is transitive), contrary to Lemma 10.2.7. O

Definition 10.2.11. If o and 8 are ordinals, we write a« < 8 to mean that o € 5.
Proposition 10.2.12. Let « and B be arbitrary ordinals. We have a < S(8) if and only if a < 3.
Proof. Notice that S(8) is an ordinal by Proposition 10.2.8. Now

a< S(B)eac SP)

& ae fU{}

< Either o € § or a € {f}
& Eithera < Bora=j
S a<p.

Proposition 10.2.13. Suppose that o and B are ordinals. If a = 8 as well-orderings, then o = 3.

Proof. If a # 3, then either o < 8 or f < a by Proposition 10.2.10. Suppose without loss of generality that
B < a. We then have that the well-ordering § is an initial segments of the well-ordering « (in the notation
for well-orderings, we have 8 = «(8)), hence a 2 8 by Corollary 10.1.11. O

By the above results, it seems that we are in a position to say that < is a linear ordering on the collection
of all ordinals. However, there is a small problem here. We do not know that the class of all ordinals is a
set. In fact, we will see below that the collection of all ordinals is a proper class.

Definition 10.2.14. ORD is the class of all ordinals.
We first establish that nonempty sets of ordinals have least elements.

Proposition 10.2.15. If A is a nonempty subset of ORD, then A has a least element. Furthermore the
least element is given by () A.
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Proof. Since A # (), we may fix an ordinal o € A. If AN« = (), then for any 3 € A, we can not have 8 € a,
hence either a = 3 or a € 8 by Proposition 10.2.10. Suppose that AN« # (). Since AN a C « is nonempty,
it has an €,-least element, call it 0. Let 5 € A and notice that £ is an ordinal. By Proposition 10.2.10,
either S € a, B=a,or a € 5. If B € a, then € AN a, so either § = 5 or § € B by choice of §. If 5 = «,
then 6 € 8 because § € a. If @ € B, we then have § € a € 3, s0 § € B because 3 is transitive. It follows that
0 is the least element of A.

Therefore, we know that A has a least element, call it . Since § € A, we certainly have (1A C 4. For
all @« € A, we then have either 6 = « or § € , hence § C a by Proposition 10.2.9. Therefore, 6 C (N A. It
follows that ¢ = () A. O

Proposition 10.2.16. If A is a subset of ORD, then |J A is an ordinal. Furthermore, we have | J A = sup A,
i.e. a <|JA for allaw € A and |JA < B whenever 8 is an ordinal with § > « for all a € A.

Proof. We first show that |J A is transitive. Suppose that x € y € |J A. Since y € |J A, there exists o € A,
necessarily an ordinal, such that y € o € A. Since « is transitive and = € y € «, we can conclude that = € a.
It follows that x € |J A. Hence, | A is transitive.

We next show that € 4 is transitive on JA. Let x,y,2z € [JA with z € y € z. Since z € [J A, there
exists a € A, necessarily an ordinal, such that z € o € A. Since z € « and « is an ordinal, we may
use Proposition 10.2.5 to conclude that z is an ordinal. Thus, z is transitive, so we may use the fact that
T € y € z to conclude that x € z.

We next show that €| 4 is asymmetric on | J A. Let € [J A and fix o € A, necessarily an ordinal, such
that * € a € A. Using Proposition 10.2.5 again, it follows that x is an ordinal, hence z ¢ x by Lemma
10.2.7.

We now show that € 4 is connected on (JA. Let x,y € |JA. Fix o, 8 € A, necessarily ordinals, such
that z € « € Aand y € 5 € A. Again, using Proposition 10.2.5, we may conclude that = and y are ordinals,
hence either x € y, x =y, or y € x by Proposition 10.2.10

Finally, suppose that X C |J A and X # ). Notice that for any y € X, there exists a € A, necessarily an
ordinal, such that y € o € A, and hence y is an ordinal by Proposition 10.2.10. Therefore, X is a nonempty
subset of ORD, so by Proposition 10.2.15 we may conclude that X has a least element (with respect to
€y A)-

We now show that (JA = sup A. Suppose that o € A. For any 8 € «, we have § € a € A, hence
B elJA. It follows that o C | A, hence oo < |J A by Proposition 10.2.9. Thus, |J A is an upper bound for
A. Suppose that v is an upper bound for A, i.e. v is an ordinal and a < v for all « € A. For any g8 € |J A4,
we may fix & € A such that S € a and notice that § € a C v, so 8 € 7. It follows that |JA C ~, hence
JA < v by Proposition 10.2.9. Therefore, | JA = sup A. O

Proposition 10.2.17. ORD is a proper class.

Proof. Suppose that ORD is a set, so that there is a set O such that « is an ordinal if and only a € O. In
this case, O is a transitive set (by Proposition 10.2.5) which is well-ordered by €0 (transitivity follows from
the fact that ordinals are transitive sets, asymmetry follows from Lemma 10.2.7, connectedness follows from
Proposition 10.2.10, and the fact that every nonempty subset has a least element is given by Proposition
10.2.15). Therefore, O is an ordinal and so it follows that O € O, contrary to Lemma 10.2.7. Hence, ORD
is not a set. O

Since ORD is a proper class, there are subclasses of ORD which are not subsets of ORD. We therefore
extend Proposition 10.2.15 to the case of nonempty subclasses of ORD. The idea is that if we fix an o € C,
then aN C becomes a set of ordinals, so we can apply the above result.

Proposition 10.2.18. If C is a nonempty subclass of ORD, then C has a least element.
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Proof. Since C # (), we may fix an ordinal a € C. If C Na = (), then for any 8 € C, we can not have 8 € a,
hence either & = 8 or a € 8 by Proposition 10.2.10. Suppose that C Na # @. In this case, C N« is a
nonempty set of ordinals by Separation, hence C Na has a least element § by Proposition 10.2.15. It now
follows easily that ¢ is the least element of C. O

Proposition 10.2.19 (Induction on ORD). Suppose that C C ORD and that for all ordinals «, if p € C
for all B < «, then a € C. We then have C = ORD.

Proof. Suppose that C C ORD. Let B = ORD \ C and notice that B is a nonempty class of ordinals. By
Proposition 10.2.18, it follows that B has a least element, call it «. For all 8 < «, we then have 5 ¢ B,
hence g € C. By assumption, this implies that a € C, a contradiction. It follows that C = ORD. O

This gives a way to do “strong induction” on the ordinals, but there is a slightly more basic version.
Definition 10.2.20. Let a be an ordinal.
o We say that « is a successor ordinal if there exists an ordinal 8 with o = S(f).

o We say that « is a limit ordinal if a # 0 and « is not a successor ordinal.

Notice that « is a limit ordinal if and only if @ # 0, and whenever 8 < a, we have S(8) < «. For example,
w is a limit ordinal. In an inductive argument, we can’t get around looking at many previous values at limit
ordinals, but we can by with just looking at the previous ordinal in the case of successors.

Proposition 10.2.21 (Step/Limit Induction on ORD). Suppose that C C ORD with the following prop-
erties:

1. 0e C.

2. Whenever o € C, we have S(a) € C.

3. Whenever « is a limit ordinal and 8 € C for all B < «, we have a € C.
We then have C' = ORD.

Proof. Suppose that C C ORD. Let B = ORD \ C and notice that B is a nonempty class of ordinals. By
Proposition 10.2.18, it follows that B has a least element, call it . We can’t have o = 0 because 0 € C.
Also, it is not possible that « is a successor, say « = S(8), because if so, then 8 ¢ B (because < «), so
B € C, hence a = S(f) € C. Finally, suppose that « is a limit. Then for for all < «, we have § ¢ B,
hence g € C. By assumption, this implies that o € C, a contradiction. It follows that C = ORD. O

Theorem 10.2.22 (Recursive Definitions on ORD). Let G : V — V be a class function. There exists a
unique class function F : ORD — V such that F(a) = G(F | ) for all « € ORD.

Theorem 10.2.23 (Recursive Definitions with Parameters on ORD). Let P be a class and let G : P x
V — V be a class function. There exists a unique class function F : P x ORD — V such that F(p,a) =
G(F, | a) forallp € P and allaa € ORD.

Theorem 10.2.24. Let (W, <) be a well-ordering. There exists a unique ordinal o such that W = a.

Proof. Fix a set a such that a ¢ W (such an a exists by Proposition 9.1.4). We define a class function F :
ORD — W U {a} recursively as follows. If a € range(F | «) or range(F | «) = W, let F(a) = a. Otherwise,
range(F | a) C W, and we let F(a) be the least element of W\range(F | ).

Since ORD is a proper class, it follows from Proposition 9.3.5 that F is not injective. From this it follows
that a € range(F) (otherwise, a simple inductive proof gives that F would have to be injective). Let a be
the least ordinal such that F(a) = a. Now it is straightforward to prove (along the lines of the proof of
Theorem 10.1.12) that F [ a: o« — W is an isomorphism.

Uniqueness follows from Proposition 10.2.13 O
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Definition 10.2.25. Let (W, <) be a well-ordering. The unique ordinal o such that W = « is called the
order-type of (W, <).

10.3 Arithmetic on Ordinals

Now that we have the ability to define functions recursively on all of the ordinals, we can extend our
definitions of addition, multiplication, and exponentiation of natural numbers into the transfinite.

Definition 10.3.1. We define ordinal addition (that is a class function +: ORD x ORD — ORD)
recursively as follows.

1. a+0=a.
2. a+ S(B)=S(a+p).
3. a+B=Ula+v:v<B}if B is a limit ordinal.
Similarly, we define ordinal multiplication recursively as follows.
1. a-0=0.
2.a-SP)=a-p+a.
3 a-B=U{a-v:v< B} if B is alimit ordinal.
Finally, we define ordinal exponentiation recursively as follows.
1. a® =1.
2. a®P) =af . q.
3. of = J{a" 1y < B} if B is a limit ordinal.
Notice that we have

w+1l=w+S5(0)
=S(w+0)
= S(w).

On the other hand, since w is a limit ordinal and + is commutative on w (by the homework), we have
1—|—w:U{1—|—n:n<w}
= U{n +1:n<w}
:U{n+5(0) ‘n<w}
:U{S(n+0) ‘n<w}
= U{S(n) ‘n € w}

= W.

Therefore, we have w + 1 # 1 + w, and hence addition of ordinals is not commutative in general. Moreover,
notice that even though we have 0 < 1, we do not have 0 + w < 1 + w (because 0 + w = w as well. In other
words, addition on the right does not preserve the strict ordering relation. In contrast, addition on the left
does preserve the ordering, as we now show. We start with the non-strict version.
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Proposition 10.3.2. Let a, 8, and ~ be ordinals. If 8 <, then a+ 8 < a+ 7.

Proof. Fix arbitrary ordinals a and S. We prove by induction on ~ that if 5 <+, then a« + 5 < a + . For
the base case, notice that the statement is trivial when v = . For the successor step, let v > 8 be arbitrary
such that a + 8 < a4+ . We then have

at+B<a+y
< Sla+7)
=a+5(7),

so the statement is true for S(v). For the limit case, suppose that v > (3 is a limit ordinal with the property
that a + 8 < a+ § whenever § < § < . We then have

a+ﬁ§U{o¢+6:5<7} (since 8 < 7)
=a+7,
so the statement is true for . The result follows by induction. O
Proposition 10.3.3. Let «, B, and v be ordinals. We have § <~ if and only if a + 8 < a + 7.
Proof. Let o and B be arbitrary ordinals. Notice first that
a+p<Sa+p)=a+S5(p).
Now if 7 is an arbitrary ordinal with v > 3, then we have S(5) < =, hence
at+fB<a+SB)<a+y

by Proposition 10.3.2. Therefore, we have o + 5 < « 4 . For the converse, notice that if v < [, then
a+ v < a+ B by what we just proved. O

Proposition 10.3.4. Let a and 3 be ordinals. If B is a limit ordinal, then o + B is a limit ordinal.

Proof. Since (3 is a limit ordinal, we have
atB=JHa+v:iv<slh

Let § < a+ 8 be an arbitrary ordinal. We show that S(§) < a + 8. We have

5<U{a+’y:’y<[3},

so by Proposition 10.2.16, we can fix v < 8 with § < a++y. Since f is a limit ordinal, we then have S(v) < S,
SO

S(@) <a+vy
< S(a+7)
=a+5(7)
<a+g.

It follows that o + 8 is a limit ordinal. O

Proposition 10.3.5. For all ordinals «, 8, and 7, we have (a + ) +~v=a+ (8 +7).
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Proof. Fix ordinals o and 8. We prove that (a+ )+~ = a+(8++) for all ordinals v by induction. Suppose
first that v = 0. We then have

(a+8)+0=a+p
=a+ (8+0).

For the successor step, let v be arbitrary such that (a + 8) +v = a+ (8 + 7). We then have

(a+B8)+S(v) = S((a+pB) +7)
=S(a+(B+7))
=a+S(B+9)
=a+(B+5(7)).

For the limit case, let v be an arbitrary limit ordinal such that (a+ ) +d = a+ (5 + ) for all 6 < . We
then have

(@+pB)+y=J{la+B) +6:6 <7}
= J{a+(B+08):0<}
= [fa+e:B<e<p+n}
:U{a+5:5<6+’y}

a+(B+7),

where the last line follows because 8 + 7 is a limit ordinal. O

Our recursive definitions of ordinal arithmetic are elegant, but there’s an easier way to visualize what
they represent.

Proposition 10.3.6. Let (W1, <1) and (Wa, <) be well-orderings.
1. Let W = (W7 x {0}) U (W3 x {1}), and define a relation < on W as follows.
e For any v,w € Wy, we have (v,0) < (w,0) if and only if v <1 w.
o For anyy,z € Wa, we have (y,1) < (z,1) if and only if y < z.
e For any w € Wy and z € Wy, we have (w,0) < (z,1).
We then have that (W, <) is well-ordering.

2. Let W = W71 x Wy, and define a relation < on W as follows. For any v,w € Wy and y,z € Wa, we
have (v,y) < (w, z) if and only if either v <y w or (v=w and y <2 z). We then have that (W, <) is a
well-ordering.

Proof. Exercise (see homework). O
Definition 10.3.7. Let (W1, <1) and (W2, <3) be well-orderings.

1. We call the ordering (W, <) from (1) above the sum of Wi and Wy and denote it by W1 & Ws.

2. We call the ordering (W, <) from (2) above the product of W1 and Wy and denote it by W1 @ Ws.
Theorem 10.3.8. Let a and 3 be ordinals.

1. The well-ordering a & B has order-type o + (3.

2. The well-ordering 6 ® « has order-type o - 3.
Proof. Exercise. O
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10.4 Cardinals

Definition 10.4.1. A cardinal is an ordinal a such that o % S for all f < «.
Proposition 10.4.2. An ordinal o is a cardinal if and only if a A B for all B < a.

Proof. For any 8 < «, we trivially have 8 < a because  C «a. Thus, the result is an immediate consequence
of the Cantor-Schréder-Bernstein Theorem. O

Proposition 10.4.3. Everyn € w is a cardinal, and w is a cardinal.

Proof. Every n € w is a cardinal by Corollary 9.4.4. Now consider w. If there existed n < w when w = n,
then by restricting a witnessing bijection g: w — n to the domain S(n), we would obtain an injective function
from S(n) to n, contrary to the Pigeonhole Principle. Therefore, w is a cardinal. O

Proposition 10.4.4. If k is a cardinal with k £ w, then k is a limit ordinal.

Proof. By the homework, we know that S(a) ~ o whenever w < . Therefore, any successor ordinal greater
than or equal to w must be a limit ordinal. O

Proposition 10.4.5. Let A be a set. There is an ordinal o such that o A A.

Proof. Let F = {(B,R) € P(A) x P(A x A) : R is a well-ordering on B} be the set of all well-orderings
of all subsets of A. By Collection and Separation, the set T' = {order-type(B, R) : (B, R) € F} is a set of
ordinals. Let « be an ordinal such that o > |JT (such an « exists because ORD is a proper class).

We claim that o A A. Suppose instead that f: o — A was injective. Let B = range(f) and let R be
the well-ordering on B obtained by transferring the ordering of a to B via the function f. We would then
have that (B, R) € F and (B, R) has order-type «, so a € T. This is a contradiction (because o > |JT'), so
a £ A O

For example, letting A = w, we conclude that there is an ordinal « such that o A w. In particular, there
exists an uncountable ordinal.

Definition 10.4.6. Let A be a set. The least ordinal o such that o A A is called the Hartogs number of A,
and is denoted by H(A).

Proposition 10.4.7. H(A) is a cardinal for every set A.

Proof. Let A be a set and let « = H(A). Suppose that 8 < a and a = . Let f: @ — [ be a bijection.
Since 8 < a = H(A), there exists an injection g: 5 — A. We then have that go f: @« — A is an injection,
contrary to the fact that @ A A. Tt follows that « % 8 for any 8 < «, so H(A) = « is a cardinal. O

Definition 10.4.8. If s is a cardinal, we let k* = H(k).
Definition 10.4.9. We define X,, for a € ORD recursively as follows:

1. Ng = w.

2. Voq1 = NI,

3. Ny =U{Rp : B < a} if a is a limit ordinal.

The following proposition can be proven with a straightforward induction.
Proposition 10.4.10. Let o and 3 be ordinals.

1. a <N,.
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2. If a < 8, then X, < Wg.

Proposition 10.4.11. Let k be an ordinal. k is an infinite cardinal if and only if there exists « € ORD
with k = N,.

Proof. We first prove that X, is an infinite cardinal for all « € ORD by induction. Notice that Ry = w
is a cardinal by Proposition 10.4.3. Also, if R, is a cardinal, then R,,; = 8T = H(N,) is a cardinal by
Proposition 10.4.7. Suppose then that o is a limit ordinal and that Ng is a cardinal for all 8 < a. Notice
that R, is an ordinal by Proposition 10.2.16. Let v < X, be arbitrary. Since v < X, = [J{Rs : 8 < a}, there
exists 8 < a such that v < Ng. Since Ng is a cardinal, we know that Ng A 7. Now we also have Rg < R,
so Ng C N,, from which we can conclude that X, A . Therefore R, % v for any v < R,, hence R, is a
cardinal.

Conversely, let k be an arbitrary infinite cardinal. By Proposition 10.4.10, we have k < N.. If k = N,
we are done. Suppose then that x < N,. Let a be the least ordinal such that x < N,. Notice that a # 0
because & is infinite, and also a can not be a limit ordinal (otherwise, x < Rg for some 5 < «). Thus, there
exists 8 such that o = S(). By choice of a, we have Rg < k. If Rg < £, then Rg < v < Ngg) = H(Np),
contradicting the definition of H(Xg). It follows that x = Ng. O

Proposition 10.4.12. Let A be a set. The following are equivalent:
1. There exists an ordinal o such that A =~ «.
2. A can be well-ordered.

Proof. Suppose first that there exists an ordinal « such that A = . We use a bijection between A and «
to transfer the ordering on the ordinals to an ordering on A. Let f: A — « be a bijection. Define a relation
< on A by letting a < b if and only if f(a) < f(b). It is then straightforward to check that (A4, <) is a
well-ordering (using the fact that (a, €4) is a well-ordering).

For the converse direction, suppose that A can be well-ordered. Fix a relation < on A so that (A, <) is a
well-ordering. By Theorem 10.2.24, there is an ordinal « such that A 2 «. In particular, we have A ~ «. 0O

Of course, this leaves open the question of which sets can be well-ordered. Below, we will use the Axiom
of Choice to show that every set can be well-ordered.

Definition 10.4.13. Let A be a set which can be well-ordered. We define |A| to be the least ordinal o such
that A =~ .

Proposition 10.4.14. If A can be well-ordered, then |A| is a cardinal.

Proof. Suppose that A can be well-ordered, and let o = |A|. Let 8 < « be arbitrary. If a = f, then by
composing a bijection from f: A — « with a bijection g: @ — 3, we would obtain a bijection from A to S,
contradicting the definition of |A|. Therefore, a % 8 for all 5 < «, and hence « is a cardinal. O

Given ordinals « and 3, we defined the ordinal sum a4 8 and the ordinal product a.- 8. Since ordinals are
measures of “lengths” of well-orderings, these recursive definitions reflected the “length” of the sum/product
of the two well-orderings. In contrast, cardinals are raw measures of “number of elements”, not of a length
of an ordering of the elements. We now define different notions of cardinal addition and multiplication. Let
k and A be cardinals. Since both (k x {0}) U (A x {1}) and k x A can be well-ordered by Proposition 10.3.6,
we can make the following definition.

Definition 10.4.15. Let k and A be cardinals. We define the following:
1. 6+ A=k x {0H U x{1})].
2. K- A=k XAl
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Proposition 10.4.16. Let k and A be cardinals.
1. k+ A=A+~
2. K- A= XK.

Proof. Notice that there is a natural bijection between (k x {0}) U (A x {1}) and (A x {0}) U (k x {1}), and
there is also a natural bijection between k£ x A and A X k. O

Lemma 10.4.17. Let Ay, As, B1, By be sets with A1 =~ Ay and By =~ Bs.
1. (A1 x {0}) U (By x {1}) = (A2 x {0}) U (Bg x {1}).
2. A1 x By =~ Ay X Bs.
Proof. Exercise. O

The definition of cardinal addition and multiplication is natural, but it is not obvious how to compute
many values. Notice that Rg + Ry = Ny because (Rg x {0}) U (Rg x {1}) is countable (as the union of two
countable sets is countable). Similarly, we have Rg - g = Ry because Rg x N is countable (as the Cartesian
product of two countable sets is countable). However, what is 8; - X;? The key to answering this question,
and more general questions about cardinal multiplication, is the following important ordering on pairs of
ordinals.

Definition 10.4.18. We define an ordering < on ORD x ORD as follows. Let aq, 31, s, By be ordinals.
We set (aq,81) < (az, B2) if one of the following holds.

1. max{aq, 1} < max{as, B2}.

2. max{ay, 51} = max{ao, B2} and a1 < as.

3. max{ay, 51} = max{ao, B2}, a1 = ag, and B1 < fa.

Although this ordering looks strange at first, it fixes several issues with more natural orderings. For
example, suppose that we try to order ORD x ORD lexicographically. We could then have that (0, @) <jey
(1,0) for all ordinals «, so the class of elements less than (1,0) is actually a proper class. In contrast, notice
that given any (a, f) € ORD x ORD, the class

{(7,0) € ORD x ORD: (,6) < (o, 8)}

is a set, since it is contained in the set (max{a, 8} +1) x (max{a, §} +1). Our ordering is a kind of “graded
lexicographic ordering” in that we first order by some kind of “size” (given by the max of the entries), and
then order lexicographically inside each “size”.

Lemma 10.4.19. < is a well-ordering on ORD x ORD.

Proof. Transitivity, asymmetry, and connectedness are easily shown by appealing to the transitivity, asym-
metry, and connectedness of the ordering on ORD. Let C be a nonempty subclass of ORD x ORD.
Notice that D = {max{«a, 8} : (a, ) € C} is a nonempty subclass of ORD, hence has a least element ¢ by
Proposition 10.2.18. Now let A = {a € : (a,d) € C}.

Suppose first that A # (), and let o be the least element of A (which exists by Proposition 10.2.15). Let
(a, B) € C be arbitrary. Notice that if max{a, 5} > ¢, we then have (o, d) < (o, 3). Suppose then that
max{c, 8} = 0. If « = ¢, we then have (ag,d) < (a, 8) because ag < 0. If a« # ¢ and 8 = §, we then have
oy < a by choice of ag, hence (ag,d) < (a, §).

Suppose now that A = ). Let B = {8 € S(9) : (4, 3) € C} and notice that B # ). Let Sy be the least
element of B (which exists by Proposition 10.2.15). Let («, 3) € C. Notice that if max{a, 8} > §, we then
have (4, 8p) < (@, 8). Suppose then that max{«, 3} = . Notice that we must have a = § because A = 0. It
follows that 8y < 8 by choice of Sy, hence (4, 5p) < («, 8). O
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Theorem 10.4.20. For all « € ORD, we have N, - N, = N,.

Proof. The proof is by induction on o € ORD. Suppose « is an ordinal and that Ng-Ng = Ng for all 8 < a.
Notice that if we restrict the < relation on ORD x ORD to X, x X, we still get a well-ordering. Given
(7,0) € Ny X Ny, we let
P%5 = {(6‘1,92) e N, X N, : (91,92) < ('y,é)}.

Let (v,6) € Ry x R, be arbitrary. We claim that |P, 5| < X,. To see this, let ¢ = max{v,d} + 1. Now X,
is an infinite cardinal by Proposition 10.4.11, so we know that N, is a limit ordinal by Proposition 10.4.4.
Since 7,6 < N, it follows that ¢ < N, and hence [e] < R,. Now if ¢ is finite, then P, ; is finite, and
hence |P, 5| < R, trivially. Otherwise, ¢ is infinite, and so we can fix § < « such that |¢] = Ng. We then
have P, ; C € x € ® Rg x Ng =~ Ng, by induction, so [P, ;| < Xg < N,. Therefore, |P, ;| < X, for every
(7,0) € Ny X Ry

Since N, x N, is well-ordered by <, it follows from Theorem 10.2.24 that X, x N, = # for some ordinal
0. Let f: N, x N, — 0 be a witnessing isomorphism. Then f is injective, so we must have R, < 6, and
hence X, < 6. Suppose that X, < . Since f is an isomorphism, there exists (y,d) € R, x X, such that
f((v,0)) = No. We then have |P, 5| = N,, a contradiction. It follows that §# = R, so f witnesses that
N, X N, =~ N,. Hence N, - N, =N,. O

Corollary 10.4.21. Suppose that & and X are cardinals, 1 < k < X\, and A > Ry. We then have
I. K+ A== +k.
2. K- A=A= X k.
Proof. By Proposition 10.4.11, we can fix « such that A = X, . Notice that
E-ASA-A=Ry Ny =N, =\
Since we clearly have A < k- A, it follows that x - A = . Also, notice that
KEASA+A=2- A=),

where the last line follows from what we just proved. Since we clearly have A < k + A, it follows that
K+A= A O

10.5 The Axiom of Choice

Definition 10.5.1. Let F be a family of nonempty sets. A choice function on F is a function h: F — JF
such that h(A) € A for all A€ F.

Proposition 10.5.2. The following are equivalent (over ZF).

1. The Axiom of Choice: If F is a family of nonempty pairwise disjoint sets, then there is a set C such
that C N A has a unique element for every A € F.

2. Fvery family F of nonempty sets has a choice function.

3. Every family F of nonempty pairwise disjoint sets has a choice function.

Proof. o 1 implies 2: Let F be a family of nonempty sets. Let G = {{A} x A: A € F}, and notice that
G is a set by Collection and Separation. Furthermore, G is a family of nonempty pairwise disjoint sets.
By 1, there is a set C such that there is unique element of C' N B for every B € G. By Separation, we
may assume that C C |JG. Letting h = C, it now follows that h: F — JF and h(A) € A for every
A € F. Therefore, F has a choice function.
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e 2 implies 3: Trivial.

e 3 implies 1: Let F be a family of nonempty pairwise disjoint sets. By 3, there is choice function h for
F. Let C = range(h) and notice that there is a unique element of C'N A for every A € F (because the
sets in F are pairwise disjoint).

O

Here are some examples where the Axiom of Choice is implicitly used in mathematics.
Proposition 10.5.3. If f: A — B is a surjective, there exists an injective g: B — A such that fog =idg.

The idea of constructing such a g is to let g(b) be an arbitrary a € A such that f(a) = b. When you
think about it, there doesn’t seem to be a way to define g without making all of these arbitrary choices.

Proof. Define a function H: B — P(A) by letting H(b) = {a € A : f(a) = b}. Notice that H(b) # () for
every b € B because f is surjective. Let h: P(A)\{0} — A be a choice function, so h(D) € D for every
D € P(A)\{0}. Set g = ho H and notice that g: B — A. We first show that (f o g)(b) = b for every b € B.
Let b € B be arbitrary. Since h(H (b)) € H(b), it follows that f(h(H(b))) = b, hence

(f 0 9)(b) = f(g(b))
= f(h(H(b)))
=b.

Therefore, f og is the identity function on B. We finally show that g is injective. Let by,by € B be arbitrary
with g(b1) = g(b2). We then have

by = (fog)(b1)
f(

Therefore, g is injective. O

Proposition 10.5.4. If f: R — R and y € R, then f is continuous at y if and only if for every sequence
{zn}new with lim x, =y, we have lim f(z,) = f(y).
n—oo n—oo

The standard proof of the left-to-right direction makes no use of the Axiom of Choice. For the right-to-
left direction, the argument is as follows. Suppose that f is not continuous at y, and fix £ > 0 such that
there is no § > 0 such that whenever |x —y| < 4§, we have | f(z) — f(y)| < e. We define a sequence as follows.
Given n € w, let x,, be an arbitrary real number with |z,, — y| < L such that |f(z,) — f(y)| > . Again,

n
we’re making infinitely many arbitrary choices in the construction.

Proof. Suppose that f is not continuous at y, and fix € > 0 such that there is no § > 0 such that whenever
|z—y| < 8, we have | f(z)— f(y)| < €. Define a function H: RT — P(R) by letting H(§) = {z e R: |z—y| < ¢
and |f(x) — f(y)| > &. Notice that H(5) # 0 for every § € RT by assumption. Let h: P(R)\{0} — R be a
choice function. For each n € w, let @, = h(H(1)). One then easily checks that nlgrolo Z, = y but it’s not the

case that lim f(x,) = f(y). O

n—oQ

Another example is the proof is the countable union of countable sets is countable. Let {4, }ne, be
countable sets. The first step is to fix injections f,: A, — w for each n € w and then build an injection
[+ Upew An — w from these. However, we are again making infinitely many arbitrary choices when we fix
the injections. We’ll prove a generalization of this fact using the Axiom of Choice below.
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Ezample. Let F = P(w)\{0}. Notice that |JF = w. We can prove the existence of a choice function for F
without the Axiom of Choice as follows. Define g: F — w by letting g(A) be the <-least element of A for
every A € P(w)\{0}. More formally, we define g = {(A,a) € F xw:a € Aand a <b for all b € A} and
prove that g is a choice function on F. O

Proposition 10.5.5. Without the Aziom of Choice, one can prove that if F is a family of nonempty sets
and F is finite, then F has a choice function.

Theorem 10.5.6 (Zermelo). The following are equivalent:
1. The Axiom of Choice.
2. FEwvery set can be well-ordered.

Proof. 2 implies 1: We show that every family of nonempty sets has a choice function. Let F be a family
of nonempty sets. By 2, we can fix a well-ordering < of | JF. Define g: F — [JF by letting g(A) be the
<-least element of A. Notice that g is a choice function on F.

1 implies 2: Let A be a set. It suffices to show that there is an ordinal « such that o & A. Since A is a set,
we can fix x ¢ A. Let g: P(A)\{0} — A be a choice function. We define a class function F: ORD — AU{z}
recursively as follows. If « € range(F | «) or range(F | o) = A, let F(a) = 2. Otherwise, range(F [ «) C A,
and we let F(a) = g(A\range(F | «)). Since A is a set and ORD is a proper class, we know that F is
not injective. It follows that we must have = € range(F) (otherwise, a simple induction shows that F is
injective). Let « be the least ordinal such that F(a) = x. A straightforward induction now shows that
F | a: a — A is injective, and we notice that it is surjective because F(«a) = z. It follows that A~ «. O

Definition 10.5.7. Zorn’s Lemma is the statement that if (P, <) is nonempty partially ordered set with the
property that each chain in P has an upper bound in P, then P has a maximal element.

Theorem 10.5.8. The following are equivalent.
1. The Axiom of Choice.
2. Zorn’s Lemma.

Proof. 1 implies 2: Let (P, <) be nonempty partially ordered set with the property that each chain in P has
an upper bound in P. Since P is a set, we can fix x ¢ P. Let g: P(P)\{0} — P be a choice function. We
define a class function F: ORD — P U{x} recursively as follows. If 2 € range(F | «), let F(a)) = . Also, if
range(F | «) C P and there is no ¢ € P such that ¢ > p for every p € range(F | ), let F(«) = 2. Otherwise,
range(F [ @) C P and {qg € P : q > p for every p € range(F | )} # (), and we let F(a) =g({g€e P:q>p
for every p € range(F | a))}). We know that F can not be injective, so as above we must have = € range(F).
Fix the least ordinal « such that F(«) = z. A straightforward induction shows that range(F [ «) is injective
and that range(F [ «) is a chain in P.

Notice that o # 0 because P # ). Suppose that « is a limit ordinal. Since range(F | «) is a chain in
P, we know by assumption that there exists ¢ € P with ¢ > p for all p € range(F [ «). Notice that we can
not have ¢ = F(f3) for any 8 < a because we would then have 8+ 1 < « (because « is a limit ordinal) and
g < F(8+ 1) by definition of F, contrary to the fact that ¢ > p for all p € range(F | «). It follows that
g > p for all p € range(F | a), hence F(a) # z, a contradiction. It follows that « is a successor ordinal, say
a = 5(B). Since F(f) # x and F(S(8)) = «, it follows that F(3) is a maximal element of P.

2 implies 1: Let F be a family of nonempty sets. We use Zorn’s Lemma to show that F has a choice
function. Let P = {q : ¢ is a function, domain(q) C F, and ¢(A4) € A for every A € domain(q)}. Given
p,q € P, we let p < ¢ if and only if p C ¢. It is easy to check that (P, <) is a partial ordering. Notice that
P # () because () € P. Also, if H is a chain in P, then |JH € P, and p < |JH for all p € H. It follows that
every chain in P has an upper bound in P. By Zorn’s Lemma, P has a maximal element which we call g. We



10.5. THE AXIOM OF CHOICE 243

need only show that domain(g) = F. Suppose instead that domain(g) C F, and fix A € F\domain(g). Fix
a € A. We then have gU{(4,a)} € P and g < gU{(4,a)}, a contradiction. It follows that domain(g) = F,
so g is a choice function on F. O

Definition 10.5.9. Let V' be a vector space over a field F, and let S CV. We define

Spang(S) = {Z)‘Zwl meN N € Fw; € S}.

i=1
In other words, Spang(S) is the set of all finite linear combinations of elements of S.
Definition 10.5.10. Let V' be a vector space over a field F', and let S C V.

o We say that S is linearly independent if for all distinct wy,ws, ..., w, € S and all A1, a,..., A\ € F
with Aywy + Agwg + -+ + Ayw, =0, we have \; =0 for all 1.

o We say that S is a basis of V if S is linearly independent and Spang(S) =V.

Proposition 10.5.11. Let S be a linearly independent subset of V', and let v € V\S. The following are
equivalent:

1. v ¢ Spang(S).
2. SU{v} is linearly independent.

Proof. We prove the contrapositive of each direction. Suppose first that v € Spang(S). Fix distinct
w1, Wa, ..., wy, €5 and all Aq, Ag,..., A, € F with Aqwy + Aows + -+ - + A\yw, = v. We then have (—1)v +
Arwy + Agws + -+ - + Ayw, = 0, so since —1 # 0, we conclude that S U {v} is linearly dependent.

Conversely, suppose that S U {v} is linearly dependent. Fix wy,wa,...,w, € V, and p, A1, Aa,..., A € F,
at least one of which is nonzero, with yv + \jw; + Aowsg + - - - + Apw, = 0. Since S is linearly independent,
we must have p # 0. We then have

() (52 e (52)
v=(—]wi+|— | wo+---+ Wy,
1% 1% H

so v € Spanp(S). O

Theorem 10.5.12. If V is a vector space over F', then there exists a basis of V.

Proof. The key fact is that if G is a set of linearly independent subsets of V' that is linearly ordered by
C (i.e. for all Sy1,S2 € G, either S; C Sy or Sy C Sy), then |JG is linearly independent. To see this, let
w1, Wa, ..., wy, € JG and A1, Ag, ..., A, € F be arbitrary with \jw; + Aows + -+ + Ayw, = 0. For each
i, fix S; € |JG; with w; € S;. Now the set G is linearly ordered with respect to C, so we can fix k with
1 < k < n such that S; C S for all i. We then have w; € S for all i, so since S, is linearly independent and
Arwy + Agwa + -+ + Ayw, = 0, we conclude that A; = 0 for all i. Therefore, | JG is linearly independent.
We now apply either Zorn’s Lemma on the set of linearly independent subsets of V' ordered by inclusion,
or use transfinite induction (taking unions of limit ordinals), to obtain a linearly independent set S that
can not be extended to another linearly independent set. Using Proposition 10.5.11, we conclude that
Spang(S) = V. Therefore, S is a basis for V. O

Once we adopt the Axiom of Choice, it follows that every set can be well-ordered. Therefore, |A| is
defined for every set A.

Proposition 10.5.13. Let A and B be sets.
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1. A= B if and only if |A| < |B|.
2. A= B if and only if |A| = |B].

Proof.

1. Suppose first that |A| < |B|. Let k = |A] and let A = |B|, and fix bijections f: A — x and g: A — B.
Since k < A, we have x C X\ and so we may consider go f: A — B. One easily checks that this is an
injective function, so A < B.

Suppose now that A < B, and fix an injection h: A — B. Let k = |A| and let A = |B], and fix
bijections f: k — A and g: B — A. We then have that goho f: kK — ) is injective, so Kk < A. Since Kk
is cardinal, we know from Proposition 10.4.2 that A £ &, so Kk < A.

2. Suppose first that A =~ B. We then have that |A| < |B| and |B| < |A| by part 1, hence |A| = |B].
Suppose now that |A| = |B|. Let x be this common value, and fix bijections f: A — k and g: Kk — B.
We then have that go f: A — B is a bijection, so A ~ B.
O
Proposition 10.5.14. |A x A| = |A]| for every infinite set A.

Proof. Since A is infinite, we can fix an ordinal o with |A| = R, by Proposition 10.4.11. We then have
Ax AN, xR, ~ N, by Theorem 10.4.20, so |A x A| = X,,. O

Proposition 10.5.15. Let F be a family of sets. Suppose that |F| < k and that |A] < X for every A € F.
We then have ||JF| < K- A.

Proof. Let p = |F| (notice that p < k), and fix a bijection f: pn — F. Also, for each A € F, fix an injection
ga: A — X (using the Axiom of Choice). Define a function h: |JF — & x A as follows. Given b € |JF, let
a be the least ordinal such that b € f(«), and set h(b) = (v, gf(a)(b))-

We claim that h is injective. Let by, by € |JF be arbitrary with h(by) = h(bs). Let ay be the least ordinal
such that b; € f(a1) and let ay be the least ordinal such that by € f(az). Since h(by) = h(bz), it follows
that oy = g, and we call their common value «. Therefore, using the fact that h(b;) = h(bs) again, we
conclude that g¢q)(b1) = gp(a)(b2). Since gf(q) is an injection, it follows that by = by. Hence, h: F — k x A
is injective, so we may conclude that |F| < k- A. O

Proposition 10.5.16. |A<“| = |A]| for every infinite set A.

Proof. Using Proposition 10.5.14 and induction (on w), it follows that |A™| = | A| for every n € w with n > 1.
Since A<% = [J{A" : n € w}, we may use Proposition 10.5.15 to conclude that |[A<¥| < Ny - [A] = |A]. We
clearly have |A| < |A<%], hence |A<¥| = |A]. O

Definition 10.5.17. Let A and B be sets. We let AP be the set of all functions from B to A.
Proposition 10.5.18. Let A1, As, B1, By be sets with A1 =~ Ao and By ~ Bs. We then have AjlBl ~ AEZ.
Proof. Exercise. O

Now that we’ve adopted the Axiom of Choice, we know that AP can be well-ordered for any sets A and
B, so it makes sense to talk about |AZ|. This gives us a way to define cardinal exponentiation.

Definition 10.5.19. Let k and \ be cardinals. We use k™ to also denote the cardinality of the set k™. (So,
we’re using the same notation k* to denote both the set of functions from X to r and also its cardinality).

Proposition 10.5.20. Let k, A, and p be cardinals.
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1. AT = A RH
2. kMM = (KMR.
3. (k- ANHF = RF A

Proof. Fix sets A, B, C such that |A| = &, |B| = A\, and |C| = u (we could just use k, A, and p, but it’s
easier to distinguish sets from cardinals).

1. It suffices to find a bijection F: AB>*{0UCx{1} _ AB » AC We define F as follows. Given f: B x
{0}UC x {1} = A, let F(f) = (g,h) where g: B — A is given by g(b) = f((b,0)) and h: C — A is
given by h(c) = f((c,1)).

2. Tt suffices to find a bijection F: (AB)¢ — ABXC. We define I as follows. Given f: C — AP let
F(f): B x C — A be the function defined by F'(f)((b,c)) = f(c)(b) for all b€ B and ¢ € C.

3. Tt suffices to find a bijection F': A x B¢ — (A x B)®. We define F as follows. Given g: C — A
and h: C — B, let F((g,h)): C — A x B be the function defined by F((g,h))(c) = (g(c), h(c)) for all
ceC.

In each case, it is straightforward to check the given F' is indeed a bijection. O
Proposition 10.5.21. 2" = |P(k)| for all cardinals k.

Proof. Let k be an arbitrary cardinal. We define a function F': 2% — P(k) as follows. Given f: k — 2, let
F(f)={a€k: f(a) =1}. We then have that F is a bijection, hence 2" = |P(x)|. O

Corollary 10.5.22. k < 2% for all cardinals k.
Proof. We know that x < P(x) from Theorem 9.6.6. O
Proposition 10.5.23. If2 < A\ < k, then \" = 2~

Proof. Notice that

2N < )\N S K/K é (2/1)& — 2K-f€ — 2/{)

so we must have \* = 2%, O

10.6 Exercises

1. Let (W1, <1) and (Wa, <3) be well-orderings.

(a) Let W = (W; x {0}) U (W5 x {1}), and define a relation < on W as follows:
o For any v,w € W1, we have (v,0) < (w,0) if and only if v <; w.
o For any y,z € Wa, we have (y,1) < (z,1) if and only if y <3 z.
o For any w € Wi and z € Wa, we have (w,0) < (z,1).
Show that (W, <) is a well-ordering. We call W the sum of W7 and W5 and denote it by W & We.

(b) Let W = W; x Ws, and define a relation < on W as follows. For any v,w € W; and y,z € W,
we have (v,y) < (w, z) if and only if either v <; w or (v = w and y <3 z). Show that (W, <) is a
well-ordering. We call W the product of W1 and W5 and denote it by W7 ® Ws.

2. In this problem, «, £, and y are always ordinals.

(a) Show that if o < 8, there exists a unique 7 such that a + v = 3.
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(b) Give examples of o < f such that the equation v+ a = 8 has 0, 1, and infinitely many solutions
for ~.

Show that if « is an infinite ordinal, then S(a) ~ a.

Let A C R. Suppose that (4, <) is a well-ordering under the usual ordering < on R. Show that A is
countable.

Hint: Define an injective function from A to Q.
Show that for every set A, there exists a transitive set T" with the following properties:

« ACT.
e T C S for all transitive sets S with A C S.

T is called the transitive closure of A.
Define a transfinite sequence of sets V, for « € ORD by:
e Vo =0.

o Vaq1 =P(V,) for all ordinals .
o Vo =U{Vs: B < a} for all limit ordinals c.

(a) Show that V,, is transitive for all ordinals a.
(b) Show that if 8 < «, then Vg C V,.
(c¢) Show that if z,y € V,,, then Uz, {z,y}, and P(z) are all elements of V,.

Note: Working in ZFC without Foundation, one can show that the Axiom of Foundation is equivalent
to the statement that for every set x, there exists an ordinal o with = € V,.

Give a careful proof (meaning that you’ll use the Axiom of Choice so be explicit when using it) of the
following fact: A linear ordering (L, <) is a well-ordering if and only if there is no f: w — L such that
f(n+1) < f(n) for all n € w.

Let £ = {R} where R is a binary relation symbol. Show that the class of well-orderings is not a weak
elementary class in the language L.

Over ZF, show that the statement “For all sets A and B and all surjections f: A — B, there exists
an injection g: B — A such that f o g is the identity function on B” implies the Axiom of Choice.

The Hausdorff Maximality Principle states that every partial ordering (P, <) has a maximal chain with
respect to C (that is, a chain H such that there is no chain I with H C I). Show that the Hausdorff
Maximality Principle is equivalent to the Axiom of Choice over ZF.

(**) Show that for every ordinal a, there exists ordinals f1, B2,..., Bk with a > 81 > o > -+ > B
and ni,ns,...,n, € w such that

a=uwh ng +w? ng+- WPy

Furthermore, show that the 3; and n; in such a representation are unique. This expression of an ordinal
in “base w” is called Cantor Normal Form.



Chapter 11

Set-theoretic Methods in
Mathematics

11.1 Subsets of R

In this section, we try to understand the real numbers using set-theoretic tools. The first connection is
expressing |R| in terms of cardinal exponentiation.

Proposition 11.1.1. |R| = 2%,

Proof. The function f: R — P(Q) given by f(x) = {g € Q: ¢ < x} is injective (because Q is dense in R), so
Rl < [P(@)] = 2% = 2%,

Now let F be the set of all functions from w to 2. The function f: F — R defined by

oo
flg) = 1%(,:?1
n=0
is injective (by simple properties of decimal expansions). Therefore, 2% = |F| < |R]. O
Although interesting, we have not yet determined 2%°. That is, we know that 2% = X, for some

a € ORD, but we do not know the value of a. Since 2% = |P(w)|, we know that Ry < 2% so a > 0. A
natural guess is that 28 is the first uncountable cardinal X;. This guess is called the Continuum Hypothesis.
One way to attack this problem is to try to show that for every A C R, either A is countable or A =~ R. If
successful, then we could conclude that every cardinal strictly less than 2° is countable, which would solve
the Continuum Hypothesis affirmatively. We start by analyzing the simplest types of subsets of R.

Proposition 11.1.2. Ifa,b € R and a < b, then |(a,b)| = 2%°.
Proof. If F is the set of all functions from w to 2, then the function f: F — (0,1) defined by

_N~dm) +1

fla) = Z% o

is injective (by simple properties of decimal expansions as above). Thus, |(0,1)| > 2. Since (0,1) C R, we
also have |(0,1)| < 2%, so [(0,1)| = 2%0.

Now given any a,b € R with a < b, we have (0,1) = (a,b) via the function f(x) = a+ z- (b — a), so
|(a,b) = [(0,1)] = 2%. O

247
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Proposition 11.1.3. If O is a nonempty open subset of R, then |O| = 2%0,
Proof. Every nonempty open subset of R contains an open interval. O

Now that we have handled open sets, we move on to closed sets. We start with the following special
types of closed sets.

Definition 11.1.4. Let P C R. We say that P is perfect if it is closed and has no isolated points.

For example, the closed interval [a, b] is perfect for all a,b € R with a < b. A more interesting example
is given by the Cantor set defined by

o a(n) o

C’—{ 3n+1.q€{0,2} }
n=0

Consult your favorite analysis book to see that C is perfect.

Proposition 11.1.5. If P C R is perfect and a,b € R with a <b and a,b ¢ P, then PN [a,b] is perfect.

Proof. Since both P and [a, b] are closed, it follows that P N [a,b] is closed. Let x € P N [a,b] be arbitrary,
and notice that > a and x < b since a,b ¢ P. Let € > 0. Since P is perfect, we know that x is not isolated
in P, so there exists y € P such that 0 < |z — y| < min{e,z — a,b — x}. We then have that 0 < |z —y| < ¢
and also that y € [a,b] (by choice of ). Therefore, x is not isolated in P N [a,b]. It follows that P N a,b] is
perfect. O

Definition 11.1.6. Let A CR. We define diam(A) = sup{|z — y| : z,y € A}.

Proposition 11.1.7. If P C R is a nonempty perfect set and € > 0, then there exists nonempty perfect sets
Py, P, C R with the following properties:

1. PANP,=0.
2. PLPUP, CP.
3. diam(Py), diam(Py) < €.
Proof. Let P C R be a nonempty perfect set and let € > 0. Since P is nonempty, we may fix x € P.

o Case 1: There exists § > 0 such that [z — 6,z + 6] C P. We may assume (by making § smaller if
necessary) that § < e. In this case, let Py = [z — §,x — 3] and let P, = [z + 5,2 + ).

o Case 2: Otherwise, for every § > 0, there exists infinitely many y € [z — §, z + 6]\ P. Thus, there exists
points a,b,c,d € [x — 5,z + F]\P such that @ < b < ¢ < d. In this case, let P, = P N [a,b] and let
P2 =PnN [C, d]

O
Proposition 11.1.8. If P C R is a nonempty perfect set, then |P| = 2%°.

Proof. Since P C R, we know that |P| < 2%. By Proposition 11.1.7, there exists a nonempty perfect
set @ C P such that diam(Q) < 1. We can now use Proposition 11.1.7 to recursively define a function
f: 2<% — P(P) with the following properties:

L) = Q.

2. f(o) is a nonempty perfect set for all o € 2<%,
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3. diam(f(0)) < g7 for all o € 2<%,
4. flex0)U f(o*1) C f(o) for all o € 2<¥.
5. fex0)N f(ox1) =0 for all o € 2<%,

Now define g: 2% — P by letting g(¢) be the unique element of (.., f(q | n) for all ¢ € 2% (notice that
such an element must exist because the intersection is of a nested sequence of compact sets, and that the
element is unique because the diameters go to 0). Finally, notice that ¢ is injective by virtue of property 5
of the function f. O

Definition 11.1.9. Suppose that C C R is a closed set. We define
C' = C\{z € R : x is an isolated point of C'}.
We call C' the Cantor-Bendixson derivative of C.
Notice that a closed set C' is perfect if and only if C' = C”.
Proposition 11.1.10. If C C R is a closed set, then C' C C is also closed.

Proof. Recall that a set is closed if and only if its complement is open. We show that C’ is open. Let
x € C" be arbitrary. If z ¢ C, then since C' is closed, we may fix § > 0 such that (z — 6,z + ) C C C C".
Suppose then that x € C. Since x ¢ C’, we know that x is an isolated point of C. Fix § > 0 such that
CN(z—4§,x+0)={x}. We then have that (x — 6,z + §) C C’. Therefore, C’ is open. It follows that C’ is
closed. O

Proposition 11.1.11. If C C R is a closed set, then C\C' = {z € R : z is an isolated point of C} is
countable.

Proof. Define a function f: C\C' — Q x Q by letting f(x) = (q,r) where (g,7) is least (under some fixed
well-ordering of Q x Q) such that CN(g,r) = {z}. We then have that f is injective, hence C\C" is countable
because Q x Q is countable. O

In attempting to find a perfect set inside of a closed set, we begin by throwing out the isolated points.
However, there might be new isolated points once we throw out the original ones. Thus, we may have to
repeat this process. In fact, we may have to repeat it beyond w. Let w; be the first uncountable ordinal
(i.e. w1 = Vg, but thought of as an ordinal rather than a cardinal).

Definition 11.1.12. Let C' C R be a closed set. We define a sequence C'®) for a < wy recursively as follows:
1. cO=c.
2. Clotl) = (C(@),
3. C@ =N{C¥ : g < a} if ais a limit.
Notice that each C(® is closed and that C®) C O whenever a < 8 < wy by a trivial induction.
Proposition 11.1.13. Let C C R be a closed set. There exists an o < wy such that C(@TH) = C(a),

Proof. Suppose that C(@*+1) = C(@) for all @ < wy. Define a function f: w; — Q x Q by letting f(a) = (g, 7)
where (g,r) is least (under some fixed well-ordering of @ x Q) such that there is a unique element of
C@) N (q,r). We then have that f is injective, contrary to the fact that |Q x Q| = No. O

Theorem 11.1.14. Let C C R be a closed set. There exists a perfect set P C R and a countable A C R
such that C = AUP and AN P = 0.
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Proof. Fix a < wy such that C®tH) = O, Let P = C® and let A = |J,_,(CP\CPTD). Notice that
C =AUPand AN P = . Furthermore, P is perfect because P = P’, and A is countable because it is the
countable union of countable sets. O

Corollary 11.1.15. If C C R is an uncountable closed set, then |C| = 2.

Proof. Let C' C R be an uncountable closed set. We have |C| < 2% because C C R. Let P be perfect and
A countable such that C = AU P and AN P = (). Since C is uncountable, we have P # (), hence |P| = 2%,
and so |C| > 2%o. O

In order to move on, we need to discuss more complicated types of subsets of R. The next most natural
class of sets are the Borel sets.

Definition 11.1.16. Let O be the set of open subsets of R. We define the set B of Borel sets to be the
smallest subset of P(R) such that

1. 0O CB.
2. If A€ B, then R\A € B.

3. If A, € B for alln € w, then U, ., An € B.

new

It turns out that every Borel set is either countable or has size 2%°. However, this is harder to prove.
Also, there are subsets of R that are not Borel, and it quickly becomes difficult to get a handle on these more
“pathological” sets. The study of Borel sets and higher generalizations (such as analytic and projective sets)
is part of a subject called descriptive set theory.

11.2 The Size of Models

Theorem 11.2.1 (Downward Lowenheim-Skolem-Tarski Theorem). Suppose that L is a language with
|£] <k (ie. CURUF| < k), that M is an L-structure, and that X C M 1s such that | X| < k. There exists
A <M such that X C A and |A| < k.

Proof. Follow the proof of Theorem 4.5.4, with an appropriate analogue of Problem 6 on Homework 1. [

Corollary 11.2.2. Let L be a language and suppose that I' C Formy is satisfiable. There exists a model
(M, s) of T such that |M| < |L] + Ny.

Proof. Since T is satisfiable, we can fix a model (A, s) of . Let X = range(s), By the Downward Lowenheim-
Skolem-Tarski Theorem, we can fix M < N with range(s) C M and |M| < |£] + Ro. O

Theorem 11.2.3 (Lowenheim-Skolem Theorem). Let L be a language and suppose that T' C Formg has an
infinite model. Let k > |L] + Rg. There exists a model (M, s) of T' such that |M| = k.

Proof. Suppose that x > |L£]. Let L' be L together with new constant symbols ¢, for all @ < . Notice that
|| = |L| 4+ Kk = k. Let
I"=TU{ca #cp:a,B <k and a # (3}

Notice that every finite subset of IV has a model by using an infinite model of T' and interpreting the
constants which appear in the finite subset as distinct elements. Therefore, by Compactness, we know that
T is satisfiable. By Corollary 11.2.2, there exists a model (M’, s) of I such that |[M’| < |L£'|+ Xy = . Notice
that we must also have |M’| > &, hence |M’| = k. Letting M be the restriction of the structure M’ to the
language £, we see that (M, s) is a model of I" and that |M| = k. O
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Definition 11.2.4. Given a theory T in a language £ and a cardinal k, let I(T, k) be the number of models
of T of cardinality k up to isomorphism.

Proposition 11.2.5. Let T be a theory in a language £ with |L| = X. For any infinite cardinal k, we have
I(T, k) <25, In particular, if k > X is infinite, then I(T,r) < 2%,

Proof. Let k be an infinite cardinal. We have

(T, fi) P (=) R [P (=) ]
|7’(f<&)I'R| P ()|
Ao (2
roEA (27

A

)

— 2% A
Now if Kk > A, we have k- A =k, so I(T, k) < 2°. O
Proposition 11.2.6. If T is the theory of groups, then I(T,Rg) = 2%0.

Proof. Let P be the set of primes. Notice that the set of finite subsets of P is countable, so the set of infinite
subsets of P has cardinality 2%. For each infinite A € P(P), let

GA = @peAZ/pZ.
In other words, G 4 is the set of all functions f with domain A with the following properties:
o f(p) € Z/pZ for each p € A.

o {pe A: f(p) # 0} is finite.

Notice that G 4 is countable for each infinite A € P(P). Now if A, B € P(P) are both infinite with A # B,
then G4 % Gp, because if A ¢ B, say, and we fix p € A\B, then G 4 has an element of order p but G does
not. O

Proposition 11.2.7. Let T be the theory of vector spaces over Q. We have I(T,Rg) = Rg and I(T, k) =1
for all kK > Ny.

Proof. Notice first that if V' is a vector space over Q and dimg(V) = n € w, then
VI =1Q" = Ro.

Now if V' is a vector space over Q and dimg (V) = k > g, then since every element of V' is a finite sum of
scaler multiples of elements of a basis, it follows that

VI< 1@ x k)= =](Ro - k)= =[] = k.

and we clearly have |V| > &, so |V]| = k.

Since two vector spaces over QQ are isomorphic if and only if they have the same dimension, it follows
that I(T,Rg) = Ny (corresponding to dimensions in w U {RX¢}) and I(T,x) =1 for all x > 8y (corresponding
to dimension k). O

Definition 11.2.8. Let F and K be fields with F' C K. Given a set S C K, we say that S is algebraically
independent over F' if whenever p(x1,...,Tn) € Flx1,...,2T,] is a polynomial, and aq, . .., a, € S are distinct
with p(ay,...,a,) =0, we have p = 0.
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In field theory, there is an analogue of dimension that is called transcendence degree. While the dimension
of a vector space is the cardinality of maximal linearly independent sets, the transcendence degree of a field
extension is the cardinality of maximal algebraically independent sets. Following the above outline, it is
possible to prove that two algebraic closed fields of a fixed characteristic are isomorphic if and only if they
have the same transcendence degree over their prime subfield. This leads to the following result.

Definition 11.2.9. Let F and K be fields with FF C K. A set S C K s called a transcendence base of K
over F if S is algebraically independent over F, and K is algebraic over F(S).

Proposition 11.2.10. Let F and K be fields with FF C K. Let S C K be algebraically independent. If
b € K is transcendental over F(S), then S U {b} is algebraically independent over F.

Proof. Let p(z1,...,2n,y) € Flz1,...,2,,y] and distinct a1, ..., a, € S be arbitrary with p(ay,...,a,,b) =
0. Write p(z1,...,%n,y) as a polynomial in y with coefficients in F[z1,...,z,,y], s0

p(xlw"axnay):qk(xla"'axn)'yk+qk—1(x17"'7xn)'yk71+"'+qo(x17"'7xn)
where g;(z1,...,2,) € Flz1,...,2,)] for all i. We then have
gr(ar, ... an) - 0F +qp_1(ar, ... an) - 0"+ + qo(ar,...,a,) = 0.

Now each of the coefficients is an element of F'(.S), so the above shows b as a root of a polynomial over F'(.S).
Since b is transcendental over F'(S), the polynomial must be 0, so we must have g;(aq,...,a,) =0, so since
S is algebraically independent over F', it follows that g; = 0 for all i. Therefore, p = 0. O

Proposition 11.2.11. Let F' and K be fields with F C K. There exists a transcendence base of K over F
Proof. Iterate above result through the ordinals (or use Zorn’s Lemma). O
Proposition 11.2.12. Let F' and K be fields with F C K. If K is algebraic over F, then | K| < max{|F|,No}.

Proof. Define a function g: F* — F|[x] by letting g(agaias .. .a,) be the polynomial ag + ajx + aza® + - - +
anx™. We then trivially have that g is surjective (although not injective, since ¢(2,1,0) = 24+ = = g(2,1)).
Thus |F[z]| < |F*| = max{|F|,Ro}.
For each nonzero p(x) € F[x], let Ry, be the set of roots of p(z) in K, i.e. let R,y = {a € K : p(a) = 0}.
Now we know from algebra that a nonzero polynomial p(x) of degree n has at most n roots. In particular,

for every nonzero p(z) € F[z], the set R,(,) is finite, and hence countable. Since K is algebraic over F, we

have
K= |J Ry
p(z)€F[z\{0}
Using the fact that |F[z]\{0}| = max{|F|,No}, it follows that |K| < |F[z]| - Ng = max{|F[,R¢}. O

Proposition 11.2.13. Let F be a field and let I be a nonempty set. Let R be the polynomial ring over F in
indeterminates indexed by I, and let K be the fraction field of R We then have that |K| = |R| = max{|F|,No}.

Proof. Let J be the set of functions from I to N such that only finitely many elements of I are sent to
nonzero values.
The ring R is the set of functions from I to F' with finite support O

Theorem 11.2.14. For any p, we have I(ACF,,Ry) = Ny and I(ACF,, k) =1 for all kK > N;.
Definition 11.2.15. Let T be a theory and let k be a cardinal. We say that T is k-categorical if [(T, k) = 1.

Proposition 11.2.16 (FLos-Vaught Test). Suppose that T is a theory such that all models of T are infinite.
If there exists k > |L| + g such that T is k-categorical, then T is complete.
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Proof. Let T be a theory such that all models of T" are infinite. We prove the contrapositive. Suppose that
T is not complete and fix o € Sent, such that o ¢ T and -0 ¢ T. We then have that TU{c} and T U{—c}
are both satisfiable with infinite models (because all models of T are infinite), so by the Lowenheim-Skolem
Theorem we may fix a model M of T U {o} and a model M5 of T'U {—c} such that |M;| = k = |Ms|. We
then have that M; and My are models of T" which are not isomorphic, hence I(T, k) > 2, and so T is not
k-categorical. O

Corollary 11.2.17. If T is the theory of vector spaces over Q, then T is complete.
Corollary 11.2.18. ACFy is complete, and each ACF), is complete.

The Lowenheim-Skolem says that a first-order theory is unable to control the cardinalities of the infinite
models (since as soon as there is one infinite model, there is an infinite model of every cardinality greater
than or equal to |£|). However, there are some surprising limitations on the number of models of various
cardinalities. For example, we have the following result.

Theorem 11.2.19 (Morley’s Theorem). Let £ be a countable language and let T be a theory. If T is
k-categorical for some k > Wy, then T is k-categorical for all kK > Ny.

Morley’s Theorem is quite deep, and marks the beginning of modern model theory.

11.3 Ultraproducts and Compactness

Let £ be a language, let I be a set, and suppose that for each ¢ € I we have an L-structure M. For initial
clarity, think of the case where I = w, so we have L-structures Mgy, My, My, .... We want a way to
put together all of the M; which “blends” the properties of the M, together into one structure. An initial
thought is to form a product of the structures M; with underlying set [],.; M;. That is, M consists of all
functions g: I — (J;c; M; such that g(i) € M; for all i € I. Interpreting the constants and functions would
then be straightforward.

For example, suppose that £ = {e,f} where e is a constant symbol and f is a binary relation symbol.
Suppose that I = w and that each M; is a group. Elements of M would then be sequences (a;);c.,, we would
interpret e as the sequence of each identity in each group, and we would interpret f as the componentwise
group operation (i.e. fM({a;)icw, (bi)icw) = (fMi(a;i,b;))ic.,. For a general set I and language without any
relation symbols, we would let c™ be the function i — c™i for each constant symbol c, and given f € F},
we would let M (g1, g2, ..., gx) be the function i — fMi(g;(3), g2(i), ..., gr(i)).

This certainly works, but it doesn’t really “blend” the properties of the structures together particularly
well. For example, if each M is a group and all but one is abelian, the product is still nonabelian. Also,
if we have relation symbols, it’s not clear what the “right” way to determine how to interpret the relation
on M. For example, if £ = {R} where R is a binary relation symbol and I = w, do we say that the pair
((ai)icw, (bi)icw) is an element of RM if some (a;,b;) € RMi if all (a;,b;) € RMi| or something else? Which
is the “right” definition? In other words, if each M, is a graph, do we put an edge between the sequences if
some edge exists between the components, or if every pair has an edge?

To give a uniformly suitable answer to these questions, we want a more “democratic” approach of forming
M that also gives a way to nicely interpret the relation symbols. If I were finite, perhaps we could do a
majority rules (if most of the pairs were in the relation), but what if I is infinite?

Definition 11.3.1. Let X be a set. A filter on X is a set F C P(X) such that
1. XeFand ¢ F.

2. IfA€ F and AC BC X, then B € F.
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3. AN B € F whenever A,B € F.
Ezxample. Let X be a nonempty set, and let x € X. The set

F={AeP(X):xe€ A}
is a filter on X. Such a filter is called a principal filter on X generated by zx. O
Proposition 11.3.2. Let X be an infinite set. The set
F={AeP(X): A is cofinite}
is a filter on X.

Proof. Immediate from the fact that the intersection of two cofinite sets is cofinite. O

Proposition 11.3.3. Let X be a set and let F be a filter on X. For every finite T C F, we have (\T € F.
In particular, for every finite T C F, we have (T # 0.

Proof. A straightforward induction on |T. O

Definition 11.3.4. Let X be a set and suppose that S C P(X). We say that S has the finite intersection
property if (T # 0 for all finite T C S.

Proposition 11.3.5. Let X be a set and suppose that S C P(X). The following are equivalent
1. S has the finite intersection property.
2. There exists a filter F on X such that S C F.

Proof. 1 implies 2: Let
F={AeP(X): ﬂTg A for some finite T C S}

We claim that F is a filter on X. Notice that we clearly have X € F, and that ) ¢ F because S has the finite
intersection property. Now if A € F, say (|7 C A where 7 C § is finite, and A C B C X, then (7 C B,
so B € F. Finally, suppose that A, B € F, and fix finite 77,73 C S such that (171 € A and (72 C B. We
then have that (71 UT2) € AN B, hence AN B € F.

2 implies 1: Fix a filter F on X with § C F. Let 7 be a finite subset of S. Using Proposition 11.3.3, we
can immediately conclude that (7 # 0. O

Definition 11.3.6. Let X be a set. An ultrafilter on X is filter U on X such that for all A C X, either
Ael or X\AclU.

For example, every principal filter is an ultrafilter (because given x € X, we have that for all A € P(X),
either x € A or x € X\A).

Proposition 11.3.7. Let F be a filter on X. F is an ultrafilter on X if and only if F is a mazximal filter
on X (i.e. there is no filter G on X with F C G).

Proof. Suppose that F is not a maximal filter on X. Fix a filter G on X such that F
Notice that X\A ¢ F because otherwise we would have X\A € G and hence (§ =
contradiction. Therefore, A ¢ F and X\A ¢ F, so F is not an ultrafilter on X.
Conversely, suppose that F is not an ultrafilter on X. Fix A € P(X) such that A ¢ F and X\A ¢ F. We
claim that F U {A} has the finite intersection property. To see this, suppose that By, Bs,..., B, € F. We
then have ByNByN---NB, € F,s0 BiNByN---NB, # 0. Furthermore, since BN By N---NB,, € F and
X\A ¢ F, we must have ByN By N---NB,, ¢ X\A, so BiNByN---N B, NA# 0. Therefore, F U{A} has
the finite intersection property. Using Proposition 11.3.5, we can fix a filter G on X such that FU{A} C G.
Since F C G (as A € G\F), it follows that F is not a maximal filter on X. O

Fix A € G\ F.

cg.
AN(X\A) € G, a



11.3. ULTRAPRODUCTS AND COMPACTNESS 255
Proposition 11.3.8. Let F be a filter on X. There exists an ultrafilter U on X such that F CU.

Proof. Apply Zorn’s Lemma, using the fact that a union of a chain of filters on X is a filter on X. O

Corollary 11.3.9. Let X be an infinite set. There exists a nonprincipal ultrafilter on X.

Proof. Let F be the filter on X consisting of all cofinite subsets of X. Fix an ultrafilter & on X such that
F CU. For all z € X, we have X\{z} € F CU, hence {z} ¢ U. O

Ultrafilters (or even just filters) solve our democratic blending problem for relation symbols beautifully.
Suppose that £ = {R} where R is a binary relation symbol and I = w. Suppose also that ¢/ is an ultrafilter on
w. Given elements (a;);c. and (b;);c., of M, we could then say that the pair ({a;)icw, (bi)icw) is an element
of RM if the set of indices i € I such that (a;,b;) € RMi is “large”, i.e. if {i € I : (a;,b;) € RMi} e Y. Of
course, our notion of “large” depends on the ultrafilter, but that flexibility is the beauty of the construction!

However, we have yet to solve the dictatorial problem of function symbols (such as the product of groups
in which each is abelian save one ending up nonabelian regardless of what we consider “large”). Wonderfully,
and perhaps surprisingly, the ultrafilter can be used in another way to save the day. For concreteness,
consider the situation where £ = {e,f} where e is a constant symbol and f is a binary relation symbol,

= w, and each M, is a group. The idea is to flat out ignore variations on “small” sets by considering
two sequences {a;)icw and (b;);c, to be the same if the set of indices in which they agree is “large”, i.e. if
{i € I:a; ="0} €U. In other words, we should define an equivalence relation ~ in this way and take a
quotient! This is completely analagous to considering two functions f,g: R — R to be the same if the set
{zr € R: f(x) # g(x)} has measure 0. What does this solve? Suppose that My was our rogue nonabelian
group, and each M; for ¢ # 0 was an abelian group. Suppose also that w\{0} € U (i.e. our ultrafilter
is not the principal ultrafilter generated by {0}, and thus we are considering {0} to be a “small” set).
Given a sequence (a;)icy, let [(a;)icw] be the equivalence class of {(a;);c,, under the relation. Assuming that
everything is well-defined (see below), we then have that (f™i(a;, b;))icw ~ (FMi(b;, a;))icw and so

M (Las)icw), [(bi)iew]) = [(FM (@i, b)) ieu]

and so we have saved abelianess by ignoring problems on “small” sets!

To summarize before launching into details, here’s the construction. Start with a language £, a set I, and
L-structures M; for each i € I. Form the product [[;.; M;, but take a quotient by considering two elements
of this product to be equivalent if the set of indices on which they agree is “large”. Elements of our structure
are now equivalence classes, so we need to worry about things being well-defined, but the fundamental idea
is to interpret constant symbols and functions componentwise, and interpret relation symbols by saying that
that an k-tuple is in the interpretation of some R € Ry if the set of indices on which the corresponding k-
tuple is in RM¢ is “large”. Amazingly, this process behaves absolutely beautifully with regards to first-order
logic. For example, if we denote this “blended” structure by M, we will prove below that for any o € Sent,
we have

MEgoifandonlyif{iel: M;Ec}ell.

That is, an arbitrary sentence o is true in the “blended” structure if and only if the set of indices ¢ € I in
which o is true in M; is “large”!

Onward to the details. The notation is painful and easy to get lost in, but keep the fundamental ideas
in mind and revert to thinking of I = w whenever the situation looks hopelessly complicated. First we have
the proposition saying that the ~ defined in this way is an equivalence relation and that our definitions are
well-defined.
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Proposition 11.3.10. Let I be a set, and suppose that for each i € I we have an L-structure M;. Let U
be an ultrafilter on I. Define a relation ~ on [[,.; M; by saying that g ~ h if {i € I : g(i) = h(i)} € U.

1. ~ is an equivalence relation on [[;c; M;.

2. Suppose that g1, o, ..., gk, h1,ha, ..., he € [[;c; M; are such that g; ~ h; for all j.

(a) {i € 1:(91(4),92(), - -, g (1)) = (ha (i), ha(i), ..., (@)} € U.

(b) For each R € Ry, the following are equivalent:

e {i€1:(g1(0),92(4), ..., 9x(0)) € RM} eU.
e {i€I:(hi(i),ha(i),..., he(i)) € RMY e .

(¢) For each f € Fy, we have {z el:tMi(g1(i),g2(3), ..., gr(1)) = fMi(hi(3), ha(d), ..., h (i)} € U.
Proof. Exercise. O

Definition 11.3.11. Let I be a set, and suppose that for each i € I we have an L-structure M;. Let U be an
ultrafilter on I. We define an L-structure M = [[,.; Mi/U as follows. Define the relation ~ on [[;c; M

by saying that g ~ h if {i € I : g(i) = h(i)} € U (as above), and let the universe of M be the correspondmg
quotient (i.e. set of equivalence classes). Interpret the symbols of L as follows:

1. For each c € C, let M = [i v cMi].
2. For each R € Ry, let RM = {([g91], [g2], - - - [gx]) € M* : {i € I : (g1(0), g2(3), ..., gr(1)) € RMi} € U}.
3. For each f € Fy, let fM([g1],[92],- .., [gx]) = [i = FMi(g1(4), 92(3), . . ., gr(3))].

We call M the ultraproduct of the M; over the ultrafilter U.

Definition 11.3.12. In the above situation, given variable assignments s;: Var — M; for each i € I, we
let (s;)icr denote the variable assigment Var — M given by (s;)ic1(x) = [i — s;(x)].

Lemma 11.3.13. Let L be a language, let I be a set, and let U be an ultrafilter on I. Suppose that for each
i € I, we have an L-structure M;, and let M = Hie,Mi/u. For allt € Termy and all s;: Var — M;, we
have

(sidier(t) = [i — 5(2)]

In other words, for all t(xi,xa,...,xx) € Termg and all g1, g2, ..., gr € [[;c; Mi, we have

Mg lgals - - [ge]) = [0 — tMi(g1(0), g2(3), - -, g (4))]

Proof. Suppose that c € C. Let s;: Var — M; be variable assignments. We then have

(si)ier(c) M
= [i = M)
= [i = 5i(c)]

Suppose that x € Var. Let s;: Var — M; be variable assignments. We then have
(si)ier(z) = (si)ier(x)

[0 = si(x)]

= [i > ()]
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Suppose that f € Fi and t1,ts,...,tr € Term, are such that the result holds for the ¢;. Let s;: Var — M;
be variable assignments. We then have

(siyier(ftita - - tx) = P ((si)ier(t1), (si)ier(t2)s -, (8i)icr (k)
= fM([i = 55(t)], [i = 5i(t2)], ..., [i = 55(t)])

]
= [i > FM(5i(1), 5i(ta), - -, Si(tr)]

= [’L — E(ftltg cee tk)]
L]

Theorem 11.3.14 (Los). Let L be a language, let T be a set, and let U be an ultrafilter on I. Suppose
that for each i € I, we have an L-structure M;, and let M = Hiel M;/U. For all ¢ € Form, and all
si: Var — M;, we have
(M, {(s)icr) Ew ifand only if {i € I : (M;,8) FE o} el
In other words, for all p(x1,Xa,...,X) € Formg and all g1,g2,...,9x € Hie] M;, we have
(Ma [gl]a [g?]a R [gk]) F 2 Zf and Only Zf {Z el: (Miagl(i)mg?(i)? cee agk(z)) F SO} eu
In particular, for any o € Sent,, we have

MEocifand onlyif {i e I: M;Ec}elU.

Proof. The proof is by induction.
Suppose that t1,to € Termy. Let s;: Var — M; be variable assignments. We then have

(M, (siier) F = tita & (si)ier(t1) = (si)ic1(t2)
& i 5i(t)] = [i = sit2)]
s{iel:5t)=53(ta)} €U
s{iel: (M, s)E=tite} €l

Suppose that R € Ry and tq,ts,...,tx € Termyg. Let s;: Var — M; be variable assignments. We then have

(M, (si)ier) E Rixty - te & ((si)ier(t1), (sidier(t2),- . ., (si)ier(tr)) € RM

e (i 5t [i — 5i(t2)], . .., [i = 55(tk)]) € RM
o {ieI:(5(t),5i(ts),...,5:(ty) € RM} e U
<:>{Z el: (M“ 2) = Rtth"'tk} ceu

Suppose that the result holds for ¢ and . Let s;: Var — M; be variable assignments. We then have

(M, (sibier) E 9 A & (M, (sidier) E @ and (M, (si)ier) F
s{iel:My,s;)Foleldand {iel: (M;,s;) Evpeld
siel: Mys)Eetn{iel: (M;,s;))Evpreld
s{iel: (M s)Epand (M;,s;)Fv}eld
s{iel: My,s)Eonyteld



258 CHAPTER 11. SET-THEORETIC METHODS IN MATHEMATICS

Suppose that the result holds for ¢. Let s;: Var — M; be variable assignments. We then have

(M, (si)ier) F~p & (M, (si)ier) 7 ¢
s{iel: Mi,s)Eet ¢l
s{iel: My,s)Fepteld
s{iel: M;,s)E—pteld

Suppose that the result holds for ¢. Let s;: Var — M; be variable assignments. We then have

(M, (si)ier) E 3yp < There exists a € M such that (M, (s;)icrly = a]) F ¢

< There exists g € HMi such that (M, (s;)icrly = [g]]) E ¢
iel
< There exists g € HMZ' such that (M, (s;ly = g(i)])ier) E ¢
i€l
< There exists g € H M; such that {i € I : (M, s;ly = g(@)]) Fe} el
< {i€1: There exliesis a € M; such that (M, s;ly = a]) F o} el
s {iel: (M;,s;)Edypl eld.

O

Definition 11.3.15. Let N be an L-structure, let I be a set, and let U be an ultrafilter on I. If we let
M; =N foralli e I, then the ultraproduct M = [I;c; Mi/U is called an ultrapower of N.

For example, let £ =1{0,1,+,-, <}, and let 2 = (N,0,1,+, -, <). Let I = w, and let & be an ultrafilter on
w. Consider the corresponding ultrapower on M. Elements of M are equivalence classes of infinite sequences
of natural numbers. For example, [(2,2,2,2,...)], [(0,1,0,1,...)] and [(0,1,2,3,...)] are all elements of M.
Given any o € Sent,, we have M E ¢ if and only if {i € I : M, F o} € U. However, each M, is just 9, so
since () ¢ U and w € U, it follows that M F o if and only if 91 F 0. Therefore, M = 91, and so M is a model
of Th(M).

Notice hat 0M = [(0,0,0,0,...)], that 1™ = [(1,1,1,1,...)]. Addition and multiplication on M are
defined componentwise on the equivalence classes, and ordering is determined by taking two equivalence
classes, and asking if the set of i where the i*" entry of the first element is less than the i*” entry of the second
is an element of U. However, this latter fact requires knowledge of Y. For example, let a = [(0,1,0,1,...)]
and let b = [(1,0,1,0,...)]. We know that <™ is a linear ordering on M (since M is a model of Th()),
so one of a <M b, b <M a, or a =M b is true. The last is impossible because there is no i where the a; = b;
(where a; is the it" entry of (0,1,0,1,...), and similarly for b;). Notice that

{iew:ia<b}={2n:new} and {icw:b;<a;}={2n+1:ncw}

Now either {2n : n € w} € U or {2n+ 1 : n € w} € U, but not both, because U is an ultrafilter. In the
former case, we have a <™ b, while in the latter case we have b <™ a.

We have a natural function f: N — M given by letting f(n) = [(n,n,n,n,...)] for all n € N. Notice that
f is injective because if m # n, then the set of i € w where the i*" element of (m,m, m,m,...) equals the i*"
element of (n,n,n,n,...) is the empty set, which is not in &. Now if U is principal, then it is straightforward
to check that f is also surjective, and in fact that it gives an isomorphism from 9 to M. Suppose instead
that U is nonprincipal. Consider the element [(0,1,2,3,...)]. For each n € w, the set of places where
(0,1,2,3,...) equals (n,n,n,n,...) is a singleton, which is not in &. Thus, [(0,1,2,3,...)] ¢ range(f). In
fact, since no finite set is in U, we have [(n,n,n,n,...)] < [(0,1,2,3,...)] for each n € w. Therefore, M is
a nonstandard model of arithmetic, and [(0,1,2,3,...)] is an example of an infinite element.
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We now use ultraproducts to give a another, purely semantic, proof of the Compactness Theorem for
first-order logic. For simplicity of notation, we prove it for a set of sentences.

Theorem 11.3.16. Let L be a language, and let ¥ C Sent,. If every finite subset of ¥ has a model, then
3 has a model.

Proof. Let I be the set of all finite subsets of 3. For each ¥ € I, fix a model My of ¥. For each o € X, let
A, ={V e€l:0e T} Let S ={A, : 0 € £} C P(I) and notice that S has the finite intersection property
because

{o1,09,...,0n} EA;, NAs, N---NA, .

Since S has the finite intersection property, we can fix an ultrafilter ¢ on I such that S CU. Let M be the
corresponding ultraproduct M = [[.; My /U. For any o € X, we then have that A, C{¥ € I : My F o},
hence {¥ € I : My F o} €U, and so M E o. Therefore, M is a model of 2. O

11.4 Exercises

1. (a) Let F be the set of all functions from R to R. Show that |F| = 22"".
(b) Let C be the set of all continuous functions from R to R. Show that |C| = 2%0.

Together with the fact that 2% < 22" , this gives the worst proof ever that there is a function f: R -+ R
that is not continuous.

2. Suppose that V is a vector space over a field F. Let B; and Bs be two bases of V' over F', and suppose

that at least one of By or Bs is infinite. Show that |B;| = |Bz2|. You may use the standard linear
algebra fact that if B is a finite basis of V over F and S C V is finite with |S| > |B|, then S is linearly
dependent.

Hint: Express each of the elements of By as a finite linear combination of elements of By. How many
total elements of By are used in this way?

3. Let X be a set, and let U be an ultrafilter on X. Show that if 7 C P(X) is finite, and |JT € U, then
there exists A € T such that A € Y. Furthermore, show that if the elements of 7 are pairwise disjoint,
then the A is unique.

4. Show that every ultrafilter on a finite set is principal.

5. We say that an ultrafilter & on a set X is o-complete if .., A, € U whenever A, € U for all n € w.
Show that an ultrafilter on w is o-complete if and only if it is principal. (The question of whether there
exists a nonprincipal o-complete ultrafilter on any set is a very deep and interesting one. If such an
ultrafilter exists on a set X, then X is ridiculously large.)

6. Let L = {P} where P is a unary relation symbol. For each n € N7, let

Opn = X1 Ixg ... Ixp( /\ (%; # %) A /\ Px;)

1<i<j<n 1<i<n
Tp = X1 Ixg ... Ixn( /\ (%; # %) A /\ —Px;)
1<i<j<n 1<i<n

Let ¥ = {0, : n > 1} U {7, : n > 1} (so ¥ says that there infinitely many elements satisfying P and
infinitely many not satisfying P), and let T = Cn(X). Calculate I(T,R,) for each ordinal «.

Hint: It may help to first think about @« =0, o = 1, and o = w to get the general pattern.
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7. In the language £ = {0,1, +, -, <}, let A be the L-structure (N, 0,1, +, -, <). Show that I(Th(N),Rg) =
280,

Hint: Use Exercise 1 in Chapter 7.
8. Let U be a nonprincipal ultrafilter on w. Suppose that {a,)ne. is a bounded sequence of real numbers.

(a) Show that there exists a unique real number ¢, denoted by U-lim a,,, such that for all £ > 0, we
have
{new:la, — ¥ <e} €lU.

(b) Show that if lim a,, = ¢, then Y-lima,, = £.

It’s not hard to show that /-lim obeys the usual limit rules. Thus, a nonprincipal ultrafilter on w gives
a way to coherently define the limit of any bounded sequence of real numbers.

9. (**) Show that there is an uncountable subset of R which does not have a nonempty perfect subset.



Chapter 12

Defining Computable

One of the major triumphs of early 20" century logic was the formulation of several (equivalent) precise
definitions for what it means to say that a function f: N — N is computable. In our current age, many people
have an intuitive sense of what computable means from experience with computer programming. However,
it is challenging to turn that intuition into a concise formal mathematical treatment that is susceptible to
a rigorous mathematical analysis. In this chapter, we will develop several historical attempts to define the
computable functions. As we will see, our first approach will fail to capture all computable functions, but
does describe an important subclass that includes the vast majority of the functions that arise in practice.
We will then go on to properly define the computable functions after isolating the underlying issues with
our first attempt.

12.1 Primitive Recursive Functions

Rather than restricting our attention to functions f: N — N, it is easier to define the classes of functions
that we are interested in by widening our scope to the collection of all functions f: N* — N over all n € N7,

Definition 12.1.1. Let F be the set of all functions f: N* — N for some n € N*.

Our first attempt to define the class of computable functions will follow the generation template that we
have used many times. That is, we will start with some simple functions that are obviously computable,
and then generate more complicated functions through the use of a couple of simple rules. We begin by
describing the basic functions:

Definition 12.1.2. We define the initial functions to be the following:

1. O: N — N defined by O(z) = 0.

2. §: N — N defined by S(z) =z + 1.

3. For each i,n € Nt with 1 <i <n, we define I": N" = N by I""(z1, 2, ...,Tpn) = T;.
We denote the collection of initial functions by Init.

We now define a couple of ways to generate new elements of F from others. The first method is simply
composition, but since we are are working with functions f: N® — N, we have to be a bit careful. For
example, if we have functions h: N> — N and ¢g: N> = N, then we can not form h o g because the domain of
h does not match the codomain of g. However, if we have a function h: N? — N together with two functions
g1,92: N> = N, then we can form the function f(z,y,2) = h(g1(x,v, 2), g2(z,y, z)). In other words, in order

261
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to form a composition, we allow several different functions on the inside, but we restrict to the case where
they all have a common arity, and where the number of such inside functions matches the arity of the outer
function.

Definition 12.1.3. Let m,n € N*, let h: N® — N, and let g1,g2,...,9m: N* — N. We define a new
function Compose(h, g1, ga, - - ., gm) as follows. We let Compose(h, g1, ga, ..., gm) be the function f: N® — N
defined by f(Z) = h(g1(Z), g2(Z), ..., gm(T)) for all T € N™.

Notice that Compose is not actually a function from some F* to F. For each fixed m € Nt, we almost
have a function Compose,, from F™*+! to F, but it is only defined in the case where the arity of the first
function is m, and the latter m inputs all have the same arity. In all other cases, we can either leave
Compose,, undefined (and thus use the more general definition of a generating function), or we can simply
output the initial function O when the inputs are not appropriate. Regardless, simply note that Compose
is technically comprised of infinitely many generating functions.

The other method we use to generate new elements of F from old ones is step recursion. We first explored
how to define functions recursively on free generating systems in Theorem 2.4.5. In the simpler context of
w, we formalized this idea in set theory with Theorem 9.5.1, and then generalized it to allow parameters
in Theorem 9.5.2. Taking this latter description, but allowing multiple natural number parameters (rather
than coding them as one n-tuple p in Theorem 9.5.2) leads to the following.

Definition 12.1.4. Let n € Nt let g: N* = N, and let h: N**2 — N. We let PrimRec(g, h) be the unique
function f: N"*1 — N defined by letting

f(Z,0) = g(Z)
f(@y+1) =hZ,y, f(Z,y))
for all £ € N™ and all y € N.

Notice that PrimRec is almost a function from F?2 to F, but that PrimRec(g,h) is only defined when
the arity of the second argument is two more than the arity of the first argument. Again, we can either use
the more general definition of a generating system, or simply output O in situations when the inputs do not
satisfy this assumption.

Now that we have defined the initial functions and two ways (or technically infinitely many if we properly
break up Compose into the infinitely many Compose,, functions), we can now define an interesting class of
functions through generation.

Definition 12.1.5. The collection of primitive recursive functions is the subset of F generated by starting
with Init, and generating using Compose and PrimRec.

At first, it is difficult to imagine what the collection of primitive recursive functions looks like. On the one
hand, we start with only very simple functions and just close off under certain relatively tame operations. On
the other hand, we’ve seen that many functions on w are defined though repeated applications of Theorem
9.5.2. We will soon see that the collection of primitive recursive functions is quite robust and contains the
vast majority of the elements of F that arise naturally. In order to show this, we will prove in the coming
sections that the primitive recursive functions are closed under many other important operations.

Before we start proving theorems about the class of primitive recursive functions, we first pause to
notice that every primitive recursive function is “intuitively computable”. To see this, we begin by noting
that the initial functions are all trivially “intuitively computable”. Next, notice that if we have a way to

compute a function h: N™ — N, and also ways to compute functions g1, go, ..., gm: N* — N, then we have
a straightforward way to compute the function f = Compose(h,g1,92,...,9m). Namely, on input Z, to
compute f(Z), first compute g1(Z), g2(Z),. .., gm(Z), and then take these m results and feed them as input

into the method to compute h. In other words, the collection of “intuitively computable” functions is closed
under Compose.
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What about PrimRec? Suppose that we have a mechanism to compute both a function g: N* — N and
a function h: N"*2 — N. We claim that we can compute the function f = PrimRec(g, h) by using a simple
loop. For example, if we know how to compute a function g: N — N and know how to compute a function
h: N3 — N, then here is a mechanism to compute f = PrimRec(g,h): N> — N. To determine f(6,2), we first
compute the value f(6,0) = g(6) by using the mechanism for g. We then compute f(6,1) = h(6,0, f(6,0))
by using our computed value of f(6,0) together with the mechanism for computing h. Finally, we compute
£(6,2) = h(6,1, f(6,1)) by using our computed value of f(6,1) together with the mechanism for computing
h. In general, to compute f(x,y), we simply start by computing g(z), and then loop through applying h a
total of y many times. By generalizing this argument to any arity, it follows that the collection of “intuitively
computable” functions is closed under PrimRec.

We now turn to the task of showing that class of primitive recursive functions includes many natural
“intuitively computable” functions. We begin by showing that some very simple functions are primitive
recursive.

Proposition 12.1.6. For every k € N and every n € NT, the constant function Cj': N* — N given by
CR (&) =k for all ¥ € N™ is primitive recursive.

Proof. We first handle the case when n = 1 by using induction on k. For the base case, notice that
Cl = O, so C} is primitive recursive. For the inductive step, assume that C} is primitive recursive. Since
Cl 41 = Compose(S, Cl), it follows that C} 41 is primitive recursive. Therefore, Ci is primitive recursive for
all k € N.

We now turn to the general case. Given any k € N and n € NT, we have that Ci = Compose(C,Z}), so
Cy; is primitive recursive. O

Proposition 12.1.7. FEach of the following functions are primitive recursive:
1. The addition function f: N> — N given by f(z,y) = 2 +y.
2. The multiplication function f: N> — N given by f(z,y) = x - y.
3. The exponentiation function f: N?> — N given by f(x,y) = z¥.
Proof.
1. Notice that
f(xa O) =z
fly+1)=f(z,y)+1
for all z,y € N. Thus, defining g: N — N by g(z) = x, and defining h: N3 — N by h(z,y,a) = a + 1,
we have f = PrimRec(g,h). Now g = I}, so g is primitive recursive. Also, since h = Compose(S,T3),
we have that h is primitive recursive. It follows that f = PrimRec(g, h) is primitive recursive.
2. Notice that
f(z,0)=0
fla,y+1)=flz,y) +o
for all z,y € N. Thus, defining g: N — N by g(z) = 0, and defining h: N*> — N by h(z,y,a) = a+z, we

have f = PrimRec(g,h). Now g = O, so g is primitive recursive. Also, since h = Compose(+,Z3,1}),
we have that h is primitive recursive by part 1. It follows that f = PrimRec(g, h) is primitive recursive.
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3. Notice that

flz,0)=1
f(xvy"_l) :f(xvy)x

for all #,3y € N. Thus, defining g: N — N by g(x) = 1, and defining h: N*> — N by h(z,y,a) = a - x,
we have f = PrimRec(g,h). Now g = Ci, so g is primitive recursive by Proposition 12.1.6. Also,
since h = Compose(-,T3,T}), we have that h is primitive recursive by part 2. It follows that f =
PrimRec(g, h) is primitive recursive.

O

In the above proof that addition is primitive recursive, we could have simply started with the function
PrimRec(Z}, Compose(S,T3))

up front, and then verified that this function was indeed +. However, it is usually easier to follow an
argument where we start with the recursive properties of f, and then notice that the underlying g and & are
primitive recursive.

As we work with more complicated functions, we will not typically write out full witnessing sequences
demonstrating that they are primitive recursive. Nonetheless, there is still some value in noticing that the
addition function is explicitly given by

PrimRec(Z},Compose(S,T3)).

For example, from this perspective, we can go back to the above informal description of how primitive
recursion corresponds to a simple loop, and notice that we can compute = + y by starting with x, and
looping through application of the function S a total of y many times.

Before moving on, we pause to note that in the definition of Compose, the restriction that the inside
functions g1, g2, - - . , gm have the same arity and identical ordering of input variables is simply for convenience.
To illustrate, suppose that we have primitive recursive functions g;: N = N, go: N> = N, and h: N2 — N.
Consider a situation where we want to define a function f: N3 — N by letting

f(z,y,2) = h(g91(y), 92(2, 2)).

Although this is a type of composition, notice the inside functions do not have the same arities, do not even
use the same inputs, and also change the ordering of the input variables of f. However, f is still primitive
recursive. To see this, define ki: N> — N by letting ki (2,v,2) = ¢1(y), and notice that ki(x,y,2) =
91(Z3(x,y,2)). Thus, k; = Compose(g1,Z3), and hence k; is primitive recursive. Also, define ky: N3 —
N by letting k2(z,y,2) = g2(z,2), and notice that ko(x,y,2) = g2(Z3(z,y,2), L} (2,y,2)). Thus, ky =
Compose(ga, I3, 13), and hence ko is primitive recursive. Finally, since

f(x,y,2) = h(91(y), g2(2, 7))
= h(kl(xa Y, Z)a k2(x7 Y, Z))’

we see that f = Compose(h, k1, ks), so f is primitive recursive.

We next handle another small annoyance. Using our definition of PrimRec directly, we have no way to
define a recursive function f: N — N by setting f(0) equal to some number and then defining f(y + 1) in
terms of a known primitive recursive function of y and f(y). The small obstacle is that all of our objects are
functions, so we required the g in PrimRec to be a function, not a number. However, we can easily prove
that such definitions give primitive recursive functions by adding on a “dummy” variable and projecting
down at the end.
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Proposition 12.1.8. Let a € N and let h: N> — N be primitive recursive. Let f: N — N be defined by

fly+1)=nh(y, f(y))

for ally € N. Then f is primitive recursive.
The idea is first to go up to a function of two variables f': N> — N defined by

f'(x,0) =
[y +1) =h(x,y, f'(z,y)),

where h/: N> — N is given by h/(z,y,a) = h(y,a). This is something we can handle, after which we can
strip off the extraneous first variable to get that f(y) = f'(0,y) is primitive recursive.

Proof. Let ¢’ = Cl: N — N, and note that ¢’ is primitive recursive by Proposition 12.1.6. Define ’: N> — N
by letting h'(x,y,a) = h(y,a), and notice that h’ = Compose(h,Z3,Z3), so h' is also primitive recursive.
Letting f' = PrimRec(g’, h'), we then have that f’ is primitive recursive.

We now argue that f(y) = f/(0,y) for all y € N by induction. For the base case, notice that

Assuming that f(y) = f/(0,y), we then have

fly+1) =hly, f(y))
= h(y, f'(0,y))
=1'(0,y, f'(0,y))
= f'(0,y+1).
Therefore, we have f(y) = f'(0,y) for all y € N. It follows that f = Compose(f’,0,Z}), and hence f is

primitive recursive. O

With this result in hand, we can now argue that several other fundamental functions are primitive
recursive.

Proposition 12.1.9. The factorial function f: N — N is primitive recursive.
Proof. Notice that
f(0)=0
fy+1)=w+1) - f(y)

for all y € N. Define h: N2 — N by h(y,a) = (y + 1) - a. Since h = Compose(-, Compose(S,T?),12), we
have that h is primitive recursive by Proposition 12.1.7. Therefore, f is primitive recursive by Proposition
12.1.8. O

Although the function f(x,y) = x — y is not a function from N? to N, we now argue that the “truncated
minus” function is primitive recursive.

Proposition 12.1.10. Each of the following functions are primitive recursive:
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1. The predecessor function Pred: N — N defined by Pred(0) = 0 and Pred(n) =n —1 for alln > 0.
2. The function f: N2 = N defined by

o y):{xy ifx >y

0 otherwise.

Proof. 1. We have

Pred(0) =0
Pred(y+1) =y

for all y € N. Define h: N> — N by h(y,a) = y, and notice that h = Z? is primitive recursive.
Therefore, Pred is primitive recursive by Proposition 12.1.8.

2. Notice that

f(z,0) ==
f(z,y+1) = Pred(f(z,y))
for all z,y € N. Thus, defining g: N — N by g(x) = x, and defining h: N*> — N by h(z,y,a) =
Pred(a), we have f = PrimRec(g,h). Now g = Zi, so g is primitive recursive. Also, since h =
Compose(Pred,T3), we have that h is primitive recursive by Proposition 12.1.10. It follows that
f = PrimRec(g, h) is primitive recursive.

O
Definition 12.1.11. We use the notation x ~y for the function f(x,y) defined in part 2 of Proposition

12.1.10, i.e.
. {x—y ifx >y
r—=Yy=

0 otherwise.

The function = is sometimes called the monus function.
Proposition 12.1.12. The following functions are primitive recursive:

1. IsZero: N — N defined by
1 ifz=0
0 otherwise.

IsZero(x) = {

2. IsNonzero: N — N defined by

1 ifz#0
IsNonzero(xz) = {O otherwise

Proof. Notice that IsZero(z) = 1 — z for every z € N, so IsZero = Compose(—,C},Z}), and hence
IsZero is primitive recursive by Proposition 12.1.6 and Proposition 12.1.10. Next notice that IsNonzero =
Compose(IsZero,[sZero), so IsNonzero is primitive recursive as well. O]

Proposition 12.1.13. The following functions are primitive recursive:
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1. The function Gt: N> — N defined by

Gt(x,w:{; Yo>y

otherwise.

2. The function Lt: N> — N defined by

1 dfe<y
0 otherwise.

Lt(x’ y) = {

3. The function Eq: N> = N defined by

Eq(z,y) = {1 Yo=y

0  otherwise.

4. The function Neq: N> — N defined by

1 difx#y
0 otherwise.

Neg(z,y) = {

Proof. Notice that for all z,y € N, we have that « > y if and only if x — y # 0, which is if and only if
IsNonzero(x—y) = 1. Therefore, Gt = Compose(IsNonzero, =), and so Gt is primitive recursive by Propo-
sition 12.1.12 and Proposition 12.1.10. Next notice that Lt(x,y) = Gt(y,x), so Lt = Compose(Gt,I3,1?),
and hence Lt is primitive recursive.

Moving on to Eq, we have that « = y if and only if both z ¥ y and £ y. Thus,

1 if Gt(z,y) =0 and Li(z,y) =0
0 otherwise,

Eq(z,y) = {

and so
1 if Gt(z,y) + Lt(z,y) =0
0 otherwise.

Eq(x,y) = {

Therefore, Eq = Compose(I1sZero, Compose(+, Gt, Lt)), so Eq is primitive recursive by Proposition 12.1.12.
Finally, notice that Neq(z,y) = IsZero(Eq(z,y)) for all z,y € N, so Neq = Compose(IsZero, Eq), and
hence Neq is primitive recursive by Proposition 12.1.12. O

We are building a theory where our basic objects are functions f: N — N, but we can also use our
theory of functions to talk about subsets of N™ by working with their characteristic functions.

Definition 12.1.14. Let R C N™. We say that R is primitive recursive if its characteristic function, i.e. the

function xg: N — N given by
. 1 f¥eR
Xr(T) =

0 otherwise,

18 primitive recursive.
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For example, we can rephrase the statement that IsZero is a primitive recursive function by instead
saying that {0} C N is a primitive recursive relation. Also, we can look back on Proposition 12.1.13 as
saying that the equality and various inequality relations on N2 are primitive recursive. In other words, by
adopting this small change in language and perspective when talking about {0, 1}-valued functions, we can
often state results more succinctly. More importantly, we can state theorems about {0, 1}-valued functions
in set-theoretic language that would be more cumbersome in more function-theoretic language, such as in
the following fundamental result.

Proposition 12.1.15. Let R, S C N" be primitive recursive relations.
1. The relation N™\R is primitive recursive.
2. The relation RN S is primitive recursive.
3. The relation RU S is primitive recursive.

Proof. Since we have xnn\g(%) = 1 if and only if xr(Z) = 0, it follows that xy»\r = Compose(IsZero, xr),
so N™\ R is primitive recursive.

Next notice xrns(Z) = xr(Z) - xs(Z), so xrns = Compose(-, xR, Xs), and hence RN S is primitive
recursive.

Finally, we have xrus(Z) > 0 if and only if either xg(Z) > 0 or xs(Z) > 0, which is if and only if
Xr(Z) + xs(Z) > 0. Therefore, xgpus = Compose(IsNonzero, Compose(+, xR, xs)), and hence R U S is
primitive recursive. O

Proposition 12.1.16.

1. For each k € N, the relation R = {k} is primitive recursive.
2. For each k € N", the relation R = {k} is primitive recursive.
3. Ewvery finite or cofinite relation (of some N") is primitive recursive.

Proof. For each k € N, we have that x4, = Compose(Eq,Z{,Cj.), so {k} is primitive recursive by Proposition
12.1.6 and Proposition 12.1.13.

Let k € N™ be arbitrary, say k = (k1, ko, . .., kn) where cach k; € N. By part 1, the functions X{k;} are
each primitive recursive. Now X(%} () = 1if and only if x4, (Z*(Z)) = 1 for all i, which is if and only
if (xgr,y 0 Z{")(¥) = 1 for all i. Therefore, Xiy = (Xgk1y © ZT) - (Xqkoy © Z3) - (X{kny © Z7}). Since each
Xk} © L' = Compose(xyr,y, L") is primitive recursive and - is primitive recursive, it follows that x (%} isa

primitive recursive function, and hence {E} is a primitive recursive relation.

We now prove 3. For finite relations, this follows from part 2 together with the fact that primitive recur-
sive relations are closed under finite unions by Proposition 12.1.15. Since the primitive recursive relations
are closed under complement by Proposition 12.1.15, we conclude that cofinite relations are also primitive
recursive. O

Before moving on, we establish one implication between when a function is a primitive recursive and
when its graph is a primitive recursive relation. It turns out that the converse to this statement is false,
and this failure is closely connected to the reason why the primitive recursive functions do not exhaust the
collection of all “intuitively computable” functions. We will return to that issue later.

Proposition 12.1.17. If f: N® — N is a primitive recursive function, then graph(f) C N*"*1 is a primitive
recursive relation.
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Proof. Notice that
. 1 if f(@) =y
ra ‘T7 =
Xg ph(f)( Q) {0 otherwise.

It follows that Xgrapn(s) = Compose(Eq, Compose(f, VAR ,I”H),Iﬁill), so graph(f) is a primi-

n
tive recursive relation by Proposition 12.1.13. O

Up until this point, we’ve spent a great deal of time to show that some of the simplest functions and
relations imaginable are indeed primitive recursive. However, we are now ready to prove that the primitive
recursive functions and relations are closed under more complicated operations, which will significantly
streamline later arguments. We start with a couple of simple results about bounded sums and products.

Proposition 12.1.18. Let n € N, and let f: N**! — N be primitive recursive.

1. The function f': N"*1 = N given by f'(Z,y) = 3. f(&,z) is primitive recursive.
z2<y

2. The function f': N**1 — N given by f'(Z,y) = [[ f(F,z2) is primitive recursive.
z<y

Proof. We prove 1 (the proof of 2 is similar). We first handle the case where n > 0. Notice that

f/(f70) =0
fEy+1) = f(Zy) + f(Zy)

for all # € N® and all y € N. Thus, defining g: N* — N by ¢g(#) = 0, and defining h: N**2 — N by
h(Z,y,a) = a+ f(Z,y), we have f' = PrimRec(g,h). Now g = Compose(O,Z}"), so g is primitive recursive.
Also, since h = C’ompose(—!—,I;’j_'QQ, Compose(f, I{H'Q,I;‘”, e ,IZLQ)), we have that h is primitive recursive.
It follows that f’ = PrimRec(g, h) is primitive recursive.

For the case where n = 0, notice that

f(0)=0
flly+1) = f(y)+ fly)

for all y € N. Define h: N> — N by h(y,a) = a + ¥y, and notice that h = Compose(+,Z3,Z?) is primitive
recursive. Therefore, f/ is primitive recursive by Proposition 12.1.8. O

Using Compose, we can extend this result to bounded sums and products where the bound is some
primitive recursive function of the other variables.

Corollary 12.1.19. Let n € N, and let f,g: N"*1 — N be primitive recursive.

1. The function f': N"t*1 = N given by f'(Z,y) = . f(&,2) is primitive recursive.
z<g(Z,y)

2. The function f': N**1 — N given by f'(Z,y) = [ f(Z,2) is primitive recursive.
z<g(Z,y)

Proof. We prove 1 (the proof of 2 is similar). Define h: N**! — N by h(Z,y) = > f(&, z), and note that h
z<y

is primitive recursive by Proposition 12.1.18. Since f/(Z,y) = h(Z, g(Z,y)) for all £ € N” and all y € N, we

have

f' = Compose(h, I}, Tyt ... T g),

so f’ is primitive recursive. O
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We are finally ready to prove one of the fundamental closure properties of primitive recursive relations.
Intuitively, it says that whenever we perform a primitive recursively bounded search on a primitive recursive
relation, the result is still a primitive recursive relation.

Proposition 12.1.20. Let n € N, let g: N**1 = N be a primitive recursive function, and let R C N*T1 be
a primitive recursive relation.

1. The relation S C N**1 defined by
S={(,y) e N""": (32 < g(7,9))R(Z, 2)}
18 primitive recursive.
2. The relation S C Nt defined by
S ={(,y) e N"" : (Vz < g(&,))R(Z, 2)}
is primitive recursive.
Proof. For part 1, we have

Xs(#y) = IsNonzero | > xr(#2)) |,

2<g(Z,y)

S0 X is primitive recursive by Proposition 12.1.12 and Corollary 12.1.19.
For part 2, notice that

xs(@.y) = IsNonzero | [[ xr(@2) |,
2<g(Z,y)

S0 X is similarly primitive recursive. O

We have omitted some routine detail in the above proof. More formally, we can argue the proof of part
1 as follows. Define h: N*+! — N by

h(fay) = Z XR(fvz)7

2<g(Z,y)

and notice that h is primitive recursive by Corollary 12.1.19. Since xg = Compose(IsNonzero, h), it follows
that xg is primitive recursive. However, we will continue to omit such straightforward formalities in the
future.

Proposition 12.1.21. The set Divides = {(z,y) € N? : x divides y} is primitive recursive.

Proof. Notice that
(x,y) € Divides < (Fw < y+ 1)[z-w = y].

Since Divides is obtained from a primitive recursive relation by an existential quantification with a primitive
recursive bound, it follows from Proposition 12.1.20 that Divides is primitive recursive. O

As above, we have omitted a few details in the above argument. For example, we simply stated the
relation R = {(z,y,w) € N3 : x - w = y} is primitive recursive. There are at least two ways to work this out
carefully:
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e One way to argue this is to notice that R is, up to permutation of the variables, the graph of the
primitive recursive multiplication function, and so we can appeal to Proposition 12.1.17. More formally,
the actual graph of the multiplication function G = {(z,w,y) € N3 : x-w = y} is primitive recursive by
Proposition 12.1.17, and since xg = Compose(xa,Z3,Z35,Z3), it follows that R is primitive recursive.
In general, as alluded to in the discussion after the proof of Proposition 12.1.7, we can use Compose
and the Z functions to argue that if f is primitive recursive, and g is obtained from f by permuting
the variables, then g is also primitive recursive.

o Alternatively, instead of appealing to Proposition 12.1.17, we can directly use the fact that xg =
Compose(Eq, Compose(-,T3,13),Z3), so R is primitive recursive.

Now that we have carefully established that R is primitive recursive, we notice that the bound on the
quantifier is given by the function g(x,y) =y + 1. Since g = Compose(S,Z2) is primitive recursive, we can
now appeal to Proposition 12.1.20 to conclude that D is indeed primitive recursive.

Proposition 12.1.22. The set Prime C N of prime numbers is primitive recursive.

Proof. Notice that
n € Prime < (n > 1) A=(3k <n)(Im < n)[k-m =n].

Since Prime is obtained from primitive recursive relations using only primitive recursively bounded quanti-
fiers and boolean operations, it follows that Prime is primitive recursive. O

We will briefly expand on the details one last time before moving over to such arguments in the future.
As in the previous argument, the set {(n,k,m) € N3 : k-m = n} is primitive recursive. Using Proposition
12.1.20 twice in succession, we conclude that {n € N: (3k < n)(Im < n)[k - m = n|} is primitive recursive.
Next, notice that {n € N : n > 1} is a cofinite set, so is primitive recursive by Proposition 12.1.15 (or
alternatively one can use the fact that Gt from Proposition 12.1.13 is primitive recursive). Finally, since the
primitive recursive relations are closed under complement and intersection by Proposition 12.1.15, it follows
that Prime is primitive recursive.

We end this section with two other closure properties of primitive recursive functions. The first allows
us to define a primitive recursive function using cases.

Proposition 12.1.23. Suppose that Ry, Ra, ..., R, C N" are pairwise disjoint primitive recursive relations
and that g1, g2, ..,gn, h: N* = N are primitive recursive functions. The function f: N® — N defined by

91(Z) if Ri(%)

92(Z) if Ry(F)
f(@) = :

gn(Z) if Rn(T)

h(Z)  otherwise

s primitive recursive.
Proof. Let S = N"\(R; URyU---U R,), and note that S is a primitive recursive relation by Proposition
12.1.15. Since
(@) = 91(Z) - xR, (&) + -+ + 9n(@) - xR, (Z) + M) - x5(2),
for all Z € N, and both + and - are primitive recursive, it follows that f is primitive recursive. O
In the paragraph preceding Proposition 12.1.20, we described the result informally as saying that the

primitive recursive relations were closed under primitive recursively bounded search. In that context, the
search resulted in a value of either 0 or 1, depending on whether the search found a witness y (or determined
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that all values were witnesses, depending on the quantifier) such that R(Z,y). Instead, we can think about
searching for the first value of y below the bound such that R(Z,y), and then outputting that value of y.
If such a y does not exist, we can output the bound itself as a value indicating failure. We summarize this
idea in the following definition.

Definition 12.1.24. Let n € N, let g: N*T! = N, and let R C Nt If we define f: N"*1 — N by letting

w if there exists z < g(Z,y) with R(Z,z), and w is the least such z

f(f,y)={

g9(Z,y)  otherwise,

then we use the notation
f(@,y) = (pz < g(Z,y)) R(Z, 2).

Proposition 12.1.25. Let n € N, let g: N**!1 = N be a primitive recursive function, and let R C N*+1 pe
a primitive recursive relation. The function f: N'"T1 — N defined by

f(Zy) = (nz < g(Z,y))R(Z, 2)
18 primitive recursive.

It is helpful to read p as “the least”. Thus, f(&,y) is “the least z < ¢g(Z,y) such that R(Z,z)”, unless no
such z exists. Before diving into the proof, we sketch the key part of the argument. Given & € N", how do
we tell whether w is indeed the smallest value such that R(#,w)? We want to know if R(#,w) and also that
—R(Z,z) for all z < w. Thinking computationally, the most direct way to determine this is to compute the

value
Xr(Z,w) - IsZero (Z Xr(Z, z)) .

z<w
If this value is 1, then w is the smallest values such that R(Z,w). Otherwise, this value is 0.
Proof. Let
T = {(#,w) € N : R(Z,w) and ~R(Z, 2) for all z < w},

i.e. T(Z,w) if and only if w is the least value such that R(Z,w). Notice that

x7 (%, w) = xgr(Z,w) - [sZero (Z Xr(Z, z))

z<w
for all (#,w) € N*"*1 so T is primitive recursive by Proposition 12.1.18 and Proposition 12.1.12. Next, define
h: N"t! — N by letting
h(Z,y) = Z z - xr(Z, z).
z<g(,y)

Now h is primitive recursive by Corollary 12.1.19 together with the fact that the function (Z, z) — z- x7 (%, 2)
is primitive recursive. Notice that for all (Z,y) € N1 if there exists z < g(Z,y) with R(Z, z), and if w is
the least such z, then h(Z,y) = w.
Next, let
S={(#,y) e N""!: (32 < ¢(7,y))R(7, 2)},

and note that S is primitive recursive by Proposition 12.1.20. Since

h(Z,y) if S(Z,y)
g(Z,y)  otherwise,

f(&,y) :{

we can use Proposition 12.1.23 to conclude that f is primitive recursive. O
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We end this section with an example of how Proposition 12.1.25 (together with the other results in this
section) can be used to quickly argue that the function which enumerates the primes in order is primitive
recursive. We will make extensive use of this function to code sequences in a primitive recursive fashion in
the next section.

Proposition 12.1.26. The function f: N — N which sends n to the (n+1)% prime (i.e. f(0) =2, f(1) = 3,
f(2) =5, etc.) is primitive recursive.

Proof. Notice that by Euclid’s proof that there are infinitely many primes, we have that f(n+1) < f(n)!+1
for all n € N. It follows that

f(0)=2
fin+1)=(uz < (f(n)!'+2))(z > f(n) Az € Prime)

for all n € N. Since the factorial function is primitive recursive by Proposition 12.1.9, the relation > is
primitive recursive by 12.1.13, the set Prime is primitive recursive by Proposition 12.1.22, and the primitive
recursive relation are closed under boolean connectives by Proposition 12.1.15, we can use Proposition 12.1.25
and Proposition 12.1.8 to conclude that f is primitive recursive. O

More formally, we are defining h: N> — N by letting
h(n,a) = (uz < al +2)(z > a A z € Prime),

and noting that A is primitive recursive, and then using Proposition 12.1.8 in the above argument. However,
we will write in the more informal style, and omit many of the references to the fundamental propositions
in this section, going forward.

12.2 Coding Sequences and Primitive Recursive Functions

We have developed the theory of primitive recursive functions as a theory only about functions f from some
N™ to N. In other words, we are only working with inputs and outputs that are natural numbers. What
about integers, rational numbers, sequences, or other data types? Doesn’t the restriction to natural numbers
limit the scope of the kinds of “computation” that we can talk about? In this section, we show that we can
code, in a primitive recursive manner, these more complex concepts using only natural numbers.

From a modern programming perspective, the ability to encode complicated data as numbers is not
surprising, as data in a computer is stored as a sequence of zeros and ones, which can be thought of as a
natural number when written in binary. However, this coding ability really is a revolutionary idea when
pushed to its full potential. As we will see, we can even primitively recursively encode the primitive recursive
functions using only natural numbers, which leads to some deep conclusions about the nature of computation.

We start with a discussion of how we can code a pair of natural numbers using just one natural number. Of
course, we know that N? is countable, so there is a bijection from N2 to N. Is there a primitive recursive such
bijection? Perhaps surprisingly, the usual bijection that walks down the finite diagonals of N2 is primitive
recursive. The corresponding function f: N2 — N begins as follows:

f(0,0):O, f(ovl)zl’ f(laO)ZQ f(072):3» f(]-vl):4’ f(2a0)257 f(3,0):6,

Can we describe f using a simple formula? Notice that first encode the pairs that sum to 0, i.e. just the pair
(0,0), and there is only 1 such pair. Next, we encode the 2 pairs that sum to 1 which are (0,1) and (1,0).
After that, we encode the 3 pairs that sum to 2. Notice that in general, there are n 4+ 1 many pairs that sum
to n. Thus, when thinking about the value of f(z,y), we note that there are

T4y

D
i=1
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many pairs that sum to a value strictly less than x +y. We then order then x + y + 1 many pairs that sum
to z 4+ y in terms of increasing values of x, which leads to the conclusion that

T4y
f(a:,y): <ZZ> 4= ($+y)(x+y+1) + 7,

- 2
=1

which simplifies to

224y + 22y +3x+y
f<x7y): 2 N

The function (z,y) — 22 + y? + 22y + 3x + y is primitive recursive because addition and multiplication
are, but how do we deal with division by 27 Using the tools from the previous section, perhaps the easiest
approach is to see that f(x,y) is the least z with the property that 2z = 22 + y? + 22y + 3z + y. Since this
z is certainly less than or equal to x2 + y? + 22y + 3z + y, it follows that

flxy) = (pz < (@ + v + 22y + 32+ y +1))(22 = 2 + y° + 22y + 3z + ).

Therefore, f is primitive recursive by Proposition 12.1.25.

With the coding direction f: N> — N taken care of, we next turn our attention to decoding. Of course,
the inverse of f is a function from N to N2, which is outside our domain of discourse when talking about
primitive recursive functions. However, we can talk about the two “pieces” of this inverse function, i.e. the
functions g, h: N — N such that g(f(z,y)) = « and h(f(x,y)) =y for all z,y € N. That is, g(z) is the first
component of the pair coded by z, and h(z) is the second component of the pair coded by z. In order to
easily argue that g and h are primitive recursive, the key observation is that = < f(z,y) and y < f(z,y) for
all z,y € N. Thus, g(z) < z and h(z) < z for all z € N, from which it follows that

g(2) = (pr <z + D[Gy <z + ) (f(2,y) = 2)]

and
h(z) = (uy < 2+ D[ < 2+ D(f(z,9) = 2).

Since f is primitive recursive, we can therefore use Proposition 12.1.20 and Proposition 12.1.25 to conclude
that the functions g and h are primitive recursive.

We can use the above primitive recursive function f: N2 — N that codes pairs to create a primitive
recursive function f3: N® — N that codes triples as natural numbers. As described in Section 9.4 when we
first considered using ordered pairs to define ordered triples in set theory, we can simply define f3(x,y,z) =
f(f(z,y),z). Although this does work, and can be iterated to code n-tuples as numbers in a primitive
recursive way, the problem is that one number now codes both a pair and a triple (and in fact an n-tuple for
each n) simultaneously. Instead, we define one primitive coding of all finite sequences of natural numbers
that avoids these issues. The idea is to use the uniqueness of prime factorizations. For example, to code
the sequence (7,1,4), we could use the elements of the sequence as the exponents of the first three primes.
However, such a coding would not distinguish between (7,1,4) and (7,1,4,0). To avoid this problem, we
simply add 1 to each element of the sequence when forming the exponents.

Definition 12.2.1. For each n € N, let m,,: N* — N be the function

_ r1+1l _xo+1 Tp+1
7Tn(mlax%-"ax’ﬂ)_pO Py o Pp—1 s
where py, p1,-.. 1S the sequence of primes in ascending order.

Since multiplication and exponentiation are both primitive recursive, we immediately obtain the following.

Proposition 12.2.2. For each n € NT, the function m, is primitive recursive.
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Notice that we do not need to use Proposition 12.1.26 here, since for each fixed n, the function m,, only
refers to the first n primes. However, when thinking about decoding, we will often use the fact that the
sequence of primes is primitive recursive. Before jumping into that, we first have to deal with the fact that
not every number is actually a code for a sequence. For instance, 40 = 23 - 3° - 5! does not code a sequence.
Using 1 as a natural code for the empty sequence, we arrive at the following set.

Definition 12.2.3. Let Seq = {1} U, o+ range(m,).

The following fact, which says that we can primitive recursively determine whether a number is a code
for a sequence, is essential.

Proposition 12.2.4. Seq is primitive recursive.

Proof. Notice that z € Seq if and only if both > 0, and whenever p is a prime that divides z, then every
prime less than p also divides . We do not need to quantify over all primes p in this description, since if p
divides z, then p < x. Therefore, we have

x € Seq = x>0A (Vp <x+1)[(p € Prime A Divides(p,z)) — (Vg < p)(q € Prime — Divides(q,x))].

Since Divides and Prime are both primitive recursive by Proposition 12.1.21 and Proposition 12.1.22,
and the primitive recursive relations are closed under boolean operations (noting that we can rewrite each
instance of ¢ — ¥ as (—yp) V ¥), bounded quantification, and bounded search, we conclude that Seq is
primitive recursive. O

We now introduce some uniform notation for encoding sequences which avoids the dependence on the
length.

Notation 12.2.5. Given x1,xa,...,z, € N, we use (x1,2a,...,2,) to denote m,(x1,22,...,Zp).

For example, we have (3,2,0) = 2*-33.5! = 2160. Now that we have established that the set of codes is
primitive recursive, and that we can perform the encoding using primitive recursive functions, we turn our
attention to decoding. Given a number z € Segq, such as 2160, we would like to be able to determine the
components of the sequence it codes, as well as its length, in a primitive recursive way. Since these values
are related to the exponents that appear in the prime factorization of z, we first examine with the following
function.

Proposition 12.2.6. Define a function LargestPower: N* — N by letting Largest Power(x,y) be the largest
e € N such that x¢ divides y (here we define Largest Power(z,y) = 0 if either x =1 or y = 0, which are the
cases where no such largest e exists). The function LargestPower is primitive recursive.

In the case where x # 1 and y # 0, the idea is to search for the smallest e such that z° does not divide
y, and then subtract one from the result.

Proof. Notice that if x > 1 and y > 0, then ¥ > 2¥ > y and so z¥ does not divide y. Also, if z = 0 and
y > 0, then ¥ = 0 and hence x¥ does not divide y. Therefore, in all cases where z # 1 and y # 0, we know
that ¥ does not divide y. Using the notation of Proposition 12.1.13 and Proposition 12.1.10, it follows that

LargestPower(xz,y) = Neq(x,1) - Neq(y,0) - Pred((pe < y + 1)(—Divides(z®,y))).
Therefore, Largest Power is primitive recursive. [

Proposition 12.2.7. Define a function DecodeSeq: N> — N defined by letting DecodeSeq(z,i) be the
(i + 1)% element of the sequence coded by z (and 0 if either z not code a sequence, or does not code a
sufficiently long sequence). The function DecodeSeq is primitive recursive.
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Proof. Recall from Proposition 12.1.26 that the function f(n) = p, sending n to the (n + 1) prime is
primitive recursive. Since

DecodeSeq(z,1) = Xseq(%) - Pred(LargestPower(p;, z)).

it follows from Proposition 12.2.4 and Proposition 12.2.6 that DecodeSeq is primitive recursive. O

Since we will use the DecodeSeq often, we introduce some more compact notation that matches up with
array notation in several programming languages.

Notation 12.2.8. Given z,i € N, we use z[i] to denote DecodeSeq(z,1).

Proposition 12.2.9. Define a function Len: N — N by letting Len(z) be the length of the sequence coded
by z, if z € Seq, and letting Len(z) = 0 otherwise. The function Len is primitive recursive.

Proof. Notice that if z € Seq, then the length of the corresponding sequence is simply the least i such that
p; does not divide z. Furthermore, since p, > z, we can bound the size of the least such i. It follows that

Len(z) = xseq(2) - (18 < z + 1)(—Divides(p;, 2)),
and hence Len is primitive recursive. O

We have now handled all of the basic results related to encoding and decoding sequences. Next we examine
some simple sequence operations, and verify that the corresponding functions are primitive recursive. We
start with the following simple function.

Proposition 12.2.10. Define a function Append: N> — N as follows. If z € Seq and k € N, then
Append(z, k) is the number that codes the sequence obtained by adding the number k onto the end of the
sequence coded by z. If z ¢ Seq, then Append(z,k) = 0. The function Append is primitive recursive.

For example, we have Append((3,0),1) = (3,0,1). In terms of the underlying numbers, this can be
restated as saying that Append(48,1) = 1200. From a computational point of view, if z € Seq, then to
compute Append(z, k), we just need to multiply z by a suitable power of the next available prime, which is
PLen(z)- By using our developed tools, this leads to the following simple argument.

Proof. Notice that
k+1

Append(z, k) = Xseq(2) - 2 Pp o)
for all z,k € N. Therefore, Append is primitive recursive by Proposition 12.2.4, Proposition 12.1.26, and
Proposition 12.2.9. O

The definition of primitive recursive functions includes, as its primary component, the ability to do step
recursion on the natural numbers. However, step recursion alone does not directly allow more complicated
constructions like the one used to define the Fibonacci numbers. To handle these, we needed to work with
order recursion on the natural numbers, first described in Theorem 2.1.5, eventually formalized in Theorem
9.5.8, and then generalized to allow parameters in Theorem 9.5.9. Notice that each of these formalizations
required the use of a sequence as an input in order to package up the history of previous values of the
function. Although we can not use the sequences directly now, we can instead use the natural numbers that
code these sequences. Given a function f, we now define a new function f that performs this packaging of
values into a number.

Definition 12.2.11. Let n € N. Given a function f: N"*1 — N, we let f: N**1 — N be the function
defined by

f('fvy) = <f(f,0),f(f,l),,f(f,y—l»
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In other words, f leaves the first n arguments of f alone (think of think of them as parameters), but
codes up the history of values of f along the last argument y into a sequence or length y. This history is
sometimes called the “course-of-values” of f.

Proposition 12.2.12. Let n € N, and let f: Nt & N. We have that f is primitive recursive if and only
f is primitive recursive.

Proof. 1f f is primitive recursive, then since f(Z,y) = f(Z,y+1)[y], we can use Proposition 12.2.7 to conclude
that f is primitive recursive. Conversely, suppose f is primitive recursive. Notice that

f(@0) =1
f(@y+1) = Append(f(Z,y), f(Z,y))

for all # € N* and y € N. Thus, defining g: N* — N by ¢(¥) = 0 and h: N**2 — N by h(Z,y,a) =
Append(a, f(Z,y)), we have that f = PrimRec(g,h). Since g and h are primitive recursive, it follows that

f is primitive recursive (note that we are assuming n > 0 here, but we can use Proposition 12.1.8 when
n =0). O

Using this coding of previous values of a function, we can now prove that the primitive recursive functions
are closed under the more general concept of order recursion on N. In other sources, this result is described
as saying that the primitive recursive functions are closed under course-of-values recursion (rather than order
recursion). Compare this result to Theorem 9.5.9, but where we allow multiple natural number parameters,
rather than coding them as one n-tuple p.

Theorem 12.2.13. Let n € N, and let h: N**!1 — N be primitive recursive. The function f: N*t! — N
defined by

F(#,y) = W, f(Z,y)
18 primitive recursive.

Proof. Notice that we have

f(#,0)=1
f(@y +1) = Append(f(Z,y), h(Z, f(Z,y)))

for all Z € N® and y € N. Thus, defining g: N* — N by ¢(Z) = 1 and h': N**?2 — N by W/ (%, y,a) =
Append(a, h(Z,a)), we have that f = PrimRec(g,h'). Since g and h’ are primitive recursive, it follows that
f is primitive recursive (as above, note that we are assuming n > 0 here, but we can use Proposition 12.1.8
when n = 0). Therefore, f is primitive recursive by Proposition 12.2.12. [

We can now use this result to argue that the Fibonacci sequence, defined by f(0) = 0, f(1) = 1, and
f(n)=f(n—=1)+ f(n—2) for all n > 2 is primitive recursive. We follow the argument after Theorem 2.1.5,
but work with the codes of the sequence of previous values, rather than the sequence itself. Define h: N — N
by letting

0 if z € Seq and Len(z)
if z € Seq and Len(z)
z[Len(z) — 2] + z[Len(z) — 1]  if z € Seq and Len(z) > 2

0 otherwise

0
1

h(z) =

(here we are writing — rather than = for slight ease of notation, and since it will be the actual — in that

case). Notice that h is primitive recursive by Proposition 12.1.23. Since f(n) = h(f(n)) for all n € N, it
follows from Theorem 12.2.13 that f is primitive recursive.
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We can use sequences to code many other mathematical objects as natural numbers. For example, we
can use sequences of zeros and ones to code finite graphs via their adjacency matrices (say, listed row by
row in sequence). We will eventually use use our coding of sequences to code first-order formulas in each
“reasonable” language as numbers, in such a way that the various operations on formulas are primitive
recursive. However, we now turn our attention to a more surprising coding that gives insight into our
attempt to formally define computation via the primitive recursive functions.

Every primitive recursive function is built up from the initial functions using finitely many applications
of Compose and PrimRec. For example, we saw earlier that 4+ can be written as

PrimRec(Z},Compose(S,T3)).

We can think of such an expression as instructions for how to calculate + in a very simple programming
language. Now from a programming point of view, each program is a finite sequence of symbols from a finite
alphabet, and hence can be coded as a number. If we apply that general idea here, we can code up each
expression like PrimRec(Z}, Compose(S,Z3)) with a number. There are many reasonable ways to perform
such a coding, but the following recursive approach will best suit our purposes. If the reader has some
experience in a programming language like LISP, it should feel familiar:

1. We use the number (0) = 29! = 2 as a code for the function O.
2. We use the number (1) = 2'*! =4 as a code for the function S.

3. We use the number (2,n,i) = 22137 +150+H1 = 8. 3n+1 . 5i+1 45 4 code for the function Z! whenever

1< <n.

4. If a, by, bo, ..., b, are codes for primitive recursive functions such that the each of the functions coded
by the b; have the same arity, and the arity of the function coded by a is m, then we use the number
(3,a,b1,b2,...,by) as a code for the function which is the composition of the function coded by a with

the functions coded by the b;.

5. If a and b are codes for primitive recursive functions such that the function coded by b has arity two
more than the function coded by a, then we use the number (4, a,b) as a code for the function with is
achieved via primitive recursion using the function coded by a as the base case and the function coded
by b as our iterator.

For example, the number
(3,(1),(0)) = 231 . 341 . 52+ — 2435 . 53 — 486, 000

is a code for Compose(S, O), which is just the constant function Ci. Notice that we are embedding sequence
numbers as elements of other sequences recursively throughout our coding. As a result, these code numbers
grow incredibly quickly. To get a taste of just how quickly, the code for Compose(S, Compose(S, ©O)), which
is the constant function C3, is

<37 <1>7 <3a <1>7 <O>>> = 24 : 35 ° 524.35‘53-"_1 == 3888 . 5486’001.

When we go just one more layer deep in the sequence coding, the numbers become astronomical. For
example, we noted above that PrimRec(Z},Compose(S,T3)) is just the function +, and the code for
PrimRec(Z{, Compose(S,Z3)) is (4,(2,1,1), (3, (1), (2,3,3))). Now

(2,1,1) = 2% . 3% . 5% = 1800

and o
(3,(1),(2,3,3)) = 24 .35 . 52°8"5" — 388 . 5405.001
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so our code is
405,001
(4,(2,1,1),(3,(1),(2,3,3))) = 32 31,801 . 53888 A

Although it is certainly possible to create other codings that grow at much more modest rate, we are only
interested in highlighting the theoretical results that any such coding provides, so it is best to embrace the
advantages of the simplicity of this approach (see below) and not to worry about the underlying numbers
themselves.

It is very important to note that we are not actually coding primitive recursive functions directly as
numbers, since a given primitive recursive function can be built from our initial functions using Compose
and PrimRec in multiple ways. For example, although 2 = (0) is one code for the function O, notice that
(3,2,2) = 54,000 is a code for Compose(O, ©), which is also the function O.

Given a number e € N, how can we determine if it is a legitimate code? Let’s first think it through from
a naive computational point of view. We first check if either e = (0) = 2 or e = (1) = 4, in which case the
answer is obviously yes. Otherwise, check if e € Seq, and then check the value of e[0]. If e[0] = 2, then
we need only check whether Len(e) = 3 and 1 < e[2] < e[l]. However, we have a potential issue in the
cases where either e[0] = 3 or e[0] = 4. Consider the simpler case where e[0] = 4. We can check whether
Len(e) = 3 without an issue. We next check that e[1] and e[2] are each valid codes, which we can do using
(order) recursion. The issue is that we then need to examine whether the arity of the function coded by
e[2] is two more than the arity of the function coded by e[1]. But if we are only keeping track of whether a
number is or is not a valid code, then we do not have access to this information in the recursion.

To get around this problem, our function should put more information in the output than just whether
it is a valid code. The relevant data that we need is the arity. Thus, we should define a function f: N — N
where f(e) = 0 if e is not a valid code (since 0 is not a valid arity), and where f(e) =n > 0 if e is a valid
code of a function of arity n. We would then solve the above issue, because we can recursively check whether
f(e2])) = f(e[1]) + 2, in which case we know that e is a valid code, and we then output f(e) = f(e[1]) + 1.

We now turn these ideas into a precise recursive definition, where we are using the fact that e[i] < e for
all e,i € N with e > 0 in order to use order recursion.

Definition 12.2.14. We define a function f: N — N recursively as follows:

1 if e = (0)
1 ife={(1)
e[1] if e € Seq,e0] =2, Len(e) =3, and 1 < e[2] < ¢]

[ e[1]
Fel2)  ifee Seq,el0] = 3, Len(e) = 3, (Vi < Len(e))(i > 0 — f(eli]) # 0),
(Vi < Len(e))(Vj < Len(e))((i > LA j > 1) — f(eli]) = f(e[j])),
and f(e[1]) = Len(e) — 2
fle[l]) +1 ife€ Seq,e[0] =4, Len(e) = 3, f(e[l]) # 0, and f(e[2]) = f(e[l]) +2
0 otherwise.

We denote this f by PrimRecArity.

The following fact essentially follows from Theorem 12.2.13 and Proposition 12.1.23 (which together
say that a function defined recursively using primitive recursive conditions and functions will be primitive
recursive), along with many of the other core closure properties of the primitive recursive functions that we
have established.

Proposition 12.2.15. PrimRecArity is primitive recursive.

Of course, technically we should write out the underlying function h that we are using in our appeal
to Theorem 12.2.13 in order to verify that it is primitive recursive. We will do that once more here, but
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nevermore, both to illustrate how it would be done, and also to convince the reader that they do not want
to see such a thing again. So formally, we would define h: N — N by

1 it Len(z) = (0)

1 if Len(z) = (1)

Len(z)[1] if Len(z) € Seq, Len(z)[0] = 2, Len(Len(z)) = 3,
and 1< Len(2)[2] < Len(2)]1]

z[Len(z)[2]] it Len(z) € Seq, Len(z)[0] = 3, Len(Len(z)) > 3,

(2
h(z) = (Vi < Len(Len(z ;))(z > 0 — z[Len(z)[i]] # 0)

[
(Vi < Len(Len(2)))(Vj < Len(Len(2)))((i >1Aj>1) —
)il = [ n(z)[7]],
and z[Len(z)[1]] = Len(Len(z)) — 2
z[Len(z)[1]] +1 if Len(z) € Seq, Len(z )[ ] =4, Len(Len(z)) = 3, z[Len(z)[1]] # 0,
and z[Len(z)[2]] = z[Len(z)[1]] + 2
0 otherwise.

z[Len(z

Next we would use the closure properties of the primitive recursive functions alluded to above to argue that h
is primitive recursive, and finally we would check that f(e) = h(f(e)) for all e € N for the function f defined
above, allowing us to use Theorem 12.2.13 to conclude that f = PrimRecArity is primitive recursive.

We started our discussion of how we were going to code expression like PrimRec(Z;, Compose(S,T3))
with a high-level description, which then led to the question of how to tell if a number was a valid code.
Now that we have formally defined our PrimRecArity, we can easily define the set of such valid codes.

Definition 12.2.16. Let PrimRecCode = {e € N : PrimRecArity(e) > 0}. Also, for each n € Nt let
PrimRecCode,, = {e € N: PrimRecArity(e) = n}.

Since PrimRecArity is primitive recursive, we immediately obtain the following.

Proposition 12.2.17. PrimRecCode is primitive recursive, and for each n € N*, the set PrimRecCode,,
18 primitive recursive.

We now define a “decoding function” ® that turns inputs e € PrimRecCode into the primitive recursive
functions that they code. Note that we are only defining it on elements of PrimRecCode, and we are
using the fact (which follows from the recursive definition of PrimRecCode) that if e € PrimRecCode and

el0] € {3,4}, then e[i] € PrimRecCode whenever 0 < i < Len(e).

Definition 12.2.18. Define a function ®: PrimRecCode — F recursively as follows.

(@) if e =(0)
S ife= <1>
B(e) = § Iih] if e[0] =
Compose(®(e[1]), P(e[2])), ..., P(e[Len(e) —1]) if e[0] =
PrimRec(®(e[1]), P(e]2])) if e[0] =

The following result simply says that our definitions correctly code what they were designed to do. It
can proven by induction on the generating system of primitive recursive functions in one direction, and by
induction on e in the other.

Proposition 12.2.19. Let n € Nt. A function f: N* — N is primitive recursive if and only if there ewists
e € PrimRecCode,, such that f = ®(e).
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We now return to the question of whether every intuitively computable function f: N® — N is primitive
recursive. Let’s start with the much easier question of whether every function f: N* — N is primitive
recursive. In this case, the answer is clearly no, because there are uncountably many such functions but
only countably many primitive recursive functions (either because the class of primitive recursive functions
is generated from a countable collection of initial functions using countably many generated functions, or
because we just coded them using natural numbers).

Let’s examine the underlying argument here more closely without just immediately appealing to differ-
ences in cardinality. Since the collection of all primitive recursive functions is countable, we can list out all
unary primary recursive functions, and then we can form a unary f: N — N that is not primitive recursive
by simply diagonalizing out. But we can do more by making use of our above coding to computably diag-
onalize out of the primitive recursive functions! Here is how to do that in detail. Let’s draw the standard
two-dimensional grid used for diagonalization, and let the row numbered e code the unary function ®(e)
whenever e € PrimRecCode;. If e ¢ PrimRecCodey, we will just fill in the row with the unary function
O. Although a large portion of the rows of this table will be filled with zeros in our coding (including the
first 1800 rows with the exception of line 4), we’ve filled this example in with some slightly more interesting
values:

dle)(z) [0 1 2 3 4 5 6 7
0 0 00 0 00 0 0
1 01 2 3 45 6 7
2 111 1 11 1 1
3 000 0 00 0 0
4 1 23 4 5 6 7 8
5 000 0 00 0 0
6 01 1 2 3 5 8 13
7 1 3 7 15 8 8 3 42

To recap, the entry in row e and column z is the value ®(e)(z) whenever e € PrimRecCode;, and is 0
otherwise. Now to diagonalize out, we define f: N — N by letting

{CI)(e)(e) +1 if e € PrimRecCode;
fle) = .
1 otherwise,

and note that f does not appear as any row of the above table, and so it is not primitive recursive. However,
we can compute f! On input e, we first check whether e € PrimRecCode;, which we can do because we
know that PrimRecCode; is primitive recursive, and hence certainly computable. If e ¢ PrimRecCode;, we
simply output 1. Suppose then that e € PrimRecCode;. In this case, we take e, and break apart the code
to form the underlying expression involving the initial functions and applications of Compose and PrimRec.
Next we work through the computation of what the resulting function does on input e, and finally simply
add 1 to the result. Although annoying and not something that anybody would enjoy doing by hand, this is
certainly a straightforward mechanical procedure that can be used to compute f. Therefore, there exists a
computable unary function f: N — N that is not primitive recursive.

12.3 Partial Recursive Functions

Before moving on to a new definition that will include more of the class of “intuitively computable” functions,
we should reflect on the argument at the end of the previous section. The diagonalization argument given
there applies much more broadly than to just the primitive recursive functions. Although we embedded the
argument within that setting in order to work out many of the details carefully, we can carry out the same
argument to any class of unary functions C with the following properties:
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1. Every element of C can be coded by a number (or by some finite object which can then be coded as
a number) in such a way that we can decode that number and computably simulate the underlying
function.

2. We can computably determine whether a given number is a valid code.
3. The functions in C provide an output for each input.

The first two properties are natural in light of our argument, but the third one might seem to have come out
of nowhere. Note that we do certainly need the third condition in combination with the first one in order to
perform a simulation until we find the value on a given argument, so that we can then change the resulting
value as required in the diagonalization.

Let’s examine the above properties from a modern programming point of view. A programming language
unambiguously defines the grammar of a valid program. Since each program is a finite sequence of characters
from a finite collection of allowable symbols, we can code programs by numbers, and we can simulate the
execution of a program by stepping through the lines according to the control flow constructs of the language.
Moreover, we can determine whether a given sequence of symbols satisfies the rules of the grammar, and
hence can determine which numbers are valid codes (this is essentially what the lexer and parser do before
the compiler turns the program into low level code). Therefore, modern programming languages satisfy the
first two properties. However, they do not satisfy the third. It is certainly possible for a program to enter
an infinite loop on some, or even all, inputs. In fact, if the reader has some experience with programming,
then they have almost certainly created a program that ran forever despite that not being their intention.
Thus, a program encodes a potentially partial function that does not provide an output for each input.

Since we need to give up at least one of the above three properties if we ever hope to define a class of
functions that captures all intuitively computable functions, we choose to abandon the third one in light of
the discussion in the previous paragraph. But before starting over and developing a formal programming
language, we will first think about whether we can add something to our generating system for primitive
recursive functions to accomplish the same task. Notice that the only obvious looping mechanism that we
have in our definition is via a use of PrimRec. For example, suppose that we know how to compute a
function g: N — N and we know how to compute a function h: N> — N. Let’s recall how we can compute
f = PrimRec(g,h): N> = N. To determine f(7,5), we perform the following loop. First, compute the
value f(7,0) = g(7). Next use this value to compute f(7,1) = h(7,0, f(7,0)), then use this new value to
compute f(7,2) = h(7,1, f(7,1)), etc. In general, we start with f(7,0) and then loop a total of 5 times until
we compute f(7,5). When we introduced this idea in the first section above, we noted that it resembled
a simple for-loop in most programming languages, since we know in advance how many times will iterate
through the loop (that number is simply the second argument).

Most programming languages allow a more flexible while-loop construction. The difference here is that
we stay in the loop until a certain condition is satisfied, and we may not know in advance any upper bound
on how many times we will iterate until that happens. In fact, we might end up stuck in the loop forever
because the condition might not ever become true, which is one of the ways that a program can run forever.
How can we incorporate this new more flexible idea into our framework? The key is to examine our bounded
p-operator. Recall that if g: N**! — N is a primitive recursive function and R C N"*! is a primitive
recursive relation, then Proposition 12.1.25 says that the function f: N**! — N defined by

f(@y) = (pz < g(%,y))R(Z, 2)

is primitive recursive. Note that we can think about computing f through a loop by checking R(Z,0), R(Z, 1),
etc. in turn until we either find a value of w with R(#,w), or we stop when we reach ¢(Z,y). And like a
direct application of PrimRec, we know in advance that we will loop at most ¢g(Z, y) many times. However,
what if we allow such a search without any bound? That is, consider defining f: N**! — N by letting

[(&,y) = pzR(Z, 2),
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i.e. f(Z,y) is the least z such that R(Z,z). When trying to implement this construct in a programming
language, we would naturally use a while-loop, and exit only when we found the least such z. And if we
implemented this while loop, then we would never exit if no such z exists. Thus, if we want to allow such a
construction, we are naturally pushed in the direction of allowing partial functions that might not give an
output on every input.

There are multiple ways to formally talk about partial functions. One natural approach is to say that a
partial function from a set A to a set B is simply a relation R C A x B with the property that for every
a € A, there exists at most one b € B with (a,b) € R. From this perspective, if we let

domain(R) = {a € A : There exists b € B with (a,b) € R},

then we obtain an honest function from domain(R) to B. Another approach is to introduce a new element
to B, and define f(a) to equal this new element when « fails to produce an output. Of course, we can easily
go back and forth between these descriptions, but we will formally adopt the latter so that a partial function
from A to B will be a literal function with domain A, and codomain equal to a set slightly larger than B.

Notation 12.3.1. Fiz some element not in N and denote it by T. Let N' = NU {1}.

Definition 12.3.2. Let F be the set of all functions p: N* — NT for some n € NT. We call elements of F
partial functions.

Notation 12.3.3. Let p: N* — NT be a partial function and let ¥ € N. We write (%) 1 to mean ¢(F) = 1,
and we write o(Z) | to mean that () € N.

Definition 12.3.4. A partial function ¢: N* — NT is called total if ©(Z) | for all ¥ € N™.

We will typically use Greek letters like o, 1, 60, etc. to denote partial functions, and will reserve our tradi-
tional f, g, h, etc. for total functions. The notation 1 is meant to evoke the image of a computation running
forever, while | represents that the computation eventually stops and produces an answer. Nevertheless,
keep in mind that our objects are functions rather than instructions for how to perform a computation.
That is, we will (for the moment) be working with static function objects rather than dynamic models of
computation that evolve over time.

Our first task is to extend our definitions of Compose and PrimRec to the world of partial functions.
Since inputs to partial functions are elements of N rather than elements of (NT)", we need to take some
some care here. However, in each case, we simply throw our hands in the air and output 1T whenever one of
the inputs is not an element of N.

Definition 12.3.5. Let m,n € Nt. Let p: N™ — N and 11,0, ...,%m: N* — N be partial functions.
We let Compose(p, 1,2, - .. ,%m) be the partial function 0: N* — N defined by

o) =1 if (@) 1 for some j
(1 (Z),h2(D), ..., v (T)) otherwise.

Definition 12.3.6. Let n € N*. Let ¢»: N* — N and let p: N**2 — NT be partial functions. We let
PrimRec(1), ) be the unique partial function 6: N**1 — N defined by

T if 0(Z,y) 1
o(Z,y,0(Z,y)) otherwise.

0(Z,y+1) {

We now introduce a new function into our generating system that performs a potentially unbounded
search. In our above description, we assumed that we had a relation R C N"™! and then we defined f(Z) to
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be the least z such that R(Z, z). However, we should define our basic operations on partial recursive functions
rather than relations because those are our fundamental objects. Suppose then that ¢: N**1 — NT is a
partial function. The idea is to define ¢: N® — NT by letting (%) be the least z such that ¢(,z) has a
certain property. The easiest such property is to let it be the least z such that ¥ (&, z) = 0, but note that
this choice is in contrast to finding the least z with xr(&,2) = 1.

We need to grapple with one subtle point due to the potentially partial nature of . Intuitively, to
compute (%), we would compute ¥ (Z,0) to check if it equals 0, then compute ¥ (&, 1) to check if it equals
0, etc. But what should happen if ¢(#,0) = 7, ¢(Z,1) 1, and (%, 2) = 07 From a computational point of
view, if we follow the above idea of computing 1 (Z,0) to check if it equals 0, then move on to ¥(Z, 1), etc.,
then our procedure will run forever and never reach the computation ¢ (&, 2). Notice that this does match
what would happen in a programming language with a simple while loop that proceeds through the values
0,1,2,... in order and calls a subroutine to compute ¥ on each in turn. As a result, we adopt the definition
that defines ¢(&) to equal 1 in this case. We thus arrive at the following definition.

Definition 12.3.7. Let n € Nt and let 1p: N"*1 — N be a partial function. We let Minimize(1)) be the
partial function 6: N* — N1 defined by

0(7) =

w if there exists z with ¥(Z,2z) =0 and Y(&,u) | for all u < z,and w is the least such z
1 otherwise.

We can now define a new class of partial functions using our generation template. We begin the same
(total) initial functions that we used when defining primitive recursive functions, but we now add our new
generating function Minimize, in addition to our more general versions of Compose and PrimRec that
work on partial functions.

Definition 12.3.8. The collection of partial recursive functions is the collection of partial functions generated
by starting with the initial functions, and generating using Compose, PrimRec, and Minimize.

Unfortunately, it is easy to confuse the names partial recursive function and primitive recursive function
because the one word that differs starts with the same letter. We will still have occasion to work with
primitive recursive functions, so it is important to keep that distinction. Sometimes, the class of partial
recursive functions is called the class of p-recursive functions, or the class of general recursive functions, or
simply the class of recursive functions. We prefer to emphasize the word partial in the name, especially at
this early stage. However, if the function happens to be total, then we will often use the following terminology
that drops the word partial from the name.

Definition 12.3.9. A total recursive function is a partial recursive function that is total, i.e. a partial
recursive function ¢: N — NT such that o(F) | for all ¥ € N™.

Since our more general versions of Compose and PrimRec behave identically to the old versions on total
functions, we immediately obtain the following result.

Proposition 12.3.10. FEvery primitive recursive function is a total recursive function.

At this point, it is not clear whether the converse to this proposition is true. Of course, we hope that
the added flexibility of Minimize will allow us to argue that more functions are total recursive functions.
For example, is the intuitively computable function described at the end of the last section (by computably
diagonalizing out of the primitive recursive functions) a total recursive function? We will eventually see that
the answer is yes.

Before jumping into such difficult questions, we begin with a much simpler one. Is there partial recursive
function that is not total? Here is one simple way to answer this question. Recall from Proposition 12.1.6
that the constant function C? which sends every pair (z,y) to the number 1 is primitive recursive. Thus, C?
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is a total recursive function by Proposition 12.3.10. Let ¢ = Minimize(f). We then have that ¢: N — NT
is a partial recursive function. Since p(z) 1 for all € N, the partial function ¢ is certainly not total.
For a more interesting example, let R C N? be the relation

R ={(z,y) € N*: z is even and = < y}.

Notice that x is even if and only if Divides(2, x), so R is a primitive recursive relation by Proposition 12.1.21.
Let S = N?2\R. Since the primitive recursive relations are closed under complement, we know that S is a
primitive recursive relation. Therefore, g is a primitive recursive function, so is a total recursive function
by Proposition 12.3.10, and we have

0 ifzxisevenand z <y
1 otherwise.

XS(-T,:U) = {

Now define ¢: N — NT by letting ¢ = Minimize(xs). We then have that ¢ is a partial recursive function
and

r+1 if xis even
p(r) = :
0 otherwise.

Since we have generalized the concept of primitive recursive functions to partial recursive functions, we
can now use characteristic functions as above in order to define a potentially more general class of relations.
Since characteristic functions are always total functions, we omit the words partial and total here, and simply
use the word recursive.

Definition 12.3.11. Let R C N". We say that R is recursive if its characteristic function, i.e. the function
xr: N*" = N given by

(@) 1 fF¥eR

xTr) =

Xr 0  otherwise,
is a total recursive function.
Proposition 12.3.10 immediately gives us the following.

Proposition 12.3.12. Every primitive recursive relation is a recursive relation.

There do indeed exist recursive relations that are not primitive recursive, but we are not yet in a position
to argue that (as we have not yet shown that there is a total recursive function that it is not primitive
recursive). Before embarking on a deeper exploration of the total recursive functions and recursive relations,
we first remark that these classes have the same fundamental closure properties as the partial recursive
functions. We list all of these results in one theorem. The proofs of these results use exactly the same
logic as the arguments in the primitive recursive case because everything is total and and our more general
Compose and PrimRec return total functions on total inputs. As a result, we omit the essentially verbatim
details.

Theorem 12.3.13. We have the following:
1. If R C N™ s recursive, then N"\R is recursive.
2. If R, S C N” are recursive, then RN S is recursive.

3. If R, S C N" are recursive, then RU S is recursive.
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4. Ifn €N, and f,g: N"t1 = N are both total recursive functions, then the functions f', f”: N**1 5 N
defined by
F@&y) = > (&2 @&y = [ r@2)

2<g(Z,y) 2<g(Z,y)

are both total recursive functions.

5. Ifn €N, g: N**1 — N is a total recursive function, and R C N"*1 is recursive, then the sets

Z,z)}
7))

)R(Z,

Sy ={(Z,y) e N"*': (32 < g(Z, y)) R(
So ={(Z,y) € NPt (Vz < g(Z,y

are both recursive.

6. Suppose that n € NT, that Ri,Rs,...,R, C N" are pairwise disjoint recursive relations and that
91,92, -« -, gn, h: N = N are total recursive functions. The function f: N® — N defined by

q1(Z) if Ba(Z)
g2(%) if Ra(7)

gn (L) if Rn(T)
h(Z)  otherwise

s a total recursive function.

7. Ifn €N, g: N**1 — N is a total recursive function, and R C N"*! is recursive, then the function
f: N"t! 5 N defined by

f(&y) = (nz < g(Z,y))R(Z, 2)

s a total recursive function.

8. Ifn € N and h: N1 — N is a total recursive function, then the unique function f: N"t! = N defined
by

s a total recursive function.

In several parts of this theorem, we can replace “total recursive” with “partial recursive” throughout the
statement, but we then occasionally have to be careful with our interpretation of the result. Let’s examine
(4) in this context. Suppose instead that n € N and ¢, : N**! — N are partial recursive functions. If we
want to define ¢': N**1 — N by

2<(Z,y)

then we need to be clear about how to handle situations where ¥(Z,y) 1 or where ¥ (Z,y) | but there exists
z < Y(Z,y) with (&, 2) 1. If we naturally define ¢'(Z,y) 1 in any of these cases, then we can follow the
proofs of Proposition 12.1.18 and Proposition 12.1.19 to argue that ¢’ is indeed a partial recursive function.
We can similarly generalize (7) to the case where g is partial recursive by letting f(Z,y) T whenever g(Z,y) 7.
The corresponding generalization of (6) to partial recursive functions also goes through by simply following
the proof of Proposition 12.1.23. It is important enough that we state it here.
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Proposition 12.3.14. Suppose that n € N, that Ry, Ra,..., R, C N" are pairwise disjoint recursive
relations and that 11,1, . .., ¢, 0: N* — NT are partial recursive functions. The partial function p: N —
NT defined by

V(@) if Ra()

V2(Z) if Ra()

Un(Z) if Rn(T)

0(¥)  otherwise
is a partial recursive function.

However, it is not possible to easily generalize (5) and (8) to partial recursive functions. For (8), it’s
not clear how to even define ¢ when ¢: N — NT is a partial function because what should (2, 7,7) mean?
We run into a much deeper issue with trying to generalize (5) to partial functions. If g(#,y) 1, then should
we put (Z,y) in Sy or not? Now xg, will be a total function regardless, but no matter which option we
choose, there is no obvious way to computationally determine whether ¢g(Z,y) 1. As result, there will be no
obvious procedure to compute xgs,. In fact, this wrinkle brings us face-to-face with the halting problem, a
fundamental topic that we will return to in the Section 12.5.

Before moving on, we establish a couple of simple results about partial recursive functions. First, recall
that when we were originally thinking about introducing an unbounded p-operator, we motivated the idea
in terms of a relation. That is, if R C N"*! is recursive, then we wanted to define a function f: N* — N
by letting f(#) be the least z such that R(Z,z). We did not follow this idea in the definition of Minimize
because our fundamental objects are functions, but we can now argue the the resulting partial function is
indeed partial recursive whenever R is recursive.

Proposition 12.3.15. Let n € Nt and R C N"*! be a recursive relation. The partial function p: N* — NT
defined by letting o(Z¥) = pzR(Z, z), i.e.

(i) = {w if there exists z with R(Z, z), and w is the least such z

1T otherwise,

s a partial recursive function.

Proof. Let S = N"™\ R, and notice that S is recursive because the recursive relations are closed under
complement. Thus, by definition, g is a total recursive function. Since ¢ = Minimize(xs), it follows that
 is a partial recursive function. O

Finally, we pause to note that the inclusion of unbounded search in our definition of partial recursive
functions allows us to solve an issue alluded to before Proposition 12.1.17. In our new setting, we can prove
the following equivalence.

Proposition 12.3.16. Let f: N* — N be a total function. We then have that f is a total recursive function
if and only if graph(f) C N"*1 is a recursive relation.

Proof. The left-to-right direction is identical to the proof of Proposition 12.1.17, so we prove the right-to-left
direction. Suppose then that graph(f) is a recursive relation. Since f is total, we know that for all # € N,
there exists a unique z € N such that (Z,z) € graph(f), namely z = f(Z). Therefore, f(Z) = pz((%,z2) €
graph(f)), and hence f is a total recursive function by Proposition 12.3.15. O

We could now embark on a coding of the expressions formed by starting with the initial functions
and applying Compose, PrimRec, and Minimize which extends the coding of the previous section. For
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example, we could simply add another clause that uses (5,a) as a code to represent applying Minimize to
the expression coded by a, assuming that the underlying function has arity at least 2. With this idea, the
details of the coding are straightforward, and so will be omitted here. In this setting, we would then have
that ®(e) is a partial recursive function for each e that is a valid code. Thus, we run into an issue if we
try to computably diagonalize out since the underlying functions might result in 1 on some inputs. If we
attempted to simulate ®(e) on some input, we seemingly have no way to know computationally whether the
output is 1. Thus, we once again run into the so-called halting problem that will be discussed in Section 12.5.

12.4 A Machine Model of Computation

In order to obtain a better intuitive understanding of the class of partial recursive functions, as well as the
somewhat mysterious nature of partial recursive functions producing 1, we now develop an idealized machine
model of computation. Modern computers store data in memory, and proceed in stages to apply one of a
finite set of transformations (coded by machine instructions) to the underlying data at each clock cycle. We
will develop a very simple formal model in this vein, which can also be viewed as a tiny formal programming
language, that provides us with a direct dynamic model of computation where state evolves over time.

The most widely used and celebrated machine model of computation is the Turing machine. This
model was historically groundbreaking, both because Turing successfully argued at a high level that every
“mechanical” procedure can be simulated by one of these machines, and also because the model served
as a blueprint for some of the first real computing machines that were built in the middle of the 20"
century. Moreover, in his fundamental paper, Turing used his model to answer an important open question
in mathematical logic that arose from Hilbert’s Program.

Without going into all of the technical details, we give a brief description of Turing’s model. A Turing
machine starts with a finite alphabet. The machines has a read/write head that acts on an infinite tape
which is divided into infinitely many cells, each of which contains a symbol from the finite alphabet. In order
to describe how the head interacts with the tape, a Turing machine also has a finite set of possible states,
along with a function that says what to do when the read/write head is in a given state and is reading a
certain symbol. The function outputs what state to transition to, what to write on the corresponding cell,
and also which direction to move the head.

The Turing machine model has many strengths. For example, it encodes inputs and outputs using
finite strings of symbols from a finite alphabet, which is very natural from the perspective of computer
science. In addition, Turing machines naturally provide a straightforward way to define the complexity of
computation in terms of the amount of time and space used. However, there are a few weaknesses from our
current perspective. First, it does take a good deal of time and effort to define everything carefully. Next,
it is somewhat challenging to build Turing machines that compute simple functions, and it is even more
challenging to argue carefully that the functions they compute are closed under various operations. Finally,
since we are working with functions on the natural numbers, we would need to deal with representations of
the natural numbers in some string format, such as writing them in unary, binary, decimal, etc.

Instead of following this path, we develop a simpler machine model of computation called the unlimited
register machine, or URM. Idealized register machines were first introduced by Shepherdson and Sturgis, but
we will follow a small variation that is used by Cutland in his book Computability. Like a Turing machine,
this model has infinitely many cells, which in this setting are called registers. The primary advantage over
Turing machines is that each register can store an arbitrarily large natural number (whereas the cells on a
tape in a Turing machine can only store a character from the finite alphabet), hence the word “unlimited” in
the name. A secondary advantage is that this model allows random access to the registers. That is, we can
immediately examine the contents of a register far away without having to methodically move a read/write
head across the tape in small incremental steps. The disadvantages of our model are that it takes more effort
to believe that it encapsulates general purpose computation relative to Turing machines, and that it only
works with natural numbers (so we will have to code other objects as numbers).
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We now dive into the details. We envision an infinite sequence of registers, which we denote by
Ry, Ro, R3,.... At any given stage, each R; contains a natural number 7;.

Definition 12.4.1. An unlimited register machine, or URM, consists of a finite sequence of instructions,
each of which is of four possible types:

e Z(i) fori € Nt: Change the value of the i*" register to 0, so set r; = 0.
e S(i) fori € N*: Increment the value of the i*" register by 1, so change r; to be the value r; + 1

e T(i,j) fori,j € Nt: Transfer the value of the it" register into the j*" register, without changing the
value of the it" register. In other words, change the value of r; to equal the value r;.

e J(i,j,q) fori,j,q € N*: Check if the value of the i*" register is equal to the value of the j'* register.
If s0, then jump to the ¢*" instruction. Otherwise, do nothing.

Note that the descriptions of the instructions after each colon are not part of the formal definition. A
URM is simply a finite sequence of instructions. We will turn the intuitive descriptions of how the instructions
“act” into a formal definition soon, but we first give an example of a URM and examine the corresponding
dynamic computation. Consider the following URM, annotated with the instruction number in parentheses:

(1) J(2,3,5)
(2) (1)
(3) 5(3)
(4) J(1,1,1)

The idea is to start at the first instruction, perform the action described above, and then move on to the
next instruction in line (unless we have a J instruction that jumps elsewhere). Now in order to perform a
computation, we need to start with an initial sequence of values in the registers. Suppose then that we start
in the state where 1y = 1, ro = 2, and r; = 0 for all ¢ > 2. We denote this state by the infinite sequence

1,2,0,0,.... Now since ro # r3, the first instruction does nothing, and so leaves us in the state 1,2,0,0,....
We move on to the second instruction, which increments the value of r1 so that we are now in the state
2,2,0,0. We then move on to the third instruction, which changes the state to 2,2,1,0,.... Now the fourth

tests whether r; equals itself, which of course it always does, and so it causes a jump back to the first
instruction. In other words, the fourth instruction says to GOTO instruction 1 in all circumstances. If we
continue to follow the program, we obtain the following sequence of states, where the number in parentheses
at the front is the next instruction to execute:

(1):1,2,0,0,... — (2):1,2,0,0,...
— (3):2,2,0,0,...
— (4):2,2,1,0,...
— (1):2,2,1,0,...
- (2):2,2,1,0,...
— (3):3,2,1,0,...
— (4):3,2,2,0,...
— (1):3,2,2,0,...
— (5):3,2,2,0,...

Since there is no fifth instruction, we need to define what to do next. Intuitively, we think of the machine
as stopping at this point because there is no valid instruction to execute next.
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We can now turn these ideas of a URM causing state to change over time into a definition of what
function(s) a URM “computes”. Given a URM M = (I, I,...,I;) consisting of a sequence of s instructions,
together with an n € N*, we define a corresponding partial function from N to NT as follows. On input
(z1,22,...,2n), start the machine in the state where r; = x; for all i with 1 <4 < n and where r; = 0 for all
i > n. Follow the instructions as outlined above until we end up trying to execute an instruction k£ > s. In
this case, we output the value r; that is currently in the first register. Otherwise, if we never try to execute
an instruction k > s, then we output 1. For example, with our above URM and n = 2, then our partial
function outputs 3 on input (1,2).

Although we have provided a comprehensive description of how to take a URM and an n € N*, and
determine a corresponding partial function from N” to NT, it will be useful to have a slightly more careful
definition. To facilitate such a definition, we examine the concrete run of the example URM above. Note that
we annotated each line with the next instruction. We can think of encoding line m of execution as a function
fm: N = N, where f,,,(0) is the instruction that we should execute next, and where f,,(j) = r; equals the
current contents of register R; for all 7 > 0. We can then turn the intuitive descriptions of the actions of
each of the instructions into rules for how to determine f,,+1 from f,,. For example, if f,,(0) = k < s and
I, = Z(i), then

fm(o) +1 lf.] =0
fms1(3) =40 ifj=1
fm(F) otherwise.

Notice that the first line here simply increments the value in position 0 of f,,, which reflects the fact that
we should move on the next instruction in this situation. Similarly, we can define f,,+1 in terms of f,, for
the other three instructions. Now in the situation where f,,(0) > s, then we said above that we intuitively
think that the machine stops at this point. Formally, we simply let f,,,4+1 = f, so that we always define an
infinite sequence of state functions. Putting everything together, we arrive at the following definition.

Definition 12.4.2. Let M = (I1,I3,...,1;) be a URM, and let n € NT. We define a partial function
@5\7}): N — N as follows. On input ¥ = (z1,%2,...,7,) € N, let fi: N = N be the infinite sequence
(1, x1,22,...,2,,0,0,0,...), and then recursively define a sequence f1, fa, f3,... as outlined above. If there
exists an m such that f,,(0) > s, then letting £ be the least such m, we define @S\Z) (Z) = fe(1). If no such m
exists, then we define @S\Z) (Z) 1.

Thus, letting M = (J(2,3,5),5(1),5(3),J(1,1,1)), we have @%?(1,2) = 3. In general, the machine M
repeatedly increments the contents of register 1 and 3 until register 3 has the value that starts in register
2. Thus, on inputs (x1,x2,0,0,0,...), the machine will eventually jump to instruction 5 with state (z; +

X9, X2, x2,0,0,...). It follows that @S\Z) (z1,22) = 21 + x4 for all 1,29 € N. What happens when we consider

an arity n # 27 Notice that gog\}f)(xl) = x; for all ;7 € N because we immediately jump to instruction 5.

Thus, cpgvlj) is the identity function, which is just the initial function Z}. In contrast, we have @g\? (0,0,1) 1
because we will forever increment the contents of the registers 1 and 3 without ever reaching a place where
To =T3.

These examples illustrate an essential point. A URM M is simply a sequence of instructions, so does
not come equipped with an arity! We need to provide an arity n € N* in addition to M in order to define
what partial function M computes. With this in mind, we now provide another definition for when a partial
function is computable.

Definition 12.4.3. Letn € Nt and let: N™ — NT be a partial function. We say that 1) is URM-computable
if there exists a URM M such that ¢ = QOS\Z).

For instance, the addition function f: N? — N is URM-computable because f = <p5@) for the machine

M described above. For a more interesting example, consider the partial recursive function ¢: N — NT
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described above that is given by
x+1 ifxiseven
o=}

1T otherwise.

To show that 1 is URM-computable, we simply need to exhibit a URM that computes it. Intuitively, we
repeatedly increment the contents of the second register by 2 until, if ever, the contents of the first two
registers agree. If so, we have determined that the input (the contents of the first register) is even, so we
simply increment the first register and stop. Working out the details, we arrive at the following URM M:

It is then straightforward to check that ¢ = cpg\?.

If we instead start with a URM M, it can be quite difficult to “see” what the function gog\’}) is. For
example, consider the following URM M:

(1) T(1,5)
(2) z(1)

(3) 5(2)

(4) J(5,6,14)
(5) T(1,3)
(6) T(2,1)
(7) J(3,4,11)
(8) 5(2)

(9) S(4)

(10) J(2,2,7)
(11) Z(4)

(12) 5(6)

(13) J(1,1,4)

What is @5\?? It turns out that gos\}[)(n) equals the n'” Fibonacci number a,, defined by ag =0, a; = 1, and
ap = ag—1 + ag—o for k > 2. To see this, we walk through the execution of the machine at a high level. On
input n, the machine begins by setting r5 equal to the input n, setting r; to 0 = ag, and setting 7 to 1 = a;.
The idea now is that we will loop through incrementing rg until it equals the initial input n that is stored in
register 5, while repeatedly making the values of the first two registers store consecutive Fibonacci numbers.
That is, assuming that r; = ax and 7o = agy1 (as well as assuming that r4, = 0) at the beginning of the
loop, then after one iteration of the loop we will have 1 = agt+1 and ro = agyo (as well as r4 = 0). The
instruction I performs the check to see whether r5 equals rg, and ends execution in that case. The heart
of the machine is the loop from I5 to I;3. Instructions I5 and Ig copy the value a; that we assume is stored
in register 1 to register 3, and then copies the value ay41 that is stored in register 2 to register 1. At this
point, the first four registers have the values ayx41,ar+1,a0%,0. Thus, we have successfully moved ay41 into
register 1. Now we want to change ry to equal agyo = ax41 + ag, so we simply want to add the values of 79
and r3, and put the result in register 2. Fortunately, we already have a URM that performs addition! We
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insert that URM as a subroutine, but we shift the registers that it works on. In other words, instructions
I through g are simply the result of taking our URM for addition, adding 1 to each named register, and
changing the location of the jump in I;o to be 7 rather than 1. After this addition is performed, the first
four registers will be agy1,ak42,akr, ax, so we zero out register 4, increment the contents of register 6, and
jump back to I to continue the loop. As mentioned above, this loop will continue until 7 equals the initial
input n, at which point the value r; will equal a,,, as desired.

Our justification that the machine computes the n'" Fibonacci number, just like our justification that
the previous two machines computed the outputs described, is somewhat informal. It is certainly possible
to give a careful proof by stating and proving properties of the corresponding recursively defined functions
fm by induction on m. In this case, such an argument would be a detailed version of a loop invariant proof
in computer science. However, these arguments are simultaneously painful and essentially routine using our
high level descriptions, and do not provide much additional insight. Therefore, we will continue to use our
more informal style.

We now observe a few simple facts about URMs that will be important in the coming arguments:

e Every URM is a finite sequence of instructions, each of which refers to at most two registers, so every
URM refers to only finitely many registers. Therefore, if the initial state consists of only finitely many
nonzero registers (as it does when we define any wg\z)), then there are only finitely many registers that
will have a nonzero value at any point during the machine’s execution. More formally, in this case,

there exists k € NT such that f,,(i) = 0 for all m € N* and all i > k.

o U M= (I1,I,...,1) is a URM with s instructions, then we can assume that every jump instructions
J(i,7,q) of M has the property that ¢ < s+ 1. More formally, there exists a URM N = (I, Is, ..., Is)
with this property such that 905\2) = 905\7) for all n € N*. In order to construct N, we simply change
all such ¢ with ¢ > s+ 1 to be equal to s + 1. This property will be useful if we want to use M as a

subroutine like we did for addition in our Fibonacci machine.

e Given a URM M, we can systematically shift the register numbers referred to in each instruction by
the same amount in order to form a URM N that behaves the same as M, but operates on the shifted
registers. For example, in our Fibonacci machine, we took the addition machine and shifted every
register by 1, to result in the instructions I7 through I;o that performed addition using registers 2
through 4 rather than registers 1 through 3.

With these facts in hand, we can prove our first major theorem about URM-computable functions.
Theorem 12.4.4. FEvery partial recursive function is URM-computable.

Proof. The proof is by induction on the generation of the partial recursive functions. Thus, we show that the
initial functions are URM-computable, and that the URM-computable functions are closed under Compose,
PrimRec, and Minimize.

o Initial Functions: Letting M = (Z(1)), we have O = @5\2). Similarly, letting M = (S(1)), we have
S =\, Finally, given i,n € N* with 1 < i < n, if we let M = (T(i, 1)), then " = 7).

« Closure under Composition: Suppose that ¢: N™ — NT and 41,9, ..., %m: N* — NT are all URM-
computable. We show that § = Compose(p, 1,2, ..., %y) is URM-computable. Fix a URM M
that computes ¢ (i.e. such that ¢ = @5\74”)), and fix URMs N, that compute each ;. Let k be the
maximum number of any register referred to in the machines M, N1, No, ..., Np,. We describe a URM
that computes 6.

On input & € N", we copy the values of the registers 1,2, ..., n to the registers n+1,n+2,...,2n, and
also to 2n+1,2n+2,...,3n. Next we insert a modified version of N; where each register is shifted by
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2n (and jump instructions are shifted accordingly), which ends with the value 11 (Z) in register 2n + 1.
We then transfer this value to register 1, and zero out registers 3n+1 through max{3n+1,2n+k}. Next
we again copy the values from the registers n 4+ 1,n + 2,...,2n to the registers 2n + 1,2n +2,...,3n,
and insert a modified version of Ny where each register is shifted by 2n, which ends with the value
Y9(Z) in register 2n+ 1. We then transfer this value to register 2, and zero out registers 3n + 1 through
max{3n + 1,2n + k}. Continue in this way m times until we have the values of each 1;(Z) in register
i. Notice that if there exists an ¢ with ;(Z) 1, then our machine will run forever, which agrees with
the fact that # outputs 1 in this case.

Finally, we zero out registers n+1 through 3n, and insert M with jump instructions shifted accordingly.
The result of this computation will put the value 6(Z) = p(¢1 (&), ¥2(Z), ..., Y (%)) into register 1 if

(1 (L), h2(D), ..., (L)) |, and will run forever otherwise, as desired.

« Closure under Primitive Recursion: Suppose that 1: N* — N and ¢: N**2 — NT are both URM-
computable. We show that § = PrimRec(v, ¢) is URM-computable. Fix a URM M that computes ¢
and a URM N that computes 1. Let k be the maximum number of any register referred to in either
of these machines. We describe a URM that computes 6.

We first outline the overall idea. Recall that we can intuitively compute 6(Z,y) by first computing
0(Z,0) = (&), and then iterating through a loop a total of y times, each pass of which computes
0(Z, 1) for increasing values of i. Since we will need them in each iteration of the loop, we leave the
value of the input registers 1,2,...,n,n + 1 alone, until we have computed the correct final value, at
which point we transfer it to register 1. We use register n + 2 as a counter which will keep track of
the number of times we have passed through the loop, so we will stop when the value in register n 4 2
equals the value in register n + 1, which will be fixed at y throughout the computation. Finally, we

will use register n + 3 to hold the value 6(Z,) after ¢ iterations of the loop have been completed.

We now describe the machine in more detail. On input (#,y) € N"*! we copy the values of the
registers 1,2,...,n to the registers n + 3,n +4,...,2n + 2. Next we insert a modified version of N
where each register is shifted by n+ 2, which ends with the value ¥(Z) = 6(Z,0) in register n+ 3. Since
Tn42 = 0 at this point, notice that r,13 = 0(Z, rp42).

We now begin a loop, assuming at the beginning that r, 13 = 0(Z, r,42). First, check whether r,,11 =
Tn+2, and if so, transfer the contents of register n + 3 to register 1 and stop. We then copy the value of
register n+ 3 to register 2n 44, copy the value of register n+ 2 to register 2n+ 3, copy the the values of
the registers 1,2, ..., n to the registers n+3,n+4,...,2n+2, and then zero out registers 2n+5 through
max{n + 2+ k,2n + 5}. At this point, the contents of registers n + 3,n +4,...,2n + 4 are the values
Z, rnta,0(Z, mhy2), and they are followed by all zeros. Now we insert a modified version of M where
each register is shifted by n + 2, which ends with the value (&, 1,12, 0(Z, rni2)) = 0(Z, 142 + 1) in
register n + 3. Next, increment the value in register n + 2, and note that this establishes the invariant
Tnes = 0(Z,rp12), but now we have increased the value 7,12 by 1. At this point, we jump to the
beginning of the loop.

We note that on input (&,y), we pass through the full loop a total of y times, incrementing the value
of r,, 42 once on each pass until it equals the value y. Then we finish by transferring the correct value
0(Z,y) to register 1. Finally, notice that if either (&) 1 or 8(Z, r,12) T for any value that appears in
Tn+2, then our machine runs forever, which agrees with the fact that 6 outputs 1 in these cases.

« Closure under Minimization: Suppose that 1: N**1 — NT is URM-computable. We show that 6 =
Minimize(y) is URM-computable. Fix a URM M that computes ¢, and let k& be the maximum
number of any register referred to in M. We describe a URM that computes 6.

We first outline the overall idea. Recall that we can intuitively compute 6(Z) by first computing (%, 0)
and checking whether the result is 0, then computing ¢ (#, 1) and checking whether the result is 0, etc.
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We do this by creating a simple loop. Since we will need them in each iteration of the loop, we leave
the value of the input registers 1,2,...,n alone, until we have computed the correct final value, at
which point we transfer it to register 1. We will use register n 4+ 1 as the counter that will represent
the last input to ¢, and we will leave register n 4 2 to hold the value 0 so that we can check the values
of v against it.

We now describe the machine in more detail. On input & € N we begin a loop. We first copy
the values of the registers 1,2,...,n + 1 to the registers n + 3,n 4+ 4,...,2n + 3. Next we insert a
modified version of M where each register is shifted by n + 2, which ends with the value ¥(Z, r,41) in
register n + 3. We then check whether 7,42 = r,,+3, and if so, we transfer r,1 to register 1 and stop.
Otherwise, we increment register n 4+ 1, and jump to the beginning of the loop.

It is now straightforward to check that our machine computes the correct value of ¢ in all cases,
including the situations where 1 outputs 1 before it outputs 0, and where v never outputs 0.

O

Perhaps surprisingly, the converse of Theorem 12.4.4 is also true. In other words, despite the large
differences in definitions and conceptual models, the class of partial recursive recursive functions is the same
as the class of URM-computable functions. In order to prove this result, we start with a coding of URM
machines by numbers. The essential point is that we can create such a coding where all of the important
functions and relations are partial recursive (in fact, almost all of them will be primitive recursive). At a
high level, this coding is similar to the coding of expressions that built up from the initial functions using
Compose and PrimRec that we used before. However, since URM machines are not defined recursively, we
can get by with a much simpler scheme than the one we used there.

Definition 12.4.5. We code URM instructions as follows:

1.
2.
3.

4.

We use the number (0,i) = 2 - 371 as the code for the instruction Z(i).
We use the number (1,i) = 4 -5'T! as the code for the instruction S(i).
We use the number (2,4,5) = 8 - 371 . 55+ s the code for the instruction T(i, j).

We use the number (3,4,7,q) = 16 - 371 . 55179+ g5 the code for the instruction J(i,7],q).

We let InstrCode C N be the set of all valid instruction codes.

Using these code numbers for instructions, we can now code each URM.

Definition 12.4.6. Let M = (I1,Is,...,1I;) be a URM. If k; € N is the code of instruction I;, then we
use the number (ki,ka, ..., ks) as the code for M. We let URMCode C N be the set of all codes of URM
machines.

For example, if M = (J(2,3,5),5(1),5(3),J(1,1,1)) is the URM we studied above with the property

that ¢,/

(2) s the addition function, then the code of M is the number

((3,2,3,5),(1,1),(1,3),(3,1,1,1)).

The first basic fact that we need is the following.

Proposition 12.4.7. The sets InstrCode and URMCode are both primitive recursive.
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Proof. We start with InstrCode. Notice that the set Ry = {(0,4) : © € N} is primitive recursive because
2 € Ry & z € Seq A Len(z) =2 A z[0) = 0 A 2[1] > 0.
Similarly, each of the following sets is primitive recursive:
Ry ={(1,i):i € N}
R2 = {<27Z7.7> : Za] € N+}
Ry = {(3,4,5,9) - i,j,¢ € N"}.

Since InstrCode = RyU R; U Ry U R3 and the primitive recursive relations are closed under union, it follows
that InstrCode is primitive recursive.
Next notice that

z € URMCode < z € Seq A\ (Vi < Len(z))(z[i] € InstrCode).

Therefore, U RM Code is primitive recursive. O
We leave the following useful fact as an exercise.

Proposition 12.4.8. Define a function MaxRegister: N — N by letting MaxRegister(e) be the largest
register number referred to in the machine coded by e when e € URMCode, and letting M axRegister(e) =0
otherwise. The function MaxRegister is primitive recursive.

Proof. Exercise. O

With that setup in place, the interesting part of the converse to Theorem 12.4.4 is learning how to
“understand” the dynamic execution of a URM in a primitive recursive way. The challenge here is that
our mental model of the computation of a URM is that the state evolves over time, but primitive recursive
functions have no direct analogue of state. In order to figure out how to resolve this issue, we return to our
original concrete example of the URM M = (J(2,3,5),5(1),5(3),J(1,1,1)) executing from the initial state
1,2,0,0,...:

(1):1,2,0,0,... — (2):1,2,0,0,...
— (3):2,2,0,0,...
— (4):2,2,1,0,...
- (1):2,2,1,0,. ..
— (2):2,2,1,0,...
— (3):3,2,1,0,...
— (4):3,2,2,0,...
— (1):3,2,2,0,...
— (5):3,2,2,0,...

Although each line of this computation consists of an infinite sequence, we do not need to carry around the
trailing zeros that begin at register 4. In general, recall that a URM refers to only finitely many registers, so
if the initial state consists of only finitely many nonzero registers, then there are only finitely many registers
that will have a nonzero value at any point during the machine’s execution. Thus, we can code each of the
above stages of computation with a finite sequence, which we can then code as a number. For example, we
can code the initial state as either the number (1,1, 2) or the number (1,1, 2,0), where we put the instruction
number in position 0 and assume that everything after the sequence ends is a 0. In other words, we are
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taking one of the infinite sequences f,, that we used in the formal definition of 905\3)7 cutting off the trailing

zeros at some point, and coding the resulting finite sequence as a number.

We call an element of Seq that is interpreted in this way (i.e. the first element is the next instruction
number to be executed, and the remaining numbers are the values of the registers in order, with the assump-
tion that all other registers have value 0) a configuration of a machine at a stage of computation. Notice that
every element of Seq with positive length whose first element is positive can be interpreted as a configuration,
which leads to the following definition.

Definition 12.4.9. Let
Config ={ceN:ce Seq, Len(c) > 0, and c[0] > 0}.
Since Seq, Len, and DecodeSeq are all primitive recursive, we immediately obtain the following.
Proposition 12.4.10. The set Config is primitive recursive.

Given a URM M together with the next instruction to execute and the current values in the registers, we
can easily determine what happens after one step of execution. Essentially, we are saying that the definition
of finy1 from f,, is “simple”. To make this more precise, we now code everything in sight as numbers so that
we can argue that the corresponding relation is primitive recursive.

Definition 12.4.11. We define a relation StepCompute C N3 by letting (e, c,d) € StepCompute if and only
if all of the following are true:

1. e € URMCode and c,d € Config.
2. Len(c) = Len(d).
3. Len(c) > MaxRegister(e).

4. If we let M be the machine coded by e, let f be the infinite sequence obtained by taking the finite sequence
coded by ¢ and appending an infinite sequence of zeros to the end, and let g be the corresponding infinite
sequence coded by d, then g is obtained from f by one step of computation of M as described just before
Definition 12.4.2.

The first requirement is self-explanatory. Although the second requirement is not strictly necessary, this
assumption allows us to “see” the same registers in the two configurations, which will simplify a few of
the technical arguments below. Now the third requirement says that the configurations ¢ and d (the latter
because it has the same length as ¢) are long enough that any action of the machine coded by e will only
affect registers coded by these configurations. Finally, the fourth requirement encapsulates the essential
condition that we are after.

As an example, if

e=1{(3,2,3,5),(1,1),(1,3),(3,1,1,1))

is the code of our addition machine, then
(e,(1,1,2,0),(2,1,2,0)) € StepCompute

and
(e,(3,3,2,1),(4,3,2,2)) € StepCompute.

According to our definition, we have

(e,(1,1,2),(2,1,2)) ¢ StepCompute
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because MazRegister(e) = Len({1,1,2)) = 3, so (1,1,2) is not long enough to include all of the registers
referred to in our machine. In contrast, we can add extra zeros to the end of the configuration codes, so we
do have

(e,(1,1,2,0,0),(2,1,2,0,0)) € StepCompute.

The next result is the most important step on the way to proving the converse to Theorem 12.4.4.
Proposition 12.4.12. The relation StepCompute C N3 is primitive recursive.

Proof. Let (e,c,d) € N? be arbitrary. We need to express the statement (e,c,d) € StepCompute in a
primitive recursive way. Notice that the first three conditions in the definition of StepCompute can be
expressed as saying

e € URMCode A c € Config Ad € Config A Len(c) = Len(d) A Len(c) > MaxRegister(e).

We will now proceed to work out the details of how to express the fourth condition in a primitive recursive
way. The basic idea is that we look at ¢[0], which is the number of the next instruction to execute. Now if
c[0] > Len(e), then there is no next instruction, so we should have ¢ = d. We can express this as

c[0] > Len(e) — ¢ =d.

Otherwise, ¢[0] corresponds to an instruction of the machine coded by e. To determine that instruction, we
look at e[c[0]] to pull out the corresponding instruction code, and then look at the value in the first position
of this sequence. In other words, we have to examine the value e[c[0]][0]. If this number is 0, then we know
that the next instruction is of type Z(i), and we can determine ¢ by looking at the value e[c[0]][1]. With all
of this background in hand, we need to check that d[0] = ¢[0]+1 (i.e. that we move on to the next instruction
in order), that we zero out the correct register in d, and that we leave all other registers alone. Putting
everything together, we can express this as follows:

(c[0] < Len(e) A e[c[0]][0] = 0) — (d[0] = ¢[0] + 1 A de[c[0]][1]] = O
A (Vi < Len(e))((¢ > 0 A i # elc[0]][1]) — d[i] = ¢[d])).

Now if instead e[c[0]][0] = 1, then we know that the next instruction is of type S(i). Following the above
logic, we can obtain

(c[0] < Len(e) A ele0]][0] = 1) — (d]0] = €[0] + 1 A dlele0]J[1]] = clefc[o]][1]] + 1
A (Vi < Len(c))((i > 0 A i # e[c]|0]][1]) — d[i] = ¢[d])).
Moving on to the transfer instruction, we obtain
(c[0] < Len(e) A e[c][0]][0] = 2) — (d[0] = ¢[0] + 1 A d[e]c[0]][2]] = c[e[c[0]][1]] + 1
A (Vi < Len(c))((i > 0 A i # e[c]0]][2]) — d[i] = ¢[d])).

Finally, we need to handle the jump instructions. In this situation, we have two separate cases. Working
out the details, we end up at

(c[0] < Len(e) A e[c[0]][0] = 3 A c[e[c[0]][1]] = c[e[c[0]][2]])
— (d[0] = g A (Vi < Len(c))(0 < i — d[i] = [i]))

and

(c[0] < Len(e) A e[c[0]][0] = 3 A c[e[c[0]][1]] # c[e[c[0]}[2]])
s (d]0] = ¢[0] + L A (Vi < Len(e))(0 < i — dli] = cli])).
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Putting everything together, we have that (e,c,d) € StepCompute if and only if (e, ¢, d) satisfies the con-
junction of all of the displayed lines above. Since Len and DecodeSeq are both primitive recursive, and
the primitive recursive relations are closed under Boolean operations and primitive recursively bounded
quantification, it follows that StepCompute is primitive recursive. O

We now use StepCompute to definition one more fundamental relation T C N3. Although the formal
definition looks elaborate, the underlying idea is elegant and straightforward. Intuitively, (e, z,p) € T if
and only if p codes a complete computation (i.e. a computation that eventually stops) via a sequence of
configurations of the machine coded by e on initial input z.

Definition 12.4.13. We define a relation T C N3 by letting (e, z,p) € T if all of the following are true:
1. e URMCode, z € Seq, and p € Seq.
2. Len(p) > 0.
3. StepCompute(e, p[i], p[i + 1]) for alli < Len(p) — 1.
4. Len(p[0]) > Len(z).
5. pl0][0] = 1, and for all i < Len(z), we have z[i] = p[0][i + 1].
6. For all i < Len(pl0]), if i > Len(z), then p[0][i] = 0.
7. p[Len(p) — 1][0] > Len(e).
The relation T is known as Kleene’s T-predicate.

Again, the first requirement is self-explanatory. The second and third requirements say that p is a
nonempty sequence of configurations, each of which follows from the previous one via exactly one step of the
action of the machine coded by e. Now the next three requirements simply say that the configuration p[0]
begins with 1 (the first instruction to execute), and that the register values of p[0] correspond with the entries
in the input z, modulo some additional zeros that might be on the end of p[0]. Notice that the index we use
for z is one less than the index we use for p[0] in the fifth line because the first element of p[0] corresponds to
an instruction number, but z has no such entry. The final requirement says that the instruction number in
the last configuration of p does not correspond to a valid instruction of e, which means that the computation
has come to an end.

Proposition 12.4.14. Kleene’s T-predicate is primitive recursive.

Proof. Immediate from the fact that URM Code, Seq, DecodeSeq, Len, and StepCompute are all primitive
recursive. O

It will also be useful to have a small variant of the T-predicate, where instead of using an element of Seq
to code the input to the machine, we simply use an actual sequence of numbers.

Definition 12.4.15. For each n € N*t, define a relation T,, C N"*2 by
Tn = {(6,1’1, T2,... 7xn7p) € Nn+2 : (6, <£L’1,1’2, cee axn>7p) € T}
Since T is primitive recursive, we immediately obtain the following.

Proposition 12.4.16. T, is primitive recursive for each n € NT,
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Suppose that (e,z,p) € T. In this case, the number e is a code for a machine M acting on the input
coded by z, and p codes a sequence of configurations that corresponding to a complete computation. Can we
determine the final output of that computation? Recall that once a URM has completed computation, we
define the output to be the value in the first register. Thus, we need only examine the value p[Len(p) — 1][1]
to know the output of the computation, which motivates the following definition.

Definition 12.4.17. Define a function U: N — N by letting

_ JplLen(p) —1]J[1]  if p € Seq, Len(p) > 0,p[Len(p) — 1] € Seq, and Len(p[Len(p) — 1]) > 2
Ulp) = 0 otherwise.

Proposition 12.4.18. The function U is primitive recursive.

By combining Kleene’s T-predicate with the function U, we can easily express whether a computation
stops at some stage, and if so, extract the corresponding output of the computation. In order to connect
them, we simply perform a (potentially unbounded) search for a number that codes a successful computation.

Proposition 12.4.19. Let M be a URM and let n € NT. Let e € N be the code of M.
1. For all © € N™, we have gog\r/})(f) 1 if and only if Ip T, (e, T, p).
2. For oll £ € N and all p € N such that T, (e, Z,p), we have @S\Z) (@) =U(p).

In particular, we have cpx})(:f) =U(pp Th(e,Z,p)) for all T € N™, assuming that we interpret U(T) to be T
(as we did when we defined Compose on partial functions).

Proof. Immediate. O

With all of that hard work in hand, we can now easily prove the converse of Theorem 12.4.4.
Theorem 12.4.20. Fvery URM-computable partial function is partial recursive.

Proof. Let ¢p: N* — NT be a partial recursive function. Fix a URM M that computes 1, i.e. such that
P = <p§(;>, and let e be the code of M. By Proposition 12.4.19, we have

(%) = U(up Tale, Z,p))

for all Z € N™. Since T, is a primitive recursive relation, it is a recursive relation, so we can use Proposition
12.3.15 to conclude that the partial function (e, ) — up T, (e, Z,p) is partial recursive. Since U is primitive
recursive, it is partial recursive, and hence (&) = U(up T, (e, Z,p)) is partial recursive. O

We can also use Proposition 12.4.19 to prove the existence of a universal machine. That is, there exists
a single URM N that can simulate any other URM when provided with its code number. This result is
not too surprising from a modern programming perspective, as one can write one program that acts as an
interpreter for all programs. Nonetheless, it was historically important (when first proved by Turing in the
context of Turing machines), and it will play a fundamental role in later arguments. We state the result in
two forms corresponding to our two versions of the T-predicate.

Proposition 12.4.21.
1. There exists a URM N such that

PN

(2)(6 2 = S\Z)(m,...,xn) if e € URMCode is the code of M and z = {x1,...,x,) € Seq
)0 otherwise.

In other words, (,053)(6, z) is the result of running the URM coded by e on the sequence coded by z.
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2. Let n € NT. There exists a URM N such that

N

(nt1), - gpg\z)(f) if e € URMCode is the code of M
oy (6T) = :
0 otherwise.

In other words, @5\7“)(6, Z) is the result of running the URM coded by e on the sequence Z.

Proof. Define a partial function ¢: N> — NT by

U(up T(e,z,p)) if e € URMCode and z € Seq

Y(e,z) = :
0 otherwise.

Since T, URM Code, and Seq are all recursive relations, and U is a partial recursive function, we can use

Proposition 12.3.14 to conclude that v is a partial recursive function. Using Theorem 12.4.4, it follows that

1) is URM-computable, so we can fix a URM N with apﬁ) = 1), which gives the first result. For the second,

apply the same argument to the partial function ¢: N**! — N defined by

. U(up T, (e, T, p if e URMCode
Ve, T) = (1p T( ) .
0 otherwise.

O

The existence of a universal machine allows us to draw a crucial distinction between the class of partial
recursive functions and the class of primitive recursive functions. Since the class of partial recursive functions
is the same as the class of URM-computable functions, we obtain the following consequence part 2 of
Proposition 12.4.21 in the case where n = 1: There exists a partial recursive function v¢: N> — NT such
that every unary partial recursive function appears as a “row” of ¢). That is, there exists a partial recursive
function v : N2 — NT such that for all partial recursive functions ¢: N — NT, there exists e € N such that
P(e,z) = p(x) for all z € N.

Is the corresponding result true for primitive recursive functions? In other words, does there exist a
primitive recursive function ¢g: N> — N such that for all primitive recursive functions f: N — N, there exists
e € N such that g(e,z) = f(z) for all z € N? That answer is no, because the existence of such a g would
allow us to diagonalize out of the primitive recursive functions in a primitive recursive way! In other words,
suppose that such a g existed. Define f: N — N by letting f(e) = g(e,e) + 1 for all e € N, and notice that f
is primitive recursive. Thus, by our assumed property of g, we can fix an e such that g(e,z) = f(x) for all
x € N. We then have that f(e) = g(e,e) + 1 = f(e) + 1, which is a contradiction.

Notice that this argument closely mirrors the argument that we gave at the end of Section 12.2. In that
setting, we established a coding for expressions that were built up from the functions in Init using finitely
many applications of Compose and PrimRec. That is, we coded each such expression with a number
e € PrimRecCode, just like how we have now coded each URM with a number e € URM Code. We also
recursively defined a function ® that takes a number e € PrimRecCode and produces the primitive recursive
function ®(e) that it codes. The table at the end of that section was the function h: N*> — N defined by

h(ev .TC) = .
0 otherwise,

{tl)(e)(x) it e € PrimRecCode;
i.e. h(e,x) is the output of the primitive recursive function coded by e on input z. We then argued that
the function obtained by taking the diagonal of h and adding 1 to the result was not primitive recursive. In
light of the previous paragraph, we can also say that A itself is not primitive recursive, because otherwise
the corresponding function f(e) = h(e,e) + 1 would be primitive recursive.
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Although h is not primitive recursive, we did argue that it was “intuitively computable”. With the exis-
tence of a universal machine, we can now outline an argument that h is a total recursive function, from which
it follows that the diagonalization f(e) = h(e,e) + 1 is an example of a total recursive unary function that is
not primitive recursive. We begin by noticing that the proof of Theorem 12.4.4 is completely constructive.
That is, given a URM M that computes ¢: N™ — NT together with URMs Ny, Na, ..., N,, that compute
Y1,9, .o N — N we explicitly built a URM that computes Compose(@, 1,1, ..., ¥y,). More
formally, it can be shown through a careful detailed analysis of this argument that there exists a primitive
recursive function g: N — N such that if e is a code for a URM that computes ¢, and i is a code for a URM
that computes vy, then g({e, 1,2, ...,4m)) is a code for a URM that computes Compose(p,1,%a, ..., Ym).
The argument for PrimRec is similarly constructive (as is the argument for Minimize, but that does not
concern us here). Using these results together with order recursion, it follows that there exists a primitive

recursive function a: N — N such that if e € PrimRecCode,,, then a(e) € URMCode, and ®(e) = ap%}%
where M is the URM coded by a(e). That is, we can primitive recursively turn an element of PrimRecCode,,
into an element of URM Code in such a way that the underlying functions are identical. Now let IV be a
URM that is guaranteed to exist by part 2 of Proposition 12.4.21 in the case where n = 1. We then have

h(e,z) = 905\2/)(04(6)@) if e € PrimRecCode;
7 0 otherwise.

Since PrimRecCode; and « are both primitive recursive, and 305\2,) is partial recursive, it follows that h is
partial recursive. Moreover, since ®(e) is a total function for each e € PrimRecCode;, we conclude that h
is total.

Before moving on to discuss whether the class of partial recursive functions (which is the same as the
class of URM-computable functions) actually encompasses all “intuitively computable” functions, we first
establish a couple of surprising consequences of all of our hard work in this section. The first is that although
we can use Minimize several times in order to show that a given partial function is partial recursive, we
never actually need to use Minimize more than once for any given partial function. In other words, if we
think of Minimize as our analogue of a while-loop in a programming language (while thinking of PrimRec
as our analogue of a for-loop), then every program can be written using at most one while-loop. This
interesting fact follows immediately from Proposition 12.4.19 because T,, and U are both primitive recursive
total functions, and hence we do not need to use Minimize at all for them.

For the second, recall that when we first decided to move on from primitive recursive functions, we argued
that we should embrace partial functions. We also noted that a machine model of computation like our URM
model naturally leads to partial functions since a machine might run forever on some inputs. However, we
can now argue that it is possible to generate the class of all total recursive functions without referring to
partial functions at any point. The key is to restrict applications of Minimize (the place where partial
functions first arise) to situations where the the resulting function is total, i.e. when the function g has the
following property.

Definition 12.4.22. Let n € N*, and let g: N*T' — N be a total function. We say that g is regular if for
every & € N there exists y € N with g(Z,y) = 0.

Although it is easy to see that every function generated under this restriction is a total recursive function,
it is not at all obvious that we obtain all total recursive functions in this way. Surprisingly, we establish this
fact by using our hard work on URMs that culminated in Proposition 12.4.19.

Proposition 12.4.23. The collection of all total recursive functions is the subset of all total functions ob-
tained by starting with Init, and generating using Compose, PrimRec, and a restricted version of Minimize
where we can only form Minimize(g) in the case where g is a regular function.
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Proof. Let G be the collection that is generated by starting with the Init, and generating using C'ompose,
PrimRec, and our restricted version of Minimize. Certainly, every function in G is partial recursive. Also,
note that every primitive recursive function is in G trivially.

Since our restricted version of Minimize outputs only total functions on total inputs, and the same is
true for Compose and PrimRec, it follows that every function in G is total. Therefore, every function in G
is a total recursive function.

Conversely, let h: N® — N be a total recursive function. We then have that h is URM-computable by
Theorem 12.4.4. Fix a URM M that computes h, i.e. such that h = w(Mn), and let e be the code of M.

Since @5\3) (Z) | for all & € N, we know that for every & € N, there exists p € N with T,,(e, Z,p). Define
g: N"t1 — N by letting g(%,p) = 1 = x1, (e, %, p), so g(¥,p) = 0 if and only if T}, (e, ¥, p). Since T,, and —
are both primitive recursive, we know that g is primitive recursive, so g € G. Furthermore, for every & € N,
there exists p € N with g(Z,p) = 0, so g is regular. Thus, we can use our restricted version of Minimize to
conclude that the function f = Minimize(g) is an element of G. Now h = Compose(U, f) by Proposition
12.4.20, so as U € G because U is primitive recursive, it follows that h € G. O

In fact, this proof combines with the above discussion to establish a stronger result: Every total recursive
function can be obtained from the functions in Init by using finitely many applications of Compose and
PrimRec, and at most one application of the restricted version of Minimize.

12.5 Computability and the Church-Turing Thesis

We have introduced three different attempts to capture the notion of an “intuitively computable” function
from N™ to N in this chapter. We began with the primitive recursive functions. Although we established that
this class was broad enough to encompass the vast majority of the natural functions that arise in practice,
we did construct a somewhat unnatural function via diagonalization that was not primitive recursive, but
that we could certainly compute. In an attempt to remedy this situation, we then introduced two class
of partial functions: partial recursive functions and URM-computable functions. Although they came from
different perspectives, we eventually argued that these two classes coincide. Moreover, because we switched to
partial functions in these models, the diagonalization argument that showed the limitations of the primitive
recursive functions does not directly apply (Proposition 12.4.23 might give us pause here, but we will discuss
this interesting situation at the end of the section).

One might look at our definition of a URM, note that the instructions are incredibly basic, and wonder
whether we could enlarge the class of partial functions that URMs can compute if we just include more
instruction types. After all, there are many (many) more low level machine instructions in every modern
computing chip. Typically, it is easy to see that a proposed new instruction can be simulated by a suitable
sequence of our basic ones, so adding the new instruction does not enlarge the class of functions that can be
computed. However, we do not need to think through the details of each such proposed instruction, because
we can give a high level argument that whenever we consider adding a “reasonable” finite set of instructions
to the definition of a URM, then every function that can be computed by these enhanced URMs will still be
partial recursive.

To see this, consider the situation where we add a finite set of “reasonable” instructions to the definition of
a URM. Assuming that each of these instructions only refer to finitely many registers (part of our “reasonable”
condition), we can then code these instructions as numbers, and use those numbers to code our enhanced
URMs as numbers. Now as long as these new instructions behave in a way that the description of how
to determine f,,4+1 from f,, (from just before Definition 12.4.2) is still “simple”, then the new analogue of
StepCompute will still be primitive recursive. As a result, the new analogue of Kleene’s T-predicate will still
be primitive recursive, and hence the proof of Theorem 12.4.20 and all subsequent results in the previous
section will go through without alteration.
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What if we consider other models of computation? For example, we mentioned Turing machines in the
last section. For that model, we can follow the ideas outlined in the previous section to define a code for each
Turing machine, and also to define a configuration by taking the finitely many symbols currently written
on the tape, the position of the head, and the current state, and coding them all together into one number.
Next, we can define an analogue of StepCompute, and argue that the result is still primitive recursive. From
there, the corresponding analogue of Kleene’s T-predicate is easily seen to be primitive recursive. In this
situation we have to do a bit more coding in a few places, like for the U function (since the output of a
Turing machine is a finite string of symbols from the finite alphabet, rather than a number), but everything
goes through as before. Alternatively, it is possible to give direct simulation arguments, modulo suitable
coding, that a partial function is URM-computable if and only if it is Turing machine computable.

What about other models of computation? Enhancement to the Turing machine model that involve
multiple tapes, or an infinite multiple grid of cells, result in the same fate as enhancements to the URM-
model. But other approaches have arisen. One of the earliest attempts was using the so-called \-calculus.
Pioneered by Alonzo Church, this approach closely matches the paradigm of modern functional programming
languages like ML and Haskell. Turing, who developed his model independently at around the same time,
proved that the Turing machine computable functions are precisely the same as the A-definable functions in
Church’s model. Turing’s argument appears in an appendix to his groundbreaking paper that introduced
Turing machines, universal machines, the halting problem (see below), and the resolution of one of Hilbert’s
problems. Many other less well-known models, including a machine model due to Post, and an equation
model pioneered by Herbrand and Gdédel, also define the same class of functions. We will eventually even
define a class of functions using first-order logic that coincides with the URM-computable functions.

All of this work shows that the class of URM-computable functions is incredibly robust. If we change
the URM model by adding other reasonable instructions, we arrive at the same class. If we try completely
different approaches, we arrive at the same class. Moreover, if we examine the functions that are computable
by a modern computer, but idealize to the situation where we have an unlimited stock of memory, then it
can be shown (essentially because all of the instructions satisfy the “reasonable” requirement) that these
functions are precisely the URM-computable functions. With so much evidence, it starts to become natural
to believe that URMs encompass all general purpose computation.

The statement that the URM-computable functions, or the functions from any of the equivalent models,
coincide with the “intuitively computable” functions is known as the Church-Turing Thesis. Of course, since
this latter class is not formally defined, such a statement can not be proven in any mathematical sense.
Church originally proposed his A-definable functions had this property, but the evidence at the time was
lacking. When Turing introduced his definition (the first formal machine model of computation), he also
gave a high level argument that anything that a human can compute by hand can also be computed by one
of his machines. Taking together with Turing’s proof that the Turing machine computable functions were
the same as the A-definable functions, other mathematicians like Godel began to believe that the “intuitively
computable” functions had been successfully defined. The last 80 years of progress in the subject have only
solidified this view. We use this evidence as motivation to drop the prefix URM from our definitions.

Definition 12.5.1. Let n € Nt and let 1: N* — NT be a partial function. We say that 1 is partial
computable, or simply computable, if it URM-computable. If v say also total, then we say that 1 is a total
computable function.

As alluded to in the definition, since we are now used to working with partial functions, we will occa-
sionally drop the adjective partial in the future. However, we will also sometimes continue to use the words
partial and total for emphasis.

Definition 12.5.2. Let n € NT and let R C N*. We say that R is computable if its characteristic function
XR 15 a total computable function.

Note that many sources use the word recursive rather than computable in these definitions. Historically,
this comes from the definition of partial recursive (also called general recursive) functions. However, the
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word recursive has many meanings in mathematics, so we choose to follow the modern practice of adopting
the more evocative word computable.

Even though we will use the somewhat loaded word computable from now on, keep in mind that everything
does go back to our two formal definitions: URM-computable and partial recursive. It is true that many
sources will sometimes describe a vague intuitive algorithm that purportedly gives the same output as a given
partial function 1, and then use this to simply assert that 1 is computable, without using one of the formal
definitions. Such an argument is sometimes called a “a proof by the Church-Turing thesis”. Of course, this
language is misleading and confusing to the uninitiated. But with enough experience, it becomes completely
routine to turn any rough algorithm described in high level language or pseudocode into a careful proof
that 1 is partial recursive. In fact, we will occasionally follow this practice when the details are completely
routine.

Since we have introduced a way to code URMs with numbers, we now adopt a slightly modified notation
for gpg\:}).

Definition 12.5.3. Let ¢ € N and let n € N*. We define a partial function gaén): N" — N as follows. If
e € URMCode, then we define cpé") to be cpgg), where M is the URM with code number e. If e ¢ URM Code,

then we define @2")(5) =0 for all T € N™.
In the case of unary functions, we often drop the superscript.
Notation 12.5.4. Let e € N. We use the notation @, in place of @9),

Since we have chosen to define @én) to be a (very trivial) URM-computable function in the case where
e ¢ URMCode, we have the following result.

Proposition 12.5.5. Let n € NT and let 1: N* — NV be a partial function. We then have that v is
computable if and only if there exists an e € N with ¢ = <p,§”>.

This minor shift in notation has several advantages. First, it provides a canonical listing of the primitive
recursive functions. Second, by dropping a direct reference to URMs, it more closely aligns with the fact
that there are many other equivalent definitions for the class of partial computable functions. Moreover, it
is possible to provide a coding in each of these other models (like we did for primitive recursive functions,
and alluded to for partial recursive functions). Of course, given a particular ¢, a code number e for which
P = <p£") might vary from model to model, but this fact is not important. After all, there are many other
possible codings of URMs. Finally, another advantage of our notational shift is that we can often state
results with more compact notation. That is, instead of saying

There exists a partial recursive function ¥ : N™ — N such that ...¢. ..,

or
There exists a URM M such that ... @5\2) 2

we can now say
There exists e € N such that ... ...7.

For example, we can restate the first part of Proposition 12.4.21 on the existence of a universal machine by
saying that there exists an ¢ € N such that
2
SD»E )(67 <fE1,.’L’2, e 7£Cn>) = @gn)(xla T2y 7xn)

for all e, x1, 29, ..., %, € N. Similarly, we can restate the second part as saying that for every n € N*, there
exists an ¢ € N such that (i)
+1) S
o (e, ) = oM (E)

for all e € N and all ¥ € NT. Here is another example.



12.5. COMPUTABILITY AND THE CHURCH-TURING THESIS 305
Proposition 12.5.6. For alln € Nt and all e € N, there exists i € N such that

i((x1, 22, ..., x)) = @ (@1, 20,...,2)
for all x1,z9,...,x, € N.

In other words, every n-ary partial computable function can be simulated by a unary partial computable
function via a sequence coding of the input.

Proof. Let n € NT and e € N be arbitrary. Define ¢: N — NT by

W) = gogn)(z[OLz[l], ...,2z[n—1]) if z € Seq and Len(z) =n
o otherwise.

Since goé") is computable, it is partial recursive, so v is partial recursive by Proposition 12.3.14. Since v is

computable, we can fix an ¢ € N with ¢; = 1. Note that ; has the required property. O

We have repeatedly stated that our move to partial functions impedes the diagonalization argument that
doomed the primitive recursive functions. Let’s examine that assertion more carefully. Consider the table
where the entry in row e and column z is . (x):

() |0 1 2 3 4 5 6 7
0 |0 00 0 00 0 0
1 o1 2 3 45 6 7
2 N Y Y MY N
3 /111 1 1 1 1 1
4 |2 01+ 0 000 0
5 |1 4+ 3 1+ 5 1 7 %
6 |0 11 2 3 5 8 13
7 |8 0 7 15 + 0 3 ¢

Again, a large portion of the rows of this table should be filled with zeros in our coding (since many values of
e are not valid codes of URMs), but we have chosen to fill in the entries with slightly more interesting values.
One key observation is that the existence of a universal machine implies that this table is computable. More
formally, we stated above that there exists an ¢ € N such that

o7 (e,2) = pe(a)
for all e € N and all z € N, so the partial function (e,z) — ¢.(z) is computable. Since we can compute
the table, why are we unable to computably diagonalize out? The first naive idea is to define ¢: N — NT
by letting i(e) = ¢.(e) + 1. Since (e,z) — @.(z) is computable, the partial function ¢ is computable.
Therefore, 1 must appear as a row in the above table. The reason why this is not a contradiction is that
there do exist values of e for which ¢.(e) 1, like the values 2, 5, and 7 in the above table. For these values
of e, we have ¢(e) 1 since Compose produces T whenever one of the inner functions does. Thus, all that we
have shown is that whenever e € N is a number with ¢ = ¢, (i.e. whenever ¢ appears in row e), then we
must have ¢.(e) 1.

Can we get around the issue where some values of the diagonal equal 17 One idea is to define a total
function f: N — N by letting f(e) be p(e) + 1 whenever ¢.(e) |, and letting f(e) be some value of N, say
0, otherwise. It is then straightforward to check that f does not appear as any row of the table, so f is not
computable. But what is underlying reason why f is not computable? After all, we simply defined f by
cases, and in each case we used a known computable function (either e — ¢.(e) + 1 or e — 0). The only
possible conclusion is that the case distinction is not computable. Working out the details, we arrive at the
following fundamental result.
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Theorem 12.5.7 (Turing). The set
K={eeN:gc(e)l}

is mot computable.

Proof. Suppose instead that K was computable. Define a function f: N — N by letting

Fle) = {gpe(e)-l-l ifee K

0 otherwise.

Since we are assuming that K is computable, and we know that e — ¢.(e) + 1 is computable (because
(e,2) = @e(x) is computable by the existence of a universal machine), it follows from Proposition 12.3.14
that f is computable. Thus, we can fix an ¢ such that f = ;. Notice that f(e) | for all e € N, so f is total.
In particular, we have f(7) J, so ¢;(i) J. It follows that ¢;(i) = f(i) = p;(i) + 1, a contradiction. Therefore,
K is not computable. O

In short, if K happened to be computable, then we would be able to computably diagonalize out of the
computable functions, which is impossible. The question of whether K is computable is often called the
halting problem because we are asking whether URMs eventually halt on certain inputs. However, there is
a strange self-reference here, since K is the set of (codes of) URMs that eventually halt when the input is
their own code. Instead of just looking at the diagonal, we can inquire about halting more generally. That
is, it is more natural to to let the halting problem be the question of whether the set {(e,z) € N? : . (z) |}
is computable.

Corollary 12.5.8. The set
Ko = {(e,7) € N: go(a) 1}

is not computable.

Proof. If Ky was computable, then since e € K < (e,e) € Ky, it would follow that K is computable. Since
this would contradict Theorem 12.5.7, we conclude that that K is not computable. O]

Thus, both K and K fail to be computable, and each one can be called the halting set. The proof of the
corollary shows how we can “embed” the problem of determining K into the problem of determining K. It
is also possible to show that we can “embed’ the problem of determining K into the problem of determining
K. However, we will resist going down the road of formally defining what we mean by such an embedding,
also known as a reduction, here. Nonetheless, there is a good reason why we often conflate the two sets.

Although K is not computable, there is a sense in which it is almost computable, and we will spend
the remainder of this chapter exploring this idea. We begin by taking a slight detour to a modified version
of Kleene’s T-predicate. Recall the partial function which takes (e, z) as input, and produces the result
of the computation of the URM coded by e operating on input z, is computable because it is (e, z) —
U(up T(e,z,p)). What if we instead take as input (e, z,s), and run the computation for exactly s steps,
noting the resulting configuration at this stage? This function is certainly “intuitively computable”, but we
work out the details without just appealing to the Church-Turing Thesis. We use the generic letters R and
f here because will only use them in passing as stepping stones.

Definition 12.5.9. We define a relation R C N* by letting (e, z,s,p) € R if (e, 2,s,p) satisfies the first six
requirements of Kleene’s T-predicate, and also satisfies Len(p) = s + 1. More formally, (e, z,s,p) € R if all
of the following are true:

1. e€ URMCode, z € Seq, and p € Seq.

2. Len(p) > 0.
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3. StepCompute(e, p[i], p[i + 1]) for alli < Len(p) — 1.

Len(pl0]) > Len(z).

/.
5. pl0][0] = 1, and for all i < Len(z), we have z[i] = p[0][i + 1].
6. For all i < Len(pl0]), if i > Len(z), then p[0][i] = 0.

7.

Len(p) = s+ 1.

In other words, (e, z,s,p) € R if and only if e € URMCode, z € Seq, and p codes a computation that
begins with the configuration consisting of instruction 1 and input coded by z, and continues from there
for exactly s steps of computation. Notice that in contrast to Kleene’s T-predicate, the computation might
not be finished at this stage. However, like T, the set R is primitive recursive because all of the functions
mentioned in the definition are primitive recursive.

Of course, every URM can be run for s steps of computation (i.e. the description of f,,41 from f,, in
Definition 12.4.2 works for any configuration, so can be iterated for s steps). Therefore, for all e,z,s € N
with both e € URMCode and z € Seq, there exists p € N with R(e, z, s,p). It follows that we can define a
total function f: N® — N by

fle,z,8) =

(up R(e, z,s,p))[Len(p) — 1] if e € URMCode and z € Seq
0 otherwise.

That is, f(e, z,s) is a configuration of the URM coded by e operating on input z after exactly s steps of
computation. Notice that f is computable because R is primitive recursive. In fact, although we have used
an unbounded search (which is certain to terminate) in our definition of f, it is possible to show that f is
primitive recursive by providing a direct primitive recursive upper bound on the size of the smallest such p.
However, since we will not need that stronger result, we leave the details as an exercise.

We now use f to define an important set H, which codes the inputs where the resulting computation
halts within the given number of steps.

Definition 12.5.10. Let
H=1{(e,z,5) € N*:e ¢ URMCode, z ¢ Seq, or f(e,z,5)[0] > Len(e)}.
Also, for each n € N*, let H,, = {(e,x1,72,...,7,,5) € N1 (e (w1, 20,...,1,),5) € H}.

The condition f(e, z,s)[0] > Len(e) checks whether the next instruction to execute is larger than the
total number of instructions of the URM coded by e. In other words, given e € URM Code and z € Seq, we
have (e, z,s) € H if and only if the URM coded by e operating on input z has completed its computation
in at most s steps. In the cases where e ¢ URMCode or z ¢ Seq, we choose to put (e, z,s) € H because
there is no computation to perform, so all computation has trivially terminated. Since f is computable, we
immediately obtain the following.

Proposition 12.5.11. H is computable, and H,, is computable for each n € N*.

In fact, since f is primitive recursive (as mentioned above), the set H primitive recursive. Now that
we know that can computably tell if a computation halts within a given number of steps, we move on to
determine the outcome of these computations. Define a total function g: N> — N by

f(e,z,8)[1] if e € URMCode and z € Seq
g(e, 2 5) - .
0 otherwise.
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In other words, when e € URMCode and z € Seq, we have that g(e, z, s) equals the contents of the first
register after the URM coded by e runs for exactly s steps on input z. Thus, in the case where e € URM Code
and z € Segq, if (e,2,s) € H, then we know that g(e, 2, s) is the output of the computation of the URM
coded by e operating on input z.

Definition 12.5.12. Let n € NT and let e,s,x1,29,...,7, € N. We define

wéf?(xl,xm ey Ty) =

gle, (1, za,...,2y),8) if Hyle,x1,22,...,2n,S8)
T otherwise.

Also, we use @, s in place of (p( )

In other words, <p£n5) (x1,22,...,2y,) is just like goén)(xl,xg, ..., &y), except we cut off the computation
after s steps. If the computation has not yet halted, then we output 1. Also, notice that if e ¢ URM Code,
then gpgfs)(xl, Za,...,Zy) = 0 for every s, which matches or definition of w&") (x1,29,...,2,) = 0.

The key take away is that for each n € NT the partial function

(e,x1,Z2,...,Tpn,S) — goé?s)(xl,xg,...,xn)

is in fact a partial computable function, as both g and H,, are partial computable. In other words, while the
existence of a universal machine allows us to uniformly simulate any machine on any input, we can now go
further and uniformly simulate any machine on any input for any given number of steps.

The following simple fact is immediate.

Proposition 12.5.13. Let n € Nt let e,s € N, and let T € N".

1. Ifgo(n)( ) |, then for allt > s, we have go ( 7) | and gog t)(f) = cp("s)(f)

2. If (@) L, then o™ (&) | and " (7) = ol (@),
3. If (,Den)( T) |, then there exists s € N with ga(n)( 7) |.

Although the notation is completely standard and evocative, it is a bit misleading to write gpe S( ) 1,

because we can computably tell whether this is the case (in contrast to cp(")( £) 1). Perhaps it would be

better to define <p£73)(x1, Za,...,Ty) to be the pair

<Hn(€7$17x27 .. a‘rrms)vg(ea <$1,Jf2, o 7xn>78)>

so that the first component indicates that the computation has completed, and the second holds the contents
of register 1. However, this definition would conflict with the above proposition, so we do not adopt it.

With all of that background in place, we return to our original aim of showing that K is “almost”
computable. We begin with an important definition.

Definition 12.5.14. Let A C N. We say that A is computably enumerable, or c.e., if either A = 0 or
A = range(f) for some total computable function f: N — N.

For intuition, think of a total computable f: N — N as a sequence of outputs f(0), f(1), f(2),... of a
machine. Given b € N, to check if b € A, we want to know if b is equal to any element of this sequence.
That is, to check whether b € A, we compute f(0) to see if it equals b, then compute f(1) to see if equals
b, etc. Now if b € A, then this procedure eventually stops with an affirmation that b really is an element of
A. However, if b ¢ A, then this procedure never stops. In this sense, a c.e. set is “half” computable. Before
establishing several equivalent ways to think about c.e. sets, we first show that the definition includes all
computable sets.
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Proposition 12.5.15. FEvery computable subset of N is c.e.
Proof. Let A C N be an arbitrary computable set. We have three cases:

e Case 1: Assume that A = (). We then have that A is c.e. by definition.

o Case 2: Suppose that A is a finite nonempty set, say A = {a1,a2,...,a,}. Define f: N — N by letting
f(k) = ai for 1 < k < n, and letting f(k) = a, otherwise. We then have that f is computable (by
Proposition 12.3.14) and that A = range(f).

e Case 3: Suppose that A is a infinite. Let ag be the smallest element of A. Since A is infinite, we know
that for all m € N, there exists b € A with b > m. Therefore, the function m +— ub(b > m Ab € A) is
a total computable function. Define f: N — N using primitive recursion by letting

f(0) = ao
fn4+1)=ubb> f(n)Abe A).

We then have that f is computable and that A = range(f).

O

In fact, the proof of Case 3 shows something stronger: If A is an infinite computable subset of N, then
there exists a strictly increasing total computable f: N — N with A = range(f).

Proposition 12.5.16. Let A C N. The following are equivalent:
1. Ais c.e.
2. There exists e € N such that A = range(v.)\{1}.
3. There exists e € N such that A = domain(pe), i.e. such that A= {x € N: ¢.(x) |}.
4. There exists a computable R C N? such that for all x € N, we have v € A < JyR(x,y).

Before diving into the formal argument, we walk through the implication (2) — (3) at an intuitive level.
Suppose then that A = range(p.). We want to show that A is the domain of a partial computable function.
Here is the idea. On input y, we want to halt if there exists an = for which ¢.(z) = y, and run forever
otherwise. We do not know which input might produce y, so we want to compute ¢.(0) to check it equals y,
compute @, (1) to check if it equals y, etc. However, unlike the case of a total function f, these computations
might run forever. To remember this issue, we cut off the various computations at finite stages. But since
we do not know an a priori bound on the number of stages, we have to keep pushing the bound further and
further out. That is, we first compute ¢, 1(0), then compute ¢, 1(1), then go back to compute ¢, 2(0) before
returning to ¢¢2(1) and then moving on to input 2. Since N? is countable, we can move back and forth
between all inputs and all lengths of computation. Formally, we will handle this by using codes of sequences
and computing ¢, .j0](2[1]) as we increase z. This method of simulated infinitely many computations in
parallel by altering the input and length of computation is known as dovetailing. We will follow a similar
strategy for the implication (4) — (1).

Proof of Proposition 12.5.16.

e (1) = (2): Trivial
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e (2) = (3): Fix e € N with A = range(.)\{1}. Define 1»: N — NT by letting

YY) = nz(pe,zp0(2[1]) L = ).

We then have that 1 is a partial computable function by the above results, where we are using the fact
that we can computably tell whether ¢, .g)(2[1]) | (as @e .[0)(2[1]) | if and only if H;(e, 2[1], 2[0])).
Finally, notice that y € A < Jx3s(p. s(x) I = y) by Proposition 12.5.13, so A = domain(%)).

e (3) = (4): Fix e € N with A = domain(y.). Define

R={(x,5) e N?: g ,(z) |}
={(z,5) € N*: Hy(e, x,5)},

and notice that R is computable. For all z € N, we then have that © € A < JsR(x, s) by Proposition
12.5.13.

e (4) = (1): Suppose that R C N? is computable has the property that for all z, we have z € A &
JyR(z,y). If A =0, then A is c.e. by definition. Suppose then that A # () and fix a € A. Define
f: N — N by letting

z[0] if R(z[0], 2|1
f(z):{u (=[0], 2(1)

a otherwise.

We then have that f is a total computable function with A = range(f), so A is c.e.

We can now argue that K is an example of a noncomputable c.e. set.
Theorem 12.5.17. The set K = {e € N: p.(e) |} is a c.e. set that is not computable.

Proof. We already know that K is not computable from Theorem 12.5.7. Thus, we need only argue that K
is c.e. Notice that R = {(e,s) € N?: Hy(e,e, s)} is a computable relation and that e € K < 3sR(e, s), so K
is c.e. by Proposition 12.5.16. O

Also, we can prove another essential result that helps justify thinking of c.e. sets as “half” computable
sets. We first recall that every computable subset of N is c.e. by Proposition 12.5.15. Now if A C N is
computable, then the complement A = N\ A is also computable, so both A and A are c.e. We now prove the
converse.

Proposition 12.5.18. Let A C N and suppose that both A and A = N\ A are c.e. We then have that A is
computable.

Proof. 1f either A = () or A = N, this is trivial, so we may suppose that A # () and A # (. Fix total
computable functions f,g: N — N such that A = range(f) and A = range(g). Notice that for all y, there is
an z such that either f(x) =y or g(x) = y. Therefore, the function h: N — N defined by

h(y) = px(f(z) =y Vg(z) =y)

is a total computable function. Notice that y € A < f(h(y)) = y. Since {y € N: f(h(y)) = y} is computable,
it follows that A is computable. O
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Since K is a c.e. set that is not computable, it follows that K = {e € N : . (e) 1} is an example of a set
that is not c.e.

Finally, we end this chapter by resolving a small puzzle that we referenced at the beginning of this
section. In Proposition 12.4.23, we showed that we can generate the class of all total computable functions
without ever referring to partial functions. Why does this not contradict the Church-Turing Thesis? What
prevents us from using the totality of every function to computably diagonalize out? Recall at the beginning
of Section 12.3 that we can perform the diagonalization argument on any class of unary functions C with the
following properties:

1. Every element of C can be coded by a number (or by some finite object which can then be coded as
a number) in such a way that we can decode that number and computably simulate the underlying
function.

2. We can computably determine whether a given number is a valid code.
3. The functions in C provide an output for each input.

Now the third condition certainly holds as we are only working with total functions. Furthermore, the first
condition holds here as well, since we can assign a code number to every expression that is formed by starting
with the initial functions and applying Compose, PrimRec, and a restricted version of Minimize that can
only be used on regular functions. More formally, we can simply follow the coding that we developed in
Section 12.2, but now add another clause that uses (5,a) as a code whenever a is a valid code of a regular
function with arity at least two.

Thus, if we believe the Church-Turing Thesis, then the second condition must be the issue. In fact,
the set of valid codes under this scheme is not a computable set. After all, given a number a that codes
a function of arity two (for simplicity), how can we determine whether the underlying function is regular?
If the underlying function is g: N2> — N, then we need to computably determine whether for every x € N,
there exists y € N with g(z,y) = 0. It seems that we need to check infinitely many values of x, and perform
an unbounded search for each, which looks to be a potential problem. In fact, the potentially unbounded
search feels like a c.e. question, and thus seems related to the halting problem.

We do not need to be satisfied with a vague argument or with an appeal to the Church-Turing thesis.
Using our work in this section, we can prove that the set of valid codes is not a computable set by showing
that if we could compute it, then we could compute K. For each e, consider the total function g.: N> =+ N

defined by
0 ifH
95(3775) _ 1 1(6.7 655)
1 otherwise

(notice that g. ignores its first input). Although we did not prove it, we did mention above that H; is
primitive recursive, so each g, is primitive recursive. Moreover, since H; is primitive recursive, it is possible
to show that there is a computable function f: N — N such that f(e) € PrimRecCodesy for each e € N, and
such that ®(f(e)) = g. for all e € N. In other words, there is a computable function f that takes as input
an e € N, and outputs a code for g.. Now notice that

e€ K & JsHi(e,e,s)
< Vrds(ge(x,s) =0)
& g. is regular
< (5, f(e)) is a valid code.

Thus, if we could computably tell whether a given number is a valid code, then we could compute K.
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Chapter 13

Logic and Computation

Our development of a formal definition of computability in the last chapter may have seemed out of place.
We used our generation template and some simple references to propositional connectives and (bounded)
quantifiers, but otherwise there was seemingly little connection to logic. In this chapter, we establish that
computability and logic are fundamentally intertwined. For example, assuming that we are working with a
“reasonable” first-order language £ (i.e. one where we can appropriately code symbols with natural numbers),
we will show that the set of valid formulas (again suitably coded) forms a computable set. From there, we will
argue that the fundamental functions related to formulas are computable, and then develop some surprising
consequences that arise from our hard work on syntactic implications and the Completeness Theorem.

The connections just described are about showing that certain operation in logic are computable. How-
ever, we will also see that computability arises naturally naturally within logic itself. For example, in Chapter
14, we will give some equivalent characterizations of the computable sets defined through first-order logic,
and we will show that every computable set is definable in the structure (N, 0,1,+,-,<). These ideas are
the essential components of Godel’s famous Incompleteness Theorems.

13.1 Coding Formulas

Suppose that we are working with a “reasonable” first-order language. For the moment, consider the special
case where £ contains only finitely many constant, relation, and function symbols. In addition to these
symbols in £, we do use other symbols when creating formulas: propositional connectives, quantifiers, the
equality symbol, and the variables. Since we have countably many variables, and finitely many other symbols,
we can assign each symbol a code number from N. Using our computable coding of sequences (via powers of
primes), we can then assign a number to each sequence of symbols. We can then ask if the set of numbers
that code valid formulas is computable.

Although most natural languages do contain only finitely many constant, relation, and function symbols,
we can widen our scope to include some languages with countably many constant, relation, and function
symbols. Intuitively, a language is computable if we can code the symbols as natural numbers in such a way
that the sets of constant symbols, relation symbols, and function symbols are computable, and such that we
can compute the arities of these functions. Before diving into the formal definition, we first fix a numbering
of the logical symbols and variables that is independent of the language. We use only the even numbers in
order to save the odds for the symbols of a language L.

1. Code(—) = 0.

2. Code(N) = 2.

313
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6. Code(3) = 10.
7. Code(=) =12
8. Fix an enumeration xg, X1, Xg, ... of Var, and let Code(x;) = 2i + 14 for all 4 € N.

Definition 13.1.1. Let £ be a (first-order) language and let Odd = {2n + 1 : n € N}. We say that L is a
computable language if there exist functions he: C — Odd, hg: R — Odd and hx: F — Odd, together with
functions Arityg: N = N and Arityr: N — N, such that

1. The functions he, hg, and hx are injective.

The sets range(he), range(hgr), and range(hr) are pairwise disjoint.
The sets range(he), range(hgr), and range(hx) are computable.
Arityr and Arityr are computable.

Arityr(n) is the arity of h'(n) for alln € range(hg).

S oA e e

Arityz(n) is the arity of hz'(n) for all n € range(hr).

Suppose for the rest of this section that we are working in a computable language £, and we have fixed
such functions. In this case, we let Code(c) = he(c) for all c € C.

Definition 13.1.2. We assign code numbers to elements of Sym}. by letting
farasg - - - a, = (Code(ay), Code(as), . .., Code(ay)).
We call fayas - - - a, the Godel number of the sequence ajas - - - ay,.
Given a € Sym,, be careful to distinguish between Code(a) and ta = (Code(a)) = 2¢°de(@)+1,
Definition 13.1.3. Given X C Sym}, we let tX = {fo: 0 € X}.
Proposition 13.1.4. The sets tVar and §Con are both computable.

Proof. Notice that §Var = {22715 : p € N} and $Con = {2"*! : n € range(hc)}, which are both computable
(the latter because range(hc) is computable). O

For example, SeqConcat({((2,7),(14),(1,0,42))) = (2,7,14, 1,0, 42).
Proposition 13.1.5.

1. Define a function Concat: N*> — N as follows. If w,z € Seq, then Concat(w, z) is the number that
codes the sequence obtained by concatenating the sequences coded by w and z. If either w ¢ Seq or
z ¢ Seq, then Concat(w, z) = 0. The function Concat is primitive recursive, and hence computable.

2. Define a function SeqConcat: N — N as follows. If z € Seq and z[i] € Seq for all i < Len(z), then
SeqConcat(z) is the number that codes the sequence which is the result of concatenating the sequences
coded z. If z ¢ Seq, or if z € Seq and there exists i < Len(z) with z[i] ¢ Seq, then SeqConcat(z) = 0.
The function SeqConcat is primitive recursive, and hence computable.



13.1. CODING FORMULAS 315
Proof. Exercise. O

Recall that terms are defined recursively by starting with the constant symbols and variables, and then
generating by putting a function symbol of arity k in front of k terms concatenated together. Given n € N,
how can we determine whether n € §Term,? For example, suppose that n = {ag, a1,as,...,a,). If m =0,
then we need only check whether n € §Con or n € §Var. Suppose then that m > 1. We first determine
whether ag is the code of a function symbol, i.e. whether a¢ € range(hr). If so, we can compute Arityr(ao).
Next we want to determine whether we can break up (a1, as,...,ay) into Arityr(ap) many pieces, each of
which is an element of Term,. For example, if m = 6 and Arityr(ag) = 3, then we should check whether
{{a1), (az,as3,a4), (a5, ag)) is a valid way to break up the sequence, i.e. whether (a1), (az, a3, as), and (a5, ag)
are all elements of Term,, which we can check recursively. Of course, there are several other ways to break
up the sequence into 3 nonempty pieces, so we need to check whether any such partition works. Instead
of trying to think about all of the ways that we can break up a sequence into a given number of pieces, it
suffices to computably bound the size of any number that codes such a partition, and then use a computably
bounded existential quantifier to search through all potential possibilities.

With this idea in mind, given n = (ag,a1,...,a,) and k, the fundamental question is how to obtain a
simple computable upper bound (in terms of n and k) for all possible codes of sequences that are obtained
from breaking up a sequence (aj,as,...,a,) into k total pieces. For example, consider the above situation

where m = 6 and k£ = 3, and we want a simple upper bound for

((a1), (az, az, as), (as, ag))-

Notice that we have a sequence of length k, and each element of the sequence is strictly less than n =
(ag,ai,...,amy). Thus, the whole sequence is strictly less than (n,n,...,n), where there are m many term
in the sequence.

Proposition 13.1.6. Fach of the following sets is computable:
1. fTerm,.
2. gAtomicFormy.
3. fFormg.
Proof. Define a function h: N*> — N by letting
h(n,0)=() =1
h(n,m + 1) = Append(h(n,m),n)

for all n,m € N. Since Append is primitive recursive by Proposition 12.2.10, it follows that A is primitive
recursive, and hence computable. We now turn to the

1. Define a function f: N — N using (order) recursion as follows:

1 ifnetfCon
1 ifnetVar
1 if n € Seq, Len(n) > 0,n[0] € range(hr), and (3z < h(n, Arityr(n[0])))
[z € Seq A Len(z) = Arityr(n[0]) A (Vi < Len(2))[z]i] <n A f(z[i]) = 1]
A n = Concat({n]0]), SeqConcat(z))]
0 otherwise.

Notice that f is computable by Theorem 12.3.13 and that f = Xyrerm,.. Therefore, fTerm, is com-
putable.
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2. Define a function g: N — N using (order) recursion as follows:

1 ifn € Seq,n[0] =12, and (3a < n)(3b < n)[a € §Terme Ab € tTerm,
A n = SeqConcat({12),a,b)]
1 if n € Seq, Len(n) > 0,n[0] € range(hr), and (3z < h(n, Arityxz(n[0])))
[z € Seq A Len(z) = Arityr (n[0]) A (Vi < Len(z))[z[i] < n A z[i] € tTerm,]
A n = Concat((n[0]), SeqConcat(z))]

0 otherwise.

Notice that g is computable by Theorem 12.3.13 and that g = X4atomicForm,. Therefore, AtomicForm
is computable.

3. Stuff.
O

Notice that since we can code finite sequences of numbers with numbers, we can also code finite sets of
numbers with numbers. One such natural coding is as follows. Suppose that F' C N is finite, list the elements
of F in ascending order as aj,as,...,a,, and let the code of F be {(ay,as,...,a,).

Proposition 13.1.7. Suppose that we code each finite subset of N be the sequence that lists its elements in
increasing order.

1. The set SetCode C N of all codes of finite subsets of N is computable.

2. Define Union: N> — N as follows. If w,z € SetCode, then Union(w, z) is the code of the finite set
that is obtained by taking the union of the finite sets coded by w and z. Otherwise, SetCode(w, z) = 0.
The function Union is computable.

3. Define Intersection: N> — N as follows. If w,z € SetCode, then Intersection(w,z) is the code of
the finite set that is obtained by taking the intersection of the finite sets coded by w and z. Otherwise,
SetCode(w, z) = 0. The function Intersection is computable.

4. Define RelComplement: N> — N as follows. If w,z € SetCode, then RelComplement(w,z) is the
code of the finite set that is obtained by taking the relative complement of z inside w, i.e. the set w\z
of elements of w that are not in z. Otherwise, SetCode(w,z) = 0. The function RelComplement is
computable.

Definition 13.1.8. Define a function FreeVarCode: N — N as follows. If n € §Form,, and n = fp, then
FreeVarCode(n) is the code of the finite set FreeVar(y). Otherwise, FreeVarCode(n) = 0.

Proposition 13.1.9. The following functions are computable:
1. FreeVarCode: N — N.
2. SubstCode: N*> — N
3. ValidSubstCode: N> — N.

Proof. These are all defined recursively, the first one using Union and RelComplement. O

Corollary 13.1.10. The set §Sent, is computable.
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Since we can formulas using numbers, we can code finite sequences of formulas, and hence can code pairs
(T, ») as numbers. From here, we can sequences of such pairs as numbers.

We can code sequences of formulas as number, and so can code pairs (S, ), which are just nonempty
sequences of formulas, as numbers.

Proposition 13.1.11. Let Deduct C N be the set of codes of such sequences which are deductions. The set
Deduct is computable.

Corollary 13.1.12. If ® C Form, and §® is computable, then the subset Deducte consisting of elements
of Deduct whose last line is of the form (S, ) where S € ®*, is computable.

Proposition 13.1.13. Let ® C Formg be such that & is computable. The set ${¢ € Form, : ® F ¢} is
c.e.

Proof. Notice that n € §{¢ € Form, : ® F ¢} if and only if n € §{¢ € Form, : - ¢} by the Soundness
and Completeness Theorems, which is if and only if Jy(Deds(y) A Last(y) = n). O

Corollary 13.1.14. If ¥ C Sent, and 3 is computable, then §Cn(X) is c.e.

13.2 Axiomatizable and Decidable Theories

Definition 13.2.1. Let T be a theory in a computable language.
1. We say that T is finitely axiomatizable if there exists a finite X C Sent, such that T = Cn(X).
2. We say that T is axiomatizable if there exists ¥ C Senty such that 2 is computable and T = Cn(X).

For example, the theory Grp of groups is finitely axiomatizable, as is the theory of fields, and also the
theory DLO of dense linear orderings without endpoints. Of course, in each of these cases, we defined the
corresponding theory as the set of consequences of a finite set of sentences. For a more interesting example,
notice that ACF' is axiomatizable, as is AC'F), for each p. To see this, we need to consider the infinite set of
sentences described in Definition 5.6.1, form the corresponding infinite set of Gédel numbers, and verify that
this set is computable. If one accepts the Church-Turing thesis, then this fact follows from the intuitively
clear observation that there is a mechanical procedure to perform this verification. It is possible to show that
ACF (as well as each ACF}) is not finitely axiomatizable by using Proposition 6.3.7. To do this, one needs
to show that for each n, there exists a field F' such that every nonconstant polynomial in F[z] of degree at
most n has a root in F'; but F' is not algebraically closed.

It is more interesting to think about theories built in the other natural way, by taking the theory of a struc-
ture. Th(Q, <) and Th(R, <) are both finitely axiomatizable, because they both equal DLO. Th(C,0,1,+,)
is axiomatizable, because it equals ACFy. What about Th(R,0,1,+,-) or Th(N,0,1,+,)?

Axiomatizable: Can I write down a nice set of sentences that captures everything in the theory?

Definition 13.2.2. We say that a theory T is decidable if 4T is computable.

Decidable: Can I devise a mechanical procedure that will determine whether a given sentence is in the
theory?

Proposition 13.2.3. Let T be a theory in a computable language.
1. If T is decidable, then T is axiomatizable.
2. If T is axiomatizable, then §T is c.e.

8. If T is both axiomatizable and complete, then T is decidable.
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Proof. 1. Just take T itself as the axioms.
2. Cite result in previous section.

3. Use fact that if a set and its complement are both c.e., then the set is computable.

Corollary 13.2.4. DLO is decidable.

Corollary 13.2.5. ACF,, is decidable for each p.



Chapter 14

Incompleteness

Let £ = {0,1,+,-, <} where 0 and 1 are constant symbols, + and - are binary function symbols, and <
is a binary relation symbol. Consider the L-structure N = (N,0,1,+,-,<). In Section 4.4, we alluded to
fact that A has many interesting and complicated definable sets. In this chapter, we will show that every
computable set is definable in A/, and use this fact to prove that Th(/N') is not axiomatizable, which is a
weak version of Gédel’s First Incompleteness Theorem. We will then expand these ideas to a wider context
in order to establish each of Godel’s Incompleteness Theorems.

14.1 Definability in Arithmetic

Definition 14.1.1. Let £L =1{0,1,+,-, <} where 0 and 1 are constant symbols, + and - are binary function
symbols, and < is a binary relation symbol. Let N'= (N,0,1,+,-, <).

The structure N has many interesting definable sets. For example, the set of evens is defined by
Iy +y=x)
and the set of primes is defined by
“(x=1)AWVz(x=y-z— (y=1Vvz=1)).

Surprisingly, as alluded to in Section 4.4, every computable subset of N” is definable in /. To prove this,
we first show that the graph of every total computable function is definable in A (since we know how to
generate the total computable functions). To this end, recall Proposition 12.4.23, which says that the total
computable functions can obtained by starting with Init, and generating using Compose, PrimRec, and a
restricted version of Minimize that can only be applied only to regular functions. It is easy to see that the
graph of any function in Init is definable in N, so it suffices to show that the collection of total functions
whose graph is definable in AV is closed under Compose, PrimRec, and our restricted version of Minimize.
Now it is reasonably straightforward to prove closure under Compose and Minimize, but PrimRec is much
more difficult. To get around this obstacle, we prove the following amazing fact, which that if we add a few
more basic functions to I'nit, then we can generate all total computable functions without using PrimRec.

Theorem 14.1.2 (Essentially Godel). The class of total computable functions is the collection of total
functions obtained by starting with O, S, LT, +, -, and Equal, and closing off under Compose and applications
of Minimize restricted to reqular functions.

For the interesting direction, we need to show that the class G of functions described in the theorem is
closed under PrimRec. That is, if g: N® — N and h: N**2 — N are both in G, then f = PrimRec(g,h) € G.
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How can we do this using only Compose and Minimize? We start by remembering how to compute f(Z,y)
given procedures to compute g and h. Intuitively, we first compute f(&Z,0) = g(Z), next use this to compute
f(& 1) = h(Z,0, f(Z,0)), then use this to compute f(Z,2) = h(Z, 1, f(#,1)), etc. Now given a tuple &
and a number y, we can code up the sequence of values (f(Z,0), f(Z,1),..., f(Z,y)) that result from this
computation. Notice that this sequence is coded by one number z that has the “course-of-values” of f stored
in its components.

Let’s think about this coding from the other direction. That is, given a tuple & and number z, we can
determine whether z codes a sequence (ag, ay,...,a,) with ag = ¢g(Z) and such that a;11 = h(Z,14,q;) for
each 7. If so, then we know that a; = f(Z,4) for each i. Thus, to determine f(Z,y) without directly using
primitive recursion, we can simply search, using Minimize, for the smallest number z that codes a correct
computation sequence (in the sense just described) of length at least y + 1, and then pull out the entry in
position y + 1.

Although this is a promising idea, the primary obstacle is the fact that our coding and decoding of
sequences used primitive recursion (because we used powers of primes, and both exponentiation and the
function that enumerates the primes in Proposition 12.1.26 were both defined using primitive recursion). As
a result, the most interesting part of our argument will be to show that G contains a function f: N> - N
that can find any particular finite sequence “encoded” within some number. More formally, 5 will have the
property that for all ag,aq,...,a, € N, there exists ¢ € N such that §(c,i) = a; for all i« < n. Note that
DecodeSeq has this property.

Let’s examine how we can use the existence of such a function § € G to carry out the about outline.
Suppose that g: N* — N and h: N**2 — N are both in G. Let f = PrimRec(g,h) € G. Define a function
t: N**t! & N by letting

HT,y) = pz[B(2,0) = g(T) A (Vi <y)(B(z,i + 1) = h(Z, i, B(z,1)))].

Now assuming that the relations with characteristic function in G are closed under a few basic operations
(like A and bounded quantification), it will follow that ¢ € G. Since f(Z,y) = S(t(Z,y),y), we will then be
able to conclude that f € G.

In fact, it will be difficult to build 3 directly, so we will instead show that G contains a function a: N* — N
that is able to find any particular finite sequence “encoded” within some pair of numbers. That is, o will
have the property that for all ag,as,...,a, € N, there exists b,k € N such that «(b, k,7) = a;. The idea
behind « is to get the a;’s as remainders upon division of the number b by n 4+ 1 many numbers defined in
terms of k and i. The key fact that we will use is the Chinese Remainder Theorem from number theory.

Theorem 14.1.3 (Chinese Remainder Theorem). Let mg,my,...,m, € Nt be pairwise relatively prime,
and let ag,a,...,a, € N. There exists b € N such that b = a; (mod m;) for all i.

We now carry out the details. We will first establish that G has necessary closure properties, then move
on to proving the existence of an o € G with the above properties, and then use it to construct S by arguing
that G contains a pairing function along with suitable decodings it.

Proof of Theorem 14.1.2. Let G be the collection of all functions obtained by starting with O, S, Z7*, +, -,
and Fqual, and closing off under Compose and applications of Minimize restricted to regular functions.
Since +, -, and Equal are all total computable functions, and the class of total computable functions is closed
under Compose and the restricted version of Minimize, it follows that every element of G is computable.

We now prove that every computable function is in G by arguing that G is closed under PrimRec and
appealing to Proposition 12.4.23. We first argue that G contains a few simple functions and has several
important closure properties. In the rest of the argument, given a relation R C N, we write R € G to mean
that xr € G.

1. The constant functions Cp: N — N defined by C}(Z) = k are all in G: See the proof of Proposition
12.1.6, which only uses the basic functions and Compose.
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The functions isZero,isNonzero: N — N are both in G: Notice that isZero = Compose(Equal,Z{,C}),
so isZero € G. Since isNonzero = Compose(isZero,isZero), it follows that isNonzero € G.

Relations in G are closed under complement, union, and intersection: See the proof of Proposition
12.1.15, which only uses +, -, isZero, isNonzero, and Compose.

. If n € N* and R C N**! is a relation in G with the property that for all ¥ € N”, there exists y € N

with R(Z,y), then the function h(¥) = puzR(&, z) is in G: Define g: N**1 — N by letting

g 1 otherwise.

5y = {0 if R(Z,y)

Notice that g = Compose(isNonzero,xgr), so g € G. Also, ¢ is regular by our assumption about R.
Since h = Minimize(g), it follows that h € G.

If n € Nt, R C N**! is a relation in G, and ¢g: N**! — N is in G, then the function f: N1 — N
defined by f(Z,y) = (pz < g(Z,y))R(Z, z) is in G: Let

S ={(Zy,2) eN""2: R(Z,2) V z = g(Z,y)}.

Since g, Fqual € G, and relations in G are closed under union, it follows that S € G. Moreover, notice
that for all (Z,y) € N"*!) there exists z € N with S(Z,y,z). Since f(Z,y) = uzS(Z,y,z) for all
(Z,y) € N, it follows from (4) that f € G.

If n € Nt, R C N*"t! is a relation in G, and g: N**! — N is in G, then the relations

S1={(Zy) e N""": (32 < g(&,y))R(Z, 2)}
Sy ={(Z,y) e N"*: (Vz < g(Z,y))R(Z, 2)}

are both in G: The function f: N**! — N defined by f(Z,y) = (uz < g(%,y))R(Z,2) is in G by (5).
Notice that (&, y) € Sy if and only if f(Z,y) # g(Z,y). Since g, Equal € G, and relations in G are closed
under complement, it follows that S; € G. To see that Sy € G, simply observe that

Sy = {(Z,y) € N"T! : =(32 < ¢g(Z,y))~R(Z, 2)},

and use the fact that the relations in G are closed under complement and bounded existential quantifi-
cation (by what we just showed).

G contains a pairing function along with corresponding decoding functions: At the beginning of Section
12.2, we showed that the usual bijection from N2 to N obtained by walking down the finite diagonals
of N? is primitive recursive. Letting Pair: N2 — N be this function, we argued that

Pair(z,y) = (nz < (2% +9* + 2zy + 3z +y + 1)) (22 = 22 +y* + 22y + 32 + y).

Since +, -, Equal € G, and G is closed under the bounded p-operator by (5), it follows that Pair € G.
Letting Left, Right: N — N be the corresponding decoding functions, we argued that

Left(z) = (pz < z+ 1)[(3y < z + 1)(Pair(z,y) = 2)]
Right(z) = (py < 2+ 1)[(3x < 2z + 1)(Pair(z,y) = 2)],

so Left, Right € G by (5) and (6).
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Define a: N® — N by letting a(b, k,i) be the remainder upon division of b by 1 + (i + 1)k. To see that
«a € G, simply notice that

alb ki) = (ur <b)[(Fg<b+1)(b=q-(1+ (@ +1k)+r)],

and use the closure properties of G established above. We claim that for all ag,aq,...,a, € N, there exists
b, k € N such that «(b, k,i) = a;. Let ag,ay,...,a, € N be arbitrary. Let s = max{n, ag,a1,...,a,}+1 and
let k = s!. We first argue that the numbers 1+ k,1 4 2k,..., 1+ (n+ 1)k are pairwise relatively prime. Let
1,7 be arbitrary with 1 <i,7 <n+ 1. Suppose that p is prime, and that both p | (1 + k) and p | (1 + jk).
Since p | (1 4 ik), we must have p { k, hence it must be the case that p > s. We also have p | (i — j)k, so
since p is prime and p t k, it follows that p | (i — j). As p > s > n+ 1, it must be the case that ¢ = j. Thus,
the numbers 1 + k, 1+ 2k, ..., 1+ (n+ 1)k are pairwise relatively prime. Since a; < s < k <1+ (i + 1)k for
all k, it follows by the Chinese Remainder Theorem that there exists b € N such that «(b, k,7) = a; for all i.

Now define 3: N2 — N by letting 8(c,i) = a(Left(c), Right(c),i). Since Left, Right,a € G, it follows
that 8 € G. Let ag,aq,...,a, € N be arbitrary. From above, we can fix b, k € N with «(b, k, i) = a; for all i.
Letting ¢ = Pair(b, k), we then have that

B(c,i) = a(Left(c), Right(c), 1)
= a(Left(Pair(b, k)), Right(Pair(b,k)),1)
= a(b, k,1)

for all i < n.
We now show that G is closed under PrimRec, Let n € Nt, and let g: N® — N and h: N"*2 = N be
such that g,h € G. Let f = PrimRec(g,h). Define R C N**2 by

R={(Z,y,2) € N"": (2,0) = g(Z) A (Vi < y)(B(2,i +1) = h(Z, i, (2, 1))}

Since ,¢g,h € G, and G is closed under boolean operations and bounded quantification, it follows that R € G.
Moreover, using the just established property of 8 (that for all ag,aq,...,a, € N, there exists ¢ € N with
B(c,i) = a; for all i), we conclude that for all (#,y) € N**1, there exists z € N with (#,y, z) € R. Using
closure property (4) of G established above, the function ¢: N**! — N defined by

(T, y) = pz[B(2,0) = g(@) A (Vi <y)(B(z,i+ 1) = h(T, 1, 5(z,1)))]

is an element of G. Since f(Z,y) = B(t(Z,y),y), it follows that f € G.

Theorem 14.1.4. The graph of every total computable function is definable in N.
Proof. We use Theorem 14.1.2. We first handle the basic functions:
e The graph of O is defined by the formula x =x Ay = 0.
e The graph of S is defined by the formula y = x + 1.
o The graph of I is defined by the formula x; =Xx; Axa =X A+ AXy =Xp Ay = X;.
e The graph of + is defined by the formula y = x; + x».
e The graph of - is defined by the formula y = x; - x5.

o The graph of Fqual is defined by the formula (x; =x2 Ay =1) V (=(xg =x2) Ay = 0).
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We now argue that the collection of functions whose graph is definable in A is closed under Compose and
Minimize restricted to regular functions:

o Suppose that h: N® — N is definable in N and that g1, ¢2,...,9m: N* — N are definable in V.
Let f = Compose(h,g1,92,---,9m). Fix ¥(y1,¥2,---,Ym,2z) € Form defining graph(h) in N and fix
0i(x1,%2, - - -, Xn,y) € Formy defining graph(g;) in . The formula ¢(x1,%2, ..., %y, z) € Form, given
by

m

HYIH}Q e HYm((/\ 6]()(]_7)(2, e 7Xna}’i)) A 1/}(}’17)/27 e aym7z))'

i=1
then defines graph(f) in N.
o Suppose that g: N**1 — N is a regular function that is definable in N. Let f = Minimize(g). Fix

(X1, X2, - -+ s Xn, ¥, 2) € Formy defining graph(g) in A'. The formula o(x1,X2, . . ., %n,2) € Form, given
by

’(/}(X17X27 e 7Xnay70) /\VW(W < y — ﬁ’(/}()(17)(27 e ,Xn,W,O)>.

then defines graph(f) in N.

Using induction and Theorem 14.1.2, it follows that the graph of every computable function is definable in

N. O

Corollary 14.1.5. Every computable relation R C N™ is definable in N.
Proof. Let R C N™ be an arbitrary computable relation. By definition, this means that the characteristic

function xg: N® — N is computable. By Theorem 14.1.4, we can fix ¢(x1,X2,...,%Xn,Y) € Form, defining
graph(xgr) in N. We then have that the formula ¢(xq,%2,...,%n, 1) defines R in N. O

Corollary 14.1.6. If A C N is c.e., then A is definable in N.
Proof. Since A is c.e., we can use Proposition 12.5.16 to fix a computable set R C N? such that
m € A & There exists n € N with (m,n) € R.

Now R is computable, so it is definable in N by Corollary 14.1.5. Fix ¢ (x,y) € Form, defining R in N.
Letting ¢(x) be the formula Jyi(x,y), we then have that ¢ defines A in N. O

14.2 Incompleteness and Undecidability

Our goal in this section is to prove the following theorem which is a weak form of the First Incompleteness
Theorem. We will strengthen it later, but all of the real insight and hard work is in this version anyway.

Theorem 14.2.1 (First Incompleteness Theorem - Godel). Th(N) is undecidable and not aziomatizable.

Notice that since Th(N) is a complete theory, we know that it is undecidable if and only if it is not
axiomatizable. Thus, it suffices to prove only one. We will give three proofs below.
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Proof Using the Halting Problem (or any Noncomputable C.E. Set)

Proof of Incompleteness Theorem via Computability. Suppose that #¥ is computable and that Cn(X) =
Th(N). By Theorem 12.5.17, we can fix a c.e. set K that is not computable (for example, we can take
K ={e € N: p.e) l}). Using Corollary 14.1.6, fix a formula ¢(x) defining K in N. Notice that the set
{n e N: X E —p(n)} is c.e. However, we have that

ne K& NFE-pn)
& X E—p(n),

so K ={n e N:XF p(n)} is ce., contradicting Proposition 12.5.18 (which says that if both A and A are
c.e., then A is computable). O

In the next two proofs we will make use of the function f: N> — N that thinks of the first argument as
the code of formula with at most one free variable, and plugs in the numeral given by the second argument
in for the variable. That is,

fo(n) if m = gy for a formula ¢ with one free variable

0 otherwise

f(m7n):{

Proof Using Undefinabilty of Truth
Theorem 14.2.2 (Undefinability of Truth - Tarski). The set §Th(N) is not definable in N .

Big idea: Suppose that $Th(N') was definable in . Fix a formula «(x) defining it. By Theorem 14.1.4,
we can fix 0(x,y,z) defining the graph of f in . The key is to use a and € to build a definable set R C N?
such that every definable subset of N appears as a row. This would then allow us to definably diagonalize
out of the definable sets (essentially by taking the negation of the diagonal), which leads to a contradiction.

Proof. Suppose that {#o : N E o} is definable in NV, and fix a(x) € Form, defining it. We then have

NEoe NEa(to)

for all o € Sent,. By Theorem 14.1.4, we can fix 0(x,y,z) defining the graph of f in N. Let ¥ (x,y) be the
formula Vz(0(x,y,z) — a(z)). Notice that for all ¢(x) € Form, and all n € N, we have

NE¥(te.n) & N Fa(f(He,n))
& N Fa(fe(n))
S NFEp(n).

Now let ¢(x) be the formula =t (x,x). We then have

N E p(te) & N E (e, i)

which is a contradiction. ]

Proof of Incompleteness Theorem via Definability. If Th(N') is decidable, then §Th(N) is computable, hence
definable in N, contradicting Undefinability of Truth. Therefore, Th(N) is undecidable. O
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Proof Using a Sentence Implying Its Nonprovability

Our next proof of Incompleteness uses the following fundamental lemma which allows us to make sentences
that indirectly refer to themselves.

Lemma 14.2.3 (Fixed-Point Lemma - Godel). Let a(x) € Formg. There exists o € Sent, such that

N E o < a(to).

Proof. As above, fix 6(x,y, z) defining the graph of f in A and let ¥ (x,y) be the formula Vz(8(x,y,z) — a(z)).
Notice that for all p(x) € Form, and all n € N, we have

N E Yo, n) & N Fa(f(ip,n))
e NEa(fen)).

Now let ¢(x) be the formula 1(x,x) (so ¢ defines the diagonal). The point here is to look at what happens
when the row fio which is defining the diagonal actually meets the diagonal. That is, we should look at the
(#, i) entry of the table. We have

N Eo(te) & N E (e, i)

& N Ealte(ty))

Thus, if we let 0 = ¢(fg), we then have that N F ¢ if and only if N F a(§o). That is, N F 0 <> a(fo). O

We first show how to get Undefinability of Truth using the Fixed-Point Lemma. The idea is to take a
purported definition of truth, and use it to get a sentence ¢ which indirectly says that it is false.

Using the Fized-Point Lemma to Prove Undefinability of Truth. Suppose that the set {fo : N'F o} is defin-
able in NV, and fix a(x) € Form, defining it so that

NEo e NEa(fo)

for all o € Sent.. By the Fixed-Point Lemma, there exists o € Sent, such that N F ¢ <> —a(fo). We then
have that

NEa(lo) e NEo
< N E —a(fo)

a contradiction. O

We now give another proof of incompleteness using a sentence which indirectly asserts that it is not
provable.

Proof of Incompleteness Theorem via Self-Reference. Suppose that X C Th(N') and that X is computable.
We then have that the set {ffo : ¥ F o} is c.e., so is definable in N by Corollary 14.1.6. Fix Prus(x) € Form
defining {fo : £ F o} in NV, so that

N E Prug(to) & X FEo

for all 0 € Sent,. By the Fixed-Point Lemma, there exists o € Sent, such that

N E o < —Pros(fo).
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Now if ¥ F o, we would then have that N E o (because ¥ C Th(N)), but we also have

Y ko= NE Prug(o)
= N F o,

which is a contradiction. Therefore, we must have X & . It follows that N ¥ Pros (f0), so N E =Pros, (Ho),
and hence N F a. Therefore, o € Th(N)\Cn(X), so Cn(X) # Th(N).
It follows that Th(/N) is not axiomatizable. O



Appendix A

Mathematical Background

A.1 Terminology and Notation

Definition A.1.1. We let N={0,1,2,...} and we let N* = N\{0}.
Definition A.1.2. For each n € N, we let [n] ={m € N:m <n}, so [n]={0,1,2,...,n—1}.
We will often find a need to work with finite sequences, so we establish notation here.

Definition A.1.3. Let X be a set. Given n € N, we call a function o: [n] — X a finite sequence from X
of length n. We denote the set of all finite sequences from X of length n by X™. We use X to denote the
unique sequence of length 0, so X° = {\}. Finally, given a finite sequence o from X, we use the notation
|o| to denote the length of o.

Definition A.1.4. Let X be a set. We let X* = J, oy X", i.e. X is the set of all finite sequences from X.

We denote finite sequences by simply listing the elements in order. For instance, if X = {a, b}, the
sequence aababbba is an element of X*. Sometimes for clarity, we’ll insert commas and instead write
a,a,b,a,b,b,b,a.

Definition A.1.5. Ifo,7 € X*, we denote the concatenation of o and T by o1 or o * T.

Definition A.1.6. If 0,7 € X*, we say that o is an initial segment of 7, a write 0 < 7, if o =7 | [n] for
some n. We say that o is a proper initial segment of 7, and write o < 7 if 0 <7 and o # T.

Definition A.1.7. Given a set A, we let P(A) be the set of all subsets of A, and we call P(A) the power
set of A.

For example, we have P({1,2}) = {0, {1}, {2}, {1,2}} and P(0) = {0}. A simple combinatorial argument
shows that if |A| = n, then |P(A)| = 2".
A.2 Countable Sets

Definition A.2.1. Let A be a set.
o We say that A is countably infinite if there exists a bijection f: N — A.
o We say that A is countable if it is either finite or countably infinite.

Proposition A.2.2. Let A be a nonempty set. The following are equivalent:

327
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1. A is countable.
2. There exists a surjection g: N — A.
3. There exists an injection h: A — N.
Proposition A.2.3. We have the following:
1. If A and B are both countable, then A x B is countable.

2. If Ag, A1, Ag, ... are all countable, then | A, is countable.

neN
Corollary A.2.4. If A is countable, then A* is countable.

Theorem A.2.5. The sets Z and Q are countabdly infinite, but R and P(N) are not countable.

A.3 Partial and Linear Orderings
Definition A.3.1. Let A be a set.
1. A weak partial ordering on A is a binary relation < on A with the following properties:

e a<a foralla€ A.
e Ifa<bandb<a, thena=2b.
e Ifa<bandb<c, thena<c.

2. A weak linear ordering on A is a weak partial ordering < on A such that for all a,b € A, either a <b
orb<a.

3. A strict partial ordering on A is a relation < on A with the following properties:

e a<a forallac A
o Ifa<bandb<ec, thena < c.

4. A strict linear ordering on A is a strict partial ordering < on A such that for all a,b € A, at least of
onea=>=b,a<borb>a is true.

Proposition A.3.2. If < is a strict partial ordering on A, and a < b, then b £ a.

Proof. Suppose that a < b. If we also have b < a, then by transitivity, it would follow that a < a,
contradicting the first condition. Therefore, we must have b £ a. O

Proposition A.3.3. Suppose that < is a weak partial ordering on A. Define a relation < on A by saying
that a < b if both a < b and a # b. We then have that < is a strict partial ordering on A. Moreover, if < is
a weak linear ordering, then < is a strict linear ordering.

Proof. We first check the three properties to show that < is a strict partial ordering:
e For any a € A, we trivially have a = a, so a £ a by definition.

e Let a,b € A be arbitrary with a < b. By definition, we then have that a < b and a # b. Now if b < a,
then b < a by definition, and combining this with a < b we conclude that a = b, contradicting the fact
that @ < b. Thus, we must have b £ a.
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e Let a,b,c € A be arbitrary such that both a < b and b < ¢. We then have both a < b and b < ¢, so
we conclude that a < ¢. Notice that a # ¢ by what we just proved (if a = ¢, then we would have both
a < band b < a). Therefore, a < c.

Thus, < is a strict partial ordering on A.

Finally, suppose that < is a weak linear ordering. Let a,b € A be arbitrary. If a = b, then we are done,
so assume that a # b. We know by assumption that either a < b or b < a. In the former case, we have a < b
by definition, and in the latter we have b < a. Therefore, at least of one a = b, a < b or b > a is true. O

Proposition A.3.4. Suppose that < is a strict partial ordering on A. Define a relation < on A by saying
that a < b if either a < b or a =b. We then have that < is a weak partial ordering on A. Moreover, if < is
a strict linear ordering, then < is a weak linear ordering.

Proof. We first check the three properties to show that < is a weak partial ordering:
e For any a € A, we trivially have a = a, so a < a by definition.

e Let a,b € A be arbitrary such that both ¢ < b and b < a. Suppose for the sake of obtaining a
contradiction that a # b. Since a < b, we conclude by definition a < b. Similarly, we have b < a. This
is a contradiction to the fact that < is a strict partial ordering, so we must have a = b.

e Let a,b,c € A be arbitrary such that both a < b and b < ¢. If a = b, then clearly a < ¢. Similarly,
if b = ¢, then clearly a < ¢. Suppose then that both a # b and a # ¢. We have a < b and b < ¢ by
definition, so a < ¢, and hence a < c.

Thus, < is a weak partial ordering on A.

Finally, suppose that < is a strict linear ordering. Let a,b € A be arbitrary. We know by assumption
that at least of one a = b, a < b or b > a is true. In the firs two cases, we clearly have a < b, while in the
last case we have b < a. O

A.4 Ordered Groups, Rings, and Fields

Definition A.4.1. Let (A,+,0) be an abelian group.

1. Given a weak linear ordering < on A, we say that < is compatible with the group structure if whenever
a,b,c € A and a < b, we have a+c¢ < b+ c.

2. Given a strict linear ordering < on A, we say that < is compatible with the group structure if whenever
a,b,c € A and a < b, we have a4+ ¢ < b+ c.

Proposition A.4.2. Let (A,+,0) be an abelian group.

1. If < is a weak linear ordering compatible with the group structure, then < is a strict linear ordering
compatible with the group structure.

2. If < is a strict linear ordering compatible with the group structure, then < is a weak linear ordering
compatible with the group structure.

Proof.

1. Suppose that < is a weak linear ordering that is compatible with the group structure. By Proposition
A.3.3, it follows that < is a strict linear ordering. Now let a,b,c € A be arbitrary with a < b. Since
a < b, we know that a < b, and hence a 4+ ¢ < b+ ¢. Now if @ + ¢ = b+ ¢, then by adding —c to both
sides we would have a = b, which is a contradiction. Therefore, a + ¢ < b+ c.
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2. Suppose that < is a strict linear ordering that is compatible with the group structure. By Proposition
A.3.4, it follows that < is a weak linear ordering. Now let a, b, c € A be arbitrary with a < b. We have
two cases:

e Case 1: Suppose that a = b. In this case, we immediately conclude that a 4+ ¢ = b+ ¢, and hence
at+c<b+e.

e (Case 2: Suppose that a < b. Since < is compatible with the group structure, it follows that
a+c<b+c,and hence a+c<b+c.

Therefore, a + ¢ < b+ ¢ in either case.
O

Definition A.4.3. An ordered abelian group is an abelian group (A,+,0) together with a linear ordering
(either weak or strict) that is compatible with the group structure.

Proposition A.4.4. Let (A,+,0,<) be an ordered abelian group. If a <b and ¢ < d, then a+c <b+d.

Proof. Let a,b,c,d € A be arbitrary with a < band ¢ < d. Since a < band ¢ € A, we know that a+c < b+ec.
Similarly, since ¢ < d and b € A, we have c+b < d+b. Using the fact that 4+ is commutative, it follows that
b+ c < b+ d. Finally, since we have both a + ¢ < b+ ¢ and also b+ ¢ < b+ d, we can use the transitivity of
< to conclude that a + ¢ < b+ d. O

Definition A.4.5. An ordered (commutative) ring is a ring R (with identity) together with a binary relation
< such that

o < is a weak linear ordering of R.
e Ifa<bandce R, thena+c<b+c.
e If0<a and 0 <b, then 0 < ab.

Definition A.4.6. An ordered (commutative) ring is a ring R (with identity) together with a binary relation
< such that

o < is a strict linear ordering of R.
e Ifa<bandce R, thena+c<b+c.
e If0<a and0 < b, then either 0 < ab or ab = 0.

As above, it’s easy to see that given either of these definitions, if we define the other relation as above,
then it satisfies the properties of the other. Notice that we need to add the possibility that ab = 0 in the latter
case. IS THERE AN EXAMPLE? WHAT ABOUT Z x Z with lexicographic - No (0,1) - (1, —1) = (0, —1)?
If R is integral domain, however, then of course we can drop that.

Proposition A.4.7. Let R be an ordered ring and let a,b € R.
e a<bifand onlyif 0 <b—a.
e a<bifand only if 0 <b—a.

Proof. If a < b, then a 4+ (—a) < b+ (—a), so 0 < b — a. Conversely if 0 < b — a, then a < (b— a) + a, so
a < b. The same arguments work for the strict inequality. O

Proposition A.4.8. Let R be an ordered ring and let a,b € R.
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e a<bifand only if —b < —a.
e a<bifand only if —b < —a.

Proof. Suppose first that a < b. We then have that a + ((—a) + (=b)) < b+ ((—a) + (—b)), hence —b < —a.
Suppose conversely that —b < —a. We then have that —(—a) < —(—b) by what we just proved, hence a < b
(here we are using the ring theory fact that —(—a) = a for all a). The same arguments work for the strict
inequality. O

Proposition A.4.9. Let R be an ordered ring and let a,b,c € R.
o Ifa<band0<c, then ac < be.
e Ifa<bandc<0, then bc < ac.
e Ifa<band0 < c and c is not a zero divisor, then ac < bc.
e Ifa <bandc <0 and c is not a zero divisor, then bc < ac.

Proof. Suppose 0 < ¢. Since a < b, we have 0 < b —a, so 0 < (b—a)c, so 0 < be — ac, so ac < be.
Suppose now that ¢ < 0. We then have 0 < —¢, so by what we just proved it follows that a(—c) < b(—c),
or —ac < —bc. The previous proposition then gives be < ac. O

Proposition A.4.10. Let R be an ordered ring and let a,b € R.
e Ifa>0andb >0, then ab > 0.
e Ifa>0andb<0, then ab<0.
e Ifa<0andb>0, then ab<0.
e Ifa<0 andb <0, then ab > 0.

Proof. The first is an axiom. Suppose that a > 0 and b < 0. From above, we know that —0 < —b, i.e. that
0 < —b. Using the first, we conclude that 0 < a(—b), so 0 < —ab. From above, it follows that ab < 0. The
third follows similarly (or from the second and commutativity).

Suppose now that ¢ <0 and b < 0. We then have 0 < —a and 0 < —b, so 0 < (—a)(—b), from which we
conclude that 0 < ab. O

Corollary A.4.11. Let R be an ordered ring. We have 0 < a2 for all a € R.
Proof. Either 0 < a or a <0, and each case now follows from the previous proposition. O

Corollary A.4.12. If R is an ordered ring, then 0 <1 and —1 < 0. Furthermore, if 0 # 1, then 0 < 1 and
-1<0.

Proof. This is immediate from 12 = 1 and the above. O

Proposition A.4.13. Let R be an ordered ring and let G be the set of nonnegative elements of R, i.e. G =
{a € R:a>0}.

e Ifa,be G, thena+beGq.
o Ifa,be G, then ab € G.
e Ifae G anda#0, then%GG.
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Proof. Suppose that a,b € G. We have 0 < a, hence 0+b < a+b, or b < a+b. Since we also have 0 < b,
we can use transitivity of < to conclude that 0 < a +b. Thus, a+b € G. Trivially we have ab € G using the
last assumption.

Suppose now that @ € G and a # 0. We then have a > 0. Notice that a-a=' =1 > 0. If a=! < 0, then
since a > 0, we would have 1 = a-a~! < 0, a contradiction (unless 1 = 0, in which case this is trivially since

G=R). O

A.5 Lattices and Boolean Algebras

Lattices as special (weak) partial orderings. Every pair of elements has a greatest lower bound and least
upper bound.

A.6 Algebraically Closed Fields
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