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Chapter 1

Introduction

1.1 Sets, Set Construction, and Subsets

Sets and Set Construction
We begin by reviewing the fundamental structure that mathematicians use to package objects together.
Definition 1.1.1. A set is a collection of elements without regard to repetition or order.

Intuitively, a set is a box where the only thing that matters are the objects that are inside it, and
furthermore the box does not have more than one of any given object. We use { and } as delimiters for sets.
For example, {3,5} is a set with two elements. Since all that matters are the elements, we define two sets to
be equal if they have the same elements, regardless of how the sets themselves are defined or described.

Definition 1.1.2. Given two sets A and B, we say that A = B if A and B have exactly the same elements.

Since only the actual elements matter, not their order, we have {3,7} = {7,3} and {1,2,3} = {3,1,2}.
Also, although we typically would not even write something like {2, 5,5}, if we choose to do so then we would
have {2,5,5} = {2,5} because both have the same elements, namely 2 and 5.

Notation 1.1.3. Given an object x and a set A, we write x € A to mean that x is an element of A, and we
write x ¢ A to mean that x is not an element of A.

For example, we have 2 € {2,5} and 3 ¢ {2,5}. Since sets are mathematical objects, they may be
elements of other sets. For example, we can form the set S = {1,{2,3}}. Notice that we have 1 € S and
{2,3} € S,but 2¢ S and 3 ¢ S. As a result, S has only 2 elements, namely 1 and {2,3}. Thinking of a set
as a box, one element of S is the number 1, and the other is a different box (which happens to have the two
elements 2 and 3 inside it).

The empty set is the unique set with no elements. We can write it as {}, but instead we typically denote
it by 0. There is only one empty set, because if both A and B have no elements, then they have exactly the
same elements for vacuous reasons, and hence A = B. Notice that {#} does not equal (). After all, {0} has
one element! You can think of {#} as a box that has one empty box inside it.

Notice that sets can be either finite or infinite. At this point, our standard examples of infinite sets are
the various universes of numbers:

e N=1{0,1,2,3,...}.
e Nt ={1,2,3,...}.
e Z={...,-3,-2,-1,0,1,2,3,...}.
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e ( is the set of rational numbers.
e R is the set of real numbers.

Beyond these fundamental sets, there are various ways to define new sets. In some cases, we can simply
list the elements as we did above. Although this often works for small finite sets, it is almost never a good
idea to list the elements of a set with 20 or more elements, and it rarely works for infinite sets (unless there
is an obvious pattern like {5,10,15,20,...}). One of the standard ways to define a set S is to carve it out
of some bigger set A by describing a certain property that may or may not be satisfied by an element of A.
For example, we could define

S={neN:5<n<13}.

We read this line by saying that S is defined to be the set of all n € N such that 5 < n < 13. Thus, in this
case, we are taking A = N, and forming a set S by carving out those elements of A that satisfy the condition
that 5 < n < 13. In other words, think about going through each of element n, checking if 5 < n < 13 is a
true statement, and collecting those n € N that make it true into a set that we call S. In more simple terms,
we can also describe S as follows:

S ={6,7,8,9,10,11,12}.

It is important that we put the “N” in the above description, because if we wrote {n : 5 < n < 13} then
it would be unclear what n we should consider. For example, should % be in this set? How about /177
Sometimes the “universe” of numbers (or other mathematical objects) that we are working within is clear,
but typically it is best to write the global set that we are picking elements from in order to avoid such
ambiguity. Notice that when we define a set, there is no guarantee that it has any elements. For example,
{g € N:¢?> =2} = ) because v/2 is irrational (we will prove this, and much more general facts, later). Keep
in mind that we can also use words in our description of sets, such as {n € N : n is an even prime}. As

mentioned above, two sets that have quite different descriptions can be equal. For example, we have
{n € N:nis an even prime} = {n € N: 3 < n? < 8}
because both sets equal {2}. Always remember the structure of sets formed in this way. We write
{r e A:P(x)}

where A is a known set and P(z) is a “property” such that given a particular y € A, the statement P(y) is
either true or false.

Another way to describe a set is through a “parametric” description. Rather than carving out a certain
subset of a given set by describing a property that the elements must satisfy, we can instead form all the
elements one obtains by varying a value through a particular set. For example, consider the following
description of a set:

S={322+1:2cR}.

Although the notation looks quite similar to the above (in both case we have curly braces, with a : in the
middle), this set is described differently. Notice that instead of having a set that elements are coming from
on the left of the colon, we now have a set that elements are coming from on the right. Furthermore, we
now have a formula on the left rather than a property on the right. The difference is that for a property,
when we plug in an element from the given set, we either obtain a true or false value, but that isn’t the case
for a formula like 322 + 1. The idea here is that instead of carving out a subset of R by using a property
(i.e. taking those elements that make the property true), we let « vary through all real numbers, plug each
of these real numbers z into 3z2 + 1, and form the set of all possible outputs. For example, we have 4 € S
because 4 = 3 - 12 4+ 1. In other words, when = = 1, the left hand side gives the value 4, so we should put
4 € S. Notice also that 4 = 3+ (—1)? 4+ 1, so we can also see that 4 € S because of the “witness” —1. Of
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course, we are forming a set, so we do not repeat the number 4. We also have 1 € S because 1 = 3-0% + 1,
and we have 76 € S because 76 = 3 - 52 + 1. Notice also that 7 € S because 7 = 3 - (v/2)? + 1.

In a general parametric set description, we will have a set A and a function f(z) that allows inputs from
A, and we write

{f(z):x € A}

for the set of all possible outputs of the function as we vary the inputs through the set A. We will discuss
the general definition of a function in the next section, but for the moment you can think of them as given
by formulas.

Now it is possible and indeed straightforward to turn any parametric description of a set into one where
we carve out a subset by a property. In our case of S = {322 + 1 : 2 € R} above, we can alternatively write
it as

S = {y € R : There exists € R with y = 322 + 1}.

Notice how we flipped the way we described the set by introducing a “there exists” quantifier in order to
form a property. This is always possible for a parametric description. For example, we have

{n+4:n € N} = {m € N: There exists n € N with m = 5n + 4}.

Thus, these parametric descriptions are not essentially new ways to describe sets, but they can often be more
concise and clear.
By the way, we can use multiple parameters in our description. For example, consider the set

S ={18m+33n:m,n € Z}.

Now we are simply letting m and n vary through all possible values in Z and collecting all of the values
18m + 33n that result. For example, we have 15 € S because 15 = 18 - (—1) + 33 - 1. We also have 102 € S
because 102 = 18 -2+ 33 - 2. Notice that we are varying m and n independently, so they might take different
values, or the same value (as in the case of m = n = 2). Don’t be fooled by the fact that we used different
letters! As above, we can flip this description around by writing

S = {k € Z : There exists m,n € Z with k = 18m + 33n}.

Subsets and Set Equality

Definition 1.1.4. Given two sets A and B, we write A C B to mean that every element of A is an element
of B. More formally, A C B means that for all x, if x € A, then z € B.

Written more succinctly, A C B means that for all a € A, we have that a € B. To prove that A C B,
one takes a completely arbitrary a € A, and argues that @ € B. For example, let A = {6n : n € Z} and let
B = {2n:n € Z}. Since both of these sets are infinite, we can’t show that A C B by taking each element
of A in turn and showing that it is an element of B. Instead, we take an arbitrary a € A, and show that
a € B. Here’s the proof.

Proposition 1.1.5. Let A={6n:n € Z} and B={2n:n € Z}. We have A C B.

Proof. Let a € A be arbitrary. By definition of A, this means that we can fix an m € Z with ¢ = 6m. Notice
then that ¢ = 2 - (3m). Since 3m € Z, it follows that a € B. Since a € A we arbitrary, we conclude that
ACB. O

As usual, pause to make sure that you understand the logic of the argument above. First, we took an
arbitrary element a from the set A. Now since A = {6n : n € Z} and this is a parametric description with
an implicit “there exists” quantifier, there must be one fixed integer value of n that puts a into the set A.
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In our proof, we chose to call that one fixed integer m. Now in order to show that a € B, we need to exhibit
a k € Z with a = 2k. In order to do this, we hope to manipulate a = 6m to introduce a 2, and ensure that
the element we are multiplying by 2 is an integer.

What would go wrong if we tried to prove that B C A? Let’s try it. Let b € B be arbitrary. Since b € B,
we can fix m € Z with b = 2m. Now our goal is to try to prove that we can find an n € Z with b = 6n. It’s
not obvious how to obtain a 6 from that 2, but we can try to force a 6 in the following way. Since b = 2m
and 2 = g, we can write b = 6 - . We have indeed found a number n such that b = 6n, but we have not
checked that this n is an integer. In general, dividing an integer by 3 does not result in an integer, so this
argument currently has a hole in it.

Although that argument has a problem, we can not immediately conclude that B € A. Our failure to
find an argument does not mean that an argument does not exist. So how can we show that B ¢ A7 All that
we need to do is find just one ezample of an element of B that is not an element of A (because the negation
of the “for all” statement A C B is a “there exists” statement). We choose 2 as our example. However, we
need to convince everybody that this choice works. So let’s do it! First, notice that 2 =2-1,s0 2 € B
because 1 € Z. We now need to show that 2 ¢ A, and we’ll do this using a proof by contradiction. Suppose
instead that 2 € A. Then, by definition, we can fix an m € Z with 2 = 6m. We then have that m = % = %
However, this a contradiction because % ¢ 7Z. Since our assumption that 2 € A led to a contradiction, we
conclude that 2 ¢ A. We found an example of an element that is in B but not in A, so we conclude that
B¢ A.

Recall that two sets A and B are defined to be equal if they have the same elements. Therefore, we have
A = B exactly when both A C B and B C A are true. Thus, given two sets A and B, we can prove that
A = B by performing two proofs like the one above. Such a strategy is called a double containment proof.
We give an example of such an argument now.

Proposition 1.1.6. Let A={Tn—3:n€Z} and B={Tn+11:n € Z}. We have A = B.
Proof. We prove that A = B by showing that both A C B and also that B C A.

o We first show that A C B. Let a € A be arbitrary. By definition of A, we can fix an m € Z with
a =Tm — 3. Notice that

a="Tm-—3
=Tm-14+11
=7(m—2)+11.

Now m — 2 € Z because m € Z, so it follows that a € B. Since a € A was arbitrary, we conclude that
ACB.

e« We now show that B C A. Let b € B be arbitrary. By definition of B, we can fix an m € Z with
b= 7m + 11. Notice that

b=Tm+ 11
=Tm+14-3
=T7(m+2)—3.

Now m + 2 € Z because m € Z, so it follows that b € A. Since b € B was arbitrary, we conclude that
B CA.

We have shown that both A C B and B C A are true, so it follows that A = B. O
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Here is a more interesting example. Consider the set
S={9m+15n:m,n € Z}.

For example, we have 9 € S because 9 =9 -1+ 15-0. We also have 3 € S because 3=9-2+15-(—1) (or
alternatively because 3 = 9-(—3) 4+ 15-2). We can always generate new values of S by simply plugging in
values for m and n, but is there another way to describe the elements of S in an easier way? We now show
that an integer is in S exactly when it is a multiple of 3.

Proposition 1.1.7. We have {9m + 15n : m,n € Z} = {3m :m € Z}.
Proof. We give a double containment proof.

o We first show that {9m + 15n : m,n € Z} C {3m : m € Z}. Let a € {9m + 15n : m,n € Z} be
arbitrary. By definition, we can fix k, ¢ € Z with a = 9k + 15¢. Notice that

a =9k + 15¢
=3 (3k + 5¢).

Now 3k+5¢ € Z because k, { € Z, so it follows that a € {3m : m € Z}. Since a € {9m+15n: m,n € Z}
was arbitrary, we conclude that {9m + 15n:m,n € Z} C {3m :m € Z}.

o We now show that {3m :m € Z} C {9m + 15n : m,n € Z}. Let a € {3m : m € Z} be arbitrary. By
definition, we can fix k € Z with a = 3k. Notice that

a =3k
=(9-(-3)+15-2)-k
=9 (=3k) + 15 - 2k.

Now —3k, 2k € Z because k € Z, so it follows that a € {9m +15n : m,n € Z}. Since a € {3m : m € Z}
was arbitrary, we conclude that {3m :m € Z} C {9m + 15n: m,n € Z}.

We have shown that both {9m+15n:m,n € Z} C{3m :n € Z} and {3m : m € Z} C{Im+15n:m,n € Z}
are true, so it follows that {9m + 15n : m,n € Z} = {3m : m € Z}. O

Ordered Pairs and Sequences

In contrast to sets, we define ordered pairs in such a way that order and repetition do matter. We denote an
ordered pair using normal parentheses rather than curly braces. For example, we let (2,5) be the ordered
pair whose first element is 2 and whose second element is 5. Notice that we have (2,5) # (5,2) despite
the fact that {2,5} = {5,2}. Make sure to keep a clear distinction between the ordered pair (2,5) and the
set {2,5}. We do allow the possibility of an ordered pair such as (2,2), and here the repetition of 2’s is
meaningful. Furthermore, we do not use € in ordered pairs, so we would not write 2 € (2,5). We'll talk
about ways to refer to the two elements of an ordered pair later.

We can generalize ordered pairs to the possibility of having more than 2 elements. In this case, we have
an ordered list of n elements, like (5,4, 5, —2). We call such an object an n-tuple, a list with n elements, or
a finite sequence of length n. Thus, for example, we could call (5,4,5, —2) a 4-tuple. It is also possible to
have infinite sequences (i.e. infinite lists), but we will wait to discuss these until the time comes.
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Operations on Sets and Sequences

Aside from listing elements, carving out subsets of a given set using a given property, and giving a parametric
description (which as mentioned above is just a special case of the previous type), there are other ways to
build sets.

Definition 1.1.8. Given two sets A and B, we define AU B to be the set consisting of those elements that
are in A or B (or both). In other words, we define

AUB={z:z€ A orz € B}.

We call this set the union of A and B.

Here, as in mathematics generally, we use or to mean “inclusive or”. In other words, if z is an element
of both A and B, then we still put « into AU B. Here are a few examples (we leave the proofs of the latter
results until we have more theory):

e {1,2,7}U{4,9} = {1,2,4,7,9}.
e {1,2,3}U{2,3,5} = {1,2,3,5}.

{2n:neN}U{2n+1:n e N} =N.
e 2n:neNT}U{2n+1:neNT} ={2,3,4,... }.

{2n:neNt}U{2n—-1:ne Nt} ={1,2,3,4,...} =NF.
o AU = A for every set A.

Definition 1.1.9. Given two sets A and B, we define AN B to be the set consisting of those elements that
are in both of A and B. In other words, we define

ANB={z:z € A and x € B}.
We call this set the intersection of A and B.
Here are a few examples (again we leave some proofs until later):
o {1,2,7}N{4,9} = 0.
o {1,2,3}n{2,3,5} ={2,3}.
{1,{2,3}} n{1,2,3} = {1}.
{2n:neZin{3n:neZ}={6n:necZ}.

e 3n+1:neN"}N{3n+2:ne Nt} =0
o AN =0 for every set A.

Definition 1.1.10. Given two sets A and B, we define A\B to be the set consisting of those elements that
are in A, but not in B. In other words, we define

AB={z:2¢€ A and x ¢ B}.

We call this set the (relative) complement of B (in A).
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In many cases where we consider A\B, we will have that B C A, but we will occasionally use it even
when B ¢ A. Here are a few examples:

. {5,6,7,8,91\{5,6,8) = {7,9}.

{1,2,71\{4,9} = {1,2,7}.

{1,2,3}\{2,3,5} = {1}.
{2n:neZ\{4n:neZi={4n+2:ncZ}.
o A\( = A for every set A.

o A\A =0 for every set A.

Definition 1.1.11. Given two sets A and B, we let A x B be the set of all ordered pairs (a,b) such that
a € A and b € B, and we call this set the Cartesian product of A and B.

For example, we have

{1,2,3} x {6,8} = {(1,6),(1,8),(2,6), (2,8),(3,6),(3,8)}
nd
) N x N = {(0,0),(0,1),(1,0),(2,0),...,(4,7),...}.

Notice that elements of R x R correspond to points in the plane.

We can also generalize the concept of a Cartesian product to more than 2 sets. If we are given n sets
A, Aoy ... Ay, we let A X Ag X -+ X Ay, be the set of all n-tuples (aq,as, ..., a,) such that a; € A; for each
i. For example, we have

{1,2} x {3} x {4,5} = {(1,3,4),(1,3,5),(2,3,4),(2,3,5)}

In the special case when Aq, As, ..., A, are all the same set A, we use the notation A™ to denote the set
A x Ax---x A (where we have n copies of A). Thus, A" is the set of all finite sequences of elements of A
of length n. For example, {0,1}" is the set of all finite sequences of 0’s and 1’s of length n. Notice that this
notation fits in with the notation R™ that we are used to in Calculus and Linear Algebra.

Definition 1.1.12. Given a set A, we let P(A) be the set of all subsets of A, and we call P(A) the power
set of A.

For example, we have
P({L 2}) = {®7 {1}7 {2}’ {1’ 2}}
and
P({4,5,7}) = {0, {4}, {5}, {7}, {4,5},{4, 7}, {5, 7}, {4,5,7}}.
Notice that it is can be tricky to write out the power set of even small finite sets. We’ll see ways to both
generate and count the number of elements of P(A) for a given set A a bit later.

Definition 1.1.13. Given a set A, we let A* be the set of all finite sequences of elements of A of any length,
including the empty sequence (the unique sequence of length 0).

Thus, for example, the set {0,1}* is the set of all finite sequences of 0’s and 1’s. If we use A to denote
the empty sequence and write things like 010 in place of the more precise (0, 1,0), then we have

{0,1}* = {A,0,1,00,01, 10,11, 000,001, ... }.
Notice that if A # (), then A* is an infinite set.

Definition 1.1.14. Given two finite sequences o and T, we let oT be the concatenation of o and 7, i.e. if
o= (ay,a9,...,am) and 7 = (b1, ba,...,by,), then o1 = (a1,a9,...,am,b1,b2,...,by,).
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1.2 The Cardinality of Sets

We will spend a significant amount of time trying to count the number of elements in certain sets. For now,
we will study some simple properties that will eventually become extremely useful when employed in clever
ways.

Definition 1.2.1. Given a set A, we let |A| be the number of elements of A, and we call |A| the cardinality
of A. If A is infinite, then we write |A| = co.

Of course, if we list the elements of a set A, then it’s usually quite easy to determine |A|. For example,
we trivially have [{1,v/2, 3,18}| = 4. However, it can be very hard to determine the cardinality of a set. For
example, consider the set

A={(z,y) €Z?:y* =23 —1}.

Determining the elements of A is not easy. Note that (1,0) € A, but it is not at all clear whether there are
any other elements. Using some sophisticated number theory, it is possible to show that A = {(1,0)}, and
hence |A| = 1.

We start with one of the most basic, yet important, rules about the cardinality of sets.

Definition 1.2.2. We say that two sets A and B are disjoint if AN B = 0.
Fact 1.2.3 (Sum Rule). If A and B are finite disjoint sets, then |AU B| = |A| + |B|.

We won’t give a formal proof of this fact, because it is so basic that it’s hard to know what to assume
(although if one goes through the trouble of carefully axiomatizing math with something like set theory, then
it’s possible to give a formal proof using a technique called mathematical induction that we will discuss in
Chapter 2). At any rate, the key fact is that since A and B are disjoint, they have no elements in common.
Therefore, each element of A U B is in exactly one of A or B. Notice that the assumption that A and
B are disjoint is essential. If A = {1,2} and B = {2,3}, then |A| = 2 = |B|, but |A U B| = 3 because
AUB={1,2,3}.

Although the next result is again very intuitive, we show how to prove it using the Sum Rule.

Proposition 1.2.4 (Complement Rule). If A and B are finite sets and B C A, then |A\B| = |A| — |B|.

Proof. Notice that A\B and B are disjoint sets and that (A\B) U B = A. Using the Sum Rule, it follows
that |A\B| + |B| = | A|. Subtracting |B| from both sides, we conclude that |[A\B| = |A| — | B]. O

We can now easily generalize this to the case where B might not be a subset of A.
Proposition 1.2.5 (General Complement Rule). If A and B are finite sets, then |[A\B| = |A| — |AN B|.
Proof. We have A\B = A\(AN B). Since AN B C A, we can now apply the Complement Rule. O
We can generalize the Sum Rule to the following.
Definition 1.2.6. A collection of sets Ay, As, ..., A, is pairwise disjoint if A; N A; = () whenever i # j.

Fact 1.2.7 (General Sum Rule). If Ay, As, ..., A, are finite sets that are pairwise disjoint, then |A; U Ag U
UAn| = |A1|+‘A2|++|An‘

Again, we won’t give a formal proof of this fact (although it it possible to do so from the Sum Rule
by induction on n). Notice that the pairwise disjoint assumption is again key, and it’s not even enough to
assume that Ay N A N---N A, =0 (see the homework).

Proposition 1.2.8. If A and B are finite sets, we have |AU B| = |A| + |B| — |AN B].
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Proof. Consider the three sets A\ B, B\ A, and AN B. These three sets are pairwise disjoint, and their union
is AU B. Using the General Sum Rule, we conclude that

|AUB| =|A\B| + |B\A| + |AN BY.

Now |A\B| = |A| — |AN B| and |B\A| = |B| — |AN B| by the General Complement Rule. Plugging these in,
we conclude that
|[AUB| =1|A|—-|ANB|+|B|—|AnB|+|AN B,

and hence
|[AUB|=|A|+|B|—|ANB|.

Proposition 1.2.9 (Product Rule). If A and B are finite sets, then |A x B| = |A| - |B|.

Proof. Let n = |A| and let m = |B|. List the elements of A so that A = {a1,az,...,a,}. Similarly, list the
elements of B so that B = {b1,ba,...,b,,}. For each i, let

Ai = {(ai,bj) 01 S j S m} = {(ai,bl), (ai,bg), ey (ai,bm)}.

Thus, A; is the subset of A x B consisting only of those pairs whose first element is a;. Notice that the sets
Ay, As, ..., A, are pairwise disjoint and that

AXB:AlLJAQU"'UAn.

Furthermore, we have that |4;| = m for all 4. Using the General Sum Rule, we conclude that

|A X B| = |A1] + |A2| + - -+ + |Ay|

=n-m

= |4]-|B|

Using induction (again, see Chapter 2), one can prove the following generalization.

Proposition 1.2.10 (General Product Rule). If Ay, Aa, ..., A, are finite sets, then |A; X Az x -+- x Ap| =
|A1| - [Az] - -+ |An].

Corollary 1.2.11. If A is a finite set and n € N*t, then |A"| = |A|™.

Corollary 1.2.12. For any n € N*, we have that |{0,1}"| = 2", i.e. there are 2" many sequences of 0’s
and 1’s of length n.

1.3 Relations and Equivalence Relations

Definition 1.3.1. Let A and B be sets. A (binary) relation between A and B is a subset R C A x B. If
A = B, then we call a subset of A x A a (binary) relation on A.
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For example, let A = {1,2,3} and B = {6,8} as above. We saw above that

{1,2,3} x {6,8} = {(1,6),(1,8),(2,6),(2,8),(3,6), (3,8)}.

The set
R =1{(1,6),(1,8),(3,8)}

is a relation between A and B, although certainly not a very interesting one. However, we’ll use it to illustrate
a few facts. First, in a relation, it’s possible for an element of A to be related to multiple elements of B, as
in the case for 1 € A for our example R. Also, it’s possible that an element of A is related to no elements of
B, as in the case of 2 € A for our example R.

For a more interesting example, consider the binary relation on Z defined by R = {(a,b) € Z? : a < b}.
Notice that (4,7) € R and (5,5) ¢ R.

By definition, relations are sets. However, it is typically cumbersome to use set notation to write things
like (1,6) € R. Instead, it usually makes much more sense to use infix notation and write 1R6. Moreover,
we can use better notation for the relation by using a symbol like ~ instead of R. In this case, we would
write 1 ~ 6 instead of (1,6) € ~, or 2 # 8 instead of (2,8) ¢ ~.

With this new notation, we give a few examples of binary relations on R:

e Given z,y € R, we let x ~ y if 22 +¢y% = 1.
e Given z,y € R, we let 2 ~ y if 22 +y2 < 1.
e Given z,y € R, we let z ~ y if z = siny.
e Given z,y € R, we let z ~ y if y = sinx.

Again, notice from these examples that given z € R, there might be 0, 1, 2, or even infinitely many y € R
with z ~ y.

If we let A = {0,1}* be the set of all finite sequences of 0’s and 1’s, then the following are binary relations
on A:

e Given 0,7 € A, we let 0 ~ 7 if ¢ and 7 have the same number of 1’s.

o Given 0,7 € A, we let 0 ~ 7 if 0 occurs as a consecutive subsequence of 7 (for example, we have
010 ~ 001101011 because 010 appears in positions 5-6-7 of 001101011).

For a final example, let A be the set consisting of the 50 states. Let R be the subset of A x A consisting
of those pairs of states that have a common letter in the second position of their postal codes. For example,
we have (Iowa,California) € R and and (Iowa, Virginia) € R because the postal codes of these sets are TA,
CA, VA. We also have (Minnesota, Tennessee) € R because the corresponding postal codes are MN and TN.
Now (Texas, Texas) € R, but there is no a € A with a # Texas such that (Texas, a) € R, because no other
state has X as the second letter of its postal code. Texas stands alone.

Recall that a binary relation on a set A is any subset of A x A. As a result, a given relation might have
very few nice properties. However, there are many special classes of relations, and one of the most important
types is the following.

Definition 1.3.2. An equivalence relation on a set A is a binary relation ~ on A having the following three
properties:

o ~ is reflexive: a ~ a for all a € A.
o ~ is symmetric: Whenever a,b € A satisfy a ~ b, we have b ~ a.

o ~ is transitive: Whenever a,b,c € A satisfy a ~ b and b ~ ¢, we have a ~ c.
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Consider the binary relation ~ on Z where a ~ b means that a < b. Notice that ~ is reflexive because
a < a for all a € Z. Also, ~ is transitive because if a < b and b < ¢, then a < ¢. However, ~ is not
symmetric because 3 ~ 4 but 4 ¢ 3. Thus, although ~ satisfies two out of the three requirements, it is not
an equivalence relation.

A simple example of an equivalence relation is where A =R and a ~ b means that |a| = |b|. In this case,
it is straightforward to check that ~ is an equivalence relation. We now move on to some more interesting
examples which we treat more carefully.

Example 1.3.3. Let A be the set of all n X n matrices with real entries. Let M ~ N mean that there exists
an invertible n x n matriz P such that M = PNP~'. We then have that ~ is an equivalence relation on A.

Proof. We need to check the three properties.

o Reflexive: Let M € A be arbitrary. The n x n identity matrix I is invertible and satisfies 1! = I, so
we have M = IMI~'. Therefore, ~ is reflexive.

e Symmetric: Let M, N € A be arbitrary with M ~ N. Fix an n x n invertible matrix P with
M = PNP~'. Multiplying on the left by P~ we get P~'M = NP~!, and now multiplying on the
right by P we conclude that P~'M P = N. We know from linear algebra that P~! is also invertible
and (P~1)™t = P, so N = P!M(P~1)~! and hence N ~ M.

o Transitive: Let L, M, N € A be arbitrary with L ~ M and M ~ N. Since L ~ M, we may fix an n xn
invertible matrix P with L = PMP~!. Since M ~ N, we may fix an n x n invertible matrix Q with
M = QNQ~'. We then have

L=PMP!'=PQNQ HP ' =(PQNQ 'P).

Now by linear algebra, we know that the product of two invertible matrices is invertible, so PQ is
invertible and furthermore we know that (PQ)~! = Q! P~!. Therefore, we have

L= (PQ)N(PQ)™ !,
so L ~N.

Putting it all together, we conclude that ~ is an equivalence relation on A. O

Example 1.3.4. Let A be the set Z x (Z\{0}), i.e. A is the set of all pairs (a,b) € Z* with b # 0. Define a
relation ~ on A as follows. Given a,b,c,d € Z with b,d # 0, we let (a,b) ~ (¢,d) mean ad = be. We then
have that ~ is an equivalence relation on A.

Proof. We check the three properties.
o Reflexive: Let a,b € Z be arbitrary with b # 0. Since ab = ba, it follows that (a,b) ~ (a,b).

o Symmetric: Let a,b, ¢, d € Z be arbitrary with b,d # 0, and (a,b) ~ (¢,d). We then have that ad = be.
From this, we conclude that ¢b = da so (¢,d) ~ (a,b).

o Transitive: Let a,b,c,d,e, f € Z be arbitrary with b,d, f # 0 where (a,b) ~ (¢,d) and (¢,d) ~ (e, f).
We then have that ad = bc and cf = de. Multiplying the first equation by f we see that adf = bef.
Multiplying the second equation by b gives bef = bde. Therefore, we know that adf = bde. Now d # 0
by assumption, so we may cancel it to conclude that af = be. It follows that (a,b) ~ (e, f)

Therefore, ~ is an equivalence relation on A. O



16 CHAPTER 1. INTRODUCTION

Let’s analyze the above situation more carefully. We have (1,2) ~ (2,4), (1,2) ~ (4,8), (1,2) ~ (=5, —10),
etc. If we think of (a, b) as representing the fraction %, then the relation (a,b) ~ (c, d) is saying exactly that
the fractions § and § are equal. You may never have thought about equality of fractions as the result of
imposing an equivalence relation on pairs of integers, but that is exactly what it is. We will be more precise
about this below.

Definition 1.3.5. Let ~ be an equivalence relation on a set A. Given a € A, we let
a={bec A:a~b}.
The set a is called the equivalence class of a.

Some sources use the notation [a] instead of @. The former notation helps emphasize that the equivalence
class of a is a subset of A rather than an element of A. However, it is cumbersome notation to use when we
begin working with equivalence classes. We will stick with our notation, although it might take a little time
to get used to it. Notice that by the reflexive property of ~, we have that a € @ for all a € A.

For example, let’s return to where A is the set consisting of the 50 states and R is the subset of A x A
consisting of those pairs of states that have a common letter in the second position of their postal codes. It’s
straightforward to show that R is an equivalence relation on A. We have

Iowa = {California, Georgia, lowa, Louisiana, Massachusetts, Pennsylvania, Virginia, Washington},

while
Minnesota = {Indiana, Minnesota, Tennessee }

and
Texas = {Texas}.

Notice that each of these are sets, even in the case of Texas.
For another example, suppose we are working with A = Z x (Z\{0}) where (a,b) ~ (¢, d) means that
ad = be. As discussed above, some elements of (1,2) are (1,2), (2,4), (4,8), (—5,—10), etc. So

(1,2) ={(1,2),(2,4),(4,8), (-5, -10),... }.

Again, T want to emphasize that (a,b) is a subset of A.

The following proposition is hugely fundamental. It says that if two equivalence classes overlap, then
they must in fact be equal. In other words, if ~ is an equivalence on A, then the equivalence classes partition
the set A into pieces.

Proposition 1.3.6. Let ~ be an equivalence relation on a set A and let a,b € A. IfaNb# (), thena=b.

Proof. Suppose that @Nb # (). Since this set is nonempty, we can fix some ¢ € @Nb. We then have a ~ ¢
and b ~ c. By symmetry, we know that ¢ ~ b, and using transitivity we get that a ~ b. Using symmetry
again, we conclude that b ~ a. We now show that @ = b by showing each containment:

e We first show that @ C b. Let 2 € @ be arbitrary. We theg have that a ~ z. Since b ~ a from above,
we can use transitivity to conclude that b ~ z, hence = € b.

o We next show that b C @. Let = € b be arbitrary. We then have that b ~ z. Since a ~ b from above,
we can use transitivity to conclude that a ~ x, hence = € a@.

Putting this together, we conclude that @ = b. O

With that proposition in hand, we are ready for the foundational theorem about equivalence relations.
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Theorem 1.3.7. Let ~ be an equivalence relation on a set A and let a,b € A.
1. a~bifand only if @ =b.
2. a b if and only ifanb = 0.

Proof. 1. Suppose first that a ~ b. We then have that b € @. Now we know that b ~ b because ~ is
reflexive, so b € b. Thus, b € anb, so aNb # (). Using Proposition 1.3.6, we conclude that @ = b.
Suppose conversely that @ = b. Since b ~ b because ~ is reflexive, we have that b € b. Therefore, b € @
and hence a ~ b.

2. Suppose that a ¢ b. Since we just proved (1), it follows that @ # b, so by Proposition 1.3.6 we must
have aNb = 0.

Suppose conversely that @Nb = (). We then have @ # b (because a € @ so @ # ()), so a + b by part (1).
O

Therefore, given an equivalence relation ~ on a set A, the equivalence classes partition A into pieces.
Working out the details in our postal code example, one can show that ~ has 1 equivalence class of size 8
(namely Towa, which is the same set as California and 6 others), 3 equivalence classes of size 4, 4 equivalence
classes of size 3, 7 equivalence classes of size 2, and 4 equivalence classes of size 1.

Let’s revisit the example of A = Z x (Z\{0}) where (a,b) ~ (¢,d) means ad = bc. The equivalence class
of (1,2), namely the set (1,2) is the set of all pairs of integers which are ways of representing the fraction
%. In fact, this is how once can “construct” the rational numbers from the integers. We simply define the
rational numbers to be the set of equivalence classes of A under ~. In other words, we let

z =@
So when we write something like
1 4
2%
we are simply saying that
(17 2) = (4a 8)7

which is true because (1,2) ~ (4, 8).

1.4 Functions

We're all familiar with functions from Calculus. In that context, a function is often given by a “formula”,
such as f(x) = 2* — 423 + 22 — 1. However, we also encounter piecewise-defined functions, such as

224+1 ifx>2,
f(x){x—1 if 2 < 2,

and the function g(x) = |x|, which is really piecewise defined as

T if x >0,
g(w){ B

—x ifz<O.

For a more exotic example of a piecewise defined function, consider

1 ifreq,
f(x){o itz ¢ Q.
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Despite these examples, only the most basic functions in mathematics are defined through formulas on pieces.
For instance, the function f(z) = sinz is not given by a formula, and it is difficult to compute values of
this function with any accuracy using only basic operations like + and -. In fact, we give this function the
strange new name of “sine” because we can not express it easily using more basic operations. The function
f(x) = 2% is easy to compute for z € Z, but it’s actually nontrivial to compute and even define in general
(after all, do you remember the definition of 277). Even more fundamentally, the function f(x) = /z is also
not really given by a formula, because the definition, i.e. f(z) is the unique positive y with the property that
y2 =z, does not give us an easy way to compute it.

Beyond these fundamental functions that you encounter before Calculus, you learn more exotic ways
to define functions in Calculus. Given a function f, you learn how to define a new function f’, called the
derivative of f, using a certain limit operation. Now in many cases, you can compute f’ more easily using
facts like the Product Rule and the Chain Rule, but these rules do not always apply. Moreover, given any
continuous function g, we can define a new function f by letting

In other words, f is defined as the “(signed) area of g so far” function, in that f(x) is defined to be the
(signed) area between the graph of g and the z-axis over the interval from 0 to x. Formally, f is defined as
a limit of Riemann sums. Again, in Calculus you learn ways to compute f(z) more easily in many special
cases using the Fundamental Theorem of Calculus. For example, if

f(z) = /0%(3162 +t) dt,

then we can also compute f as

while if N
flx) :/ sint dt,
0

then we can also compute f as
f(z) =1—cosx.

However, not all integrals can be evaluated so easily. In fact, it turns out that the perfectly well-defined

function .
flx) :/ e dt
0

can not be expressed through polynomials, exponentials, logs, and trigonometric functions using only oper-
ations like +, -, and function composition. Of course, we can still approximate it using Riemann sums (or
Simpson’s Rule), and this is important for us to be able to do since this function represents the area under
a normal curve, which is essential in statistics.

If we move away from functions whose inputs and outputs are real numbers, we can think about other
interesting ways to define functions. For example, suppose we define a function whose inputs and outputs
are elements of R? by letting f (@) be the result of rotating @ by 27° clockwise around the origin. This seems
to be a well-defined function despite the fact that it is not clear how to compute it (though you likely learned
how to compute it in Linear Algebra).

Alternatively, consider a function whose inputs and outputs are natural numbers by letting f(n) be the
number of primes less than or equal to n. For example, we have f(3) = 2, f(4) = 2, f(9) = 4, and f(30) = 10.
Although it is possible to compute this function, it’s not clear whether we can compute it quickly. In other
words, it’s not obvious if we can compute something like f(2°°) without a huge amount of work.
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Perhaps you have some exposure to the concept of a function as it is used in computer programming. From
this perspective, a function is determined by a sequence of imperative statements or function compositions
as defined by a precise programming language. Since a computer is doing the interpreting, of course all such
functions can be computed in principle (or if your computations involve real numbers, then at least up to
good approximations). However, if you take this perspective, an interesting question arises. If we write two
different functions f and g that do not follow the same steps, and perhaps even act qualitatively differently
in structure, but they always produce the same output on the same input, should we consider them to be
the same function? We can even ask this question outside of the computer science paradigm. For example,
if we define f(z) = sin? 2 + cos? z and g(x) = 1, then should we consider f and g be the same function?

We need to make a choice about how to define a function in general. Intuitively, given two sets A and B,
a function f: A — B is an input-output “mechanism” that produces a unique output b € B for any given
input a € A. As we’ve seen, the vast majority of functions that we have encountered so far can be computed
in principle, so up until this point, we could interpret “mechanism” in an algorithmic and computational
sense. However, we want to allow as much freedom as possible in this definition so that we can consider
new ways to define functions in time. In fact, as you might see in later courses (like Automata, Formal
Languages, and Computational Complexity), there are some natural functions that are not computable even
in theory. As a result, we choose to abandon the notion of computation in our definition. By making this
choice, we will be able to sidestep some of the issues in the previous paragraph, but we still need to make a
choice about whether to consider the functions f(z) = sin® z + cos® z and g(z) = 1 to be equal.

With all of this background, we are now in a position to define functions as certain special types of sets.
Thinking about functions from this more abstract point of view eliminates the vague “mechanism” concept
because they will simply be sets. With this perspective, we’ll see that functions can be defined in any way
that a set can be defined. Our approach both clarifies the concept of a function and also provides us with
some much needed flexibility in defining functions in more interesting ways. Here is the formal definition.

Definition 1.4.1. Let A and B be sets. A function from A to B is a subset f of A x B with the property
that for all a € A, there exists a unique b € B with (a,b) € f. Also, instead of writing “f is a function from
A to B”, we typically use the shorthand notation “f: A — B’

For example, let A ={2,3,5,7} and let B=N={0,1,2,3,4,...}. An example of a function f: A — B
is the set
F=1(2,71),(3,4),(5,9382),(7,4)}.

Notice that in the definition of a function from A to B, we know that for every a € A, there is a unique
b € B such that (a,b) € f. However, as this example shows, it may not be the case that for every b € B,
there is a unique a € A with (a,b) € f. Be careful with the order of quantifiers!

We can also convert the typical way of defining a function into this formal set theoretic way. For example,
consider the function f: R — R by letting f(x) = 22. We can instead define f by the set

{(z,9) ERx R :y = 2%},

or parametrically as
{(z,2%) : x € R}.

One side effect of our definition of a function is that we immediately obtain a nice definition for when two
functions f: A — B and g: A — B are equal because we have defined when two sets are equal. Given two
function f: A — Band g: A — B, if we unwrap our definition of set equality, we see that f = g exactly when
f and g have the same elements, which is precisely the same thing as saying that f(a) = g(a) for all a € A.
In particular, the manner in which we describe functions does not matter so long as the functions behave
the same on all inputs. For example, if we define f: R — R and g: R — R by letting f(z) = sin? 2 4 cos® z
and g(z) = 1, then we have that f = g because f(z) = g(z) for all z € R.
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Thinking of functions as special types of sets is helpful to clarify definitions, but is often awkward to work
with in practice. For example, writing (2,71) € f to mean that f sends 2 to 71 quickly becomes annoying.
Thus, we introduce some new notation matching up with our old experience with functions.

Notation 1.4.2. Let A and B be sets. If f: A — B and a € A, we write f(a) to mean the unique b € B
such that (a,b) € f.

For instance, in the above example of f, we can instead write

F(2) =11, £(3) =4, £(5) = 9382, and  f(7) =4

Definition 1.4.3. Let f: A — B be a function.

o We call A the domain of f.

o We call B the codomain of f.

o We define range(f) = {b € B : There exists a € A with f(a) = b}.

Notice that given a function f: A — B, we have range(f) C B, but it is possible that range(f) # B. For
example, in the above case, we have that the codomain of f is N, but range(f) = {4,71,9382}. In general,
given a function f: A — B, it may be very difficult to determine range(f) because we may need to search
through all a € A.

For an interesting example of a function with a mysterious looking range, fix n € NT and define
f:1{0,1,2,....,n —1} — {0,1,2,...,n — 1} by letting f(a) be the remainder when dividing a® by n. For
example, if n = 10, then we have the following table of values of f:

f(0)=0 f)y =1 f(2) =4 f3)=9 f(4) =6
f(5) =5 f(6) =6 f(7) =9 f(8) =4 f9)=1.

Thus, for n = 10, we have range(f) = {0, 1,4,5,6,9}. This simple but strange looking function has many
interesting properties. Given a reasonably large number n € N, it looks potentially difficult to determine
whether an element is in range(f) because we might need to search through a huge number of inputs to see if
a given output actually occurs. If n is prime, then it turns out that there are much faster ways to determine
if a given element is in range(f) (see Algebraic Number Theory). However, it is widely believed (although
we do not currently have a proof!) that there is no efficient method to do this when n is the product of two
large primes, and this is the basis for some cryptosystems (Goldwasser-Micali) and pseudo-random number
generators (Blum-Blum-Shub).

Definition 1.4.4. Suppose that f: A — B and g: B — C are functions. The composition of g and f,
denoted g o f, is the function go f: A — C defined by letting (g o f)(a) = g(f(a)) for all a € A.

Notice that in general we have f o g # go f even when both are defined! If f: R — Ris f(z) =z +1
and g: R — R is g(x) = 22, then
(fog)(x) = flg(x))
= f(a?)
=224+1
while
(g0 f)(x) =g(f(x))
=g(z+1)
= (z+1)?
=2+ 2z +1.
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Notice then that (fog)(1) = 1241 = 2 while (go f)(1) = 12+2-1+1 = 4. Since we have found one example
of an z € R with (f o g)(z) # (f o g)(x), we conclude that fog # go f. It does not matter that there do
exist some values of z with (f o g)(x) = (f o g)(z) (for example, this is true when z = 0). Remember that
two functions are equal precisely when they agree on all inputs, so to show that the two functions are not
equal it suffices to find just one value where they disagree (again remember that the negation of a “for all”
statement is a “there exists” statement).

Proposition 1.4.5. Let A, B,C, D be sets. Suppose that f: A — B, that g: B — C, and that h: C — D
are functions. We then have that (hog)o f = ho(go f). Stated more simply, function composition is
associative whenever it is defined.

Proof. Let a € A be arbitrary. We then have

where each step follows by definition of composition. Therefore ((hog)o f)(a) = (ho(go f))(a) for all a € A.
It follows that (hog)o f=ho(go f). O

1.5 Divisibility
Definition 1.5.1. Let a,b € Z. We say that a divides b, and write a | b, if there exists m € Z with b = am.

For example, we have 2 | 6 because 2 -3 = 6 and 3 | —21 because 3 - (—7) = 21. On the other hand, we
have 21 5. To see this, we argue as follows.

e For any m € Z with m < 2, we have 2m < 4.
e For any m € Z with m > 2, we have m > 3, so 2m > 6.

Therefore, for every m € Z, we have 2m # 5. It follows that 2 1 5. We will see less painful ways to prove
this later.

Notice that a | 0 for every a € Z because a -0 = 0 for all a € Z. In particular, we have 0 | 0 because as
noted we have 0-0 = 0. Of course we also have 0-3 = 0 and in fact 0-m = 0 for all m € Z, so every integer
serves as a “witness” that 0| 0. Our definition says nothing about the m € Z being unique.

Proposition 1.5.2. Ifa|bandb]|c, then a | c.
Proof. Since a | b, there exists m € Z with b = am. Since b | ¢, there exists n € Z with ¢ = bn. We then have
¢ =bn = (am)n = a(mn)
Since mn € Z, it follows that a | c. O
Proposition 1.5.3.
1. Ifa | b, then a | kb for all k € Z.
2. Ifa|bandal]c, thenal (b+c).

3. Ifa|bandalc, then a| (mb+ nc) for all m,n € Z.
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Proof.
1. Let a,b, k € Z be arbitrary with a | b. Since a | b, we can fix m € Z with b = am. We then have
kb = k(am) = a(mk).
Since mk € Z, it follows that a | kb.

2. Let a,b, c € Z be arbitrary with both a | b and a | ¢. Since a | b, we can fix m € Z with b = am. Since
a | ¢, we can fix n € Z with ¢ = an. Notice that

b+ c=am+an=a(m+n).
Since m,n € Z, we know that m + n € Z, it follows that a | b + c.

3. Let m,n € Z be arbitrary. Since a | b, we conclude from part 1 that a | mb. Since a | ¢, we conclude
from part 1 again that a | nc. Using part 2, it follows that a | (bm + cn).

O

Proposition 1.5.4. Suppose that a,b € Z. If a|b and b # 0, then |a| < |b].

Proof. Suppose that a | b with b # 0. Fix d € Z with ad = b. Since b # 0, we have d # 0. Thus, |d| > 1, and
S0

[b] = |ad]
= |al - |d|
> ol -1
= |al.

Corollary 1.5.5. Suppose that a,b € Z. If a|b and b | a, then either a =b or a = —b.
Proof. We handle three cases:

o Case 1: Suppose that a # 0 and b # 0. By the Proposition 1.5.4, we know that both |a| < |b| and
|b| < la|. It follows that |a| = |b|, and hence either a = b or a = —b.

e Case 2: Suppose that a = 0. Since a | b, we may fix m € Z with b = am. We then have b = am =
0m = 0 as well. Therefore, a = b.

o Case 3: Suppose that b = 0. Since b | a, we may fix m € Z with a = bm. We then have a = bm =
0m = 0 as well. Therefore, a = b.

Thus, in all cases, we have that either a = b or a = —b. O

Given an integer a € Z, we introduce the following notation for the set of all divisors of a.
Definition 1.5.6. Given a € Z, we let Div(a) ={d € Z : d | a} and we let Divt(a) = {d € Nt : d | a}.

Notice that if a # 0, then |d| < |a| for all d € Div(a) by Proposition 1.5.4. Thus, we need only check
finitely many values to determine Div(a). For instance, we have Div(7) = {1,—1,7, -7} (don’t forget the
negatives!), which we can write more succinctly as {1, 47}, while Div(6) = {£1,+2,+3,4£6} (we’ll soon
see better ways to compute these sets that do not require an exhaustive search). For a more interesting
example, we have Div(0) = Z.

Proposition 1.5.7. For any a € Z, we have Div(a) = Div(—a).
Proof. Exercise. O



Chapter 2

Induction and Well-Ordering

2.1 Mathematical Induction

Suppose that we want to prove that a certain statement is true for all natural numbers. In other words, we
want to do the following:

¢ Prove that the statement is true for 0.
e Prove that the statement is true for 1.
¢ Prove that the statement is true for 2.

e Prove that the statement is true for 3.

Of course, since there are infinitely many natural numbers, going through each one in turn does not work
because we will never handle them all this way. How can we get around this? Suppose that when we
examine the first few proofs above that they look the same except that we replace 0 by 1 everywhere, or 0
by 2 everywhere, etc. In this case, one is tempted to say that “the pattern continues” or something similar,
but that is not convincing because we can’t be sure that the pattern does not break down when we reach
5419. One way to argue that the “the pattern continues” and handle all of the infinitely many possibilities
at once is to take an arbitrary natural number n, and prove that the statement is true for n using only the
fact that n is a natural number (but not any particular natural number).

The method of taking an arbitrary n € N and proving that the statement is true for n is the standard way
of proving a statement involving a “for all” quantifier. This technique also works to prove that a statement
is true for all real numbers or for all matrices, as long as we take an arbitrary such object. However, there
is a different method one can use to prove that every natural number has a certain property, and this one
does not carry over to other settings like the real numbers. The key fact is that the natural numbers start
with 0 and proceed in discrete steps forward. With this in mind, consider what would happen if we could
accomplish each of the following:

e Prove that the statement is true for 0.
e Prove that if the statement is true for 0, then the statement is true for 1.
e Prove that if the statement is true for 1, then the statement is true for 2.

e Prove that if the statement is true for 2, then the statement is true for 3.

23



24 CHAPTER 2. INDUCTION AND WELL-ORDERING

Suppose that we are successful in proving each of these. From the first line, we then know that the statement
is true for 0. Since we now know that it’s true for 0, we can use the second line to conclude that the statement
is true for 1. Since we now know that it’s true for 1, we can use the second line to conclude that the statement
is true for 2. And so on. In the end, we are able to conclude that the statement is true for all natural numbers.

Let’s examine this situation more closely. On the fact of it, each line looks more complicated than the
corresponding line for for a direct proof. However, the key fact is that from the second line onward, we now
have an additional assumption! Thus, instead of proving that the statement is true for 3 without any help,
we can now use the assumption that the statement is true for 2 in that argument. Extra assumptions are
always welcome because we have more that we can use in the actual argument.

Of course, as in our discussion at the beginning of this section, we can’t hope to prove each of these
infinitely many things one at a time. In an ideal world, the arguments from the second line onward all
look exactly the same with the exception of replacing the number involved. Thus, the idea is to prove the
following:

e Prove that the statement is true for 0.
e Prove that if the statement is true for n, then the statement is true for n + 1.

Notice that for the second line, we would need to prove that it is true for an arbitrary n € N, just like we
would have to in a direct argument. An argument using these method is called a proof by (mathematical)
induction, and it is an extremely useful and common technique in mathematics. We can also state this
approach formally in terms of sets, allowing us to bypass the vague notion of “statement” that we employed
above.

Fact 2.1.1 (Principle of Mathematical Induction on N). Let X C N. Suppose that the following are true:
e 0 € X (the base case).
e n+1¢€ X whenever n € X (the inductive step).

We then have that X = N.

Once again, here’s the intuitive argument for why induction is valid. By the first assumption, we know
that 0 € X. Since 0 € X, the second assumption tells us that 1 € X. Since 1 € X, the second assumption
again tells us that 2 € X. By repeatedly applying the second assumption in this manner, each element of N
is eventually determined to be in X. Notice that a similar argument works if we start with a different base
case, i.e. if we start by proving that 3 € X and then prove the inductive step, then it follows that n € X for
all n € N with n > 3.

Although we have stated induction with a base case of 0, it is also possible to give an inductive proof
that starts at a different natural. For example, if we prove a base case the 4 € X, and we prove the usual
inductive step that n + 1 € X whenever n € X, then we can conclude that n € X for all n € N with n > 4,
ie. that {neN:n >4} C X.

We now give many examples of proofs by induction. For our first example, we establish a formula for the
sum of the first n positive natural numbers.

Proposition 2.1.2. For any n € N*, we have

i.e.
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We give two proofs. The first is a clever argument that avoids induction, while the second is a typical
application of induction.

Proof 1. We first give a proof without induction. Let n € N be arbitrary. Let S =1+2+---+(n—1) +n.
We also have S =n+ (n—1) 4+ ---+ 2+ 1. Adding both of these equalities, we conclude that

2S=n+)+Mm+1)+--+n+1)+(n+1),

and hence
25 =n(n+1).
Dividing both sides by 2, we conclude that
nin+1)
S=— "7
2
sol+2+...+(n_1)+n:n(n2+1). -

While elegant, the previous argument required the creative insight of rewriting the sum in a different
way, and finding the resulting clever pairing. We now give an inductive proof, which replaces the creative
leap with some algebraic manipulations.

Proof 2. We give a proof using induction. Since we are proving something about all elements of N*, we start
with a base case of 1.

e Base Case: For n = 1, the sum on the left-hand side is 1, and the right-hand side is 1—22 = 1. Thus,
that statement is true when n = 1.

o Inductive Step: Assume that the statement is true for some fixed n € NT, i.e. suppose that n is a
number for which we know that

1
1+2+...+n:%.
We then have
n(n+1) . . .
1424--+n+(n+1)= — +(n+1) (by the inductive hypothesis)
_n?+n+2n+2
N 2
- n? +3n+2
2
_ (n+1)(n+2)
B 2
_ (n+1)((n+1)+1)
5 .
Thus, the statement is true for n + 1.
By induction, we conclude that
n(n+1)
L42+ o tn=—"—

for all n € NT. O
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In the previous proof, we could have written it using the set-theoretic form of induction by letting

X—{nel\ﬁ:ii—n(n;l)}’

k=1

and then used the principle of induction to argue that X = N*. Typically, we will avoid formally writing
the set, and working in this way, but it is always possible to translate arguments into the corresponding
set-theoretic approach.

Proposition 2.1.3. For any n € Nt, we have
> (2k-1)
k=1

i.e.
1+3+5+7++(2n—1) =n?

Proof. We give a proof by induction.

e Base Case: Suppose that n = 1. We have

1
Zqu =2.1-1=1,
k=1

so the left hand-side is 1. The right-hand side is 12 = 1. Thus, the statement is true when n = 1.

o Inductive Step: Assume that the statement is true for some fixed n € NT, i.e. suppose that n is a
number for which we know that N
> (@2k-1)
k=1

Notice that 2(n+1) —1=2n+2—1=2n+ 1, hence

n+1 n
S k-1 = k-1l +[2(n+1)—1]
k=1 k=1

= _@k-1]+@2n+1)
1

k
=n“+(2n+1) (by induction)
= (n+1)%

Thus, the statement is true for n + 1.

By induction, we conclude that
> @2k -1)
k=1
for all n € NT. O

Although induction is a useful tool for proving certain equalities, it can also be used in much more flexible
ways. We now give several examples of proving divisibility and inequalities by induction.
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Proposition 2.1.4. For alln € N, we have 3 | (4" —1).
Proof. We give a proof by induction.

e Base Case: Suppose that n = 0. We have 4° —1 =1 —1 = 0, hence 3 | (4° — 1) because 3 -0 = 0.
Thus, the statement is true when n = 0.

o Inductive Step: Assume that the statement is true for some fixed n € N, i.e. suppose that n is a
number for which we know that 3 | (4" — 1). Fix k € Z with 3k = 4" — 1. Adding 1 to both sides, it
follows that 4™ = 3k + 1, and hence

gl _1=4.4" -1

—4-(3k+1)—1
=12k + 3
=3 (4k +1).
Since 4k + 1 € Z, we conclude that 3 | (4"*! — 1). Thus, the statement is true for n + 1.
By induction, we conclude that 3| (4™ — 1) for all n € N. O

Proposition 2.1.5. We have 2n + 1 < n? for all n € N with n > 3.
Proof. We give a proof by induction.

e Base Case: Suppose that n = 3. We have 2-3+1 = 7and 32 = 9, s0 2-3 +1 < 32 Thus, the
statement is true when n = 3.

e Inductive Step: Assume that the statement is true for some fixed n € N with n > 3, i.e. suppose that
n > 3 is a number for which we know that 2n 4+ 1 < n2. Since 2n+1>2-3+1 =7 > 2, we then have

2n+1)+1=2n+3

=(2n+1) +2
<n?42
<n®+2n+1
=(n+1)>%
Thus, the statement is true for n + 1.
By induction, we conclude that 2n + 1 < n? for all n € N with n > 3. O

Proposition 2.1.6. We have n? < 2" for all n > 5.
Proof. We give a proof by induction.
e Base Case: Suppose that n = 5. We have 52 = 25 and 2° = 32, so 52 < 2°. Thus, the statement is

true when n = 5.

e Inductive Step: Assume that the statement is true for some fixed n € N with n > 5, i.e. suppose that
n > 5 is a number for which we know that n? < 27. Since n? =n-n > 3n =2n+n > 2n+ 1, we have
then have

(n+1)2=n*+2n+1
<n?+n?
=292
<2-2"
:2n+1.
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Thus, the statement is true for n + 1.

By induction, we conclude that n? < 2" for all n > 5. O

Proposition 2.1.7. For all z € R with x > —1 and alln € NT, we hve (1 + x)" > 1 + nz.

On the face of it, this problem looks a little different because we are also quantifying over infinitely many
real numbers x. Since x is coming from R, we can’t induct on z. However, we can take an arbitrary x € R
with x > —1, and then induct on n for this particular x. We now carry out that argument.

Proof. Let x € R be arbitrary with z > —1. For this z, we show that (1 + )" > 1+ nz for all n € NT by
induction.

e Base Case: Suppose that n = 1. We then have that (1 + z)! = 1 +2 = 1+ 1z, so certainly
1+z)! >1+1z.

o Inductive Step: Assume that the statement is true for some fixed n € NT, i.e. suppose that n is a
number for which we know that (1 4+ )™ > 1+ nz. Since z > —1, we have 1 + 2 > 0, so we can
multiply both sides of this inequality by (1 + x) to conclude that

1+2)" - (1+2z)>(1+nz) (1+42).
We then have
(I+az)=1+2)" (1+a)

>(1+nx) - (1+z) (from above)

=1+ nx+ z + na?

=14+ (n+ 1)z + na?

>14 (n+ 1. (since na?® > 0)
Hence, we have shown that (1 + 2)"*! > 1+ (n + 1)z, i.e. that the statement is true for n + 1.

By induction, we conclude that (1 + z)™ > 1 + nz for all n € N*. Since z € R with z > —1 was arbitrary,
the result follows. O

Proposition 2.1.8. For all n € NT, we have

"1
D <2

k=1

:\r—'

Proof. We prove the statement by induction.

e Base Case: Suppose that n = 1. In this case, we have

1
1
R

and

hence
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o Inductive Step: Assume that the statement is true for some fixed n € N, i.e. suppose that n is a

number for which we know that

s |-

"1
D 2

We then have

Thus, the statement is true for n + 1.

By induction, we conclude we conclude that

S|

1
Zﬁ§2—

k=1

n

for all n € N*.

2.2 Strong Induction and Well-Ordering

Remember our original model for induction:

Prove that the statement is true for 0.

Prove that if the statement is true for 0, then the statement is true for 1.
Prove that if the statement is true for 1, then the statement is true for 2.
Prove that if the statement is true for 2, then the statement is true for 3.

Prove that if the statement is true for 3, then the statement is true for 4.
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In the previous section, we argued why this model was sound and gave many examples. However, upon
closer inspection, it appears that we can assume more. In the second line, when proving that the statement
is true for 1 we are allowed to assume that the statement is true for 0. Now in the third line, when proving
that the statement is true for 2, we only assume that it is true for 1. If we are knocking down the natural
numbers in order, then we’ve already proved that it’s true for 0, so why can’t we assume that as well? The
answer is that we can indeed assume it! In general, when working to prove that the statement is true for a
natural number n, we can assume that the statement is true for all smaller natural numbers. In other words,
we do the following:

e Prove that the statement is true for 0.

e Prove that if the statement is true for 0, then the statement is true for 1.

e Prove that if the statement is true for 0 and 1, then the statement is true for 2.

e Prove that if the statement is true for 0, 1, and 2, then the statement is true for 3.

e Prove that if the statement is true for 0, 1, 2, and 3, then the statement is true for 4.

Suppose that we are successful in doing this. From the first line, we then know that the statement is true
for 0. Since we now know that it’s true for 0, we can use the second line to conclude that the statement is
true for 1. Since we now know that it’s true for both 0 and 1, we can use the second line to conclude that
the statement is true for 2. And so on. In the end, we are able to conclude that the statement is true for all
natural numbers.

As usual, we can’t hope to prove each of these infinitely many things one at a time. In an ideal world,
the arguments from the second line onward all look exactly the same with the exception of replacing the
number involved. Thus, the idea is to prove the following.

o Prove that the statement is true for 0.

e Prove that if the statement is true for each of 0,1,2,...,n, then the statement is true for n + 1.
Alternatively, we can state this as follows:

e Prove that the statement is true for 0.

o Prove that if the statement is true for each of 0,1,2,...,n — 1, then the statement is true for n (for
n>1).

An argument using these method is called a proof by strong induction. As we will see in the examples below,
sometimes we need to modify this simple structure to include several base cases in order to get the argument
going. Rather than going through a theoretical discussion of how and why one would do this, it’s easier to
illustrate the technique by example.

We start with an example where we verify a simple closed formed formula for a recursively defined
sequence. Since the sequence uses the past two values to define the current value, regular induction does not
give enough power to complete the proof.

Proposition 2.2.1. Define a sequence a,, recursively by letting ag =0, a1 =1, and
anp = 3an_1 — 2an_2
forn > 2. Show that a, = 2" — 1 for alln € N.

Proof. We prove that a, = 2" — 1 for all n € N by strong induction.
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e Base Case: We handle two bases where n = 0 and n = 1 because our inductive step will use the result
for two steps back. When n =0, we have ag =0and 2°—1=1—-1=0,s80 ag =2°—1. Whenn =1,
wehavea; =land 2! —1=2—-1=1,s0a; =2' — 1.

o Inductive Step: Let n > 2 and assume that the statement is true for 0,1,2,...,n — 1, i.e. assume that
apy = 2™ — 1 for all m € {0,1,2,...,n — 1}. We prove that the statement is true for n. Notice that
since n > 2, we have 0 < n—1 <nand 0 <n—2 < n, so we know that a,_1 = 2n=1 _ 1 and
Gp_o =2""2 - 1. Now

Ay = 30p_1 — 2051 (by definition since n > 2)
=3.-2"'-1)—-2-(2""2-1) (by the inductive hypothesis)
=3.2"1-3-2.2""2 42
:3_2n—1_2n—1_1
=B-1)-2t—1
=2.2""1 1
=2"—1.

Thus, a,, = 2" — 1 and so the statement is true for n.
Using strong induction, we conclude that a,, = 2" — 1 for all n € N. O

We now turn to an interesting example of using strong induction to establish when we can solve an
equation in the natural numbers.

Proposition 2.2.2. Ifn € N and n > 12, then there exist k,{ € N with n = 3k 4 7¢.
Proof. We give a proof by strong induction.

o Base Case: We first prove that the statement is true for all n € {12,13,14} (we will see why we need
so many base cases in the inductive step below). We have the following cases:

—12=3-4+7-0.
- 13=3-2+7-1.
- 14=3-047-2

Thus, the statement is true for all n € {12, 13, 14}.

e Inductive Step: Let n > 15 and assume that the statement is true for all k € N with 12 < k < n,
i.e. assume that the statement is true for 12,13,14,...,n — 1. We prove that the statement is true for
n. Since n > 15, we have 12 < n — 3 < n, so we can use the inductive hypothesis to fix k,¢ € N with

n—3=23k+ 7L
Adding 3 to both sides, we see that
n=3k+70+3
=3(k+1)+ 7L

Since k + 1,4 € N, we conclude that the statement is true for n.

By strong induction, we conclude that for all n € N with n > 12, there exist k,/ € N with n =3k 4+ 7¢. 0O
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We can also use strong induction to establish bounds for recursively defined sequences.

Proposition 2.2.3. Define a sequence recursively by letting fo =0, f1 =1, and f,, = fn-1 + fn—2 for all
n > 2. We have
fo 2"

for alln € N.
Proof. We prove the result by strong induction.
e Base Case: We first handle the cases when n =0 and n = 1.
— Notice that 2° =1 > 0, so fy < 29.
— Notice that 2! =2 > 1, so f; < 2.
Thus, the statement is true for n = 0 and n = 1.

e Inductive Step: Suppose that n > 2 and the statement is true for all £ € N with k£ < n. In particular,
we have 0 <n—2 <nand 0 <n—1 < n, so the statement is true for both n —2 and n — 1, and hence
fa—e <272 and f,_; < 2" '. We then have

o= fn-1+ fa-2 (since n > 2)
<ontlyont? (from above)
<2ntgnt
=9.9n"1
=2".

Therefore, f,, < 27", i.e. the statement is true for n.

By strong induction, we conclude that f,, < 2" for all n € N. O

Once we have such a proof, it is natural to ask how it could be improved. A nearly identical argument
shows that f, < 2"~! for all n € N. However, if we try to show that f,, < 2772 for all n € N, then the
inductive step goes through without a problem, but the base case of n = 1 does not work. As a result, the
argument fails.

Can we obtain a significantly better upper bound for f,, than 2"~ !'? In particular, can we use an
exponential whose base is less than 27 If we replace 2 with a number a > 1, i.e. try to prove that f, < a”
(or f, < a™71), then the base case goes through without a problem. In the inductive step, the key fact
that we used was that 27~! + 2772 < 2 for all n € N. If we replace 2 by an o > 1 with the property that
a1+ a2 <" for all n € N, then we can carry out the argument. Dividing through by a™~2, we want
to find the smallest possible & > 1 such that o + 1 < a2, which is equivalent to a? — o — 1 > 0. Using the
quadratic formula, the solutions to 2 — 2 — 1 = 0 are

1++5

CE

Now % > 1, so we now go back and check that we can use it in an inductive argument. In fact, we can
use it as a lower bound too (due to the fact that we get equality at the necessary step), so long as we change
the exponent slightly and start with fi.

Proposition 2.2.4. Define a sequence recursively by letting fo =0, f1 =1, and f, = fn_1+ fn_2 for all
n>2. Let p = # and notice that ¢* = ¢ + 1 (either from above, or by direct calculation). We have

¢n—2 S .fn S ¢n—1

for all n € NT.
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Proof. We prove the result by strong induction.
e Base Case: We first handle the cases when n = 1 and n = 2. Notice that

1+v5 _1+2 3

=5 >3 T
hence 5
-1
< —
¢ 3
We also have
1 1
polEVE _1£3
2 2
Since fi =1 = f5, we have
(bfl < fl — ¢0
and
¢° = fo < @'

Therefore, the statement is true for n = 1 and n = 2.

o Inductive Step: Suppose that n > 3 and the statement is true for all K € N* with £ < n. In particular,
we have 1 <n—2 <nand 1<n-—1<n,so the statement is true for both n — 2 and n — 1, and hence

P faia < o3 and "< foq < "2

We have
fn = fn-1+ fa-2 (since n > 3)
>3 4t (from above)
=¢" Hp+1)
— ¢n—4 . ¢2
= ¢,
and also
Jn=fo-1+ o2 (since n > 3)
<243 (from above)
=¢" o+ 1)
— ¢n—3 . ¢2
— ¢n71.

Therefore, ¢" 2 < f,, < ¢"1, i.e. the statement is true for n.
By strong induction, we conclude that ¢"~2 < f,, < ¢" ! for all n € N*, O
Closely related to strong induction, the following is a core fact about the ordering of the natural numbers:

Fact 2.2.5 (Well-Ordering of N). FEvery nonempty set X C N has a smallest element. That is, for all
nonempty X C N, there exists m € X such that m < n for alln € X.
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Why is this statement true? Suppose that X C N is nonempty. If 0 € X, then 0 is clearly the smallest
element of X, and we are done. Suppose then that 0 ¢ X. If 1 € X, then 1 is the smallest element of X,
and we are done. Suppose then that 1 ¢ X. If 2 € X, then 2 is the smallest element of X, and we are
done. Continuing this process, we must eventually reach a point where we encounter an element X, because
otherwise we would eventually argue that each fixed n € N is not an element of X, which would then imply
that X = 0.

This argument, like the arguments for induction and strong induction, is intuitively reasonable and
convincing. However, it is not particularly formal. It is possible to formally prove each of induction, strong
induction, and well-ordering from any of the others, so in a certain precise sense the three statements are
equivalent. If you're interested, think about how to prove well-ordering using induction (along with some of
the other implications). However, since all three are intuitively very reasonable, and it’s beyond the scope of
the course to construct the natural numbers and articulate exactly what we are allowed to use in the proofs
of these equivalences, we will omit the careful arguments.

Notice that the given statement is false if we consider subsets of Z or R (rather than subsets of N). For
example, Z is trivially a nonempty subset of Z, but it does not have a smallest element. Even if we consider
only subsets of the nonnegative reals {x € R : z > 0}, we can find nonempty subsets with no smallest
element (for example, the open interval (0,1) = {x € R: 0 < z < 1} does not have a smallest element).

We can often write an inductive proof as a proof using well-ordering, by considering a smallest potential
counterexample. For example, here is a proof of Proposition 2.2.2 (if n € N and n > 12, then there exist
k,¢ € N with n = 3k 4 7¢) using a well-ordering argument.

Proof of Proposition 2.2.2. Consider the set

X ={n € N:n > 12 and there does not exist k,¢ € N with n = 3k + 7¢}

of counterexamples to the given statement. It suffices to show that X = (). Suppose instead that X # (). By
well-ordering, we can let m be the smallest element of X. Notice that m ¢ {12,13,14} because we have the
following:

e 12=3-4+7-0.
e 13=3-2+7-1.
e 14=3-0+7-2.

Therefore, we must have m > 15, and hence 12 < m — 3 < 15. Now m is the smallest element of X, so we
must have m — 3 ¢ X, and hence we can fix k,¢ € N with m — 3 = 3k + 7¢. Adding 3 to both sides, we see
that
m=3k+T7(+3
=3(k+1)+5¢

Since k + 1,¢ € N, we conclude that m ¢ X, which is a contradiction. Therefore, it must be the case that
X =0, giving the result. O

2.3 Division with Remainder

The primary goal of this section is to prove the following deeply fundamental result.

Theorem 2.3.1. Let a,b € Z with b # 0. There exist unique q,7 € Z such that a = gb+1r and 0 < r < |b).
Uniqueness here means that if a = g1b+r1 with 0 < ry < |b|] and a = ga2b+re with 0 < ro < |b], then g1 = ¢
and ri = ry.
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Here are a bunch of examples illustrating existence:
e Ifa=5and b =2, then we have 5 =2-2 + 1.
e If a =135 and b = 45, then we have 135 = 3 - 45+ 0.
e Ifa=60and b=9, then we have 60 =6-9 + 6.
o If a =29 and b = —11, then we have 29 = (—2)(—11) + 7.
o If a =—45and b =7, then we have —45 = (—7) - 7+ 4.
e If a = —21 and b = —4, then we have —21 = 6 - (—4) + 3.

We begin by proving existence via a sequence of lemmas, starting in the special case where a and b are both
natural numbers.

Lemma 2.3.2. Let a,b € N with b > 0. There exist q,r € N such that a =qgb+r and 0 < r < b.

We give three separate proofs (induction, strong induction, and well-ordering) to illustrate the different
perspectives.

Proof 1 of Lemma 2.3.2 - By Induction. Let b € N with b > 0 be arbitrary. For this fixed b, we prove the
existence of both ¢ and r for all a € N by induction. That is, for this fixed b, we define

X ={a e N: There exist ¢,r € N with a = gb + r},

and show that X = N by induction.

e Base Case: Suppose that a = 0. We then have a = 0-b+ 0 and clearly 0 < b, so we may take ¢ =0
and r = 0.

e Inductive Step: Let a € N be arbitrary such that a € X. We show that a +1 € X. Since a € X, we
can fix ¢, € N with 0 < r < b such that a = ¢b +r. We then have a +1 = ¢gb+ (r+1). Since b,r € N
and r < b, we know that r+1 < b. If r+1 < b, then we are done. Otherwise, we have r+ 1 = b, hence

a+1=qgb+(r+1)

=qgb+b
= (g+1)b
=(¢+1)b+0,
so we may take ¢ + 1 and O.
By induction, we conclude that X = N. Since b was arbitrary, the result follows. O

Proof 2 of Lemma 2.3.2 - By Strong Induction. Let b € N with b > 0 be arbitrary. For this fixed b, we prove
the existence of both ¢ and r for all a € N by strong induction. That is, for this fixed b, we define

X ={a € N: There exist ¢,r € N with a = gb + r},

and show that X = N by strong induction.

e Base Case: Let a € N with a < b be arbitrary. We then have a = 0- b+ a and clearly a < b, so we
may take ¢ =0 and r = a.
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e Inductive Step: Let a € N with a > b be arbitrary, and assume that ¢ € X for all ¢ € N with ¢ < a.
We show that a € X. Since a > b, we can subtract b from both sides to conclude that a — b > 0, and
hence a — b € N. Also, since b > 0, we know that a — b < a. Since we have 0 < a — b < a, we know
that a —b € X, so we can fix ¢, € N with 0 < r < b such that a — b = gb+ r. Adding b to both sides,
it follows that

a=qgb+r+0
=gb+b+r
=(qg+1)b+r,
so we may take ¢ + 1 and r.
By strong induction, we conclude that X = N. Since b was arbitrary, the result follows. O

Proof 3 of Lemma 2.3.2 - By Well-Ordering. Let a,b € N with b > 0 be arbitrary. Consider the set
S={a—kb:keN}NN.

Notice that a € S (by taking & = 0 and recalling that a € N), so S # (). By well-ordering, S has a smallest
element r € N. Since r € S, we can fix ¢ € N with = a — ¢b. We then have that a = ¢b + r, so we need
only show that r < b. Notice that

r—b=a—qb->
=a—(¢g+ 1),

so as ¢+ 1 € N, it follows that r —b € {a — kb : k € N}. Now r — b < r because b > 0, so as r is the smallest
element of S, it must be the case that r —b ¢ S. As a result, we conclude that » — b ¢ N, so must have
r —b < 0 (because clearly r — b € Z). Adding b to both sides, it follows that r < b. O

With this in hand, we now extend to the case where a € Z.
Lemma 2.3.3. Let a,b € Z with b > 0. There exist q,r € Z such thata =qb+1 and 0 <71 < b.

Proof. If a > 0, we are done by the previous lemma. Suppose that a < 0. We then have —a > 0, so
by the previous lemma we may fix ¢,r € N with 0 < r < b such that —a = ¢gb + r. We then have
a=—(gb+r)=(—q)b+ (—r). If r =0, then —r = 0 and we are done. Otherwise we 0 < r < b and

a=(=b+ (=)
=(—q)b—b+b+ (—r)
=(—q—1b+(b-r).
Now since 0 < r < b, we have 0 < b — r < b, so this gives existence. O

And now we can extend to the case where b < 0.
Lemma 2.3.4. Let a,b € Z with b # 0. There exist q,v € Z such that a = q¢b+1r and 0 < r < |b].

Proof. If b > 0, we are done by the previous lemma. Suppose that b < 0. We then have —b > 0, so by the
previous lemma we can fix ¢, € N with 0 < r < —b and a = ¢(—b) + r. We then have a = (—q)b+ r and
we are done because |b| = —b. O

With that sequence of lemmas building to existence now in hand, we finish off the proof of the theorem.
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Proof of Theorem 2.3.1. The final lemma above gives us existence, so we need only prove uniqueness. Let
q1,71,q2,72 € Z be arbitrary with
@b+711 =a=qb+r,

and where 0 < r; < |b| and 0 < 9 < |b|. We need to show that ¢; = g2 and r1 = ro. Manipulating the above
equality, we have
b(ge — q1) =11 — 72,

hence b | (r2 —r1). Now —|b| < —r1 < 0, so adding this to 0 < r9 < |b], we conclude that
—|b‘ <rg—r1 < |b‘7

and therefore
|7’2 — 'I’1| < ‘b|

Now if ro — 7 # 0, then since b | (r2 — 1), we can use Proposition 1.5.4 to conclude that |b| < |ry — 71, &
contradiction. It follows that ro — r; = 0, and hence ry = r5. Since

@1b+711 = q2b+ 1o

and r; = r9, we conclude that g1b = ¢2b. Now b # 0, so we can divide both sides by b to conclude that
Q1 = ¢ O

Now that we have established the core facts about division with remainder, we can use them to give a
simple check for divisibility.

Proposition 2.3.5. Let a,b € Z with b # 0. Write a = qb + r for the unique choice of q,v € Z with
0 <r < |b|]. We then have that b | a if and only if r = 0.

Proof. It r = 0, then a = ¢b + r = bq, so b | a. Suppose conversely that b | @ and fix m € Z with a = bm.
We then have a = mb+ 0 and a = ¢b + r, so by the uniqueness part of the above theorem, we must have
r=0. O

For example, we can now easily verify that 2 4 5 without any work as follows. Simply notice that
5=2-241and 0 <1 < 2, so since the unique remainder is 1 # 0, it follows that 2 { 5.
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Chapter 3

GCDs, Primes, and the Fundamental
Theorem of Arithmetic

3.1 The Euclidean Algorithm

Definition 3.1.1. Suppose that a,b € Z. We say that d € Z is a common divisor of a and b if both d | a
and d | b.

We can write the set of common divisors of a and b as an intersection, i.e. given a,b € Z, the set of
common divisors of a and b is the set Div(a) N Div(b). For example, the set of common divisors of 120
and 84 is the set {£1,42,£3,+4,+6,+12}. One way to determine the values in this set is to exhaustively
determine each of the sets Div(120) and Div(84), and then comb through them both to find the common
elements. However, we will work out a much more efficient way to solve such problems in this section.

The set of common divisors of 10 and 0 is {£1,42,£5,+10} because Div(0) = Z, and hence the set of
common divisors of 10 and 0 is just Div(10) N Div(0) = Div(10) N Z = Div(10). In contrast, every element
of Z is a common divisor of 0 and 0, because Div(0) N Div(0) = ZNZ = Z. The following little proposition
is fundamental to this entire section.

Proposition 3.1.2. Suppose that a,b,q,7 € Z and a = gb+1r (we do not assume that 0 < r < |b|). We then
have Div(a) N Div(b) = Div(b) N Div(r), i.e.

{d € Z:d isa common divisor of a and b} = {d € Z : d is a common divisor of b and r}.

Proof. Let d € Div(b) N Div(r) be arbitrary. Since d | b, d | r, and a = gb+r =¢q-b+ 1-r, we may use
Proposition 1.5.3 to conclude that d | a. Therefore, d € Div(a) N Div(b).

Conversely, let d € Div(a) N Div(b) be arbitrary. Since d | a, d | b, and r =a—gb=1-a+ (—q) - b, we
may use Proposition 1.5.3 to conclude that d | r. Therefore, d € Div(b) N Div(r). O

For example, suppose that we are trying to find the set of common divisors of 120 and 84, i.e. we want
to understand the elements of the set Div(120) N Div(84) (we wrote them above, but now want to justify
it). We repeatedly perform division with remainder to reduce the problem as follows:

120=1-84+4 36
84 =2-36+12
36 =3-1240.

39
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The first line tells us that
Div(120) N Div(84) = Div(84) N Div(36).

The next line tells us that
Div(84) N Div(36) = Div(36) N Div(12).

The last line tells us that
Div(36) N Div(12) = Div(12) N Div(0).

Now Div(0) = Z, so
Div(12) N Div(0) = Div(12).

Putting it all together, we conclude that
Div(120) N Div(84) = Div(12),

which is a more elegant way to determine the set of common divisors of 120 and 84 than the exhaustive
process we alluded to above.
The above arguments illustrates the idea behind the following very general and important fact:

Theorem 3.1.3. For all a,b € Z, there exists a unique m € N such that Div(a) N Div(b) = Div(m). In
other words, for any a,b € Z, we can always find a (unique) natural number m such that the set of common
divisors of a and b equals the set of divisors of m.

We first sketch the idea of the proof of existence in the case where a,b € N. If b = 0, then since
Div(0) = Z, we can simply take m = a. Suppose then that b # 0. Fix ¢,r € N with a = ¢b 4+ r and
0 < r < b. Now the idea is to inductively assert the existence of an m that works for the pair of numbers
(b,r) because this pair is “smaller” than the pair (a,b). The only issue is how to make this intuitive idea of
“smaller” precise. There are several ways to do this, but perhaps the most straightforward is to only induct
on b. Thus, our base case handles all pairs of form (a,0). Next, we handle all pairs of the form (a, 1) and in
doing this we can use the fact the we know the result for all pairs of the form (a’,0). Notice that we can we
even change the value of the first coordinate here, which is why we used the notation a’. Then, we handle
all pairs of the form (a,2) and in doing this we can use the fact that we know the result for all pairs of the
form (a’,0) and (a’,1). We now carry out the formal argument.

Proof. We begin by proving existence only in the special case where a,b € N. We use (strong) induction on
b to prove the result. That is, we let

X ={be N:Forall a €N, there exists m € N with Div(a) N Div(b) = Div(m)}
and prove that X = N by strong induction.
e Base Case: Suppose that b = 0. Let a € N be arbitrary. We then have that Div(b) = Z, so
Div(a) N Div(b) = Div(a) NZ = Div(a),
and hence we may take m = a. Since a € N was arbitrary, we showed that 0 € X.

e Inductive Step: Let b € NT be arbitrary, and suppose that we know that the statement is true for all
smaller natural numbers. In other words, we are assuming that ¢ € X whenever 0 < ¢ < b. We prove
that b € X. Let a € N be arbitrary. From above, we may fix ¢, € Z with a = ¢gb+r and 0 < r < b.
Since 0 < r < b, we know by strong induction that r € X, so we can fix m € N with

Div(b) N Div(r) = Div(m).

By Proposition 3.1.2, we have that Div(a) N Div(b) = Div(b) N Div(r). Therefore, Div(a) N Div(b) =
Div(m). Since a € N was arbitrary, we showed that b € X.
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Therefore, we have shown that X = N, which implies that whenever a,b € N, there exists m € N such that
Div(a) N Div(b) = Div(m).

To prove the existence statement more generally when a,b € Z, we use Proposition 1.5.7. So, for
example, if a < 0 but b > 0, we can fix m € N with Div(—a) N Div(b) = Div(m), and then use the fact that
Div(a) = Div(—a) to conclude that Div(a) N Div(b) = Div(m). A similar argument works if ¢ > 0 and
b < 0, or if both a < 0 and b < 0.

For uniqueness, suppose that m,n € N are such that both Div(a) N Div(b) = Div(m) and also Div(a) N
Div(b) = Div(n). We then have that Div(m) = Div(n). Since m € Div(m) trivially, we have that
m € Div(n), so m | n. Similarly, we have n | m. Therefore, by Corollary 1.5.5, either m = n or m = —n.
Since m,n € N, we have m > 0 and n > 0, so it must be the case that m = n. O

With this great result in hand, we now turn our attention to a fundamental concept: greatest common
divisors. Given a,b € Z, one might be tempted to define the greatest common divisor of a and b to be the
largest natural number that divides both a and b (after all, the name greatest surely suggests this!). However,
it turns out that this is a poor definition for several reasons:

1. Consider the case a = 120 and b = 84 from above. We saw that the set of common divisors of 120 and
84 is Div(120) N Div(84) = Div(12). Thus, the largest natural number that divides both 120 and 84 is
12, but in fact 12 has a much stronger property: every common divisor of 120 and 84 is also a divisor
of 12. This stronger property is surprising and much more fundamental that simply being the largest
common divisor.

2. There is one pair of integers where no largest common divisors exists! In the trivial case where a = 0
and b = 0, every integer is a common divisor of a and b. Although this is a somewhat silly edge case,
we would ideally like a definition that handles all cases elegantly.

3. The integers have a natural ordering associated with them, but we will eventually want to generalize the
idea of a greatest common divisor to settings where there is no analogue of < (see Abstract Algebra).

With all of this background in mind, we now give our formal definition.

Definition 3.1.4. Let a,b € Z. We say that an element m € 7Z is a greatest common divisor of a and b if
the following are all true:

e m>0.
e m is a common divisor of a and b.
o Whenever d € Z is a common divisor of a and b, we have d | m.

In other words, a greatest common divisor is a natural number, is a common divisor, and has the property
that every common divisors happens to divide it. In terms of point 3 above, it is a straightforward matter to
check that 0 is in fact a greatest common divisor of 0 and 0, because every element of Div(0) N Div(0) = Z
is a divisor of 0.

Since we require more of a greatest common divisor than just picking the largest, we first need to check
that they do indeed exist. However, the next proposition reduces this task to our previous work.

Proposition 3.1.5. Let a,b € Z and let m € N. The following are equivalent:
1. Div(a) N Div(b) = Div(m).

2. m is a greatest common divisor of a and b.
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Proof. We first prove (1) = (2): Suppose then that Div(a) N (b) = Div(m). Since we are assuming that
m € N, we have that m > 0. Since m | m, we have m € Div(m), so m € Div(a) N Div(b), and hence both
m | a and m | b. Now let d € Z be an arbitrary common divisor of a and . We then have that both d | a and
d | b, so d € Div(a) N Div(b), hence d € Div(m), and therefore d | m. Putting it all together, we conclude
that m is a greatest common divisor of a and b.

We now prove (2) = (1): Suppose that m is a greatest common divisor of a and b. We need to prove
that Div(a) N Div(b) = Div(m).

o We first show that Div(a) N Div(b) C Div(m). Let d € Div(a) N Div(b) be arbitrary. We then have
both d | @ and d | b, so since m is a greatest common divisor of a and b, we conclude that d | m.
Therefore, d € Div(m).

o We now show that Div(m) C Div(a) N Div(b). Let d € Div(m) be arbitrary, so d | m. Now we know
that m is a common divisor of a and b, so both m | a and m | b. Using Proposition 1.5.2, we conclude
that both d | a and d | b, so d € Div(a) N Div(b).

Since we have shown both Div(a) N Div(b) C Div(m) and Div(m) C Div(a) N Div(b), we conclude that
Div(a) N Div(b) C Div(m). O

Corollary 3.1.6. Fvery pair of integers a,b € Z has a unique greatest common divisor.
Proof. Immediate from Theorem 3.1.3 and Proposition 3.1.5. O
Definition 3.1.7. Let a,b € Z. We let gcd(a,b) be the unique greatest common divisor of a and b.

For example we have ged(120,84) = 12 and ged(0,0) = 0. The following corollary now follows from
Proposition 3.1.2.

Corollary 3.1.8. Suppose that a,b,q,v € Z and a = gb+ r. We have gcd(a,b) = ged(b, ).

The method of using repeated division with remainder, together with this corollary, to reduce the problem
of calculating greatest common divisors is known as the Fuclidean Algorithm. We saw it in action of above
with 120 and 84. Here is another example where we are trying to compute ged(525,182). We have:

5250 =2-182 + 161
182 =1-161+21
161 =7-21+14
21=1-14+7
14=2-7+0,

so ged(525,182) = ged(7,0) = 7.
Let a,b € Z. Consider the set
{ka+0b: kL eZ}.

This looks something like the span that you saw in Linear Algebra, but here we are only using integer
coefficients, so we could describe this as the set of all integer combinations of a and b. Notice that if d is
a common divisor of ¢ and b, then d | (ka + ¢b) for all k,¢ € Z by Proposition 1.5.3, and hence d divides
every element of this set. Applying this fact in the most interesting case where d = ged(a,b) (since all other
common divisors of ¢ and b will divide ged(a, b)), we conclude that every element of {ka+¢b: k, ¢ € Z} is a
multiple of ged(a,b). In other words, we have

{ka+1b:k,LeZ} C{n-gcd(a,b):n e Z}.
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What about the reverse containment? In particular, is ged(a,b) always an element of {ka + ¢b : k, ¢ € Z}?
For example, is
12€{k-120+0-84: k(€ Z}?

We can attempt to play around to try to find a suitable value of k and ¢, but there is a better way. Let’s go
back and look at the steps of the Euclidean Algorithm:

120=1-84+ 36
84 =2-36+12
36 =3-1240.

Notice that the middle line can be manipulated to write 12 as an integer combination of 84 and 36:
12=1-84+(-2) - 36.

With this in hand, we can work our way toward our goal by using the first line, which lets us write 36 as an
integer combination of 120 and 84:
36=1-120+ (—1) - 84.

Now we can plug this expression of 36 in terms of 120 and 84 into the previous equation:
12=1-84+(—2)-[1-120+ (1) - 84].

From here, we can manipulate this equation (performing only additions and multiplications on the coeffi-
cients, not on 84 and 120 themselves!) to obtain

12 = (—2)-120 + 3 - 84.

We now generalize this idea and prove that it is always possible to express ged(a, b) as an integer combination
of a and b. The proof is inductive, and follows a similar strategy to the proof of Theorem 3.1.3. Given
a,b € N, here is the idea. To express gcd(a,b) as an integer combination of a and b, we first fix ¢, 7 € N
with a = ¢b+r and 0 < r < b. Now since (b,r) is “smaller” than (a,b), we inductively write ged(b, r) as an
integer combination of b and r. We then use this combination together with the equation a = qb+r to write
ged(a, b) as an integer combination of @ and b. Notice the similarity to the above argument where we have
120 = 1 - 84 + 36, and we used a known way to write 12 as an integer combination of 84 and 36 in order to
write 12 as an integer combination of 120 and 84.

Theorem 3.1.9. For all a,b € Z, there exist k,¢ € Z with ged(a,b) = ka + £b.

Proof. We begin by proving existence in the special case where a,b € N. We use induction on b to prove the
result. That is, we let

X ={beN:Forall a €N, there exist k,{ € Z with gcd(a,b) = ka + (b}
and prove that X = N by strong induction.
e Base Case: Suppose that b = 0. Let a € N be arbitrary. We then have that
ged(a, b) = ged(a,0) =a

Since a =1-a+0-b, so we may let Kk =1 and ¢ = 0. Since a € N was arbitrary, we conclude that
0eX.
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o Inductive Step: Suppose then that b € NT and we know the result for all smaller nonnegative values.
In other words, we are assuming that ¢ € X whenever 0 < ¢ < b. We prove that b € X. Let a € N be
arbitrary. From above, we may fix ¢, € Z with a = ¢b+ r and 0 < r < b. We also know from above
that ged(a,b) = ged(b,r). Since 0 < r < b, we know by strong induction that r € X, hence there exist
k,l € Z with

ged(b,r) = kb + fr
Now r = a — gb, so

ged(a, b) = ged(b, r)

=kb+lr

=kb+ l(a — gb)
=kb+ la — gbl
= la + (k — q0)b.

Since a € N was arbitrary, we conclude that b € X.

Therefore, we have shown that X = N, which implies that whenever a,b € N, there exists k,¢ € Z with
ged(a, b) = ka + £b.

To prove the result more generally when a, b € Z, we again use Proposition 1.5.7. For example, if a < 0 but
b > 0. Let m = ged(a,b), so that Div(m) = Div(a) N Div(b) by Proposition 3.1.5. Since Div(—a) = Div(a),
we also have Div(m) = Div(—a) N Div(b), hence m = ged(—a, b). Since —a,b € N, we can fix k, ¢ € Z with
ged(—a,b) = k(—a) + ¢b. Using the fact that ged(—a,b) = ged(a,b), we have ged(a,b) = k(—a) + £b, hence
ged(a,b) = (—k)a + £b. Since —k, ¢ € Z, we are done. A similar argument works if ¢ > 0 and b < 0, or if
both a < 0 and b < 0. O

Notice the basic structure of the above proof. If a = gb + r, and we happen to know k, ¢ € Z such that
ged(b,r) = kb + ¢r,

then we have

ged(a, b) = la+ (k — gl)b.

Given a,b € Z, this argument provides a recursive procedure in order to find an integer combination of a and
b that gives ged(a,b). Although the recursive procedure can be nicely translated to a computer program, we
can carry it out directly by “winding up” the work created from the Euclidean Algorithm. For example, we
saw above that ged(525,182) = 7 by calculating:

5256 =2-182+ 161
182 =1-161+21
161 =7-21+14
21=1-14+7
14=2-7+0.
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We now use these steps in reverse to calculate:

7=1-74+0-0

=1-740-(14—-2-7)
=0-14+1-7
=0-14+1-(21-1-14)
=1-214+(-1)-14
=1-214(-1)- (161 —7-21)
=(=1)-161+8-21
=(-1)-161+8-(182—1-161)
=8-182+ (—9) - 161
=8-182+ (—9) - (525 — 2 - 182)
= (—9)- 525+ 26 - 182.

This wraps everything up perfectly, but it is easier to simply start at the fifth line.

Now that we’ve showed that ged(a,b) € {ka + ¢b : k, ¢ € Z} for all a,b € Z, we can now completely
characterize the set of all integer combinations of a and b.

Corollary 3.1.10. For all a,b € Z, we have {ka+ ¢b: k.l € Z} = {n - ged(a,b) : n € Z}.
Proof. Let a,b € Z be arbitrary. Let m = ged(a,b). We give a double containment proof.

o {ka+40b:kLeZ} C{nm:n¢cZ}: Let c € {ka+¢b:k, £ € Z} be arbitrary, and fix k, ¢ € Z with
¢ = ka + ¢b. Since m = ged(a,b), we have both m | @ and m | b. Using Proposition 1.5.3, we conclude
that m | c¢. Therefore, we can fix n € Z with ¢ = mn, and hence ¢ € {nm : n € Z}.

o {nm:ne€Z} C{ka+10b:k,Le€Z}: Let c € {mm:n € Z} be arbitrary, and fix n € Z with ¢ = nm.
Since m = ged(a,b), we can use Theorem 3.1.9 to fix k,¢ € Z with m = ka + ¢b. Multiplying both
sides of this equation by n, we have nm = nka + nfb, so ¢ = (nk)a + (nf)b. Since nk,nt € Z, it follows
that {nm :n € Z} C{ka+¢b: k,L € Z}.

Since we have shown both containments, it follows that {ka 4+ €b: k,¢ € Z} = {n - ged(a,b) : n € Z}. O

Before moving on, we work through another proof of the existence of greatest common divisors, along
with the fact that we can write ged(a, b) as an integer combination of a and b. This proof also works because
of Theorem 2.3.1, but it uses well-ordering and establishes existence without a method of computation. One
may ask why we bother with another proof. One answer is that this result is so fundamental and important
that two different proofs help to reinforce its value. Another reason is that each proof generalizes in different
ways in more abstract settings (see Abstract Algebra).

Theorem 3.1.11. Let a,b € Z with at least one of a and b nonzero. The set
{ka+10b:k,LeZ}

has positive elements, and the least positive element is a greatest common divisor of a and b. In particular,
for any a,b € Z, there exist k,{ € Z with ged(a,b) = ka + £b.

Proof. Let
S={ka+eb:k(cZ} NNt

We first claim that S # (. Iff @ > 0, then a = 1-a+0-b € S. Similarly, if b > 0, then b € S. If a < 0,
then —a > 0 and —a=(-1)-a+0-b € S. Similarly, if b < 0, then —b € S. Since at least one of a and b is
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nonzero, it follows that S # (). By the Well-Ordering property of N, we know that S has a least element. Let
m = min(S). Since m € S, we may fix k,¢ € Z with m = ka + ¢b. We claim that m is a greatest common
divisor of a and b.

First, we need to check that m is a common divisor of a and b. We begin by showing that m | a. Fix
q,7 € Z with a = gm +r and 0 < r < m. We want to show that r = 0. We have

r=a-—qm
=a — q(ak + bl)
=1 —-qgk) -a+(—qf) b

Now if » > 0, then we have shown that r € S, which contradicts the choice of m as the least element of S.
Hence, we must have r = 0, and so m | a.

We next show that m | b. Fix ¢,r € Z with b = ¢gm +r and 0 < r < m. We want to show that r = 0. We
have

r=b—qm
=b— q(ak + b0)
— (~qk)-a+(1—qf) - b.

Now if » > 0, then we have shown that r € S, which contradicts the choice of m as the least element of S.
Hence, we must have » = 0, and so m | b.

Finally, we need to check the last condition for m to be the greatest common divisor. Let d be a common
divisor of a and b. Since d | a, d | b, and m = ka + ¢b, we may use Proposition 1.5.3 to conclude that
d| m. O

3.2 Primes and Relatively Prime Integers

We start by defining prime numbers. We choose to only consider positive natural numbers, and we also rule
out the number 1 for reasons that we will explain later.

Definition 3.2.1. An element p € Z is prime if p > 1 and the only positive divisors of p are 1 and p. If
n € Z with n > 1 is not prime, we say that n is composite.

Given an integer p > 1, we always have both 1 | p and p | p, so p is prime exactly when |Div™*(p)| = 2.
Notice that 2 is prime, because if d € N* is such that d | 2, then 1 < d < 2 by Proposition 1.5.4.

Proposition 3.2.2. Ifn € Z and n ¢ {1,—1}, then there exists a prime p € N with p | n.

Proof. First notice that 2 is prime, and that 2 | 0, so the statement is true for n = 0. Thus, by Problem 6
on Homework 2 (that d | n if and only if d | —n), it suffices to prove the result for n € N with n > 2. We do
this by strong induction.

o Base Case: When n = 2, we have that 2 is prime and 2 | n trivially.

e Inductive Step: Let n € N with n > 2 be arbitrary such that statement is true for all natural numbers
k with 2 < k < n. We have two cases:

— Case 1: Suppose that n is prime. We have that n | n trivially, so in this case we can just take n.

— Case 2: Suppose instead that n is not prime. By definition, we can fix d € N with d ¢ {1,n} such
that d | n. By Proposition 1.5.4, we have 1 < d < n, and hence 2 < d < n. By induction, we can
fix a prime p with p | d. By transitivity of divisibility (Proposition 1.5.2), it follows that p | n.
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Thus, in either case, we have shown that there exists a prime p with p | n.

By induction, we conclude that every n € N with n > 2 is divisible by some prime, which suffices by the
above discussion. O

Proposition 3.2.3. There are infinitely many primes.

Proof. We know that 2 is a prime, so there is at least one prime. We will take an arbitrary given finite list of
primes and show that there exists a prime which is omitted. Suppose then that p1,ps, ..., pr is an arbitrary
finite list of prime numbers with k£ > 1. We show that there exists a prime not in the list. Let

n=ppz---pp+1

We have n > 3, so by Proposition 3.2.2 we can fix a prime ¢ with ¢ | n. Suppose, for the sake of obtaining a
contradiction, that ¢ = p; for some i. We then have that ¢ | n and also q | p1ps - - pg, s0 ¢ | (R —p1p2 -~ Pi)-
However, this implies that ¢ | 1, so |¢| < 1 by Proposition 1.5.4, a contradiction. Therefore ¢ # p; for all i,
and we have succeeded in finding a prime not in the list. O

While primality is a property of certain numbers, there is another closely related property of pairs of
numbers.

Definition 3.2.4. Two integers a,b € Z are relatively prime if ged(a,b) = 1.

For example, we have that 40 and 33 are relatively prime (despite neither number itself being prime),
either by exhaustively checking divisors, or using the Euclidean Algorithm:

40=1-3347

33=4-7T+5
7T=1-5+2
5=2-2+1
2=2-140.

Thus, ged(40,33) = ged(1,0) = 1.

Notice that if a | be, then it might not be the case that either a | b or a | ¢. For example, we have
6]10-9, but 6110 and 6 | 9. The next result says that if a | be, and a and b are relatively prime, then we
can eliminate the b to conclude that a | ¢. To prove this fundamental and powerful result, we will make use
of all of our hard work from the last section.

Proposition 3.2.5. Let a,b,c € Z. If a | bc and ged(a,b) =1, then a | c.

Proof. Since a | be, we may fix n € Z with bc = an. Since ged(a,b) = 1, we can use Theorem 3.1.9 to fix
k, ¢ € Z with ak 4+ bl = 1. Multiplying this equation through by ¢ we conclude that akc + blc = ¢, so

¢ = ake+ £(bc)

= akc+ £(an)
= a(kc+ In).
Since kc + ¢n € Z, it follows that a | c. O

We can quickly obtain the following consequence, which is one of the most useful facts about prime
numbers.

Corollary 3.2.6. Let p,a,be€ Z. If p € Z is prime and p | ab, then either p| a orp|b.
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Proof. Suppose that p | ab and p { a. Since ged(a, p) divides p and we know that p t a, we have ged(a, p) # p.
As p is prime, the only other positive divisor of p is 1, so ged(a, p) = 1. Therefore, by the Proposition 3.2.5,
we conclude that p | b. ]

Now that we’ve handled the product of two numbers, we get the following corollary about finite products
by a trivial induction.

Corollary 3.2.7. Let p,a1,as2,...,a, € Z. If p is prime and p | ajas - - - an, then p | a; for some i.
Considering the special case when all of the a; are equal, we obtain the following.
Corollary 3.2.8. Let p,a € Z and n € NT. If p is prime and p | a™, then p | a.

Let a,b € Z. We know from Theorem 3.1.9 that there exists k, ¢ € Z with ka + ¢b = ged(a, b). However,
be careful to note that if we find d, k, ¢ € Z with ak + b¢ = d, then it need not be the case that d = ged(a, b).
Using Corollary 3.1.10, all that we can conclude in this case is that d is a multiple of gcd(a,b). Nonetheless,
since 1 is only a multiple of 1 and —1, if we do happen to find k, ¢ € Z with ak + bf = 1, then we can indeed
conclude that ged(a,b) = 1. We include this equivalent condition, along with another than only looks at
common prime divisors, in the following result.

Proposition 3.2.9. Let a,b € Z. The following are equivalent:

1. ged(a,b) =1, i.e. a and b are relatively prime.
2. There exist k, ¢ € Z with ak + bl = 1.

3. There is no prime p € N with both p | a and p | b.
Proof. We prove that (1) = (2) = (3) = (1).
e (1) = (2): This follows immediately from Theorem 3.1.9.

e (2) = (3): Suppose that statement (2) is true, and fix k, ¢ € Z with ak+bl = 1. Let d € Z be arbitrary
such that both d | @ and d | b. Using Proposition 1.5.3, we can immediately conclude that d | ak + b¢,
so d | 1, and hence |d| < 1 by Proposition 1.5.4. Thus, every common divisor of a and b has absolute
value less than or equal to 1. Since all primes are greater than 1 by definition, we conclude that there
is no prime p € N with both p | a and p | b.

o (3) = (1): We prove the contrapositive. Suppose then that statement (1) is false, i.e. that ged(a,b) # 1.
Since ged(a,b) > 0 by definition, we then have that ged(a,b) ¢ {1,—1}. Therefore, by Proposition
3.2.2, we can fix a prime p € N with p | ged(a, ). Since ged(a,b) is a common divisor of a and b, we
can use Proposition 1.5.2 to conclude that p is a common divisor of a and b. Thus, we have shown
that statement (3) is false.

O

Corollary 3.2.10. Let a,b € Z and let k,¢ € N*. If ged(a,b) = 1, then ged(a®, b?) = 1.

Proof. Suppose that gcd(a,b) = 1. If p € Z was a prime such that both p | a* and p | b, then we would
have both p | a and p | b by Corollary 3.2.8, contradicting the fact that ged(a,b) = 1. Therefore, there is no
common prime divisor of a* and b, so ged(a*, b*) = 1 by Proposition 3.2.9. O

Corollary 3.2.11. If p1,...,Pm,q1s---,q9n € Z are distinct primes, and ki, ..., km,01,...,4m € N, then
ged(py" - phy gt - qlr) = 1.

Proof. Suppose that r € Z is a common prime divisor of p’fl - -pkm and qfl ---gt. By Corollary 3.2.7, we
can fix an ¢ with r | p; and we can fix a j with = | ¢; As p; is prime, the only positive divisors of p; are 1 and
Di, so since r > 1, we must have r = p;. Similarly, as g; is prime, we must have r = ¢;. Therefore, p; = gj,
contradicting the fact that p1,...,pm,q1,---,q, € Z are distinct primes. Hence, there is no common prime
divisor of p]fl < phm and qfl oegln ) s0 gcd(p’f1 . -p’f,;“,qfl ---g'm) = 1 by Proposition 3.2.9. O
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3.3 Determining the Set of Divisors

Let a € Z\{0}. We know from Proposition 1.5.4 that Div(a) C {b € Z : |b| < |a|}, so Div(a) is finite.
Suppose that we want to determine Div(a). Of course, we could do an exhaustive search, checking each
element of {b € Z : |b| < |a|} individually to determine whether it belongs to Div(a). However, we can
do better in several ways. First, since 01 a and d | a if and only if —d | a, it suffices to determine the set
Divt(a), i.e. the set of positive divisors of a. Now if p is prime, then Div™(p) = {1,p}, and we are done.
With a bit more work, we can determine Div™(a) whenever a is a power of a prime.

Proposition 3.3.1. For all primes p € N and all n € N, we have Div*t(p") = {p* : 0 < k <n}.
Proof. Let p € N be an arbitrary prime. For this fixed prime p, we prove the statement by induction on n.

e Base Case: Suppose that n = 1. Since p is prime, we know by definition that the positive divisors of
p are exactly 1 = p° and p = p'. Therefore, Divt(p") = {p°,p'} = {PF : 0 <k < 1}.

e Inductive Step: Assume that the statement is true for a given n € NT i.e. assume that Divt(p") =
{p¥ : 0 < k < n}. First notice that for any ¥ € N with 0 < k < n+ 1, we have n +1 — k > 0 and
p = pF . pn =k g0 pF | p Tl Thus, {p¥: 0 <k <n+1} C DivT(p"T!). We now prove the reverse
containment. Let a € DivT (p"t1) be arbitrary. By definition, we can fix b € Z with p"*t! = ab. We
have two cases:

— Case 1: Suppose that p | a. By definition, we can fix ¢ € Z with a = pe. Notice that ¢ € N*
because a,p € N*. Since p"t! = ab and a = pc, we have p"*t! = pcb, so dividing both sides by
p, we conclude that p™ = cb. Since b € Z, it follows that c | p™. Therefore, ¢ € Divt(p"), so by
induction, we know that ¢ € {p* : 0 < k < n}. Fix £ € N with 0 < ¢ < n such that ¢ = p’. We
then have a = pc = pp’ = p*1,soa € {p*: 1 <k <n+1},and hencea € {p* : 0 <k <n+ 1}.

— Case 2: Suppose then that p 1 a. Since ged(a,p) is a nonnegative common divisor of p and a,
and the only nonnegative divisors of p are 1 and p, it follows that ged(a,p) = 1. Now we have
that a | p"*1, so a | p-p". Since ged(a,p) = 1, we can use Proposition 3.2.5 to conclude that
a | p™. Therefore, a € Divt(p™), so by induction, we know that a € {p¥ : 0 < k < n}, and hence
ac{pF:0<k<n+1}

Thus, in either case, we have shown that a € {p* : 0 < k < n + 1}. Since a € Divt(p") was arbitrary,
we conclude that Div + (p™) C {p* : 0 < k < n + 1}, which completes the inductive step.

The result follows by induction. O
For example, since 3 is prime and 243 = 3%, we immediately conclude that

Divt(243) = {3F: 0 < k < 4}
= {3°,3",3%,3%, 3%}
={1,3,9,27,243}.

Although this result allows us to determine the set of divisors of a power of a prime, it does not allow us to
handle numbers like 36 = 22 - 32. We can determine the positive divisors of each of 22 and 32, but it’s not
immediately clear how to “combine” them. More generally, suppose that we have two numbers a;,as € N7,
Assume that the we know the set of positive divisors of each of a; and as individually. Now if b; | a; and
by | az, then it turns out that we must have bibs | ajas. Moreover, every positive divisor of ajag arises in
this way.

Proposition 3.3.2. Let a;,as € NT.
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1. If by, by € NT satisfy by | a1 and by | az, then biby | ajas.
2. For all m € NT with m | ajay there exists by, by € NT such that by | a1, ba | az, and m = bybs.

Proof. 1. Let by,by € NT be arbitrary with by | a3 with by | ag. Since by | a1, we can fix ¢; € Z with
a1 = bycy. Since by | ag, we can fix ¢y € Z with az = baca. We then have

aiaz = bicy - bacy

= C1C2 - blbg.
Since cico € Z, it follows that bibs | ajas.

2. Let m € NVt be arbitrary with m | ajas. Since m | ajaz, we may fix n € Z with mn = ajaz. Let
by = ged(m, a1) and notice that by > 0 (since a; > 0), so by € NT. Since b; is a common divisor of
m and ay, we can fix by, k € Z with m = b1bs and a; = b1k. By Problem 5 on Homework 4, we know
that ged(be, k) = 1. Now plugging these expressions for m and a; into mn = ajas, we see that

blbg’n = blkag,
so dividing both sides by b; > 0, it follows that
b2n = kag.

Thus, by | kas, so as ged(bs, k) = 1, we can use Proposition 3.2.5 to conclude that bs | as.
O

Thus, we do obtain all of the (positive) divisors of ajas by multiplying together the (positive) divisors of
ay and as. However, one other natural question arises. Are the resulting divisors unique (i.e. is it impossible
to obtain the same divisor in two separate ways using this process)? It turns out that uniqueness can fail.
For example, if a; = 6 and ay = 9, then 18 is a divisor of ajas = 54 that arises from both 18 = 6 - 3 and
18 = 2-9. However, if a; and asy are relatively prime, then we obtain uniqueness as well.

Proposition 3.3.3. Let ai,as € NV be relatively prime integers. For all m € Nt with m | ajas there exists
unique by, by € NV such that by | a1, ba | as, and m = bybs.

Proof. Let m € NT be arbitrary with m | ajas. The existence of b; and by follow immediately from
Proposition 3.3.2. We now prove uniqueness. Suppose that by, be,c1,co € N7 satisfy m = biby = cico,
by | a1, ba | as, ¢1 | a1, and ¢3 | az. We need to show that by = by and also that ¢; = ¢3. Notice that any
common divisor of b; and ¢; is a common divisor of a1 and as (by transitivity of divisibility), so must divide
1 because ged(aq,az) = 1, and hence must be an element of {1, —1}. Thus, b; and ¢y are relatively prime.
Similarly, by and ¢y are relatively prime. Now we have

blbz = m = C1C2,

s0 by | c1ca. Since ged(by, c2) = 1 from above, we can use Proposition 3.2.5 to conclude that by | ¢;. Similarly,
we have ¢ | b1ba, so as ged(cq,be) = 1 from above, we conclude that ¢; | by. Since by | ¢; and ¢ | by, we can
Corollary 1.5.5 to deduce that b; = #c;. Now by, c; € NT, so we must have by = ¢;. Canceling this common
term in the above displayed formula, we see that by = co. This gives uniqueness. O

As an example, consider 36 = 2232, Using Proposition 3.3.1, we know that
Div*(2?%) = {2°,21,2°} = {1,2,4}

and
Divt(3?) = {3°,3",3%} = {1,3,9}.
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Since 2 and 3 are distinct primes, we can apply Corollary 3.2.11 to conclude that 22 and 32 are relatively
prime. Now Proposition 3.3.2 says that we can obtain every (positive) divisor of 36 = 22 - 32 by multiplying
together one (positive) divisor of 22 and one (positive) divisor of 32, and that furthermore, every way of
doing this results in a different divisor of 36 by Proposition 3.3.3. Therefore,

Divt(36) ={1-1,2-1,4-1,1-3,2-3,4-3,1-9,2-9,4-9}
={1,2,4,3,6,12,9,18,36}
={1,2,3,4,6,9,12, 18, 36}.

We can also use these results to count the cardinality of the set of positive divisors of a given number,
without having to enumerate the divisors. We first introduce a definition.

Definition 3.3.4. Define a function d: Nt — N by letting d(a) be the number of positive divisors of a,
i.e. d(a) = |Div*t(a)|.

Corollary 3.3.5. For all primes p € N and all n € N*, we have d(p") =n + 1.

Proof. Immediate from Proposition 3.3.1, together with the fact that p* # p® whenever 0 < k < /¢ <n. [O

Corollary 3.3.6. If a1,az € Nt are relatively prime, then d(aiaz) = d(ay) - d(az).

Proof. Let m = d(a;) and let n = d(az). List the distinct elements of Div*(a;) as by, b, ..., by, and list
the distinct elements of Div™"(az) as ¢1,ca,. .., c,. By Proposition 3.3.2, we have that

Divt(ajas) = {bic; : 1 <i<mand 1 <j<n},

Furthermore, since a; and ay are relatively prime, the elements b;c; are distinct (i.e. if bic; = byce, then
i = j and k = ¢) by Proposition 3.3.3. Therefore, we have d(ajaz) = mn. O

For example, we can now quickly compute that

d(36) = d(2? - 3?)
=d(2%)-d(3%)
=2+1)-(2+1)
=3-3
=9.

More generally, we can use these results together with repeated applications of Corollary 3.2.11 to compute
d(a) whenever we have written a as a product of powers of distinct primes. For example,

d(720) = d(2* - 3% - 5')
=d(2%)-d(3*-5")
= d(2%)-d(3%) - d(5")
=M44+1)-(24+1)-(1+1)
3.2
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3.4 The Fundamental Theorem of Arithmetic

At the end of the previous section, we determined a way to compute d(a), provided that we can write a as a
product of powers of distinct primes. Can we always accomplish such a task? If so, is there always a unique
such product? We begin by answering the first question. Note that when we say “product of primes”, we are
allowing the degenerate possibility of a 1-term product. That is, we still say that 2 is a product of primes,
simply because 2 itself is prime.

Proposition 3.4.1. Every n € N with n > 1 can be written as a product of primes.

Proof. We prove the result by strong induction on N. If n = 2, we are done because 2 itself is prime. Suppose
that n > 2 and we have proven the result for all k£ with 1 < k < n. If n is prime, we are done. Suppose that
n is not prime and fix a divisor ¢ | n with 1 < ¢ < n. Fix d € N with ¢d = n. We then have that 1 < d < n,
so by induction, both ¢ and d are products of primes, say ¢ = p1ps---pr and d = q1¢2 - - - g¢ with each p; and
g; prime. We then have

n=cd=pips - Prqiq2 " - qr,

so n is a product of primes. The result follows by induction. O

Corollary 3.4.2. Fvery a € Z with a ¢ {—1,0,1} can be written as either a product of primes, or —1 times
a product of primes.

We now have all the tools necessary to prove the uniqueness of prime factorizations.

Theorem 3.4.3 (Fundamental Theorem of Arithmetic). Every natural number greater than 1 factors
uniquely (up to order) into a product of primes. In other words, if n > 2 and

p1p2...pk:n:qlq2...qe
withpy <po < - <pg and ¢ < qo < -+ < qp all primes, then k =/ and p; = q; for 1 <i<k.

Proof. Existence follows from Proposition 3.4.1. We prove uniqueness by (strong) induction on n. Let n € N
with n > 2, and assume that every m € N with 2 < m < n factors uniquely into a product of primes. We
prove that n factors uniquely into primes. Let p1,p2, ..., Pk, q1,92,---,q¢ € N be primes with

Pip2-- Pk =N ={q192 """ qe,

and where p; <p, <. <prand g1 < ¢ < --- < gp. We need to show that £ = ¢ and that p; = ¢; for all 4.
We have two cases:

o Case 1: Suppose that n is prime. Notice that p; | n for all ¢ and g; | n for all j. Since the only positive
divisors of n are 1 and n, and 1 is not prime, we conclude that p; = n for all ¢ and ¢; = n for all j.
If £ > 2, then pips - --pr = n* > n, a contradiction, so we must have k = 1. Similarly we must have
{=1.

o Case 2: Suppose now that n is composite. We then must have k > 2 and £ > 2. Now p; | q1g2 - - - qe,
so by Corollary 3.2.7, we can fix a j such that p; | ¢;. Since ¢; is prime and p; # 1, we must have
p1 = q;. Similarly, we must have ¢; = p; for some i. We then have

P1=4q; = q1 =P = P,
hence all inequalities must be equalities, and we conclude that p; = ¢;. Canceling, we conclude that

P2 Pr=q2"""4qe,

and this common value is some natural number m with 2 < m < n. By induction, it follows that k = ¢
and p; = ¢; for all ¢ with 2 < i < k.
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O

Given a natural number n € N with n > 2, when we write its prime factorization, we typically group
together like primes and write
n=pyipy®-ppt,
where the p; are distinct primes. We often allow the insertion of “extra” primes in the factorization of n by
permitting some «; to equal to 0. This convention is particularly useful when comparing prime factorization
of two numbers so that we can assume that both factorizations have the same primes occurring. It also
allows us to write 1 in such a form by choosing all a; to equal 0. Here is one example.

Proposition 3.4.4. Suppose that n,d € NT. Write the prime factorizations of n and d as
n = p‘lxlpg2 .. .pgk
d=p"py? - p,

where the p; are distinct primes and possibly some o; and 3; are 0. We then have that d | n if and only if
0<B; < foralli.

Proof. Suppose first that 0 < 8; < «; for all 7. We then have that o; — 8; > 0 for all 7, so we may let

c= p?1*51p32*52 . 'pl]:kfﬁk e N.
Notice that
de = pflpgz . _pgk . p?lfﬁlpngﬁz . .pgkfﬁk
— (p€1p(f1_/81>(p52p(;2_/82> L <p£kpzk—5k)
— pflxlpgz .. .pzk
= n’

hence d | n.

Conversely, suppose that d | n and fix ¢ € Z with dc = n. Notice that ¢ > 0 because d,n > 0. Now we
have dec = n, so ¢ | n. If ¢ is prime and ¢ | ¢, then ¢ | n by transitivity of divisibility (Proposition 1.5.2),
so q | p; for some ¢ by Corollary 3.2.7, and hence ¢ = p; for some i because each p; is prime. Thus, we can
write the prime factorization of ¢ as

c=pi'ps’ppt,

where again we may have some -y; equal to 0. We then have

n =dc
= (P3P ) 1 P - )
= (P 1) (052 p3) - (P py*)
_ p?1+71p2ﬁ2+72 . .pngr“/k.

By the Fundamental Theorem of Arithmetic, we have 8; + v; = «; for all i. Since 5;,7;, a; > 0 for all 7, we
conclude that 8; < «; for all 4. O

Corollary 3.4.5. Let a,b € NT with and write

a = p?1p(212 L. _psz,
b=p)ph? - ppt,
where the p; are distinct primes. We then have

ng(a, b) _ prlnm{ahﬁl}pgnn{az,ﬁz} . .pznn{ak,ﬁk}'
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Proof. Let m = pTin{al’ﬁl}pg‘in{az’ﬁZ} . -p?in{a’“’ﬁ’“} and notice that m > 1 trivially. Since min{a;, 8;} < o
for all ¢, it follows from Proposition 3.4.4 that m | a. Similarly, since min{a;, 5;} < 3; for all i, it follows
that m | b. Therefore, m is a common divisor of a and b.

Now let d be an arbitrary common divisor of a and b. By Proposition 3.4.4, we can write d = p{*p3* - - - p/*
with v; < «; and 7; < f3; for all i. Since v; < a; and 7; < j3; for all 4, it follows that v; < min{ay, 8;} for all
i. Therefore, we have both d | m by Proposition 3.4.4.

Putting these facts together, we conclude that m = ged(a, b). O

We can also obtain the formula for d(n) that we derived in the previous section by appealing to these
results.

k

Corollary 3.4.6. Suppose thatn > 1 and n = p{'ps? - - pp* where the p; are distinct primes. We then have

k

d(n) = [J (i +1).

i=1

Proof. Using Proposition 3.4.4, we know that a given d € N7 is a divisor of n if and only if it can be written
as

d :p?lng . .pgk
where 0 < 3; < «y for all 4. Notice that we have «; + 1 many choices for each 3;. Furthermore, different
choices of 3; give rise to different values of d by the Fundamental Theorem of Arithmetic. O

Theorem 3.4.7. Let m,n € N with m,n > 2. If the unique prime factorization of m does not have the
property that every prime exponent is divisible by n, then /m is irrational.

Proof. We prove the contrapositive. Suppose that {/m is rational and fix a,b € Nt with ¢/m = 7 (we may
assume that a,b > 0 because {/m > 0). We then have

a’l’L

- (3)

a” =b"m.

hence

Write a, b, m in their unique prime factorizations as

(e% (87 (03
a:p11p22...pkk

b:p?1p22 ...pgk
m=p!'py---pL,

where the p; are distinct (and possibly some «;, 3;,7; are equal to 0). Since a™ = b™m, we have

noi, nog noy

+ +
PrOpReT L ek = p711[31+71p352 Y2 . _pzﬂk Vi

By the Fundamental Theorem of Arithmetic, we conclude that na; = nS; + ~; for all i. Therefore, for each
i, we have v; = na; —nf; = n(a; — f;), and so n | 7; for each . O



Chapter 4

Injections, Surjections, and Bijections

4.1 Definitions and Examples

Recall that the defining property of a function f: A — B is that every input element from A produces a
unique output element from B. However, this does not work in reverse. Given b € B, it may be the case
that b is the output of zero, one, or many elements from A. We give special names to the types of functions
where we have limitations for how often elements b € B actually occur as an output.

Definition 4.1.1. Let f: A — B be a function.

e We say that f is injective (or one-to-one) if whenever aj,ay € A satisfy f(a1) = f(a2), we have
a;p = ag.

o We say that f is surjective (or onto) if for all b € B, there exists a € A such that f(a) =b.
o We say that f is bijective if f is both injective and surjective.

Let’s take a moment to unpack these definitions. First, saying that function f: A — B is surjective
is simply saying that every b € B is hit at least once by an element a € A. We can rephrase this using
Definition 1.4.3 by saying that f: A — B is surjective exactly when range(f) = B.

The definition of injective is slightly more mysterious at first. Intuitively, a function f: A — B is injective
if every b € B is hit by at most one a € A. Now saying this precisely takes a little bit of thought. After all,
how can we say “there exists at most one” because our “there exists” quantifier is used to mean that there
is at least one! The idea is to turn this around and not directly talk about b € B at all. Instead, we want
to say that we never have a situation where we have two distinct elements aq,as € A that go to the same
place under f. Thus, we want to say

“Not (There exists ay,a2 € A with a1 # ag and f(a1) = f(az2))”
We can rewrite this statement as
“For all ay,as € A, we have Not(a; # ag and f(a1) = f(a2))”,
which is equivalent to
“For all ay,as € A, we have either a1 = as or f(a1) # f(az2)”

(notice that the negation of the “and” statement turned into an “or” statement). Finally, we can rewrite
this as the following “if...then...” statement:

55
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“For all a1,as € A, if a1 # ag, then f(a1) # f(az)”.

Looking at our statement here, it captures what we want to express perfectly because it says that distinct
inputs always go to distinct outputs, which exactly says no element of B is hit by 2 or more elements, and
hence that every element of B is hit by at most 1 element. Thus, we could indeed take this as our definition
of injective. The problem is that this definition is difficult to use in practice. To see why, think about how
we would argue that a given function f: A — B is injective. It appears that we would want to take arbitrary
a1,az € A with a1 # ag, and argue that under this assumption we must have that f(a1) # f(az2). Now
the problem with this is that is very difficult to work with an expression involving # in ways that preserve
truth. For example, we have that —1 # 1, but (—1)2 = 12, so we can not square both sides and preserve
non-equality. To get around this problem, we instead take the contrapositive of the statement in question,
which turns into our formal definition of injective:

“For all a1,as € A, if f(a1) = f(az2), then a1 = as”.

4

Notice that in our definition above, we simply replace the “for all... if... then...” construct with a “when-
ever...we have...” for clarity, but these are saying precisely the same thing, i.e. that whenever we have two
elements of A that happen to be sent to the same element of B, then in fact those two elements of A must
be the same. Although our official definition is slightly harder to wrap one’s mind around, it is much easier
to work with in practice. To prove that a given f: A — B is injective, we take arbitrary a;,as € A with
f(a1) = f(az2), and use this equality to derive the conclusion that a; = as.

To recap the colloquial ways to understand these concepts, a function f: A — B is injective if every
b € B is hit by at most one a € A, and is surjective if every b € B is hit by at least one a € A. It follows
that a function f: A — B is bijective if every b € B is hit by exactly one a € A. These ways of thinking
about injective and surjective are great, but we need to be careful when proving that a function is injective
or surjective. Given a function f: A — B, here is the general process for proving that it has one or both of
these properties:

e In order to prove that f is injective, you should start by taking arbitrary a;,as € A that satisfy
f(a1) = f(az), and then work forward to derive that a; = as. In this way, you show that whenever
two elements of A happen to go to the same output, then they must have been the same element all
along.

e In order to prove that f is surjective, you should start by taking an arbitrary b € B, and then show
how to build an @ € A with f(a) = b. In other words, you want to take an arbitrary b € B and fill in
the blank in f(__) = b with an element of A.

Here is an example.
Proposition 4.1.2. The function f: R — R given by f(x) = 2z is bijective.
Proof. We need to show that f is both injective and surjective.

o We first show that f is injective. Let x1,z2 € R be arbitrary with f(z1) = f(z2). We then have that
2x1 = 2x5. Dividing both sides by 2, we conclude that x; = z5. Since x1, 22 € R were arbitrary with
f(z1) = f(z2), it follows that f is injective.

» We next show that f is surjective. Let y € R be arbitrary. Notice that ¥ € R and that

1§

Thus, we have shown the existence of an x € R with f(x) = y. Since y € R was arbitrary, it follows
that f is surjective
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Since f is both injective and surjective, it follows that f is bijective. O

Notice that if we define g: Z — Z by letting g(z) = 2z, then g is injective by the same proof, but g is
not surjective because there does not exist m € Z with f(m) = 1 (since this would imply that 2m = 1, so
2 | 1, a contradiction). Thus, changing the domain or codomain of a function can change the properties of
that function.

Proposition 4.1.3. The function d: Nt — N7T, where d(n) is the number of positive divisors of n, is
surjective but mot injective.

Proof. Both 3 and 5 are prime, so d(3) = 2 = d(5). Since 3 # 5, it follows that d is not injective. To show
that d is surjective, first notice that d(1) =1, so 1 € range(d). Now given an arbitrary m € N* with m > 2,
we have that m — 1 € NT, so

d2™ N =(m-1)+1=m

by Corollary 3.3.5 (since 2 is prime). Therefore, range(d) = N, and hence d is surjective. O
Here are several more examples, where |o| is defined to be the length of the sequence o:
o f:{0,1}* — N defined by f(o) = |o| is surjective but not injective.
o f:{0,1}* — Z defined by f(o) = |o]| is neither surjective nor injective.
o f:R — R defined by f(x) = sinz is neither injective nor surjective.
Proposition 4.1.4. Let A, B,C be sets and let f: A — B and g: B — C be functions
1. If f and g are both injective, then go f is injective.
If f and g are both surjective, then g o f is surjective.
If f and g are both bijective, then g o f is bijective.

If go f is injective, then f is injective.

S de

If go f is surjective, then g is surjective.

Proof. 1. Suppose that f and g are both injective. Let aj,as € A be arbitrary with (gof)(a1) = (gof)(as2).
By definition of composition, we then have g(f(a1)) = g(f(a2)). Using the fact that g is injective,
we conclude that f(a;) = f(a2). Now we use the fact that f is injective to conclude that a; = as.
Therefore, g o f is injective.

2. Suppose that f and g are both surjective. Let ¢ € C be arbitrary. Since g is surjective, we can fix
b € B with ¢g(b) = c. Since f is surjective, we can fix a € A with f(a) = b. We then have

(go f)la) = g(f(a))
g(b)

Since ¢ € C' was arbitrary, we conclude that g o f is surjective.
3. This follows from combining 1 and 2.

4. Suppose that g o f is injective. Let aj,as € A be arbitrary with f(a1) = f(a2). Applying ¢ to both
sides, we then have that g(f(a1)) = g(f(az2)), so (g o f)(a1) = (g o f)(az). Using the fact that go f is
injective, it follows that a; = as. Therefore, f is injective.
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5. Suppose that g o f is surjective. Let ¢ € C' be arbitrary. Since g o f is surjective, we can fix a € A
with (g o f)(a) = ¢. By definition of composition, we then have g(f(a)) = c. Since f(a) € B, we have
succeeded in finding a b with g(b) = ¢ (namely b = f(a)). Since ¢ € C was arbitrary, we conclude that
g is surjective.

O

Definition 4.1.5. Let A be a set. The function ida: A — A defined by ida(a) = a for all a € A is called
the identity function on A.

We call this function the identity function because it leaves other functions alone when we compose with
it. However, we have to be careful that we compose with the identity function on the correct set and the
correct side.

Proposition 4.1.6. For any function f: A — B, we have foids = f and idgo f = f.
Proof. Let f: A — B be an arbitrary function.
e We first show that foidq = f. Let a € A be arbitrary. We have
(foida)(a) = f(ida(a)) (by definition of composition)
= f(a)
Since a € A was arbitrary, it follows that foids = f.
e We now show that idg o f = f. Let a € A be arbitrary. We have
(tdg o f)(a) = idp(f(a)) (by definition of composition)
= f(a) (because f(a) € B)
Since a € A was arbitrary, it follows that idg o f = f.
O

Suppose that f: A — B is a function. We want to think about what an inverse function of f would even
mean. Naturally, an inverse should “undo” what f does. Since f: A — B, we should think about functions
g: B — A. In order for g to undo f, it seems that we would want g(f(a)) = a for all a € A. Similarly,
we might want this to work in the other direction so that f(g(b)) = b for all b € B. Notice that we can
write the statement “g(f(a)) = a for all a € A” in a more elegant fashion by saying that g o f = id4, where
idg: A — Ais the identity function on A (i.e. ids(a) = a for all a € A). Similarly, we can write “f(g(b)) = b
for all b € B” as f og =1idg. We codify these ideas in a definition.

Definition 4.1.7. Let f: A — B be a function.
o A left inverse for f is a function g: B — A such that go f = id4.
o A right inverse for f is a function g: B — A such that fog=1idpg.
e Aninverse for f is a function g: B — A such that both go f =ida and fog=1idg.

Let’s consider an example. Let A = {1,2,3} and B = {5,6,7,8}, and consider the function f: A — B
defined as follows:

f) =1 f(2)=5 f3) =8
As a set, we can write f = {(1,7),(2,5),(3,8)}. Notice that f is injective but not surjective because
6 ¢ range(f). Does f have a left inverse or a right inverse? A guess would be to define g: B — A as follows:

g(5) =2 9(6) =7 g(7) =1 9(8) = 3.
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Notice that it is unclear how to define g(6) because 6 is not hit by f. Suppose that we pick a random ¢ € A
and let g(6) = c¢. We have the following;:

g(f(1) = g(1) = 1
9(f(2)) = ¢(5) 2
9(f(3) = 98 = 3.

Thus, we have g(f(a)) = a for all a € A, so go f = id4 regardless of how we choose to define g(6). We have
shown that f has a left inverse (in fact, we have shown that f has at least 3 left inverses because we have 3
choices for ¢(6)). Notice that the value of ¢(6) never came up in the above calculation because 6 ¢ range(f).
What happens when we look at f o g7 Ignoring 6 for the moment, we have the following:

flg(5) = f(2) = 5
flo(m) = r) = 7
flg®) = fB) = 8

Thus, we have f(g(b)) = b for all b € {5,7,8}. However, notice that no matter how we choose ¢ € A to define
g(6) = ¢, it doesn’t work. For example, if let g(6) = 1, then f(g(6)) = f(1) = 7. You can work through the
other two possibilities directly, but notice that no matter how we choose ¢, we will have f(g(c)) € range(f),
and hence f(g(c)) # 6 because 6 ¢ range(f). In other words, it appears that f does not have a right inverse.
Furthermore, this problem seems to arise whenever we have a function that is not surjective.

Let’s see an example where f is not injective. Let A = {1,2,3} and B = {5, 6}, and consider the function
f: A — B defined as follows:

As a set, we can write f = {(1,5),(2,6), (3,5)}. Notice that f is surjective but not injective (since f(1) = f(3)
but 1 # 3). Does f have a left inverse or a right inverse? The guess would be to define g: B — A by letting
g(6) = 2, but it’s unclear how to define g(5). Should we let g(5) = 1 or should we let g(5) = 3? Suppose
that we choose g: B — A as follows:

Let’s first look at f o g. We have the following:

flg(5) = () =
f(9(6)) =

We have shown that f(g(b)) =b for all b € B, so fog = idg. Now if we instead choose g(5) = 3, then we

would have

fg(3)) = f(B) = 5

f(g(6)) = [f(2) 6,
which also works. Thus, we have shown that f has a right inverse, and in fact it has at least 2 right inverses.
What happens if we look at g o f for these functions g7 If we define g(5) = 1, then we have

Il
~
—
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which does not work either. It seems that no matter how we choose g(5), we will obtain the wrong result
on some input to g o f. In other words, it appears that f does not have a left inverse. Furthermore, this
problem seems to arise whenever we have a function that is not injective.

Now if f: A — B is bijective, then it seems reasonable that if we define g: B — A by simply “flipping
all of the arrows”, then g will be an inverse for f (on both sides), and that this is the only possible way
to define an inverse for f. We now prove all of these results in general, although feel free to skim the next
couple of results for now (we won’t need them for a little while).

Proposition 4.1.8. Let f: A — B be a function.
1. f is injective if and only if there exists a left inverse for f.
2. f is surjective if and only if there exists a right inverse for f.
3. f is bijective if and only if there exists an inverse for f.
Proof.

1. Suppose first that f has a left inverse, and fix a function g: B — A with go f = id4. Suppose that
a1, as € Asatisfy f(a1) = f(az2). Applying the function g to both sides we see that g(f(a1)) = g(f(az)),
and hence (go f)(a1) = (go f)(az). We now have

so a1 = ag. It follows that f is injective.

Suppose conversely that f is injective. If A = (), then f = ), and we are done by letting g = @ (if
the empty set as a function annoys you, just ignore this case). Let’s assume then that A # () and fix
ap € A. We now define g: B — A. Given b € B, we define g(b) as follows:

o If b € range(f), then there exists a unique a € A with f(a) = b (because f is injective), and we
let g(b) = a for this unique choice.
o If b ¢ range(f), then we let g(b) = ao.
This completes the definition of g: B — A. In terms of sets, g is obtained from f by flipping all of
the pairs, and adding (b, ag) for all b ¢ range(f). We need to check that go f = ids. Let a € A be
arbitrary. We then have that f(a) € B, and furthermore f(a) € range(f) trivially. Therefore, in the

definition of g on the input f(a), we defined g(f(a)) = a, so (g o f)(a) = ida(a). Since a € A was
arbitrary, it follows that g o f = id4. Therefore, f has a left inverse.

2. Suppose first that f has a right inverse, and fix a function g: B — A with fog =1idg. Let b € B be
arbitrary. We then have that

b=idp(b)
=(foy)
= f(g(b)

hence there exists a € A with f(a) = b, namely a = g(b). Since b € B was arbitrary, it follows that f
is surjective.

(0)
)



4.2. THE BLJECTION PRINCIPLE 61

Suppose conversely that f is surjective. We define g: B — A as follows. For every b € B, we know
that there exists (possibly many) a € A with f(a) = b because f is surjective. Given b € B, we then
define ¢g(b) = a for some (any) a € A for which f(a) = b. Now given any b € B, notice that g(b)
satisfies f(g(b)) = b by definition of g, so (f o ¢g)(b) = b = idg(b). Since b € B was arbitrary, it follows
that fog =1idg.

3. The right to left direction is immediate from parts 1 and 2. For the left to right direction, we need
only note that if f is a bijection, then the function g defined in the left to right direction in the proof
of 1 equals the function g defined in the left to right direction in the proof of 2.

O

Proposition 4.1.9. Let f: A — B be a function. If g: B — A is a left inverse of f and h: B — A is a
right inverse of f, then g = h.

Proof. By definition, we have that that go f = id4 and f o h = idg. The key function to consider is the
composition (go f)oh = go (foh) (notice that these are equal by Proposition 1.4.5). We have
g=goidp

=go(foh)

=(gof)oh (by Proposition 1.4.5)

= idA oh

= h.
Therefore, we conclude that g = h. O

Corollary 4.1.10. If f: A — B is a function, then there exists at most one function g: B — A that is an
inverse of f.

Proof. Suppose that g: B — A and h: B — A are both inverses of f. In particular, we then have that g is
a left inverse of f and h is a right inverse of f. Therefore, ¢ = h by Proposition 4.1.9. O

Corollary 4.1.11. If f: A — B is a bijective function, then there exists a unique inverse for f.
Proof. Immediate from Proposition 4.1.8 and Corollary 4.1.10. O

Notation 4.1.12. Suppose that f: A — B is bijective. We let f~': B — A be the the unique inverse for f.
More concretely, f=! is defined as follows. Given b € B, we define f~1(b) to equal the unique a € A with

f(a) =b.

Notice that by definition, we have both f~'o f = id4 and f o f~' = idg. In other words, we have
fY(f(a)) =aforallae A, and f(f~1(b)) =bfor all b€ B.

4.2 The Bijection Principle

Perhaps somewhat surprisingly, we can use functions to help us determine the cardinality of a set. The
following fact connects up the concepts introduced in the previous section with cardinalities of the domain
and codomain of functions.

Fact 4.2.1. Let A and B be finite sets.

e There exists an injective function f: A — B if and only if |A| < |B|.
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o There exists a surjective function f: A — B if and only if |B| < |A].
o There exists a bijective function f: A — B if and only if |A| = |B).

It is reasonably straightforward to provide intuitive arguments for each of these facts. Let’s look at the
first one. Suppose first that there exists an injective function f: A — B. In this case, every element of B is
hit by at most one element of A via f, so there must be at least as many elements in B as there are in A. For
the converse, if A = {a1,a9,...,a,} and B = {b1,bs,...,b,} with m < n, then we can define an injective
function f: A — B by letting f(a;) = b; for all . Although each of these arguments is convincing, the first
one is not terribly precise. If desired, it is possible to prove the first one by induction on the cardinalities of
A and B, but just as for the Sum Rule we will avoid being so formal. The other two results can be argued
similarly.

The third fact listed above is very helpful when trying to determine the cardinality of a set, and is some-
times called the “Bijection Principle”. Perhaps surprisingly, we’ve already used this type of argument infor-
mally on several occasions. On the first homework, we showed that if A is a set with |A| = n and D = {(a, a) :
a € A}, then we had |D| = n. Intuitively, if A = {a1,aq9,...,a,}, then D = {(a1,a1), (az,a2), ..., (an,an)},
so |D| = n. Using the Bijection Principle, we can argue this more formally by exhibiting the following
function: define f: A — D by letting f(a) = (a,a). It is then straightforward to check that f is bijective,
and hence |D| = |A] = n.

We were also implicitly using the bijection principle in the proof of Corollary 3.3.6, which said that
d(ajas) = d(ay) - d(ag) whenever aq,as € NT were relatively prime. The idea behind the argument was that
in this case, every (positive) divisor of ajas can be decomposed uniquely as a product of a (positive) divisor
of a1 and a (positive) divisor of as. More formally, we can use the first part of Proposition 3.3.2 to define
the function

f: Div*t(a1) x Divt(as) — Div' (ajas)

given by letting f(dy,ds) = didy. Notice that f is surjective by the second part of Proposition 3.3.2, and f
is injective by Proposition 3.3.3 (which is the only place where we use that a; and ay are relatively prime).
Therefore, by the Bijection Principle, we know that

|Divt(a1) x Divt(ag)| = |Divt (a1a2)|.
Now the Product Rule tells us that
|Divt(a1) x Divt (ag)| = |Divt(a1)| - |Divt(a2)),

SO
[Div* (ay)] - |Div* (az)| = | Div (aras)],

and hence d(a1) - d(az) = d(ajaz).
Finally, we can see the Bijection Principle at work in the proof of Corollary 3.4.6. Suppose that n > 1
and n = p{'p3? .- pi* where the p; are distinct primes. Consider the set

S={0,1,...,01} x{0,1,...,a2} x -+ x {0,1,...,p}.

Since [{0,1,...,ax}| = a; + 1 for all 4, we can use the General Product Rule to conclude that
k
IS| = (a1 +1)(ag +1) -+ (o + 1) = H(ai +1).
i=1

Define f: S — NT by letting f(81,02,---,0k) = pflpz2 .- ~p£’“. The Fundamental Theorem of Arithmetic
tells us that f is injective, and Proposition 3.4.4 allows us to conclude that range(f) = Divt(n). Thus, if
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we restrict the codomain to view f: S — Div™(n), then f is bijective. Using the Bijection Principle, we

conclude that |S| = |Div*(n)|, so
k

d(n) =8| = [J(e: + 1).

i=1
In general, if we have a set A and want to determine |A|, the idea is to create a bijection between A and

another set B, where |B| is easier to determine. Our first new example of this technique is the following
fundamental result:

Proposition 4.2.2. Given a finite set A with |A| =n € N, there exists a bijection f: {0,1}" — P(A).

Before jumping into the proof, we first illustrate with a special case. Let A = {1,2,3}, so that |A| = 3.

Notice that
P({1,2,3}) = {0, {1}, {2}, {3}, {1. 2}, {1, 3}, {2, 3}, {1, 2,3} }.

Looking at the elements of P({1,2,3}), we see that to create a subset of {1,2,3}, we need to decide which
elements to keep, and which elements to omit. In other words, when building a subset of {1,2,3}, we ask
ourselves whether to include 1 in our subset, whether to include 2 in our subset, and whether to include 3
in our subset. Each of these is a binary choice, and can be coded by either a 0 or a 1. Given a 3-tuple of
0’s and 1’s, say (1,0, 1), we can think the first 1 as coding the information that we should include 1 in our
set, the 0 as coding that we should omit 2, and the 1 as coding that we should include 3. Thus, we associate
(1,0,1) with the subset {1,3} of {1,2,3}. In this way, we establish the following bijection between {0, 1}
and P({1,2,3}):

(0,0,0) —
(0,0,1) — {3}
(0,1,0) — {2}
(1,0,0) — {1}
(0,1,1) — {2,3}
(1,0,1) — {1,3}
(1,1,0) — {1,2}
(1,1,1) — {1,2,3}.

We now write the general proof.

Proof. Let A = {a1,as,...,a,} where the a; are distinct. Define a function f: {0,1}" — P(A) by letting
f(b1,ba,...,b,) = {a; : b; = 1}. In other words, given a finite sequence (b1, ba,...,b,) of 0’s and 1’s, we
send it to the subset of A obtained by including a; precisely when the i*" element of the sequence is a 1.
Notice that if (b1, ba,...,b,) # (c1,¢2,...,¢y), then we can fix an ¢ with b; # ¢;, and in this case we have
f(b1,ba, ..., by) # f(c1,¢0,...,¢,) because a; is one of the sets but not the other. Furthermore, given any
S C A, if we let (by,ba,...,b,) € {0,1}" be defined by letting

by — 1 ifa; €8
L 0 1fa1§£5,

then f(b1,ba,...,b,) =5, so f is surjective. Therefore, f is a bijection. O
Corollary 4.2.3. If |A| =n € N, then |P(A4)| = 2".

Proof. This is immediate from the Proposition 4.2.2, the Bijection Principle, and Corollary 1.2.11. O
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Since this result is so fundamental, we give another proof that uses both induction and the Bijection
Principle. As above, we first provide some intuition by considering P({1,2,3}). Notice that we can break
up P({1,2,3}) into the union of two disjoint subsets, consisting of those elements that do not contain 3, and
those that do contain 3:

P({1,2,3}) = {0, {1}, {2}, {1, 2}} U {{3}, {1, 3}, {2, 3}, {1,2,3}}.

Notice that first of these subsets is just P({1,2}), and the second can be created from the first by inserting
3 into each of the subsets. In other words, we can use induction to determine the cardinality of the first
set, and then notice that there is a bijection between the subsets that do not contain 3, and those that do
contain 3. Here is the general argument:

Proof 2 of Corollary 4.2.3. We prove the result by induction on n € NT.

o Base Case: Suppose that n = 1. Let A be a set with |A| = 1, say A = {a}. We then have that
P(A) = {0,{a}}, so |P(4)| =2 =2

o Induction Step: Assume that the statement is true for some fixed n € NT, i.e. assume that for some
fixed n € N*, we know that [P(A)| = 2" for all sets A with |A] = n. Consider an arbitrary set A with
|A| = n+ 1. Fix some (any) element ay € A. Let § C P(A) be the collection of subsets of A not
having ag as an element, and let 7 C P(A) be the collection of subsets of A having ag as an element.
Notice then that S and 7 are disjoint sets with P(A) = SU T, so by the Sum Rule we know that

[P(A)| = |S[+[T].

Now consider the function f: & — T defined by letting f(B) = B U {ap}, i.e. given B € S, we have
that B is a subset of A not having ag as an element, and we send it to the subset of A obtained by
throwing ag in as a new element. Notice that f is a bijection, so |S| = |T|. Therefore, we have

[P(A)] = IS +IS].

Finally, notice that S = P(A\{ao}), so since |A\{ap}| = n, we can use induction to conclude that
|A\{ao}| = 2™. Therefore,

[P(A)| =2"+2"

=2.2"
=onth
Thus, the statement is true for n + 1.
By induction, we conclude that if |A| = n € NT, then [P(A)| = 2". O

By the way, Corollary 4.2.3 is also true in the case n = 0. When n = 0, we have A = () and P(0) = {0},
so |P(0)] =1 =29

We can also use the Bijection Principle when we do not know the size of either set. For an illustrative
example, consider the set P({1,2,3,4,5}). We know from Corollary 4.2.3 that |P({1,2,3,4,5})| = 2° = 32.
What if we only wanted to consider the subsets of {1,2,3,4,5} that have exactly 2 elements? If we let S be
this subset of P({1,2,3,4,5}), then

S= {{]-7 2}7 {]-7 3}7 {1a 4}; {1a 5}3 {21 3}7 {27 4}7 {27 5}7 {37 4}7 {37 5}7 {37 4}}
Similarly, if we let T be the subsets of {1,2,3,4,5} having exactly 3 elements, then

T ={{1,2,3},{1,2,4},{1,2,5},{1,3,4},{1,3,5},{1,4,5},{2,3,4},{2,3,5},{2,4,5},{3,4,5} }.
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In this case, you can directly check that |S| = 10 = |T], but we can also argue that |S| = |T| without
performing an exhaustive count. The key idea is that the relative complement of a size 2 subset of {1, 2, 3,4, 5}
is a size 3 subset of {1,2,3,4,5}. In other words, we have the following bijection between S and T:

{1,2} — {3,4,5}
{1,3} — {2,4,5}
{1,4} — {2,3,5}
{1,5} — {2,3,4}
{2,3} — {1,4,5}
{2,4} — {1,3,5}
{2,5} — {1,3,4}
{3,4} — {1,2,5}
{3,5} — {1,2,4}
{4,5} — {1,2,3}.

Generalizing this argument leads to following result.

Proposition 4.2.4. Let A be a set with |A] =n € Nt and let k € N be such that 0 < k < n. The number
of subsets of A having cardinality k equals the number of subsets of A having cardinality n — k.

Proof. Let S be the collection of all subsets of A having cardinality k, and let 7 be the collection of all
subsets of A having cardinality n — k. Define f: & — T by letting f(B) = A\B, i.e. given B C A with
|B| = k, send it to the complement of B in A (notice that if |B| = k, then |A\B| = n — k by the complement
rule). Notice that f is a bijection (it is surjective because if C' C A is such that |C| = n — k, then |A\C| =k
and f(A\C) = C). Therefore, |S| = |T]. O

Thus, despite the fact that we do not (yet) have a formula for the number of subsets of a certain size, we
do know that the number of subsets of size £k must equal the number of subsets of size n — k.

4.3 The Pigeonhole Principle

Although we have thus far focused on bijections, we also know from the previous section that if A and B
are finite sets, and f: A — B is an injective function, then |A| < |B|. Taking the contrapositive of this fact,
we obtain the following:

Corollary 4.3.1 (Pigeonhole Principle). If A and B are finite sets with |A] > |B|, and f: A — B is a
function, then there exist ai,as € A with a1 # ag such that f(a1) = f(ag).

Stated informally, the Pigeonhole Principle says that if n > k and we place n balls into k boxes, then (at
least) one box will contain at least 2 balls. For a very simple example, in any group of 13 people, there must
exist (at least) 2 people in the group who were born in the same month. Here is a more interesting example:

Proposition 4.3.2. Given n+ 1 integers, it is always possible to find two whose difference is divisible by n.

Proof. Let A be a set of n+1 integers, so A = {aog, a1, ...,a,}. For each i, we can use division with remainder
to fix q;,r; € Z with
a; =ng; +7;

and 0 < r; < n. Notice then that r; € {0,1,2,...,n — 1} for all . Define f: A — {0,1,2,...,n — 1} by
letting f(a;) = r; for each 4. Since |A| = n+ 1 and [{0,1,2,...,n — 1}| = n, we know by the Pigeonhole
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Principle that f is not injective. Thus, we can fix i # j with r; = r;. We then have

a; — a; = (ng; + i) — (ng; + ;)
=nlgi — q;) + (ri —r5)
=n(q — qj) (since r; —r; = 0),

son | (a; — aj). O

Proposition 4.3.3. For each n € NT, let a, = 333---3 where there are n many 3s. There exists an
n < 1492 such that 1491 | ay,.

Proof. For each n with 1 < n < 1492, we can use division with remainder to fix ¢;,r; € Z with
a; = 1491q; + r;

and 0 < r; < 1491. Since we have 1491 many possible distinct r;, it follows that there exists ¢ < j with
r; = rj. We then have

1491 | (aj — ai).

as in the proof of the previous proposition. The problem is that a; — a; does not equal any of the a,.
However, notice that

aj —a; =333---300---0 = a;_; - 10",

so as 1491 | (aj — a;), it follows that
1491 | a;_; - 10

Now the prime factorization of 107 is 2¢5%, so the any prime divisor of 10° must divide either 2 or 5 by
Proposition 3.2.7, so must be either 2 or 5 because 2 and 5 are prime. Now we have 1491 = 2 - 745 + 1 and
1491 = 5-298 4+ 1, so 2 1 1491 and 5 { 1491 by Proposition 2.3.5. Using Proposition 3.2.9, it follows that
ged(1491,10%) = 1. As a result, we can apply Proposition 3.2.5 to conclude that 1491 | aj_;, completing the
proof. O

Notice that the above argument works if we replace 1491 by any number that ends in 1, 3, 7, or 9 (since
such a number is not divisible by 2 or 5), and we if replace the 3 in 333 - - -3 by any nonzero digit.

Proposition 4.3.4. Suppose we have a gathering of n > 2 people, and at the beginning of the gathering
some pairs of people shake hands. There always must exist (at least) two people who have shaken the same
number of hands.

Proof. Label the people with the numbers 1,2,3,...,n. We can then define a function f: {1,2,3,...,n} —
{0,1,2,...,n — 1} by letting f(k) be the number of people that person k shook hands with. On the
face of it, this looks bad because both sets have n elements. However, it is impossible that both 0 and
n — 1 are elements of range(f) because if somebody shook hands with all of the other n — 1 people, then
everybody shook hands with a least one person, so 0 ¢ range(f). Thus, we can either view f as a function
f:4{1,2,3,...,n} = {0,1,2,... ,n—2} or as a function f: {1,2,3,...,n} = {1,2,...,n—1}. In either case,
f is not injective by the Pigeonhole Principle, so there exist two people who have shaken the same number
of hands. O

Proposition 4.3.5. Let f: {0,1}* — {0,1}* be injective. For every n € N, there exists o € {0,1}" with
|f(o)| > |o| (here |T| is the length of the finite sequence T ).
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Proof. Let f: {0,1}* — {0,1}* be injective. Let n € N* be arbitrary. Suppose instead that |f(o)| < |o]
for all o € {0,1}". Notice that [{0,1}|™ = 2" and the number of sequences of length strictly less than n is
1+2+4+--+2""1 because we can write it as the union {0,1}°U{0,1}* U {0,1}2U---U{0,1}"~! where
the sets are pairwise disjoint. Now the key fact is that

2" —1
2-1

1+2+22 4. 42771 = =2"—1

by the homework. Alternatively, this can be argued by noting that

142422 4. 42771

(1+2+2°+- 42711
(1+2+2%+-- 42771 (2-1)
=(2+22+2°+. - 42" —(1+2+2% + -+ 2"
2" — 1.

Since {0, 1}"™| = 2™ and the set of sequences of length strictly less than n is 2" — 1, we may use the Pigeonhole
Principle to conclude that there exists distinct 01,09 € {0,1}" with f(o1) = f(o2), which contradicts the
fact that f is injective. Therefore, there must exist o € {0,1}" with |f(o)| > |o]. O

We can interpret the previous proposition as follows. Suppose that we have a compression algorithm,
i.e. a program that takes a sequence of 0’s and 1’s and tries to compress it down to a shorter sequence (think
of any standard zip program). If we look at how the function behaves on every input, we obtain a function
f:{0,1}* — {0,1}*. Of course, for this compression algorithm to be at all useful, we would need to be able
to uncompress any file back to its original. In order to do this, the function f must be injective (otherwise, if
two files compress to the same thing, we would have no way to know which file to return). This proposition
says that any purported compression scheme must fail to actually shrink the size of some file, and in fact for
every length n, there is a file of length n that is not actually made smaller.

Proposition 4.3.6. Let n € N*. Given a set S C {1,2,3,...,2n} with |S| > n+ 1, there always exists a
pair of distinct elements a,b € S with a | b.

Before proving this proposition, we examine some special cases in order to get some intuition. First,
consider the case when n = 5 so that 2n = 10. We want to prove that whenever we have at least 6 numbers
from the set {1,2,3,...,10}, we can find two distinct numbers a and b such that a | b. The idea is to build
five “boxes” of numbers with the following properties:

o Every number from {1,2,3,...,10} is in a box.
e Given any two distinct numbers from the same box, one divides the other.

Suppose that we are successful in doing this. Then given any set of at least six numbers, we can find two
of the numbers in the same box (because we only five boxes), and then we will be done. So let’s build five
boxes with the above properties in the case where n = 5:

« Box 1: {1,2,4,8).
o Box 2: {3,6}.

o Box 3: {5,10}.

o Box 4: {7}.

o Box 5: {9}.
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We now want to generalize this argument. The key idea behind the above boxes was as follows: Given a
natural number, keep dividing by 2 until we reach an odd number, and put two numbers in the same box if
we arrive at the same odd number. In order to formalize this, we prove the following lemma.

Lemma 4.3.7. Let n € N*. There exist unique k,¢ € N such that £ is odd and n = 2F( .

Although it is possible to deduce this result from the Fundamental Theorem of Arithmetic, we give a
direct proof.

Proof. We first prove the existence of k and ¢ by strong induction on n.
e When n = 1, we can write 1 = 2% 1, so we can take k =0 and ¢ = 1.

e Let n € N with n > 2, and assume that we know the existence part is true for all m with 1 < m < n.
We prove it for n. First, notice that if n is odd, then we can simply write n = 2°n, and we are done.
Suppose then that n is even. Fix m € Z with n = 2m and notice that 1 < m < n. By induction, we
can fix k, ¢ € N such that ¢ is odd and m = 2¥¢. We then have n = 2m = 2¥+1¢, hence the result holds
for n.

The existence of k and ¢ for all n follows by induction.

We now prove uniqueness. Suppose that ki, ks, 1,02 € N are such that ¢; and /s are both odd and
2k, = 2k2¢y If ki < ko, then dividing both sides by 2¥1, we would be able to conclude that ¢; = 2+F2=F1¢,
which contradicts the fact that ¢; is odd (since ko — k1 > 1). A similar contradiction occurs if k1 > ko.
Therefore, we must have that k; = ko. Diving both sides by 2¥* = 2%2 we then conclude that ¢; = f5. This
gives uniqueness. O

Proof of Proposition 4.3.6. Let S C {1,2,3,...,2n} with |S| > n + 1 be arbitrary. Let X be the set of all
odd integers ¢ with 1 < ¢ < 2n, and notice that |X| = n (because g: {0,1,2,...,n — 1} — X given by
g(k) = 2k + 1 is a bijection). Define a function f: S — X as follows. Given a € S, write a = 2*¢ for
the unique &k and ¢ from the previous lemma, and define f(a) = ¢ (notice that ¢ < 2n because a < 2n).
Intuitively, we associate to each given n € S the unique odd number obtained by repeatedly dividing by 2
until we reach an odd number. Since |S| > n+ 1 and |X| = n, the Pigeonhole Principle tells us that we can
find distinct a,b € S with a < b such that f(a) = f(b). Call this common value ¢, i.e. let £ = f(a) = f(b),
and fix k1, k2 € N with @ = 2%1¢ and b = 2%2¢. Since a < b, we have ky < ks. Now

b= 2k2y

= 2k—h gk y
— ok2—k1 .q,

so a | b. This completes the proof. O

We end with a more sophisticated example. Suppose that we have a finite sequence of (possibly real)
numbers. For example, consider the following sequence of 10 numbers:

316 90 2 8 5 7 4

Although these numbers are not sorted in any sense, one can find a decently long decreasing subsequence
by pulling out the 9,8,7,4. It turns out that no matter what sequence of length n one looks at, it always
possible to pull out an increasing or decreasing subsequence of length about y/n. We first provide the
necessary definitions:

Definition 4.3.8. Suppose that ai,as,...,a, is a finite sequence of real numbers. Suppose that we have
a sequence of indices with 1 < i3 < iy < -+ < 4 < n. We then call a;,,ai,,...,a;, a subsequence of
a1,a2,...,0n.
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Definition 4.3.9. Suppose that a1, as,...,a, is a finite sequence of real numbers.
e We call the sequence increasing if a1 < as < --- < ay.
o We call the sequence decreasing if a3 > ag > -+ > ay,.
o We call the sequence monotonic if it is either increasing or decreasing.

For example, suppose that aq,as,..., a1 is our original sequence
316 902 85 7 4
Notice that 9,8,7,4 is a decreasing subsequence of this sequence (with i1 =4, is =7, i3 = 9, and i4 = 10).

Theorem 4.3.10. Let n € Nt. Given a sequence of (n — 1)2 + 1 real numbers, it is always possible to find
a monotonic subsequence of length n.

Proof. Consider an arbitrary sequence

a1, 02,043, . ..,0(n-1)241

of (n—1)% +1 many real numbers. Associate to each i the pair (k,¢) € N* x N where k is the length of the
longest increasing subsequence ending with (and including) a; and £ is the length of the longest decreasing
subsequence ending with (and including) a;. If any one of these pairs has a coordinate that is at least n,
then we are done. Otherwise, every pair (k, £) is such that 1 <k <n—1and 1 < ¢ <n—1. There are only
(n — 1)? many possible pairs, so since we have (n — 1)? 4+ 1 many numbers, some pair must be repeated by
the Pigeonhole Principle. Fix ¢ < j with (k;, ¢;) = (k;, ;). Now if a; > a;, then we can add a; onto the end
of the longest increasing subsequence ending in a; to form an increasing subsequence of length k; +1 > k;, a
contradiction. Similarly, if a; < a;, then we can add a; onto the end of the longest decreasing subsequence
ending in a; to form an idecreasing subsequence of length ¢; + 1 > ¢;, a contradiction. O

For example, for our sequence
316 9 0285 74
we would assign the values
(L,1) (L,2) (2,1) (3,1) (1,3) (2,2) (3,2) (3,3) (4,3) (3,4)

Thus, we can take either 0,2,5,7 as an increasing subsequence or 9,8, 7,4 as a decreasing subsequence.

4.4 Countability and Uncountability

Recall that if A and B are finite sets, then |A| = | B| if and only if there exists a bijection f: A — B. Now
if A and B are infinite sets, then we have no obvious way to define the cardinality of A and B like we do for
finite sets. However, it still makes sense to talk about bijections, and so one can simply define two (possibly
infinite) sets A and B to have the same size if there is a bijection f: A — B.

With this in mind, think about N = {0,1,2,3,...} and the subset N* = {1,2,3,4,...}. Although N* is
a proper subset of N and “obviously” has one fewer element, the function f: N — N¥ given by f(n) =n+1
is a bijection, and so N and Nt have the same “size”. For another even more surprising example, let
A={2n:n €N} ={0,2,4,6,...} be the set even natural numbers, and notice that the function f: N — A
given by f(n) = 2n is a bijection from N to A. Hence, even though A intuitively seems to only have “half”
of the elements of N, there is still a bijection between N and A.

The next proposition shows that N is the “smallest” infinite set, in the sense that we can injectively
embed it into any infinite set.
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Proposition 4.4.1. If A is an infinite set, then there is an injective function f: N — A.

Proof. We define f: N — A recursively. Pick some (any) ag € A, and define f(0) = ag. Suppose that n € N
and we have defined the values f(0), f(1),..., f(n), all of which are elements of A. Since A is infinite, we
have that {f(0), f(1),..., f(n)} # A. Thus, we can pick some an+1 € A\{f(0), f(1),..., f(n)}, and define
f(n+1) = any1. With this recursive definition, we have defined a function f: N — A. Notice that if m < n,
then f(n) was chosen to be distinct from f(m) by definition, so f(m) # f(n). Therefore, f is injective. [

With this in mind, we introduce a name for those infinite sets for which we can find a bijection with N,
and think of them as the “smallest” types of infinite sets.

Definition 4.4.2. Let A be a set.
o We say that A is countably infinite if there exists a bijection f: N — A.
o We say that A is countable if it is either finite or countably infinite.
o If A is not countable, we say that A is uncountable.

Suppose that A is countably infinite. We then have a bijection f: N — A, so we can arrange its elements
in a list without repetition by listing out f(0), (1), f(2), f(3),... to get:

ap a1 a2 ag

Conversely, writing out such a list without repetition shows how to build a bijection f: N — A. Since
working with such lists is more intuitively natural (although perhaps a little less rigorous), we’ll work with
countable sets in this way. What about lists that allow repetitions?

Proposition 4.4.3. Let A be a set. The following are equivalent.
1. It is possible to list A, possibly with repetition, as ag, a1, as,as, ... .
2. There is a surjection g: N — A.
3. A is countable, i.e. either finite or countably infinite.

Proof. (1) < (2): This is essentially the same as the argument just given. If we can list A, possibly with
repetitions, as ag, a1, as, as, ..., then the function g: N — A given by g(n) = a,, is a surjection. Conversely,
if there is a surjection g: N — A, then ¢(0),g(1),9(2),9(3),... is a listing of A.

(1) = (3): Assume (1), and fix a listing ag, a1, a2, as,... of A, possibly with repetition. If A is finite,
then A is countable by definition, so we may assume that A is infinite. We define a new list as follows.
Let by = ag. If we have defined by, b1, ..., by, let b,+1 = ak, where k is chosen as the least value such that
ax & {bo,b1,...,bn} (such a k exists because A is infinite). Then

bo b1 by by

is a listing of A without repetitions. Therefore, A is countably infinite.
(3) = (1): Suppose that A is countable. If A is countably infinite, then there is a bijection f: N — A, in
which case
) f() F(2) FB3)
is a listing of A (even without repetition). On the other hand, if A is finite, say A = {ag,a1,as,...,a,},
then
apg a3 as - Ap Ap Ap

is a listing of A (with repetition). O
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Our first really interesting result is that Z, the set of integers, is countable. Of course, some insight is
required because if we simply start to list the integers as

01 2 3 4

we won’t ever get to the negative numbers. We thus use the sneaky strategy of bouncing back-and-forth
between positive and negative integers.

Proposition 4.4.4. 7Z is countable.

Proof. We can list Z as
01 -1 2 =2

More formally, we could define f: N — Z by

_ —5 if nis even
J(n) {"'2"1 if n is odd
and check that f is a bijection. O

The key idea used in previous proof can be abstracted into the following result.
Proposition 4.4.5. If A and B are countable, then AU B is countable.

Proof. Since A is countable, we may list it as ag, a1, as,as,.... Since B is countable, we may list it as
bg, b1, b2, b3, .... We therefore have the following two lists:

ap a1 a2 as
bp b1 by b3

We can list AU B by going back-and-forth between the above lists as

ap by ar b1 az by

A slightly stronger result is now immediate.
Corollary 4.4.6. If Ay, Ay, ..., A, are countable, then Ag U Ay U---U A, is countable.

Proof. This follows from Proposition 4.4.5 by induction. Alternatively, we can argue as follows. For each
fixed k with 0 < k < n, we know that A is countable, so we may list it as a0, ax,1,axr,2,.... We can
visualize the situation with the following table.

ap,0 Qo,1 Ao,2 Go,3
aio i1 ai2 @13

an,o0 Qn,a1 0an2 an3

We now list Ag U A; U---U A, by moving down each column in order, to obtain:

apo aio0 -°° Aapo Go1 A1 o Apdl



72 CHAPTER 4. INJECTIONS, SURJECTIONS, AND BIJECTIONS

In fact, we can prove quite a significant extension of the above results. The next proposition is usually
referred to by saying that “the countable union of countable sets is countable”.

oo
Proposition 4.4.7. If Ag, A1, A, ... are all countable, then |J Ay = AgU A1 U Ay U--- is countable.
k=0
Proof. For each n € N, we know that A,, is countable, so we may list it as a0, ar 1, 0r,2,0k3,.... We now
have the following table.
ap,0 Qo1 Qo2 Q03
aio Q1,1 Q12 413
azo0 a1 G2 G23
azo as;1 32 as;s

Now we can’t list this by blindly walking down the rows or columns. We thus need a new, much more
clever, strategy. The idea is to list the elements of the table by moving between rows and columns. One nice

o0
approach which works is to step along certain diagonals and obtain the following listing of |J A:
n=0

ap,0 @o,1 a0 Go2 ail1 G20

The pattern here is that we are walking along the diagonals in turn, each of which is finite. Alternatively,
we can describe this list as follows. For each m € N, there are only finitely many pairs (i,5) € N x N with
i+ j = m. We first list the finitely many a; ; with i + j = 0, followed by those finitely many a, ; with

o0
i+ j =1, then those finitely many a; ; with ¢ + j = 2, etc. This gives a listing of J Ag. O
k=0

Theorem 4.4.8. QQ is countable.

Proof. For each k € N*, let Ay, = {% : a € Z}. Notice that each Ay, is countable because we can list it as

0 1 -1 2 =2
E k k k 'k
Since
oo
Q=JAr=A4U04UAU--
k=1
we can use Proposition 4.4.7 to conclude that Q is countable. O

With all of this in hand, it is natural to ask whether uncountable sets exist.
Theorem 4.4.9. R is uncountable.

Proof. We need to show that there is no list of real numbers that includes every element of R. Suppose then
that 71,79, 73,... is an arbitrary list of real numbers. We show that there exists x € R with x # r,, for every
n € N. For each n € N, we write out the (nonterminating) decimal expansion of r,, as

Qpn - dn,l dn,2 dn,S dn,4
where a,, € Z and each d,, ; € Z satisfies 0 < d,,; < 9. We arrange our list of reals ry,r2,73,... as a table
ap . d1,1 d1,2 d1,3 d1,4
a2 . d2,1 d2,2 d2,3 d2,4
as . d31 dsa d3z dsa

ag . day dap daz dag
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For each n € N, let
. 3 ifd,,#3
"7 ifdy,=3

Let x be the real number with decimal expansion
€1 €2 €3 €4

We claim that = # r,, for every n € N. Let n € N be arbitrary. Since e,, # d,,,, by construction, it follows z
and 7, disagree in the n'" decimal position. Therefore, since the (nonterminating) decimal expansions of =
and r, are different, it follows that = # r,. O
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Chapter 5

Counting

5.1 Arrangements, Permutations, and Combinations

Let A be a finite set with |A| = n. Given k € NT| the set A* is the set of all finite sequences of length k
whose elements are all from A. Occasionally, and especially in computer science, such a finite sequence is
called a string over A of length k. Using Corollary 1.2.11, we already know that |A*| = |A|* = n*, so we
can count the number of finite sequences of length k. For example, if A = {a, b, c,d}, then there are exactly
42 = 16 many two letter strings over A. Similarly, there are exactly 1282 = 16, 384 many two character long
ASCII sequences, and there are 107 many potential phone numbers.

Recall that a finite sequence might contain repetition. For example, if A = {1,2,3}, then (1,1,3) € A3
and (3,1,2,3) € A*. Suppose that A is a set with |A| = n, and we want to count the number of sequences
of length 2 where there is no repetition, i.e. we want to determine the cardinality of the set

B ={(a,b) € A* : a # b}.
There are (at least) two straightforward ways to do this:

o Method 1: As on the first homework, we use the complement rule. Let D = {(a,a) : a € A} and notice
that |D| = n because |A] =n (and f: A — D given by f(a) = (a,a) is a bijection). Since B = A%\D,
it follows that |B| = |A2%| — |D| = n? —n =n(n—1).

e Method 2: We use a modified version of the product rule as follows. Think about constructing an
element of B in two stages. First, we need to pick the first coordinate of our pair, and we have n
choices here. Now once we fix the first coordinate of our pair, we have n — 1 choices for the second
coordinate because we can choose any element of A other than the one that we chose in the first round.
By making these two choices in succession, we determine an element of B, and furthermore, every
element of B is obtained via a unique sequence of such choices. Therefore, we have |B| = n(n — 1).

Notice that in the argument for Method 2 above, we are not directly using the Product Rule. The issue is
that we can not write B in the form B = X xY where | X| = n and |Y| = n— 1 because the choice of second
coordinates depends upon the choice of first component. For example, if A = {1,2,3}, then if we choose 1
as our first coordinate, then we can choose any element of {2,3} for the second, while if we choose 3 as our
first coordinate, then we can choose any element of {1,2} for the second. However, the key fact is that the
number of choices for the second coordinate is the same no matter what we choose for the first. If you want
to be more formal in the example with A = {1,2,3}, we are setting up a bijection between {1,2,3} x {1,2}

75
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and B as follows:

(1,1) — (1,2)
(1,2) — (1,3)
(2,1) — (2,1)
(2,2) — (2,3)
(3,1) = (3,1)
(3,2) — (3,2)

In other words, if we input (k, ), then the output will have first coordinate k, but the second coordinate
will be the ¢*" smallest element of {1,2,3}\{k}. Moreover, if A = {1,2,3,...,n}, then the function from
{1,2,...,n} x {1,2,...,n — 1} sending (k,¢) to the pair whose first coordinate is k, and whose second
coordinate is the ¢! smallest element of {1,2,...,n}\{k}, is a bijection. Therefore, |B| = n(n — 1).

Suppose more generally that we are building a set of objects in stages, in such a way that each sequence
of choices throughout the stages determines a unique object, and no two distinct sequences determine the
same object. Suppose also that we have the following number of choices at each stage:

e There are ni many choices at the first stage.
e For each choice in the first stage, there are no many objects to pair with it in the second stage.

e For each pair of choices in the first two stages, there are n3 many choices to append at the third stage.

« For each sequence of choices in the first k — 1 stages, there are nj, many choices to append at the k"
stage.

In this situation, there are ninong - - -n, many total objects in the set. The formal argument is similar to
the above argument, where we set up a bijection from the set

{1,2,...,n1} x {1,2,...,n0} x --- x {1,2,...,nx}

to the set that we are counting. However, we will avoid such formalities in the future when we use it. With
this new rule in hand, we can count a new type of object.

Definition 5.1.1. Let A be a finite set with |A| = n. A permutation of A is an element of A™ without
repeated elements.

For example, consider A = {1,2,3}. One example of a permutation of A is (3,1,2). The set of all
permutations of A is:
{(17 2’ 3), (17 3’ 2)’ (27 17 3)’ (27 37 1)’ (3, 17 2)’ (37 27 1)}'

Thus, there are 6 permutations of the set {1,2,3}. In order to count the number of permutations of a set
with n elements, we use our new technique.

Proposition 5.1.2. If A is a finite set with n € NT elements, then there are n! many permutations of A.
Proof. We can build a permutation of A through a sequence of choices.
e We being by choosing the first element, and we have n choices.

e Once we've chosen the first element, we have n — 1 choices for the second because we can choose any
element of A other than the one chosen in the first stage.
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e Next, we have n — 2 many choices for the third element.

e At stage n — 1, we have chosen n — 2 distinct elements so far, so we have 2 choices here.
o Finally, we have only one choice remaining for the last position.

Since every such sequence of choices determines a permutation of A, and distinct choices given distinct
permutations, it follows that there are n(n — 1)(n —2)---2-1 = n! many permutations of A. O

Alternatively, we can give a recursive description of the number of permutations of a set with n-elements,
and use that to derive the above result. Define f: NT — N¥ by letting f(n) be the number of permutations
of {1,2,...,n}. Notice that f(1) = 1. Suppose that we know the value of f(n). We show how to build all
permutations of {1,2,...,n+ 1} from the f(n) many permutations of {1,2,...,n} along with an element of
the set {1,2,...,n,n+1}. Given a permutation of {1,2,...,n} together with a number k with 1 <k <n+1,
we form a permutation of {1,2,...,n,n+ 1} by taking our permutation of {1,2,...,n}, and inserting n + 1
into the sequence in position k& (and then shifting all later numbers to the right). For example, when n =4
and we have the permutation (4,1,3,2) together with k = 2, then we insert 5 into the second position to
form the permutation (4,5, 1, 3, 2).

In this way, we form all permutations of {1,2,...,n,n+ 1} in a unique way. More formally, if we let R,,
be the set of all permutations of {1,2,...,n}, then this rule provides a bijection from R, x{1,2,...,n,n+1}
to Rp41. Therefore, we have f(n+1) = (n+ 1) - f(n) for all n € N*. Combining this with the fact that
f(1) =1, we conclude that f(n) =n! for all n € N*.

Definition 5.1.3. Let A be a finite set with |A| =n, and let k € N with 1 < k <n. A partial permutation
of A of length k is an element of A* with no repeated element. A partial permutation of length k is also
called a k-permutation of A.

Proposition 5.1.4. If A is a finite set with n € N elements and k € NT is such that 1 < k < n, then there

are
n!

n(n—l)(n—Z)-u(n—k:—i-l):m

many k-permutations of A.

Proof. The proof is the same as for permutations, except we stop after k stages. Notice that the last term
in the product, corresponding to the number of choices at stage k, is n — (k— 1) = n — k+ 1 because at stage
k we have chosen the first k£ — 1 many element. Finally, notice that

n! nmn-1)n-2)-n—k+1)n—-k)n-—k—-1)---1
(n—k)! mn—k)n-k-1)---1
=nn—-1)n-2)---(n—k+1)

giving the last equality. O

For example, using the standard 26-letter alphabet, there are 26-25-24 = % = 15,600 many three-letter
strings of letters having no repetition.

Notation 5.1.5. If k,n € NT with 1 < k < n, we use the notation (n)y or P(n,k) for the number of

k-permutations of a set with n elements, i.e. we define

(n)k = P(n,k) = m



78 CHAPTER 5. COUNTING

We now count the number of functions between two finite sets, as well as the number of injections (it
turns out that the number of surjections is much harder).

Proposition 5.1.6. Suppose that A and B are finite sets with |A| = m and |B| = n.

1. The number of functions from A to B is n™.

2. If m < n, then the number of injective functions from A to B is P(n,m) = =

Proof. 1. To see this, first list the elements of A in some order as ai,as,...,a,. A function assigns a
unique value in B to each a;, so we go through the a; in order. For a;, we have n possible images
because we can choose any element of B. Once we’ve chosen this, we now have n possible images for
az. As we go along, we always have n possible images for each of the a;. Therefore, the number of
functions from A to Bisn-n---n=n".

2. Notice that if n < m, then there are no injective functions f: A — B by the Pigeonhole Principle.
Suppose instead that m < n. The argument here is similar to the one for general functions, but we get
fewer choices as we progress through A. As above, list the elements of A in some order as a1, ag, - . ., Gy,-
A function assigns a unique value in B to each a;, so we go through that a; in order. For a;, we have
n possible images because we can choose any element of B. Once we’ve chosen this, we now have n —1
possible images for as because we can choose any value of B other than the one we sent a; to. Then
we have n — 2 many choices for as, etc. Once we arrive at a,,, we have already used up m — 1 many
elements of B, so we have n — (m — 1) = n —m + 1 many choices for where to send a,,. Therefore, the
number of functions from A to B is

n~(n71)~(n72)~~(nfm+1):m,
which is P(n,m).
O

Suppose we ask the following question: Given A = {1,2,3,4,5,6,7}, how many elements of A% contain
the number 7 at least once? In other words, how many four digit numbers are there such that each digit is
between 1 and 7 (inclusive), and 7 occurs at least once? A natural guess is that the answer is 4 - 73 by the
following argument:

o First, pick one of the 4 positions to place the 7.

o Now we have three positions open. Going through them in order, we have 7 choices for what to put in
each of these three positions.

This all looks great, but unfortunately there is a problem. It is indeed true that such a sequence of four
choices does create one of the numbers we are looking for. If we choose the sequence (3, 1,5, 1), saying that
we put a 7 in the third position and then place (1,5,1) in order in the remaining positions, then we obtain
the number 1571. However, the sequence of choices (2,7,3,4) and the sequence of choices (1,7,3,4) both
produce the same string, namely 7734. More formally, the function that takes a position (for the first 7)
together with a sequence of 3 digits, and produces the corresponding 4-digit sequence that contains a 7, is
surjective but not injective. As a result, we do not have a bijection, and so can not count the set in this way.

In order to get around this problem, the key idea is to count the complement. That is, instead of counting
the number of elements of A% that do contain the number 7 at least once, we count the number of elements
of A% that do not contain the number 7 at all, and subtract this amount from the total number of elements
in A*. Now since |A| = 7, we have that |A%| = 7* because we have 7 choices for each of the 4 spots. To
count the number of elements of A* that do not contain a 7, we simply notice that we have 6 choices for
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each of the 4 spots, so there are 6% of these. Therefore, by the Complement Rule, the number of elements of
A% that do contain the number 7 at least once is 74 — 6%.

We next move on to a fundamental question that will guide a lot of our later work. Let n € NT. We
know that there are 2™ many subsets of {1,2,...,n}. However, what if we ask how many subsets there are
of a certain size? For instance, how many subsets are there of {1,2,3,4,5} that have exactly 3 elements?
The intuitive idea is to make 3 choices: First, pick one of the 5 elements to go into our set. Next, pick one
of the 4 remaining elements to add to it. Finally, finish off the process by picking one of the 3 remaining
elements. For example, if we choose the number 1,3,5 then we get the set {1,3,5}. Thus, a natural guess
is that there are 5 -4 - 3 many subsets with 3 elements. However, recall that a set has neither repetition nor
order, so just as in the previous example we count the same set multiple times. For example, picking the
sequence 3, 5,1 would also give the set {1,3,5}. In fact, we arrive at the set {1,3,5} in the following six
ways:

(1,3,5) (3,1,5) (5,1,3)
(1,5,3)  (3.5,1)  (5,3,1)

In hindsight, we realize that were just counting the number of 3-permutations of {1, 2, 3,4, 5}, since the order
matters there.

At this point, we may be tempted to throw our hands in the air as we did above. However, there is one
crucial difference. In our previous example, some sequences of 4 numbers including a 7 were counted once
(like 1571), some were counted twice (like 7712), and others were counted three or four times. However, in
our current situation, every subset is counted exactly 6 times because given a set with 3 elements, we know
that there are 3! = 6 many permutations of that set (i.e. ways to arrange the elements of the set in order).
The fact that we count each element 6 times means that the total number of subsets of {1,2,3,4,5} having

exactly 3 elements equals 5'&# = 10. The general principle that we are applying is the following:

Proposition 5.1.7 (Quotient Rule). Suppose that A is a finite set with |A] = n. Suppose that ~ is an
equivalence relation on A, and that every equivalence class has exactly k elements. In this case there are 7
many equivalence classes.

Proof. Let £ be the number of equivalence classes. To obtain an element of A, we can first pick one of the £
equivalence classes, and then pick one of the £ many elements from that class. Since the equivalence classes
partition A, it follows that this sequence of choices produces each element of A in a unique way. Thus,
n = k- £ by the Product Rule, and hence £ = 7. O

Another way to state the Quotient Rule is in terms of surjective functions.

Proposition 5.1.8 (Quotient Rule - Alternative Form). Suppose that A and B are a finite sets with |A| = n.
Suppose that f: A — B is a surjective function and that k € Nt has the property that

{a€A: fla) =0} =k
for allb € B (i.e. every b € B is hit by exactly k elements of A). We then have |B| = %.

Proof. The argument is similar to previous proof. Let ¢ = |B|. To obtain an element of A, we can first pick
one of the ¢ elements of B, and then pick one of the £ many elements from the set {a € A : f(a) = b}. Notice
that this sequence of choices produces each element of A in a unique way. Thus, n = k - £ by the Product
Rule, and hence ¢ = . O

In fact, these two versions of the Quotient Rule are really different aspects of the same underlying
phenomena. To see this, given a surjective function f: A — B, and define relation ~ on A defined by letting
ap ~ ag if f(a1) = f(ag). Tt is then straightforward to check that ~ is an equivalence relation on A, and
that for all ¢ € A, we have

c={acA:f(a)= f(O)}
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In other words, the sets {a € A: f(a) = b} given in the second version are equivalence classes of ~ (since f
is surjective). If we also assume that each of these sets have the same size (as we do in the second version),
then we are just saying that the equivalence classes have the same size, and hence we can apply the first
version of the Quotient Rule.

Proposition 5.1.9. Let n,k € NT and with 1 < k < n. Suppose that A is a finite set with |A| = n. The
number of subsets of A having exactly k elements equals

nn—1)Mn-2)---(n—k+1) n!

k! - (n— k)l

Proof. We generalize the above argument. We know that the number of k-permutations of A equals

n!

n(n—l)(n—2)-~-(n—k+1):m.

Now a k-permutation of A picks k distinct elements of A, put also assigns an order to the elements. Now
every subset of A of size k is coded by exactly k! many such k-permutations because we can order the subset
in k! many ways. Therefore, by the Quotient Rule, the number of subsets of A having exactly k elements

equals
nn—1Mn-2)---(n—k+1) n!

k! K- (n— k)l

O

Notice also that if k& = 0, then there is one subset of any set having zero elements (namely @). Thus, by
defining 0! = 1, the above formula works in the case when k = 0 as well.

Definition 5.1.10. Let n,k € N and with 0 < k < n. We define the notations (Z) and C(n, k) by

(Z) = C(n,k) = k,(:'k)'

We call this the number of k-combinations of an n-element set, and pronounce (Z) as “n choose k’.

For example, the number of 5-card poker hands from a standard 52-card deck is:

52 52!
= 22— 2 598,960.
(5) L7~ O

We now give a number of examples of counting problems:

e Over the standard 26-letter alphabet, how many “words” of length 8 have exactly 5 consonants and 3
vowels? We build every such word in a unique way via a sequence of choices:

— First, we pick out a subset of 3 of the 8 positions to house the vowels, and we have (2) many
possibilities.

— Next, we pick 3 vowels in order allowing repetition to fill in these positions. Since we have 5
vowels, there are 52 many possibilities.

— Finally, we pick 5 consonants in order, allowing repetition, to fill in remaining 5 positions. Since
we have 21 consonants, there are 21° many possibilities.

Since every word is uniquely determined by this sequence of choices, the number of such words is

(g) -5%.915 =56-53.21°.
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o How many ways are there to seat n people around a circular table (so the only thing that matters is
the relative position of people with respect to each other)? To count this, we use the Quotient Rule.
We first consider each of the chairs as distinct. List the people in some order, and notice that we have
n choices for where to seat the first person, then n — 1 for where to seat the second, then n — 2 for
the third, and so forth. Thus, if the seats are distinct, then we have n! many ways to seat the people.
However, two such seating arrangements are equivalent if we can get one from the other via a rotation
of the seats. Since there are n possible rotations, each seating arrangement occurs n times in this
count, so the total number of such seatings is 2 = (n — 1)L.

More formally, we can think about this as following. Consider all permutations of an n-element set (the
people): we know that there are n! of these. Now given two permutations, which are just sequences
of length n without repetition, we consider two of these sequences equivalent exactly when every pair
of numbers is the same distance apart where we allow “wrap around” (since the seating is circular).
We then have that two such sequences are equivalent precisely when one is a cyclic shift of the other.
Thus, every equivalence class has exactly n elements, and hence there are %‘ = (n — 1)! many circular
arrangements.

e Suppose that we are in a city where all streets are straight and either east-west or north-south. Suppose
that we are at one corner, and want to travel to a corner that is m blocks east and n blocks north, but
we want to do it efficiently. More formally, we want to count the number of ways to get from the point
(0,0) to the point (m,n) where at each stage we either increase the z-coordinate by 1 or we increase
the y-coordinate by 1. At first sight, it appears that we go each intersection, we have 2 choices: Either
go east or go north. However, this is not really the case, because if we can go east m times, then we are
forced to go north the rest of the way. The idea for how to count this is that such a path is uniquely
determined by a sequence of m +n many E’s and N’s (representing east and north) having exactly m
many E’s. To determine such a sequence, we need only choose the positions of the m many E’s, and

there are
m+4+n
m

many choices. Of course, we could instead choose the positions of n many N’s to count it as
m+mn
n

o How many anagrams (i.e. rearrangements of the letters) are there of MISSISSIPPI? Here is one ap-
proach. Notice that MISSISSIPPI has one M, four I's, four S’s, and two P’s, for a total of eleven
letters. First pick the position of the M and notice that we have 11 choices. Once that is done, pick
the position of the four I’s and notice that this amount to picking a 4 element subset of the remaining
10 positions. There are (140) many such choices. Once that is done, pick the position of the four S’s

which is the same number.

and notice that this amount to picking a 4 element subset of the remaining 6 positions. There are (i)

many such choices. Once this is done, the position of the two P’s is fixed. This gives a total number

of anagrams equal to
10\ /6 10! 6! 11!
11 =11- . = = 34, 650.
(4)(4) 4r-6! 41-21  41.41.2] ’

Another argument is as follows. Think of distinguishing common letters with different colors. We then
have 11! many ways to rearrange the letters, but this number overcounts the numbers of anagrams.
Each actual anagram comes about in 4!-4!-2! many ways because we can permute the currently distinct
four I’s amongst each other in 4! ways, we can permute the currently distinct four S’s amongst each
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other in 4! ways, and we can permute the the currently distinct two P’s amongst each other in 2! many
ways. Thus, since each actual anagram is counted 4!-4!- 2! many times in the 11! count, it follows that

there are
11!

oo o050

many anagrams of MISSISSIPPI.

As mentioned above, there are a total of
(552> = 2,598,960

many (unordered) 5-card poker hands from a standard 52-card deck. Using this, we now count the number of
special hands of each type, as well as the probability of being dealt such a hand (this probability is calculated
by dividing the number of such hands by the the total number 2, 598,960). We use the fact that each card
has one of four suits (clubs, diamonds, hearts, and spades) and one of thirteen ranks (2, 3, 4, 5, 6, 7, 8, 9,10,
jack, queen, king, ace). We follow the common practice of allowing the ace to be either a low card or a high
card for a straight, but we do not allow “wrap around” straights such as king, ace, 2, 3, 4.

e Straight Flush: There are
4-10=40

many of these because they are determined by picking the suit and then picking the rank of the lowest
card (from ace through 10). The probability is about .00154%.

e Four of a kind: There are
13-48 = 624

of these because we choose a rank (and take all four cards of that rank), and then choose one of the
remaining 48 cards. The probability is about .0256%.

4 4
13- ()12 () =3,744

many, which can be seen by making the following sequence of choices:

o Full House: There are

Choose one of the 13 ranks for the three of a kind.
— Choose 3 of the 4 suits for the three of a kind.

Choose one of the 12 remaining ranks for the pair.

Choose 2 of the 4 suits for the pair.
The probability is about .14406%.
e Flush: There are

13
4. = 5,148

many because we need to choose 1 of the 4 suits, and then 5 of the 13 ranks. However, 40 of these
are actually straight flushes, so we really have 5,108 many flushes that are not stronger hands. The
probability is about .19654%
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Straight: There are
10 - 45 = 10,240

many because we need to choose the rank of the lowest card, and the suits for the five cards in increasing
order of rank. However, we again have that 40 of these are straight flushes, so we really have 10, 200
many straights that are not stronger hands. The probability is about .39246%.

4 12
13- . 4% = 54,912

many, which can be seen by making the following sequence of choices:

Three of a kind: There are

— Choose one of the 13 ranks for the three of a kind.
— Choose 3 of the 4 suits for the three of a kind.

Choose two of the other ranks for the remaining two cards (they are different because we do not
want to include full houses).

— Choose the suit of the lower ranked card not in the three of a kind.

— Choose the suit of the higher ranked card not in the three of a kind.

(Alternatively, we can choose the last two cards in different ranks in 48 - 44 many ways, but then we
need to divide by 2 because the order of choosing these does not matter.) The probability is about

2.1128%.
13 4\ 2
- .44 = 123,552

many, which can be seen by making the following sequence of choices:

Two Pair: There are

Choose the two ranks for the two pairs.
— Choose the two suits for the lower ranked pair.
— Choose the two suits for the higher ranked pair.

— Choose one of the 44 cards not in these two ranks.

The probability is about 4.7539%.

4\ (12
13- () 4% = 1,008,240
(2> (3> ’ ’

many, which can be seen by making the following sequence of choices:

One pair: There are

— Choose the rank for the pair.

— Choose the two suits for the pair.

Choose three distinct ranks for the other three cards (which are not the same rank as the pair).

Choose the suit of the lowest ranked card not in the pair.
— Choose the suit of the middle ranked card not in the pair.
— Choose the suit of the highest ranked card not in the pair.

The probability is about 42.257%.
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5.2 The Binomial Theorem and Properties of Binomial Coeffi-
cients

Recall that if n, k € N with k£ < n, then we defined

Notice that when k£ = n = 0, then (Z) = 1 because we define 0! = 1, and indeed there is a unique subset of
() having 0 elements, namely #. When n, k € N with n < k, then we define

(-

because there are no subsets of an n-element set with cardinality k (notice that the above formula doesn’t
make sense because n — k < 0).
Using Proposition 4.2.4, we know that whenever k,n € N are such that k£ < n, then

(Z) - (nﬁ;)

because the function that takes the relative complement is a bijection between subsets of cardinality k& and
subsets of cardinality n — k. Of course, one can prove this directly from the formulas because

(nﬁk>:(n—@Ldi%n—Mﬂ

n!
T (n—k) Kl
n!
k- (n— k)

()

Although the algebraic manipulations here are easy, the bijective proof feels more satisfying because it
“explains” the formula. Proving that two numbers are equal by showing that the both count the numbers
of elements in one common set, or by proving that there is a bijection between a set counted by the first
number and a set counted by the second, is called either a combinatorial proof or a bijective proof.

Proposition 5.2.1. Let n,k € NT with 0 < k < n. We have

n n—1 n—1

()= G20+ ()
Proof. One extremely unenlightening proof is to expand out the formula on the right and do terrible algebraic
manipulations on it. If you haven’t done so, I encourage you to do it. However, we use the combinatorial
description of (Z) to give a more meaningful combinatorial argument. Let n,k € N with £ < n. Consider a
set A with n many elements. To determine (Z), we need to count the number of subsets of A of size k. We
do this as follows. Fix an arbitrary a € A. Now an arbitrary subset of A of size k fits into exactly one of the
following types:

e The subset has a as an element. In this case, to completely determine the subset, we need to pick the
remaining k — 1 elements of the subset from A\{a}. Since A\{a} has n — 1 elements, the number of

ways to do this is (Zj)
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e The subset does not have a as an element. In this case, to completely determine the subset, we need
to pick all k elements of the subset from A\{a}. Since A\{a} has n — 1 elements, the number of ways
to do this is (", ").

Since every subset of A of size k fits into exactly one these types, we have written the collection of all such
subsets as a disjoint union (of those satisfying the first condition, and those satisfying the second). By the
Sum Rule, we conclude that the number of subsets of A of size k equals (Zj) + (";1) O

Using this proposition, together with the fact that

O = = ()=

for all n € N, we can compute (Z) recursively to obtain the following table. The rows are labeled by n and
the columns by k. To determine the number that belongs in a given square, we simply add the number
above it and the number above and to the left. This table is known as Pascal’s Triangle:

(G Jolt[2[3]4]5[6][7]
0 [1[0]0[0]0]0]0]0
1 [1[1[0[0]0]0][0]0
2 [1]2[1]0]0]0]0]0
3 |1[3]3 | 1][0]0]0]0
1 [1[4[6a[1]0]0]0
5 1510105 [ 1]0]0
6 |1]6/15/20]15] 6 [1]0
7 17213 [ 21| 7[1

There are many curious properties of Pascal’s Triangle that we will discover in time. One of the first
things to note is that these numbers seem to appear in other places. For example, if z,y € R, then we have:

1

° ;L'—|—y :x+y

3:$3+3$2y+3$y2+y3

(z+y)
(z +y)? = 2% + 22y + 3
(z +y)
o (z+y)* =a* + 423y + 62%y? + 4oy + y*
Looking at these, it appears that the coefficients are exactly the corresponding elements of Pascal’s Triangle.
What is the connection here? Notice that if we do not use commutativity and do not collect like terms (so
just use distributivity repeatedly), we have

(z+y)* = (@ +y)(z+y)
=z(r+y) +ylr+y)
= zx + 2y + yz + Yy,

and so

(z+y)° = (@ +y)(z+y)?*
= (z+y)(ez + 2y + yz +yy)
= z(zz + ay +yx + yy) + y(oz + 2y + yx + yy)
= rrr + 22y + YT + TYY + Yyror + yry + yyr + yyy.
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In other words, it looks like when we fully expand (z + y)", without using commutativity or collecting z’s
and y’s, then we are getting a sum of all sequences of z’s and y’s of length n. Thus, if we want to know
the coefficient of 2" *y¥, then we need only ask how many such sequences have exactly k& many y’s (or
equivalently exactly n — k many z’s), and the answer is (Z) = (n’_’ k) because we need only pick out the
position of the y’s (or the z’s). More formally, we can prove this by induction.

Theorem 5.2.2 (Binomial Theorem). Let z,y € R and let n € NT. We have

n n
)xyn—l 4 <n> yn

(x+y)"

I
A/
=
N~
8
3
Jr
A/
— 3
~
S
3
|
A
<
+
+
T~
3
I
—

Proof. We prove the result by induction. When n = 1, we trivially have

@+yf=w+y:(9x+<by

Suppose then that we have an n € Nt for which we know that the statement is true. We then have
@+ =(@+y)" (z+y)
n n
()w (i) )”)
n n n n—1 n n
xr + " y + - Ty + Y - X
1 n—1 n
n " + n -1 N n T n—1 + n n\ .
0 1 4 n—1)" n)? )Y
+1 n ™y + el g n 22yl 4
1 n—1
n 2y + O n 22yl n 2y + n y+l
0 n—2 -1 n
+ .

H
/—\
S
|3
—_
S~
&
<
3
|
-
_l’_
N
3 3

n+1 n n n Cen—1,2
<n+1) ntl <n+1> n (n+1) ne1 o <n+1
= "t z"y + "yt 4
0 1 2 n

where we have used Proposition 5.2.1 to combine each of the sums to get the last line. O

Corollary 5.2.3. For any n € N*, we have
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Proof 1. We use the Binomial Theorem in the special case where x = 1 and y = 1 to obtain

. ln—k . 1k

This completes the proof. O

Proof 2. Let n € NT be arbitrary. We give a combinatorial proof by arguing that both sides count the
number of subsets of an n-element set. Suppose then that A is a set with |A] = n. On the one hand, we
know that |P(A)| = 2™ by Corollary 4.2.3.

We now argue that
= 0)+(0)+ () ()

For each k € N with 0 < k < n, let Px(A) be the subset of P(A) consisting of those subsets of A having
exactly k elements. We then have that

P(A) = Po(A) UPL(A)UP(A) U---UPL(A)
and furthermore that the Py (A) are pairwise disjoint (i.e. if k # £, then Pr(A) NPe(A) = (). Therefore,
[PA)] = [Po(A)| + [PL(A) + [P2(A)| + - - + [Pu(A)]

by the General Sum Rule. Now for each k with 0 < k < n, we know that

Pl =(}):
P(4)] = (3) . (’f) i (g) - (Z)
7= () () () e+ ()

because both sides count the number of elements of P(A). O

so it follows that

Hence

Corollary 5.2.4. For any n € N*, we have

go(_”k(z) - (3) B @ - (Z) —ot <—1>”(Z) —0

Thus



88 CHAPTER 5. COUNTING

Proof 1. We use the Binomial Theorem in the special case where x =1 and y = —1 to obtain
0=0"
=1+ (=n)"

- n
Z(l)’“( )
k=0 k
n n n n
_ e (=1 )
)~ (1)) =)
This gives the first claim. Adding ( ) to both sides for each odd k, we conclude that

(0= () () = () (6) = () e
6) ¢ (1) (2)+e () =

by the previous result, it follows that
e (D) ()= = () () + (D) +
0 2 4 B 1 3 5)

Proof 2. Let n € N be arbitrary. We begin by giving a combinatorial proof for the second claim. We first

show that
n L n L n b gt
0 2 4 N '

Let A be an arbitrary set with |A| = n, and list the elements of A as A = {a1,a2,...,a,}. Recall that we
know that |P(A)| = 2™ because for each 4, we have 2 choices for whether or not to include a; in our subset.

Now in our case, the sum on the left
n n n n n n
0 2 4 o

counts the numbers of subset of A having an even number of elements. We argue that 27! also counts the
number of subsets of A having an even number of elements. To build these subsets, we make the following
sequence of choices:

Since

O

¢ Determine whether to include a; in our subset: We have 2 choices.
¢ Determine whether to include as in our subset: We have 2 choices.
e Determine whether to include a,,_1 in our subset: We have 2 choices.

e Finally, examine the first n — 1 choices, and determine whether we have included an even number of
a;. If so, do not include a,, in our subset. If not, include a,, in our subset.
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Notice that in the last step, we do not make any choices, but do one of two things that are completely
determined by the previous choices. Now no matter what sequence of choices we make, we end up with
a subset of A having an even number of elements, and furthermore every subset with an even number of
elements arrises in a unique way. Since there are 2 choices in each of the opening n — 1 stages, it follows that
there are 2"~ ! many subsets of A with an even number of elements. Therefore,

(5) ()= () # o
(1) () ()=

is completely analogous except for changing the last stage (or alternatively comes from the complement rule).
Finally, since both of these sums equals 2" !, we conclude that

n n n n
_ (=1 =0.
(6) () () =) =
Proposition 5.2.5. For any n,k € N with k < n, we have
n n—1
()= ()
ny_n (n-— 1
k) k \k-1)
Proof. We claim that each side counts the number of ways of selecting a committee consisting of k£ people,

including a distinguished president of the committee, from a group of n people. On the one hand, we can
do this as follows:

Now the proof that

hence

e First pick the committee of k people from the total group of all n people. We have (Z) many ways to
do this.

e Within this committee, choose one of the k people to serve as president. We have k options here.
Therefore, the number of possibilities is & - (Z) On the other hand, we can count it as follows.
e First pick one of the n people to be the president.

e Next pick the remaining k£ — 1 many people to serve on the committee amongst the remaining n — 1
people. We have (Z:}) many ways to do this.

Therefore, the number of possibilities is n - (Z:})

Since each side counts the number of elements of one set, the values must be equal. Therefore,

e () = (i)
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Proposition 5.2.6. For any n, we have

Proof 1. We have

n n n B 1 o .
2 (k> =2 (k - 1) (by Proposition 5.2.5)

k=1

n

=n-2""1 (by Corollary 5.2.3)
O

Proof 2. We give a direct combinatorial proof by arguing that both sides count the number of ways of
building a committee, including a distinguished president of that committee, of any size from a group of n
people.

On the one hand we can count the number of such committees as follows. We break up the situation
into cases based on the size of the committee. For a committee of size k including a distinguished president,
we know from Proposition 5.2.5 that there are k - (Z) many ways to do this. Since we can break up the
collection of all such committees into the pairwise disjoint union of those committees of size 1, those of size
2, etc. Therefore, by the Sum Rule, the number of ways to do thisis > ,_; k- (Z)

On the other hand, we can count the number of such committees differently. First, pick the president
of the committee, and notice that we have n choices. Once we pick the president, we need to pick the rest
of the committee. Thus, we need to pick a subset (of any size) from the remaining n — 1 people to fill out
the committee, and we know that there are 2"~! many subsets of a set of size n — 1. Therefore, there are
n - 2" ! many such committees.

Since each side counts the number of elements of one set, the values must be equal. Therefore,

n
Zk- (Z) =n-2"1

k=1

Proof 3. We give another proof using the Binomial Theorem, which tells us that

(z+y)" = i <Z> akyn*

k=0

for all z,y € R. Plugging in y = 1, we conclude that

(z+1)" = kz: <Z>xk
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for all z € R. Now each side is a function of the real variable x, so taking the derivative of each side, it

follows that
1)1 — N\ k-1 _ k-1
n(x +1) ,;zok (k)x ,;:1 k L

for all x € R. Plugging in = 1, we conclude that

n-2nt zzn:k- (n)
k=1 k

This completes the proof. O

+(1)=G5)

Proposition 5.2.7. If k <mn, then

> (1) - () () ()

m=k

and since (') =0 if m < k, it follows that

(-6

Proof 1. Using Proposition 5.2.1 repeatedly, we have:

Proof 2. We can also give a combinatorial proof by arguing that

()= () () =)
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counts the number of subsets of [n + 1] = {1,2,3,...,n,n 4+ 1} having cardinality k + 1. To see this, first
notice that if A C [n+ 1] with |A| = k 4 1, then the largest element of A must be at least k£ + 1. For each
meNwithk+1<m<n+1,let

Fn={A€eP(n+1)]):|A =k+1and max(A) =m}.
We then have that the F,, are pairwise disjoint, and that
Frr1 UFpqoU---UF, UFt1

equals the collection of subsets of [n + 1] having cardinality k& + 1. Using the General Sum Rule, it follows
that

n+1
Funal + el + 4150+ Fanal = (1 1)),

Now notice that for any m € N with k+1 <m <n+ 1, we have

= (")

because to determine any A € F,,, we need only choose the k elements of A that are less than the maximum
value m. Therefore,
k k+1 n—1 n n+1
() () e ()= (0)- ()

Plugging in k = 1, we get

(1)) () ()= (")

for all n € N*. Since (7}') =m for all m € NT, it follows that

1 1
1+2+3+...+n:(n+ >:n<n+>_

2 2

for all n € N*. Notice that letting k¥ = 2, we conclude that that

6+ ()G () -('s)

for all n € NT. Since (1) =0, we can also write this as

0006

Now we can use these to find a formula for the sum of the first n squares:

12+22 432+ +n?

e (7)o (3)

The idea is to find A, B € R such that
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is true for all m € NT, because if we can do this, then we can use the above summation formulas for the two
sums that appear on the right. Since (T) =m for all m € N*, and

()22

for all m € NT (even for m = 1 because then both sides are 0), we want to find A and B such that:

m(m —1)

m*=A-m+B- 5

for all m € N*. Now

mm—1) _ g miom

B B
=(A=-=1. 22
( 2) m—|—2 m

so equating coefficients with m? = 0-m 4+ 1 - m?, we want to solve the linear system:

A-m+B-

A - L.B =0

-B =1

N[0 | =

Now A =1 and B = 2 as the unique solution to this system, so it follows that

| - = ()= 6)
werteat= ()2 )]+ [6) e )« o+ [() 2 ()]
) () +)<?>} 1))+ 0)]

+1 n+1
2 3
+

:(n+1) L. (n+1)n(n—1)
2 6

3n+1n  2(n+1)n(n—1)
-~ 6 6
_ n(n+1)(3+2n — 2)

6

_n(n+1)2n+1)
= 5 ,

One can generalize these techniques to get the sum of the first n cubes. Doing so would require finding

A, B,C € R such that
3 (m 5. m (m
m° = A (1 + 9 +C 3

for all m € N*. Although it’s not too onerous to do the algebra in order to set up the linear system, and
then solve for A, B,C, we will see more unified ways to determine these coefficients (along with for fourth
powers, etc.) soon.
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Suppose that we want to pick out 5 days from the month of February (having 28 days) in such a way
that we do not pick two consecutive days. How can we count it? Although we want to pick out an unordered
subset, one idea is to first count the number of ordered choices, and then divide by 5!. The idea then is to
pick out one day, and we have 28 choices. Once we’ve picked that day out, we then pick out a second day. It
may appear that we have 25 choices here because we’ve eliminated one day and it’s two neighbors. However,
that it is only true if we did not pick out the first or last days of February in our first choice. Thus, the
number of options in round two depends on our choice from round one. You might think about counting
those sets including the first and/or last days of February as special cases, but this doesn’t solve all of the
problems. For example, if we choose 11 and 18 in our first two rounds, then we’ve eliminated 6 days and
have 22 choices for the third round. However, if we choose 11 and 13 in our first two rounds, then we’ve only
eliminated 5 days and so have 23 choices for the third round. In other words, we need a new way to count
this.

Let’s attack the problem from a different angle. Instead of trying to avoid bad configurations directly,
we think about picking out an arbitrary subset of 5 days and “spreading” them to guarantee that the result
will not have any consecutive days. To do this, we will leave the lowest numbered day alone, but add 1 to
the second lowest day (to ensure we have a “gap” between the first two), and then add 2 to the middle day,
etc. More formally, given an arbitrary subset {a1, az,as,aq,as} of [28] with a1 < as < a3 < a4 < a5, we
turn it into the subset {a1, as +1,a3+ 2, a4 + 3, a5 + 4} which does not have any consecutive days. The only
problem is that now we might “overflow”. For example, although

{3,4,15,16,21} — {4,6,17,19, 25}
works out just fine, we also have
{1,10,21,26,27} — {1,11,23, 30,31}

which is not allowed. However, there’s an easy fix. Instead of picking our original subset from [28], we pick
it from [24], for a total of (254) many possibilities. In general, we have the following:

Proposition 5.2.8. The number of subsets of [n] = {1,2,3,...,n} of size k having no two consecutive
numbers equals ("_E'H).

Proof. We establish a bijection between the k-element subsets of [n — k + 1] and the sets we want. Given a
subset {a1,as,as,...,a5} of [n —k+ 1] with a1 < as < ag < --- < ag, we map it to the set {a;,as + 1,a3 +
2,...,a; + (k — 1)}, i.e. the i*" element of the new set equals a; + (i — 1). Now since a; < a;1; for each i,
we have that a;41 —a; > 1 for each ¢, and hence

aiv1+((+1) -1 —(a;+(—1)=aip1+i—a;—i+1
=a;41 —a; +1
>1+1
=2

for all 7, so there are no consecutive elements in the resulting set. Furthermore, since ax < n—k+ 1, we have
ar+(k—1) <n—k+14(k—1) = n, so the resulting subset is indeed a subset of [n] of size k having no two

consecutive elements. Notice that this function is injective because if {a1,a2 +1,a5+2,...,ap+ (k—1)} =
{b1,ba+1,b3+2,...,bp+(k—1)}, then a;+ (i—1) = b;+ (¢ —1) for all 4, hence a; = b; for all i. Furthermore,
given a subset {c1,¢a,¢3,...,¢,} of [n] with ¢1 < ¢3 < ¢3 < -+- < ¢, and ¢;41 — ¢; > 2 for all 4, we have

that {c1,c0 —1,¢3 —2,...,¢c, — (k— 1)} is a subset of [n — k + 1] that maps to {c1,¢2,¢3,...,¢k}, so it is
surjective. The result follows. O
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What if we just wanted to count the number number of subsets of [n] having no two consecutive numbers,
without any size restrictions? One approach is to sum over all possible sizes to obtain:

£ () (0 () (7)o )

Of course, many of the terms on the right equal 0 because if k >n—k+1, i.e. if & > "T“, then (”_’k““) =0.
Thus, if we let |m| be the greatest integer less than or equal to m, then we have

125

Z (n—]lg—i—l).

k=0

For example, the number of subsets of [6] = {1,2,3,4,5,6} having no two consecutive numbers is

(13- ()+ () () ()

=14+6+10+4
=21

while the number of subsets of [7] = {1,2,3,4,5,6, 7} having no two consecutive numbers is

> (=6 () 6)6)+ ()

=1+7+15+10+1
= 34.

Notice that we are summing up diagonals of Pascal’s triangle, and we are seeing Fibonacci numbers. You
will prove that this holds true generally on the homework.

Returning to the Binomial Theorem, what happens if we look powers of x 4+ y + z instead of = + y? For
example, we have

(@+y+2)?=(@+y+2)(ety+2)
=z(z+y+z2)+yle+y+z)+z(z+y+=2)
=zr+axytrxz+yr+yy +yz+zxr+ 2y + 2z

Thus, we obtain a sum of 9 = 3 - 3 terms, where each term is an ordered product of two elements (with
repetition) from {z,y, z}. If we work out (x+y+ 2)3, we see a sum of 27 = 3-3-3 terms, where each possible
ordered sequence of 3 elements (with repetition) from {z,y, z} appears exactly once. In general, one expects
that we expand (z 4+ y + z)", then we obtain a sequence of 3" many terms where each possible ordered
sequence of n elements (with repetition) from {x,y, 2z} appears exactly once. What happens when we use
collapse these sums by using commutativity, so write zzz + rzx + zzx as 32227 In general, we are asking
what the coefficient of 2%y?2¢ will be in the result? Notice that we need only examine the coefficients where
a + b+ ¢ = n because each term involves a product of n of the variables. Suppose then that a + b+ ¢ = n.
To know the coefficient of 2%y®2¢, we want to know the number of sequences of z’s, y’s, and z’s of length n
having exactly @ many «’s, b many y’s, and ¢ many z’s. To count these, we can first pick out that a positions
in which to place the z’s in (Z) many ways. Next, we have n — a open positions, and need to pick out b
positions to place the y’s in (";“) many ways. Finally, we have n —a — b = ¢ many positions for the ¢ many
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2’s, so they are completely determined. Thus, if a 4+ b+ ¢ = n, then the coefficient of x%4’2¢ in (z +y + 2)"

equals
(Z) ' (n;a> Tl (Z!a)! bl ((Z—Z)!b)!

n!
al-b-(n—a—0b)
n!
alble

More generally, suppose that we expand (z7 + 23 + - - + 2x)™. In the result, we will have a sum of term of
the form x{'z3? - -- 2} where the a; € N and a; +az + -+ + a = n. To determine the coefficient of such
a term, we need only determine the number of sequences of x; of length n such that there are exactly ay
many x1’s, exactly as many xo’s, ..., and exactly ax many x;’s. Following the above template, the number
of such sequences equals

(n) <n—a1> (n—al—ag) (n—al—ag—-~-—ak_2> (n—al—a2—~--—ak_1)
aq a2 az ap—1 ag
(n) <n—a1) (n—al—ag) (n—al—ag—n-—akg) (ak)

ai a2 as Ak—1 A

B n! (n—ay)! (n—a; — ag)! (n—ay—ag — -+ —ag_1)!
S a!-(n—a1)! ax!l-(n—ay —az)! a3l (n—a; —ay —as)! ak—1!'-(n—ay —ag — -+ — ag—o — ax_1)!
n!
_a1!~a2!-a3!~--ak,1!~(n—a1—a2—~-~—ak,2—ak,1)!
n!
T ay-as!cas!cap—1! - ag!

Notice that this is just like our problem with anagrams of MISSISSIPPI. Instead of doing the above count,
we could have treated all the z; as different (and x5 as different, etc.), rearranged them in n! many ways,
and then divided by the overcount from the permuting the x; within themselves in a;! ways, the x5 within
themselves in as! many ways, etc.

Definition 5.2.9. Ifn,ay,a9,...,ax € N and a1 + as + - - - + ap = n, we define

( n > n!
ai,ag,...,aL all-agl-uak!

We call this a multinomial coefficient.
The above argument proves the generalization of the Binomial Theorem:

Theorem 5.2.10 (Multinomial Theorem). For all n,k € N*, we have

n
($1+$2+"'+$k>n22( )xtlllxg2...x2k

ai,ag,...,ak

where the sum is taken over all k-tuples of nonnegative integers (a1, asa, . . ., ax) such that a1 +as+---+ax = n.

5.3 Compositions and Partitions

Compositions

There are six different M&M colors: Red, Yellow, Blue, Green, Orange, Brown. Suppose that we want to
pick out 13 total M&M’s. How ways can you do it, if all that matters is how many of each color we take?
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Notice that we can model this as follows: if we let a; be the number that you choose with color 4, then we
need a; +as + az + a4 + as + ag = 13.

Definition 5.3.1. Let n,k € N. A sequence of nonnegative integers (ai,as,...,ar) such that a1 + as +
--+ 4 ar = n is called a weak composition of n into k parts. If all the a; are positive, then it is called a
composition of n into k parts.

For example (1,3,5,3) is a composition of 12 into 4 parts and (2,0,5,1,0,0) is a weak composition of 8
into 6 parts.

One can view the number of weak compositions of n into k parts as the number of ways to distribute n
identical balls into k distinct boxes. In this interpretation, the value a; is the number of balls that we put
into box i. We are treating the balls as identical because all that matters are the number of balls in each
box, but the boxes are distinct because (5,2,1) is different than (2,5, 1).

We can also view these another way. Recall that a k-permutation of n distinct objects is a way to pick
out k of those objects, where order matters and repetition is not allowed. Also, a k-combination of n distinct
objects is a way to pick out k of those objects, where order does not matter and repetition is not allowed.
A different way to interpret a weak composition of n into k parts is as a way to pick out n objects from k
distinct objects, where order doesn’t matter but repetition s allowed (yes, the n and k have switched, and
this is incredibly annoying). The value a; is the number of times that we pick out object i. Due to the fact
that order doesn’t matter but repetition is allowed, some sources think about something they call multisets.
The idea is to allow one to write something like “{1,1,4}” and think about it as different from “{1,4}”, but
the same as “{1,4,1}”. Since, by definition, two sets are equal exactly when they have the same elements, we
should introduce new notation rather than { and } used in sets. Instead of dealing with all of these issues,
we avoid the situation entirely by writing (2,0, 0, 1) to represent that we picked the number 1 twice and the
number 4 once.

The number of weak compositions of n into k parts is the number of nonnegative integer solutions to the
equation

Ty +Tog+ -+ T =M,

while the number of compositions of n into k parts is the number of positive integer solutions to the equation
T+ T2+ -+ xp =N

How do we count the number of weak compositions of n into k parts? In the M&M case, think about
lining them up in order of color, so red first, then yellow, etc. If we eliminate the colors from the M&M’s
themselves, then we only need some kind of “marker” to distinguish when we change colors. If we represent
the M&M'’s as dots, then we can place 5 bars to denote the dividing line as to when we switch colors. Since
we have 5 bars and 13 M&M’s that we have to put into a line, we have 18 positions and need to choose the
positions for the 5 bars. Therefore, there are (158) many possibilities.

Proposition 5.3.2. Let n,k € N. The number of weak compositions of n into k parts is

() -0

Proof. As above, there is a bijection between arrangements of n dots and k& — 1 bars into a line and weak
compositions of n into k parts (the number of dots before the first bar is a1, then number of dots between
the first and second is as, etc.). We want to place n + k — 1 many objects, and we need only choose the
k — 1 positions for the bars (or alternatively the n positions for the dots). Therefore, the number of weak

compositions of n into k parts equals
n+k—-1\ (n+k-1
k-1 N n '
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Another way to visualize this is as follows: Consider the following bijection between subsets of [n+ k — 1]
of size n and weak compositions of n into k parts: Given a subset {a1,aq,...,a,} of [n + k — 1] with
a1 < ag < -+ < ap, consider the multiset “{a;,a2 —1,a3 —2,...,a, —(n—1)}” and form the corresponding
weak composition. For example if k =5 and n = 3, then n 4+ k — 1 = 7 and we do the following:

{1,2,3} » “{1,1,1}” ~ (3,0,0,0,0)
{1,3,7} — “{1,2,5}” — (1,1,0,0,1)
{3,4,6} — *{3,3,4}” — (0,0,2,1,0)
More formally, given a subset {a1,as9,...,an} of [n+k — 1] with a1 < a2 < -+ < a,, we send it to the
sequence (by, by, ..., b) where by equals the number of ¢ such that a; — (i — 1) = ¢, i.e. the cardinality of the
set {i:a;=1i4+¢—1}.
Now that we’ve determined the number of weak compositions of n into k parts, we can count the number
of compositions of n into k parts. The idea is that if k& < n, then the number of positive integer solutions to

the equation
r1+xo+ -+ T =n

equals to the number of nonnegative solutions to
xy+ T2+ F+xp=n—Fk.
Corollary 5.3.3. Let n, k € N with k < n. The number of compositions of n into k parts equals
n—1\ (n-1
k—1) \n—-k/)
Proof. First distribute one ball to each of the k boxes . We now have n — k balls to put into k& boxes with
no restrictions, and so we want to count the number of weak compositions of n — k into k parts. The answer

to this is:
(n—k)+k-1\ (n-1
k—1 C\k-1

Since (n — 1) — (k — 1) = n — k, this also equals
n—1
n—=k)

More formally, given a weak composition (aj,as,...,ar) of n — k into k parts, the sequence (a; + 1,a2 +
1,...,ar + 1) is composition of n into k parts, and this mapping is a bijection. O

Another way to visualize the previous corollary with a direct bijection is as follows: Consider the function
(a1,a9,...,a;) — {a1,a1 +az,...,a1 +as+ -+ ar_1}

from compositions of n into k parts to (k — 1)-element subsets of [n — 1]. For example if n = 10 and k = 4,
then

(1,2,3,4) — {1,3,6}
(6,1,1,2) — {6,7,8}
(2,1,1,6) — {2,3,4}

Notice that since a; > 1 for all 7, we have a1 < a1 +as < --- < ay +as + --- + ap_1. Now since
a1 +az+---+ar =nand ax > 1, it follows that ay +as+---+ax—1 < n—1, and hence the set on the right
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is an element of [n — 1]. Finally, one must check that this is a bijection, but I'll leave that to you (since we
already have a proof of the result).

What happens if we try to count all compositions of a number n without specifying the number of parts?
For example, we have 4 compositions of 3 given by (3), (1,2), (2,1), and (1,1,1). The compositions of 4 are
(4), (1,3), (3,1), (2,2), (2,1,1), (1,2,1), (1,1,2), and (1,1,1,1), so we have 8 of those.

Theorem 5.3.4. The number of compositions of n is 27!,

Proof. We give two proofs. The first is to notice that a composition of n must be a composition of n into k
parts for some unique k£ with 1 < k < n. Therefore, the number of compositions of n equals

S ()N () () e ()

n—1 TL—].
> (")
n—-

L (by Corollary 5.2.3)

Alternatively, we can give a direct combinatorial proof. Write down n dots. Notice that we can not put a
bar before the first dot or after the last one, and we also can not put two bar in the same place because in a
composition all numbers must be positive. Therefore, a composition arises by picking a subset of the n — 1
spaces between the dots to serve as bars (i.e. the dividers). Since there are 2"~ many subsets of a set with
n — 1 many elements, it follows that there are 27! many compositions of n. O

Set Partitions

Above we considered the case where the balls were identical and the boxes were distinct. Now consider the
case where the balls are distinct but the boxes are identical.

Definition 5.3.5. A (set) partition of a set A is a set {By, Ba, ..., By} where the B; are nonempty pairwise
disjoint subsets of A with
A=ByUByU---UBjy.

In this case, we call this a partition of A into k nonempty parts.

Definition 5.3.6. Given n,k € Nt with k < n, we define S(n, k) to be the number of partitions of [n] into k
nonempty parts. The numbers S(n, k) are called the Stirling numbers of the second kind and are sometimes

denoted by:
n
k) = .
stk = {7}

We also define S(0,0) =1, S(n,0)=0ifn>1, and S(n, k) =0 if k > n.

For example, we have S(3,2) = 3 because the following are all possible partitions of [3] = {1,2,3} into 2
parts:

« {1}, {2,3}}
« {{21{1,3}}
« {35 {1,2}}

Notice that these are all of them because if we partition [3] into 2 parts, then one must have size 1 and the
other have size 2, so the partition is completely determined by the choice of the the element that is in its
own block (and hence there are (i’) = 3 many choices).

Here are few more examples:
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If n > 1, then
S(n,1) =1= S(n,n)

because the only partition on [n] into one part is {{1,2,3,...,n}} and the only partition into n parts
is {{1}1{2},...,{n}}.

We have S(4,3) = (3) = 6 because such a partition must have one set of size 2 and the others of size
1, so we need only choose the subset of size 2.

S(n,n — 1) = <Z>

because a partition of [n] into n — 1 many blocks must have one block of size 2 and n — 2 of size 1, so
we need to pick the two unique elements for the block of size 2.

More generally, for any n > 2, we have

The number S(4,2) is more interesting. We can partition {1,2,3,4} into a set of size 3 and a set of

size 1, or into two sets of size 2. There are (‘11) = 4 ways to do the former because we need only pick

the element in the set of size 1. For the latter, there are 3 possibilities:
- {{172}7{374}}
- {{173}7{274}}
- {{174}7{273}}

Therefore, S(4,2) =4+3=17.

In general, the numbers S(n, k) are difficult to compute. Recall that

-G+

whenever k,n € NT. We get a similar recurrence here.

Theorem 5.3.7. For all k,n € NT with k < n, we have

S(n,k)=8Sn—1,k—1)4+k-S(nh—1,k).

In other words, if k < n, then

T S

Proof. A partition of [n] into k parts is of one of two possible types:

o Case 1: The number n is in a block by itself. If we remove the block {n}, then we are left with a

partition of [n — 1] into k — 1 parts, so there are S(n — 1,k — 1) many such possibilities. Notice that
every partition of [n] into k blocks having {n} as one of the blocks arises in a unique way from such a
partition of [n — 1] into k — 1 parts. Thus, there are S(n — 1,k — 1) many partitions of this type.

Case 2: The number n is not in its own block. If we remove n from its block, we then obtain a partition
of [n — 1] into k parts, and there are S(n — 1, k) many possible outcomes. Notice that each of these
outcomes arise in k many ways because given a partition of [n — 1] into &k blocks, we can add n into
any of the blocks to obtain a partition of [n] into k parts. Therefore, there are k- S(n — 1, k) many
partitions of this type.
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It follows that S(n, k) =S(n—1,k—1)+k-S(n—1,k). O

We now get a triangle like Pascal’s triangle, but with S(n,k) = {Z} in place of C(n,k) = (Z)

(Grfofif2]3 ] 4[5 [6]7]
0 [1[0][0][ 0] 0] 0]0]0
1 [0[1]0] 0 0] 000
2 [0[1[ 1[0 ][0 0][0]0
3 J0[1[3] 10 0]0]0
I [0[1][ 761 0][0]0
5 |01 ]15] 2 | 10| 1 |00
6 [0 1319065 | 15[ 1]0
7 |0 1|63 301|350 140 | 21 | 1

Given n, k € NT, recall that we have the following from Proposition 5.1.6:

o The number of functions f: [n] — [k] equals k™ because for each i € [n], we have k possibilities for the
value of f(i).

o If k < n, then there are no injective functions f: [n] — [k] by the Pigeonhole Principle.

o If k > n, then the number of injective functions f: [n] — [k] equal k(k — 1)(k—2)---(k—n+1) =
(k) = ﬁ because we have k choices for the value of f(1), then k —1 for the value of f(2), ..., and
finally k — (n — 1) for the value of f(n).

We now give one way to count the number of surjective functions from [n] to [k] in terms of Stirling numbers.
Proposition 5.3.8. Given n,k € N1, there are exactly k! - S(n, k) many surjective functions f: [n] — [k].

Proof. If k > n, then there are no surjective functions f: [n] — [k], and k!- S(n,k) = k!'- 0 = 0. Suppose
then that k < n. Consider a surjective f: [n] — [k]. For each c € [k], let B. = {a € [n] : f(a) = ¢}, i.e. B,
is the set of all elements of [n] than map to ¢. Since f is surjective, we know that B. # () for all ¢ € [k].
Furthermore, since f is a function, the sets By, Bo, ..., By are pairwise disjoint, and [n] = B;UByU---U By,.
Therefore, { By, B, ..., By} is a partition of [n] into k nonempty parts. Notice that each of these partitions
arise in k! many ways because we can reorder the B; in terms of their outputs, i.e. if n = 4 and k = 2 then
{{1,4},{2,3}} is a partition arising from both the function

=1 f@)=2 =2 fa)=1

and the function
fy=2 f2)=1 fB)=1 f(4)=2
In other words, every surjective function arises uniquely from a partition of [n] into k nonempty parts,

together with a permutation of [k]. Therefore, the number of surjective functions f: [n] — [k] equals
kl-S(n, k). O

Theorem 5.3.9. For all m,n € N, we have

i.e.
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Proof. The left-hand side m™ is simply the number of functions from [n] to [m] (by Proposition 5.1.6). The
key fact is that given any function f: A — B, if we let C = range(f), then we can view f as a surjective
function f: A — C. Thus, every function f: [n] — [m] can be viewed as a surjective function onto some
nonempty subset of [m]. Now given a subset X C [m] with | X| = k, we know from the previous proposition
that there are k! - S(n, k) many surjections from [n] to X. For a fixed k, there are (’}') many subsets of [m]
of size k, so there are () - k!- S(n, k) many functions from [n] to [m] whose range has size k. Summing over
all possible sizes for the range, we conclude that the number of functions from [n] to [m] equals

Therefore,

In particular, we have

for all m € N as we learned above. We also have

w12 (5) o 3)
() e (5o (5)

and

wmn (F) e (3) eoo () 20 (7)
=1 (1) e () v (5) +20- (7)

for all m € N. Using these formulas together with Proposition 5.2.7, we can now develop formulas for the
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sum of the first n cubes, the first n fourth powers, etc. For example, we have

oS (1 (1) eo(5) roo(3)
= (7)o 3 (5) 4032 (3)

I
M:w

2 —
n+1 n+ n+1

~(a e () e (1)
_(n+1Dn +6- (n+ ) ) .(n+1)n(n—1)(n—2)

2 24
_ (n+21) (it Dn(n—1) + (n+1)n(n4f 1(n—2)
ZW-(Q-l-ZL(n—I)—&-(n—l)(n—Q))
:(”4%)”-(2+4n—4+n2—3n+2)

(n+1)n

= 4n)
~ (n+1)*n?

4

(s

Therefore, we obtain the surprising result that

for all n € NT.

Definition 5.3.10. Let n € N. The number of all partitions of [n] into nonempty parts is denoted by B(n)
and is called the n'" Bell number. We also define B(0) = 0. Notice that

ank Z{k}

k=0

for allm € N.

Recall than an equivalence relation on A induces a partition of A into nonempty parts through the
equivalence classes. Conversely, it’s not hard to show that if {By, Bs,..., Bi} is a partition of A with each
B; # (), then the relation a ~ b if there exists an ¢ with a,b € B; is an equivalence relation on A whose
equivalence classes are the B;. Therefore, B(n) equals the number of equivalence relations on a set of size n.

Adding up the rows of the above table, we obtain the following values for the first few Bell numbers:
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| O UY = W N~ O
—
ot

Theorem 5.3.11. For any n € N, we have

Bn+1) = g% (Z) - B(k).

Proof. We need to argue that the right-hand side counts the number of partitions of [n + 1]. We look at the
block containing n + 1. We examine how many elements are not in the block containing n + 1. If there are
k such elements, then there are (Z) many ways to choose these elements (and hence choose the n — k many
elements of [n] grouped with n 4+ 1) and then B(k) many ways to partition them. Thus,

Bn+1) = En: <Z> - B(k).

k=0

Alternatively, we can count as follows. If the block containing n + 1 has exactly k& elements, then there are
(kﬁl) many ways to choose the other elements in the block, and then B(n + 1 — k) many ways to partition
the rest. Thus

B(n+1) S (k“ >-B(n+1—k)

— -1
é(:) -B(n— k)
_ kzn:_o (n " k) B(k)
-2 (i)

Integer Partitions

We’ve seen that compositions correspond to ways to distribute n identical balls to k distinct boxes in such
a way that each box receives at least one ball. Also, (set) partitions correspond to ways to distribute n
distinct balls to k£ identical boxes in such a way that each box receives at least one ball. We now introduce
(integer) partitions that correspond to ways to distribute n identical balls to k identical boxes in such a way
that each box receives at least one ball.

Definition 5.3.12. An (integer) partition of an n € N into k parts is a composition (a1,as,...,ar) of n
where a; > ag > --- > ag. The number of partitions of n into k parts is denoted by p(n, k). We also define
p(0,0) =1.
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Notice that p(n,0) = 0 if n > 1 and p(n,k) = 0 if £ > n. We have p(4,2) = 2 because (2,2) and (3,1)
are the only partitions of 4 into 2 parts. Notice that p(7,3) = 1 because the partitions are (5,1,1), (4
(3,3,1), and (3,2,2).

Definition 5.3.13. The number of partitions of n (into any number of parts) is denoted by p(n), so

n

p(n) = p(n, k).

k=0
In order to calculate p, we first establish a simple recurrence like we did for for (Z) and S(n, k).

Theorem 5.3.14. For all n,k € N with 0 < k < n, we have

k
p(n, k) = Zp(n —k, i)
=1

=pn—k1)+pn—k2)+- -+ pn—kk).

Proof. Given a partition of n into k parts, if we subtract 1 from each part, then we obtain a partition of
n — k into some number (at most k) parts. Notice that we might have fewer parts, because any 1 in the
original partition will become 0. However, since k£ < n, and we are subtracting k, at least one part will
remain. Moreover, it’s straightforward to check that this is a bijection (i.e. that it is injective and that every
partition of n — k into at most k parts arise). O

Thus, we have
p(7,3) = p(4,1) + p(4,2) + p(4,3)
and
p(7,4) =p(3,1) +p(3,2) +p(3,3) + p(3,4)
=p(3,1) +p(3,2) + p(3,3).
By starting with some simple values, we can use this recurrence to fill in a table of values.

(x[[0[1[2]3[4[5]6]7]

O|l1{0|O0O[0O|O|0]|0O]O
140(1(0|]0]0|O]O]O
201100 |0]|0]O
30|11 (1(0|0]|0]O
4110|121 ]1]0|01]0
51012211010
60133 |2|1]|1]0
7101113413 ]2]1]|1

Adding up the rows, we obtain the following values:

[ n [ p(n)

0 1

1 1

2 2

3 3

4 5

5 7

6 11

7 15
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The question of how fast p(n) grows is extremely interesting and subtle. It turns out that

1 2n
T B (W\/?>

where exp(x) = e® and f(n) ~ g(n) means that

5.4 Inclusion-Exclusion

Recall that if A and B are any finite sets, then
|[AUB|=|A|+|B|—|ANB|.

What about three sets, i.e. if we wanted to count |[A U B U C|? A natural guess would be that we need to
subtract off the various intersection, so one might hope that |A U B U C| equals

|A| + |B| +|C| - |AN B| — |ANC| - BN C).

Let’s examine if this is correct. Notice that if x € A, but « ¢ B and x ¢ C, then x contributes 1 to
|[AU B UC], and in the formula it contributes

1+404+0-0-0-0=1.

Similar arguments work if z is in only B, or x is in only C. Let’s examine what happens if z is in two of the
sets, say © € A, x € B, but « ¢ C. Again, x contributes 1 to |AU B U C/|, and in the formula it contributes

1+41+0-1-0-0=1.

Again, everything looks good so far. Finally, suppose that x is an element of each of A, B, and C. As usual,
x contributes 1 to |AU B U C|, but in the formula it contributes

1+14+41-1-1-1=0.

Thus, elements that are if AN BN C are not counted at all on the right-hand side. To correct this, we need
to add it back in. We then claim that the correct formula is

[AUBUC| =|A|+|B|+|C|-|ANB|—|ANC|—|BNC|+|ANnBNC|.

Working though each of the possibilities, one can check that this count is correct to matter where x lies in
the Venn diagram of sets. How does this generalize? For four sets, one can show by working through all of
the cases that

|A1 U Ay U As U Ay = |Aq| + |Ao| + |As| + | A4
— A1 N Ag| — |A1 N As| — |AL N Ay| — |[Aa N Az| — |Aa N Ay — |A3 N Ay
+]A1NAs N Az + A1 N AN Ayl + |AL N As N Ay + A N Az N Ay
— A1 NAs N Az N Ayl

It’s extremely tedious to check all the possibilities here, so we would like a way to prove that this works in
general. We’ll do that below, but first we’ll demonstrate how to use these formulas to count an interesting
set. For our example, we will count the number of primes less than or equal to 120. Before jumping into
this, we prove a few small but important facts.
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Proposition 5.4.1. Let n € NT with n > 2. If n is not prime, then there is a prime p such that p | n and
p < /n.

Proof. Suppose that n > 2 is not prime. Since n is not prime, we can fix d € N with 1 < d < n such that
d | n. Fix ¢ € Z with ¢d = n. Notice that ¢ > 0 because both d > 0 and n > 0, and moreover we must
have 1 < ¢ <n (if ¢ =1 then d = n, and if ¢ = n then d = 1). Now at least one of ¢ < \/n or d < /n
must be true, because otherwise n = ¢d > /n - y/n = n. In either case, this number has a prime divisor
(by Proposition 3.2.2) less than or equal to it, so by transitivity of divisibility, n has a prime divisor p with
p < /n. O

Proposition 5.4.2. If a,b,c € Z are such that a | ¢, b | ¢, and ged(a,b) = 1, then ab | c.
Proof. Exercise. O

Proposition 5.4.3. Let a € Z and let p1,pa, - .., px be distinct primes. If p; | a for all i, then p1ps - pi | a.

Proof. We prove the result by induction on k. Notice that if kK = 1, then the statement is trivial. Suppose
that we know the statement is true for a fixed k£ € N. Let p1,p2,..., Pk, Pr+1 be distinct primes with the
property that p; | a for all <. By induction, we know that p1ps---pi | a. We also have that pri1 | a by
assumption. Using Corollary 3.2.11, we know that ged(p1ps2 - - - Pk, pr+1) = 1, so Proposition 5.4.2 allows us
to conclude that pipg - - prpr+1 | a. This completes the induction. O

We now return to counting the number of primes in [120]. By Proposition 5.4.1, if a € [120] is not prime
and a > 2, then a is divisible by some prime less than or equal to /a < v/120. Now /120 < 11, so the only
primes less than or equal to v/120 are 2, 3, 5, and 7. We thus let p; = 2, po = 3, p3 = 5, and ps, = 7. For
each i, let A; be the set of numbers in [120] divisible by p;. We count

|A1 UAyU Az U A4|7
which is the number of elements of [120] that are divisible by at least one 2, 3, 5, or 7. We have

120 120 120 120
A= — = Ayl = — =4 Az|=— =24 Ayl = |— | =17.
=20 = ma0 = 2 = [2| =ur
To determine the cardinalities of intersections, we use Proposition 5.4.3. For example, the numbers divisible
by both 2 and 3 are the numbers divisible by 6. Working these out, we conclude that

120 120 120
120 120 120
Ay NA3gl=—=8 AsNAyl=|—1|=5 AsNAyl=|—1| =3.
x4 = 2 4y 1 Ay MJ 4511 Ay {35J
Next we compute
120 120
:7:4 = _ =
|A1ﬂA2ﬂA3| 30 ‘Al ﬂAQﬂA;L‘ \‘42J 2
120 120
ATNAsNAY=—=1 AsNAsNAyl=|—|=1
41045 0 Al = Ay 1) 430 Ay L%J
and 190
ATNAsNAsNAyYl=|—1| =0.
|A1 N Ay N As N Ayl {210J 0
Thus

|A; UAy UAsU Ayl = (60 +40+24+17) — (20 + 12+ 8+ 8+5+3) + (4+2+1+1) — 0 =93.
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By the Complement Rule, it follows that there are
120 — 93 = 27

many numbers in [120] that are not divisible by any of 2, 3, 5, or 7. All of these except 1 are prime, so this
gives 26 new primes in [120]. Adding back in the primes 2, 3, 5, and 7, we see that there are 30 primes in
[120].

Theorem 5.4.4 (Inclusion-Exclusion). Let Ay, As, ..., A, be finite sets. We then have

[AjUA U UA, = > DS () Al
SGP([n])\{(i)} €S

=D D YT Al
k=1 SC[n],|S|=k €S

Less formally, this says that

|AjUA,U---UA, |_Z|A|—Z|A N4+ Y [ANA;NAl-

1<j 1<j<k

Proof. Let x € Ay U A U---U A,, be arbitrary. Let T = {i € [n] : € A;}, i.e. T is the nonempty set of
indices 7 such that x € A;. Let k = |T| and notice that £ > 1. We examine the number of times that z is
counted on each side. On the left, x contributes 1 to the cardinality. On the right, it contributes

(-6 () ()

to the sum. Now from Corollary 5.2.4, we know that

()= () ()= () v (B) -0
() -+ ()= () -

Therefore, every x € A3 U Ao U---U A, contributes 1 to both sides. The result follows. O

Hence

We next count the number of surjections f: [n] — [k]. Of course we know that the answer is k! - S(n, k)
from Proposition 5.3.8, but we count it in a different way using Inclusion-Exclusion (from which we will be
able to derive a formula for S(n, k)). We first illustrate the general argument in the special case where n =7
and k = 4, i.e. we count the number of surjections f: [7] — [4]. The idea is to count the complement. We
know that there are 4” many total functions f: [7] — [4], so we count the number of functions that are not
surjective. Now a function can fail to be a surjective by missing 1, missing 2, missing 3, or missing 4. Thus,
given i € [4], we let A; be the set of functions f: [7] — [4] such that ¢ ¢ range(f). Then the set of functions
f:[7] — [4] that are not surjective equals A; U Ay U A3 U Ay. Now we know that:

141U Az U A U Ay| = |A1| + | As| + | As| + | A
— |A1 ﬂA2| — |A1 ﬂA3‘ — |A1 ﬁA4| — |A2ﬂA3| — |A2 ﬁA4| — |A30A4|
+ A1 NMAs N Az + A1 N As N Ayl + |A1 N A N Ay + |Aa N Az N Ayl
— AL N As N Ag ) Ay
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To count |A;|, we need to count the number of functions f: [7] — [4] such that 1 ¢ range(f). This is just
the number of functions f: [7] — {2, 3,4}, which equals 37. Similarly, |As| = |A3| = |A4] = 37. To count
|A1 N A, we just need to count the number of functions f: [7] — [4] such that 1,2 ¢ range(f). This is just
the number of functions f: [7] — {3,4}, which equals 27. Following through on this, we conclude that

Ay UAs UAs U Ayl =37 +37 +37 437
— 97T 97T 9T o7 _ 97 _97
+17T+174+17 417417
-0,

SO
A UAyUA3 U Ay =4-3"—-6-2"+4-17.

Notice that coefficients are (‘11) =4, (g) = 6, and (é) = 4 because (Ti) is the number of ways to pick out m

elements from [4]. It follows that the number of surjective functions f: [7] — [4] equals

47— (4-3"—6-2"+4-1")=4"-4-3"4+6-2" —4-17 = 8,400.
We now generalize this argument.

Theorem 5.4.5. Let n,k € Nt with k < n. The number of surjections f: [n] — [k] is

k
k
_qym k—m)".
>0 () - m)
Proof. The total number of functions f: [n] — [k] is k™. For each i € [k], let A; be the set of all functions
f: [n] = [k] such that i ¢ range(f). We then have that
AjUA U~ U A,
is the set of all functions which are not surjective, and we count
[A1 U A U--- U Ayl
using Inclusion-Exclusion. Let S C [k] be arbitrary, and let m = |S|. We then have that
4
€S
is the set of functions whose range is contained in [k]\\S, so since [[k]\S| = k — m, it follows that
[() Ail = (k= 1S)" = (k —m)".
i€S
Therefore

AT UA U U= > (-t ) 4y

SCIK\{0} ies
k
= Z(*l)mfl Z | ﬂ A
m=1 SC[k],|S|=m €S

k
D I E D DR
m=1 SCIELIS|=m
k
=S ()

—=

m=
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where the last line follows from the fact that (:1) is the number of subsets of [k] of cardinality m. Thus, the
number of surjections f: [n] — [k] is

. miﬂ(—mm—l ()= =i 4 21(—1)7”(7’;) (k - m)"
-3 o (2
m=0

1= 3o (e

k
:T;)(il) m!- (k—m)!"

Proof. We know that the number of surjections f: [n] — [k] equals k! - S(n, k) by Proposition 5.3.8, and it

also equals )
> ()b

m

by Theorem 5.4.5. Therefore,

m=0 m
and hence
1< k
Sn,k)=— > (=)™ (k—m)"
i 07 ()
k
N mE::o( ) m!- (k—m)!

For example, since

24: (—1)™ (:;) (4 —m)" = 8,400

m=0
from above, we have
8,400
S(7,4) = = = 350.
(4= 20
Definition 5.4.7. A derangement of [n] is a permutation (a1,as,...,a,) of [n] such that a; # i for all i.

For example, (3,1,4,2) is a derangement of [4], but (3,2,4,1) is not (because as = 2).

Theorem 5.4.8. Let n € NT. The number of derangements of [n] is

n _1k
n'z( k!) .
k=0
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Proof. We know that there are n! many permutations of [n]. For each i € [n], let A; be the set of all
permutations (a1, as,...,ay) of [n] such that a; = i. We then have that

A1 UAU---UA,
is the set of all functions which are not derangements. We count
[AfUAsU---UA,|
using Inclusion-Exclusion. Let S C [n] be arbitrary, and let k = |S|. We then have that
Na
i€S
is the set of permutations of [n] such that a; =i for all i € S. To count this, notice that &k of the elements
are determined, and the remaining n — k elements can be permuted in the remaining n — k spots arbitrarily,
SO
() Ail = (n—IS])! = (n— k).
i€S
We then have

[AlUA U UA = Y (D)) 4
SC\{0} i€s

Dty ) Al

SCln],|S|=k i€S

2
k=1
=D Y (n—k)!
k=1
>

N

SC[nl,|S|=k
=S ()
k=1
n n'
— _1 k—li'
k:1( A
N
—nl.
T
Thus, the number of derangements of [n] is
(Dt~ (D
n! —nl- Z i =nl! x
k=1 k=0

Notice that the fraction of permutations that are derangements equals

—1)k 1 1 1"
> FoFt

Il

I
—_
T

I
+
4

n

k=0
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For example, when n = 6, we have

= 1+1 1+1—53 .36806,
2 6 24 120 720 144

so approximately 36.8% of the permutations are derangements. When n = 7, we have

53 1 1854 103
144 5040 5040 280 ~ 36786,

so again about 36.8% of the permutations are derangements. Now if you've seen infinite series, then you
know that

= zk 2 23 2
Z—_1+x+—+—+——...
k! 3!
k=0
for all x € R. In particular, when x = —1, we have
|
— k!
_ (-1* (=1  (=1*
=l ()t g g
1 1 1
T2 3!

Therefore, as n gets large, the percentage of permutations of [n] that are derangements approaches the
number
1/e ~ .36788.

5.5 Permutations

Recall that given a finite set A with |A| = n, we defined a permutation of A to be an element of A™ without
repeated elements. Consider the case where A = [n]. In this situation, we can view a permutation of A
differently. Instead of thinking about the finite sequence (a1, as,...,ay), we can think about the function
o: [n] — [n] defined by letting o(i) = a; for all i. For example, if n = 6, then instead of writing the
permutation (5,6,3,1,4,2) as an element of [n]™ without any repetition, we can think about the function
o: [6] — [6] defined by:

.« o(1) =5.
.« 0(2)=6.
.« o(3)=3.
. o(4) = 1.
. 0(5) =4
. o(6)=2.

Notice that since a permutation of [n] does not have any repeated elements, it follows that every element of
[n] appears at most once as an output of o, i.e. that o: [n] — [n] is injective. However, since the domain and
codomain are the same finite set, we know that any ¢ must then be bijective. Conversely, given a bijection
o: [n] = [n], the sequence (o(1),0(2),...,0(n)) is a permutation of [n]. In other words, permutations of [n]
and bijections from [n] to [n] are really the same thing.
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Rather than list out the values of the function as we did in our example above, we can instead write out
the values in a table. For example, for our ¢ above, we can write it as:

1 2 3 4 5 6
(5 6 3 1 4 2> ‘

In this table, entries on the top row are input values and corresponding entries on the bottom row are the
output values. Notice that bottom row is simply our original sequence. We call (5,6,3,1,4,2) (or 563142
if we want to be even more compact) the one-line notation of o and we call the above table the two-line
notation of o.

At this point, you may wonder why we care about viewing permutations as functions. The primary
answer is that functions can be composed. Recall that the composition of two bijections is a bijection by

Proposition 4.1.4, so the composition of two permutations of [n] is again a permutation of [n]. For example,
consider the following two permutations of [6]:

/1 2345 6 1 (1 2345 6
=5 6 31 4 2 an =\ 315 6 2 4/

Let’s compute ocor. Remember that function composition happens from right to left. That is, the composition
o o T is obtained by performing 7 first and following after by performing o. For example, we have

(c07)(2)=0(7(2)) =0(1) =5.
Working through the 6 inputs, we obtain:
(1234
7°T=\3 5 4 2 '

(123456
T°9=\2 45 36 1)

[=23Né3
= o

On the other hand, we have

Notice that o o 7 # 7 0 0. Remember that function composition is not commutative in general!

Given a permutation o of [n], we can define 0% = 500, 0% = gogoo, etc. We also define 0° = id[,,}, which
matches up with the exponent rules. Notice that since function composition is associative by Proposition
1.4.5, we do not need to insert parentheses in things like o0 because we know that oo (c00) = (0o 0)oo.
We now show that if we start with any ¢ € [n], and repeatedly apply o in this way, then we eventually cycle

back around to 1.

Proposition 5.5.1. Let o: [n] — [n] be a permutation and let i € [n]. There exists k € Nt with 1 <k <n
such that o*(i) = i. Moreover, if k is the least positive integer with o* (i) = i, then the numbers

are distinct.

Proof. We first show that there exists ¥ € N* with 1 < k < n such that o*(i) = i. Consider the first n + 1
many numbers that we obtain by staring with ¢ and iterating o

i o(i) o) o3() ... o).

Since we have a list of n+ 1 numbers, and only n possible values for those numbers, there must exist £,m € N
with 0 < £ < m < n and o(i) = 0™ (i) by the Pigeonhole Principle. Since 0™ (i) = o*(c™*(4)), it follows
that o(6™*(i)) = o*(i). Now using the fact that o is injective (because it is a permutation as mentioned
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above), it follows that ¢™*(i) = i. Since 1 < m — ¢ < n, we have shown the existence of a k € N* with
o (i) = i.

Suppose now that k is the least positive integer with o*(i) = i (such a k exists by well-ordering). Assume
that there is a repeat in the list:

We may then fix 0 < ¢ < m < k with o(i) = 0™(i). As above, this implies that o™~ (i) = i. Since
0 < m — ¥ < k, this would contradict the minimality of k. Therefore, we must have that the above values
are distinct. 0O

With this proposition in mind, we now develop a new notation to represent permutations called cycle
notation. The basic idea is to take an element of [n] and follow its path through o. For example, let’s work

with our permutation
(1 2 3 4 5 6
77\ 6 31 4 2)

We begin by starting with 1, and notice that o(1) = 5. Now instead of moving on to deal with 2, let’s
continue this thread and determine the value o(5). Looking above, we see that o(5) = 4. If we continue on
this path to investigate 4, we see that o(4) = 1, and we have found a “cycle” 1 — 5 — 4 — 1 hidden inside
o. We will denote this cycle with the notation (1 5 4). Now that those numbers are taken care of, we start
again with the smallest number not yet claimed, which in this case is 2. We have ¢(2) = 6 and following up
gives 0(6) = 2. Thus, we have found the cycle 2 — 6 — 2 and we denote this by (2 6). We have now claimed
all numbers other than 3, and when we investigate 3 we see that o(3) = 3, so we form the sad lonely cycle
(3). Putting this all together, we write o in cycle notation as

o= (154)(26)(3).

Notice that Proposition 5.5.1 justifies why we never get “stuck” when trying to build these cycles. When we
start with 1 and follow the path, we can not repeat a number before coming back to 1. For example, we will
never see 1 —+ 3 — 6 — 2 — 6 because then the purported permutation must send both 3 and 2 to 6, which
would violate the fact that the purported permutation is injective. Also, if we finish a few cycles and start
up a new one, then it is not possible that our new cycle has any elements in common with previous ones.
For example, if we already have the cycle 1 -+ 3 — 2 — 1 and we start with 4, we can’t find 4 — 5 — 3
because then both 1 and 5 would map to 3.

Our conclusion is that this process of writing down a permutation in cycle notation never gets stuck and
results in writing the given permutation as a product of disjoint cycles. Working through the same process

with the permutation
(1 2 3 4 5 6
Tm 3156 2 4)

T=(1352)(46).

we see that in cycle notation we have

Now we can determine ¢ o 7 in cycle notation directly from the cycle notations of ¢ and 7. For example,
suppose we want to calculate the following:

(124)(36)(5)0(162)(354).

We want to determine the cycle notation of the resulting function, so we first need to determine where it
sends 1. Again, function composition happens from right to left. Looking at the function represented on the
right, we see the cycle containing 1 is (1 6 2), so the right function sends 1 to 6. We then go to the function
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on the left and see where it sends 6 The cycle containing 6 there is (3 6), so it takes 6 and sends it to 3.
Thus, the composition sends 1 to 3. Thus, our result starts out as

(13.

Now we need to see what happens to 3. The function on the right sends 3 to 5, and the function on the left
takes 5 and leave it alone, so we have
(135.

When we move on to see what happens to 5, we notice that the right function sends it to 4 and then the left
function takes 4 to 1. Since 1 is the first element the cycle we started, we now close the loop and have

(135).
We now pick up the least element not in the cycle and continue. Working it out, we end with:
(124)(36)(5)0(162)(354)=(135)(2)(46).

Notice that cycle notation is not unique. For example, if n = 4, then (1 2 3 4) and (2 3 4 1) both represent
the same function, namely the function that sends 1 to 2, 2 to 3, 3 to 4, and 4 to 1. In general, we can always
“cyclically shift” a cycle without changing the actual function. Also, notice that (1 2)(3 4) = (3 4)(1 2), so
we can also swap the ordering of the disjoint cycles.

Let’s examine the possible cycle types for permutations of [4], along with the number of permutations of
each type.

o One 4-cycle, such as (1 2 3 4): There are two ways to count the number of 4-cycles. One approach
is to list the elements of [4] in order in 4! ways, but realize that we are over counting because we can
cyclically shift each result in 4 ways to arrive at the same permutation. Thus, there are 41! = 6 many
4-cycles. Alternatively, we can say that any 4-cycle can be shifted uniquely to put the 1 first, at which

point we have 3! = 6 many ways to arrange the three numbers after it.

o One 3-cycle and one 1-cycle, such as (1 2 3)(4): There are 4 - 2 = 8 many such permutations because
we need to choose the unique element that is in the 1-cycle in 4 possible ways, and then choose the
3-cycle in %‘ = 2 ways as in the argument for 4-cycles.

o Two 2-cycles, such as (1 2)(3 4): This one is a bit tricky. We can pick two element to go in one of the
cycles in (é) = 6 many ways, and once we pick this the other cycle is completely determined. However,
notice that we count each of these permutations twice with this method, because if we pick {1,2}
then we are describing the permutation (1 2)(3 4), while if we pick {3,4}, then we are describing the
permutation (3 4)(1 2) = (1 2)(3 4) as well. In other words, we can’t pick the “first” 2-cycle because
we can list the cycles in either order. Therefore, we need to divide by 2 to handle the overcount, and
so there are 3 possibilities here. Alternatively, one can notice that such a permutation is completely
determined by the element that is in the cycle with 1, and we have 3 choices.

e One 2-cycle and two 1-cycles, such as (1 2)(3)(4): In this case, we need only pick the two elements of
the 2-cycle (noting that order does not matter), and there are (;") = 6 many possibilities.

o Four 1l-cycles, such as (1)(2)(3)(4): There is only 1 of these.

Notice that
6+8+3+6+1=24,

as we should expect because there are 4! = 24 many permutations of [4].
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Definition 5.5.2. Let k,n € N with k < n. The number of permutations of [n] with exactly k total cycles is
denoted by c¢(n, k) and is called the signless (or unsigned) Stirling numbers of the first kind. Alternatively,
these numbers are sometimes denoted by:
n
k)= .
et ) = 7]

We also define ¢(0,0) =1, ¢(n,0) =0 if n > 1, and c(n, k) =0 if k > n.

For example, our above calculations show the following:

. c(4,1) =6.
e c(4,2)=8+3=11
o c(4,3) =6.
o c(4,4) =1.

In general, we have the following values:

e ¢(n,n) =1 for all n € N* because the only permutation of [n] with n many cycles is the one where all
elements of [n] are fixed.

e ¢(n,1) = (n—1)! for all n € N* because a permutation of [n] with only 1 cycles must be a cycle of
length n, and we can count this by looking at all n! many ways to list the elements, and then divide by
n for the n many cyclic shifts. Alternatively, we can place 1 at the front of the cycle, and then order
the other n — 1 elements in all possible (n — 1)! many ways afterwards.

e c¢(n,n —1) = (5) (which also equals S(n,n — 1)) for all n > 2. To see this, simply notice that a
permutation of [n] has exactly n — 1 many cycles if and only if it consists of n — 2 many 1-cycles and
2-cycles. Such a permutation is completely determined by the 2 elements in the 2-cycle.

Although we were able to directly calculate ¢(4, k) for each k, it becomes more difficult to compute values
like ¢(9, 3) because such a permutation may have three 3-cycles, or one 7-cycle and two 1-cycles, or a 5-cycle
and two 2-cycles, or a 2-cycle, 3-cycle, and 4-cycle, etc. Rather than attempting to calculate these values
directly by looking at all possible cases, we now develop a recurrence similar to the one for the binomial
coefficients and Stirling numbers of the second kind.

Theorem 5.5.3. Let k,n € Nt with k < n. We have

cnyk)=cn—1,k—1)+(n—1)-¢c(n—1k).

i |

Proof. We need to show that ¢(n — 1,k — 1)+ (n— 1) - ¢(n — 1, k) counts the number of permutations of [n]
with exactly k cycles. We do this by considering two cases.

In other words, if k < n, then

o Consider those permutations of [n] with exactly k cycles in which n forms a 1-cycle by itself, i.e. where
n is a fixed point of the permutation. Since n forms its own cycle, if we remove it, then the rest of
permutation must be a permutation of [n—1] with exactly k—1 cycles. Furthermore, every permutation
of [n — 1] with exactly k — 1 cycles arises uniquely in this way. Therefore, the number of permutations
of [n] with exactly k cycles in which n forms a 1-cycle by itself is ¢(n — 1,k — 1).
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o Now consider those permutations of [n] with exactly k cycles in which n does not form a 1-cycle by
itself, i.e. where n is not a fixed point of the permutation. If we simply delete n from the cycle notation,
we obtain a permutation of [n — 1] with exactly k cycles. The key fact is that that every permutation
of [n — 1] into exactly k cycles arises in n — 1 ways from this process, because given a permutation of
[n — 1] into exactly k cycles, we can insert n into the permutation after any of the numbers in cycle
notation. Therefore, the number of permutations of [n] with exactly k cycles in which n does not form
a l-cycle by itself equals (n —1) - c(n — 1, k).

Since we have broken up the set of all permutations of [n] with exactly k cycles into the disjoint union of
two sets, it follows that c(n, k) =c(n—1,k—1)+ (n—1)-c(n — 1,k). O

As an illustration of the second part of the proof, consider the case where n = 8 and k = 4, and we have
the permutation
(134)(28)(57)(6).

By deleting 8 we arrive at the permutation
(134)(2)(5 7)(6)-
Notice that we can also arrive at this latter permutation by deleting 8 from
(1384)(2)(57)(6).
In fact, there are a total of 7 ways to arrive at the permutation
(134)(2)(5 7)(6)

by starting with a permutation of [8] where 8 is not in its own cycle.
Using this recurrence, we can compute the following table of values:

[ecnk)JO] T [ 2 | 3 [ 4] 5 ]6]7]
0 110 0 0 0] o ]o0]oO
1 0] 1 0 0 0] 0 J]o0]oO
2 0[] 1 1 0 0] 0o ]o0]oO
3 0] 2 3 1 0] 0 ]0]O
4 0 6 | 11 6 1 [ ofofo
5 0[24] 5 | 35 10 1 [0]0
6 0[120] 274 [ 225 | 85 [ 156 [ 1 |0
7 0720 [ 1764 | 1624 [ 735 | 175 [ 21 | 1

The recurrence does indeed allow us to compute the values of ¢(n, k) quickly, but we need more work to
compute the permutations of a certain “cycle structure”. For example, suppose that we want to count how
many permutations of [20] consist of four 2-cycles and three 4-cycles. Notice that this value will occur as
one summand in the value ¢(20,7) (as will those permutations consisting of one 14-cycle and six 1-cycles,
etc.). To count this, we think as follows. Arrange the 20 elements of [20] in sequence without repetition, and
build a permutation from it as follows: Put the first two elements in a 2-cycle, then the 3"% and 4*" elements
in a 2-cycle, as well as the 5t and 6", and 7" and 8. Next, put the the 9*" through 12** elements in a
4-cycle, and then the 13" through 16t", and 17" through 20" into four cycles as well. For example, if we
write out our 20 numbers as

519 3 11 16 17 1 9 7 12 2 4 10 14 18 8 13 6 15 20,
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then we view this as representing the permutation
(5 19)(3 11)(16 17)(1 9)(7 12 2 4)(10 14 18 8)(13 6 15 20).

Notice that every permutation of [20] with four 2-cycles and three 4-cycles can be written with the four
2-cycles in the front (because we can always reorder the cycles), so we do get every permutation we are
looking for in this way. However, this is a lot of overcount in this method. Notice that in each of the four
2-cycles in front, we can swap the order of the two 2 entries without changing the permutation. Thus, we
get an overcount of 2* with these swappings. Furthermore, for each of the three 4-cycles, we can cyclically
shift them in 4 ways without changing the actual permutation, so we get an overcount of 43 here. Finally,
notice that we can rearrange the four 2-cycles up front in 4! ways, and also rearrange the three 4-cycles in
3! ways, without affecting the underlying permutation. It follows that the number of permutations of [20]
that consist of four 2-cycles and three 4-cycles equals.

20!
2441433

Theorem 5.5.4. Let n € N. Suppose that we have a sequence (ay,asz,...,a,) € N with > i-a; = n.
The number of permutations of [n] with exactly a; many i-cycles for each i is:

n'

all.azl...an!.lal .2a2...nan.

Proof. Write the numbers from [n] in order in n! many possible ways, then insert parentheses to form a;
many 1-cycles at the front, then as many 2-cycles, etc. We get all possible permutations in this way, but
there is some overcount. Within each cycle, we can rotate it, so the same permutation occurs with the same
cycle order in 1% - 292 ...n% many ways. Furthermore, we can permute the cycles of length ¢ amongst
themselves in a;! many ways. O

Definition 5.5.5. Let o be a permutation of [n]. An inversion of o is an ordered pair (i,7) with i < j but
o(i) > o(j). We let Inv(o) be the set of all inversions of o.

For example, consider the following permutations in one-line notation:
o = 312546 T = 315246 m = 342516.

In two-line notation, these are:
({1 2 3 4 5 6 ({1 2 3 4 5 6 (1 2 3 4 5 6
731 25 4 6 Tm 3152 46 34251 6)
while in cycle notation, these are

o=(132)45)(6) r=(13542)6) 71=(13245)6).

Notice that 7 and 7 are obtained by swapping just two elements in the one-line notation, i.e. by swapping
two elements in the bottom row of the two-line notation. In terms of functions, 7 and 7 are obtained by
composing o with a permutation consisting of one 2-cycle and four 1-cycles: we have 7 = g0(3 4)(1)(2)(5)(6)
and m =00 (2 5)(1)(3)(4)(6).

We now examine the inversions in each of these permutations. Notice that it is typically easier to
determine these in the first representations rather than in cycle notation:

ITL’U(O’) = {(17 2)7 (17 3)7 (47 5)}
InU(T) = {(]—, 2)7 (174)a (3’4)7 (Sv 5)}
Ino(r) = {(1,3), (1,5),(2,3), (2,5), (3,5), (4,5)}.
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From this example, it may seem puzzling to see how the inversions are related. However, there is something
quite interesting that is happening. Let’s examine the relationship between Inv(c) and Inv(r). By swapping
the third and fourth positions in the second row, the inversion (1,3) in o became the inversion (1,4) in 7,
and the inversion (4,5) in o became the inversion (3,5) in 7, so those match up. However, we added a new
inversion by this swap, because although originally we had 0(3) < o(4), but the swapping made 7(3) > 7(4).
This accounts for the one additional inversion in 7. If instead we had ¢(3) > o(4), then this swap would
have lost an inversion. However, in either case, this example illustrates that a swapping of two adjacent
numbers either increases or decreases the number of inversions by 1.

Lemma 5.5.6. Suppose that o is a permutation of [n], and suppose T is obtained from o by swapping two
adjacent entries in the one-line notation of o. In other words, suppose that there is a k with 1 < k < n such
that

o(i) ifitkandi#k+1
(i) =qo(k+1) ifi=k
o (k) ifi=k+1.

We then have that |Inv(c)| and |Inv(r)| differ by 1.

Proof. Suppose that 7 is obtained from o by swapping the entries k and k+ 1. Notice that if i, 5 ¢ {k,k+1},
then

(1,7) € Inv(o) < (i,7) € Inv(T).

Now given any ¢ with ¢ < k, we have

(i, k) € Inv(o) < (i, k+ 1) € Inv(7)
(i,k+1) € Inv(o) < (i, k) € Inv(r).

Similarly, given any j with j > k + 1, we have

(k,j) € Inv(o) < (k+1,5) € Inv(T)
(k+1,7) € Inv(o) <> (k, j) € Inv(r).

The final thing to notice is that
(k,k+1) € Inv(o) < (k,k+ 1) ¢ Inv(T),

because if o(k) > o(k + 1) then 7(k) < 7(k + 1), while if o(k) < 7(k + 1) then 7(k) > 7(k + 1). Since we
have a bijection between Inv(o)\{(k,k + 1)} and Inv(r)\{(k, k + 1)}, while (k, k + 1) is exactly one of the
sets Inv(o) and Inv(7), it follows that |Inv(o)| and |Inv(T)| differ by 1. O

A similar analysis is more difficult to perform on 7 because the swapping involved two non-adjacent
numbers. As a result, elements in the middle had slightly more complicated interactions, and the above
example shows that a swap of this type can sizably increase the number of inversions. Although it is possible
to handle it directly, the key idea is to realize we can perform this swap through a sequence of adjacent
swaps. This leads to the following result.

Corollary 5.5.7. Suppose that o is a permutation of [n], and suppose T is obtained from o by swapping
two entries in the one-line notation of o. We then have that |Inv(o)| and [Inv(T)| have different parities,
i.e. one is even while the other is odd.

Proof. Suppose that 7 is obtained from o by swapping positions k and ¢, where k < £. We can assume that
¢ > k + 2 because otherwise |Inv(c)| and [Inv(7)| differ by 1 and we are done. The key fact is that we can
obtain this swap by performing an odd number of adjacent swaps. To see this, start by swapping k and
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k+1, then k+ 1 and k + 2, then k + 2 and k + 3, etc. until we end by swapping ¢ — 1 and £. Notice that
there are ¢ — k many swaps here, and we end by shifting the entries in positions k + 1 through ¢ by one to
the left, and moving the entry in position k to the entry in position ¢. Now we swap positions ¢ — 2 and
¢ —1, then ¢ — 3 and ¢ — 2, etc. until we end by swapping k and k + 1. Notice that there are / — k — 1 many
swaps here, and in the final product we have swapped the entries in positions k& and £ of ¢ and left the rest
in place. We have a total of 2k + 2¢ — 1 = 2(k + £) — 1 many swaps. Now Lemma 5.5.6 says each of these
adjacent swaps changes the number of inversions by 1 (either increasing or decreasing by 1), so each of these
inversions changes the parity of the number inversions. Since there are an odd number of such swaps, we
conclude that |Inv(o)| and |[Inv(T)| have different parities. O

The above corollary has interesting implications. Suppose that we have a permutation ¢, and think about
its one-line notation. Suppose that we want to repeatedly swap two entries at a time until we arrive at the
permutation 123...n. This corresponds to trying to sort a list of numbers by applying a sequence of simple
swaps. In general, there are many ways to carry this out, but one consequence of the above result is that the
parity of the number of swaps in any such process will be an invariant. To see why this is, suppose that I
accomplish the task using 7 swaps. Since 123...n has no inversions, and 0 is even, it follows that the initial
permutation must have an odd number of inversions (because each swap changes the parity of the number
of inversions). Therefore, no matter how you choose to perform the swaps, you must use an odd number of
swaps as well. Although this might seem like a useless (but cute!) fact, it plays an essential role in linear
algebra when working with determinants (recall that swapping the rows of a matrix switches the sign by
—1), and in abstract algebra (the so-called alternating group is the collection of permutations that have an
even number of inversions).

5.6 Relationship Between Stirling Numbers

The two types of Stirling numbers do have some commonalities (they both count the number of ways to
break up [n] into k nonempty parts, but the first kind involves some “order” in the cycles). However, there
is a very deep connection between them that arise from looking at coefficients of certain special polynomials.
In fact, Stirling numbers first arose in this context, rather than from counting problems.

Definition 5.6.1. Given a polynomial p(z) = apx™ + ap_12" 1 + -+ + a1z + ag with a,, # 0, we define
deg(p(x)) = n. We leave deg(0) undefined.

For example, we have deg(z? + 5o — 1) = 2 and deg(5) = 0. Notice that

deg(p(w)q(z)) = deg(p(x)) + deg(q(z))

for all nonzero polynomials p(z) and ¢(z), and this is one of the reasons why we leave deg(0) undefined. A
fundamental fact about polynomials is the following.

Fact 5.6.2. A polynomial of degree n has at most n roots.

You will see a proof of this result in Abstract Algebra. Essentially, the key idea is that if a is a root of
a polynomial p(z), then it is possible to factor out  — a from p(z). Notice also that this is another reason
why we leave deg(0) undefined, because every element of R is a root of the zero polynomial. Furthermore,
from this fact, we obtain the following important result.

Proposition 5.6.3. Let p(z) = a2 +a,_ 12" 1+ -+arz+ag and q(z) = bz +by, 12" 1+ -+ b1z +ag
be polynomials of degree at most n. Suppose that p(c) = q(c) for at least n + 1 many ¢ € R. We then have
that a; = b; for all i, so p(x) and q(x) are equal polynomials (and hence agree on all possible inputs).
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Proof. Consider the polynomial
p(x) — q(x) = (an — bp)x"™ + (an_1 — bp_1)x" 4+ + (a1 — b1)x + (ap — by)-

Notice that this polynomial has degree at most n but has at least n + 1 many roots (because if ¢ € R is such
that p(c) = q(c), then ¢ is a root of p(x) — g(x)). Since a polynomial of degree n has at most n roots, this is
only possible if p(x) — g(z) is the zero polynomial, i.e. if a; — b; = 0 for all i. We conclude that a; = b; for
all 4. -

Since deg(p(x)q(z)) = deg(p(x)) + deg(q(x)) for all nonzero polynomials p(x) and ¢(x), it follows that
deg((x +1)™) = n for all n € N. The Binomial Theorem tells us the coefficients of the resulting polynomial:

(z+1)" = kz_% (Z):gk

In other words, if we expand out
(z+ D+ D)(xz+1)---(z+1),

and collect terms to form a polynomial of degree n, then the coefficient of 2* in the result is (}). We next
work to determine the coefficients of slightly more complicated polynomials.

Definition 5.6.4. Given n € NT, we define the following two polynomials:
e 2" =zx(z+1)(z+2)---(x+n-—1).
e 22=z(x—-1)(z—2)---(x—n+1).
We also define 2° = 1 = 22, Notice that deg(z™) = n = deg(z) for all n € N.

For example, we have the following;:

e 2l=2=0+uz.

e 22=zx(z+1)=0+z+a22

o B =g(z+1)(x+2)=0+2z+ 322 + a3

e 2t =a(x+1)(x+2)(z+3) =0+ 6z + 1122 + 62° + 2.

We also have:

e tt=x=0+2z.

e 22=2(x—-1)=0-2+2%

e 2 =x(r—1)(x—2) =0+ 2z — 32 + 23,

o ph=g(z—1)(z—2)(x—3)=0—6z+ 1122 — 62 4 2.

These numbers look familiar! In the first collection of examples, it looks like we are seeing rows of Stirling
numbers of the first kind. In second, we are obtaining these rows with some alternation of signs. We now
go about proving these results.
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Theorem 5.6.5. For every n € N, we have

2" = Zc(mk) -zt

k=0
Proof. We prove the result by induction on n € N.

e Base Cases: We prove the result for n =0 and n = 1 (we will need two base cases because we assume
n > 1 in Theorem 5.5.3).

— When n = 0, we have

%=1
=¢(0,0)
=¢(0,0) - 2°

0
=Zc(n, k)-z*
k=0
— When n =1, we have
1 _
z =0+ 12
=¢(1,0) - 2% +¢(1,1) - 2t

Thus, the statement is true when n =0 and n = 1.

o Inductive Step: Let n € NT be arbitrary and assume that the statement is true for n, i.e. assume that

a" = Zc(n, k) - z*.

k=0

n

Using the fact that ¢(n,0) = 0 = ¢(n + 1,0) and ¢(n,n) =1 = ¢(n + 1,n + 1), along with Theorem
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5.5.3, we then have

zn:c(n, E—1)- xk> +c(n,n) -z + <in -e(n, k) - ack>
k=1 k=1

=0-2°+ (f:[c(n, kE—1)+n-c(n,k)]- xk> +¢(n,n) -zt

k=1
=c(n+1,0) - <ch—|—lk )—|—c(n—|—1,n—0—1)-a:”+1
k=1
n+1
= Zc(n—i—l k)
k=0

Thus, the statement is true for n + 1.
The result follows by induction. O

Definition 5.6.6. Let k,n € N. We define

s(n.) = (1" e(n. k) = (1],

and call s(n, k) the (signed) Stirling numbers of the first kind.

Notice that s(0,0) =1, s(n,0) =0if n > 1, and s(n, k) = 0 if k > n because the same are true of ¢(n, k)
by definition.
Corollary 5.6.7. For every n € NT, we have

n

at = Zs(n,k)-xk

k=0

Proof. One can prove this by induction as in the previous theorem, but there is another more clever method.
Let n € NT be arbitrary. We know from the previous theorem that

n

e+ 1)(@+2)(x+(n—1)=> c(nk) 2"

k=0
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Since this is a polynomial equality, we can plug in any real value to obtain an equality of real numbers.
Thus, for any a € R, we can plug —a into the above polynomials to conclude that

n

(—a)((=a) + )((=a) +2)--- ((=a) + (n = 1)) = Y _ e(n, k) - (—a)",

k=0

which implies that

()" ala—1)a—=2)---(a—(n—1)) = Z(fl)kc(n, k) -a.

k=0

Multiplying both sides by (—1)™ it follows that
a(a—1)(a—=2)(a—(n=1) =D (~1)" Fe(n,k) - ¥,

and hence

3

ala—1)(a—2)---(a—(n—1)) = s(n, k) - a®
k=0

is true for all a € R. Since the polynomials 22 = z(z —1)(x — 2) -+ (z — (n — 1)) and >_,_, s(n, k) - 2 agree
for all real numbers, we may use Proposition 5.6.3 to conclude that

n

= Z s(n, k) - ®.

k=0
This completes the proof. O

We can interpret our two polynomial equalities in the following way. Let n € Nt and consider the
vector space V of all polynomials of degree at most n (as well as the zero polynomial). We know that

{20 21,22, ... 2"} is a basis for V. For each £ € N with 0 < ¢ < n, we have
o
i Zc(ﬂ,k) -ak
k=0
and

¢
2t = Z sl k) - z*,
k=

0

so the (unsigned/signed) Stirling numbers of the first kind show how to express z‘ € V and 2 € V as linear
combinations of the standard basis vectors in {2,z 2% ..., 2"}. Can we reverse this process? In other
words, can we express 1,7, 2%, ..., 2" in terms of the vectors {22, x1, 22, ... 22}? If this latter set is a basis
for V, then this is indeed possible. One can show directly that {z% 21 22, ... 22} is a linearly independent
set of size n + 1, so it must be a basis. Hence, it is at least theoretically possible. However, we can just

directly prove that is possible, while also finding the coefficients, using a few previous results.

Theorem 5.6.8. For every n € N, we have
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Proof. When n = 0, we have 2% = 1 and

=1-x
=1

as well, so the statement is true in this case. Suppose now that n > 1. Recall that Theorem 5.3.9 tells us

that .
m
= l. .
m ,;:1 k! S(n,k) (k)

for all m € N (because both sides count the number of functions from [n] to [m]). Therefore, for any
m € NT, we have

= S(n,k)-m(m—1)(m—2)--- (m—k+1),
where the last line follows from the fact that S(n,0) = 0. Thus, the polynomial ™ and the polynomial

Z S(n, k) -2k
k=0

agree at every natural number m. Since these two polynomials have degree at most n and agree at infinitely
many points, we may use Proposition 5.6.3 to conclude that

" = ZS(TLJC) -k
k=0

This completes the proof. O

‘We now know that

and

¢
zt = ZS(E,I@) gk

k=0
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for all £ € N. Let’s return to the above setting, i.e. let n € NT and consider the vector space V of all
polynomials of degree at most n (as well as the zero polynomial). Since {z° 2!, 22,... 2"} is a basis for
V, and we've just seen that each z¢ is in the span of {22, 21,22, ... 22}, it follows that {z2 z1 22 ... 27}
spans V. Since this is a spanning set of n + 1 many vectors, it follows that this set is also basis of V.
Furthermore, the above equalities show that the Stirling numbers give the change of basis matrices between
these two bases. Thus, if we cut off the Stirling matrices S(n, k) and s(n, k) at some finite point, then the

matrices must be inverses of each other.

[S(n,k)[JOJ1] 2] 3 [ 4] 5 ]6][7]

0 1o 0] o 0 0o JoTJo

1 o107 0 0 0o lofJo

2 o1l 1] o0 0 0o lofo

3 ol1] 3] 1 0 0 [o0]o

4 ol1]71] 6 1 0 [o0o]o

5 ol1][15] 2510 1 [0]oO

6 ol1[31]9 [65 |15 |11]0

7 0l1[63][301 350140211
(sGA 0] T [ 2 [ 3 [ 4 [5]6]7]
0 1] 0 0 0 0 0 ]0
1 o] 1 0 0 0 0 ]0
2 o] -1 1 0 0 0 0|0
3 0] 2 -3 1 0 0 0|0
4 0 -6 11 -6 1 0 0|0
5 0 24 -50 35 | -10 | 1 0|0
6 0-120 274 [ 225 ] 8 [-15] 1 |0
7 0 720 | -1764 | 1624 | -735 | 175 | -21 | 1

Alternatively, instead of appealing to linear algebra, we can also determine this inverse relationship
directly. For any n € N, we have

" = iS(n,é) cat
=715, 0) - (Y s(t,k) - 7))
=0 k=0

4
=3NS, 0) - s(6, k) - 2*]

[S(n,£) - s(L, k) - x*]

I
[]= |
WE

[S(n, €) - (¢, k) - )

I
(=
M=

=>"1>_S(n,0) - st k)] - 2",
Therefore

- 1 ifn==k
§:S(M)'Sw’k):{o it n# k.
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Similarly, we have

> s(n,0) - S(tk) = L ifn=*k
prd 0 ifn#k.

In other words, the Stirling matrices S(n, k) and s(n, k) are inverses of each other.

Notice that we do not even need to cut off the matrices at some point to be n x n matrices (the fact that
every row is eventually zero means the the matrix products make sense even for infinite matrices). In linear
algebra terminology, the sets {z°, 2%, 22,...} and {z% 2%, 22,...} are both bases for the infinite-dimensional
vector space of all polynomials (without degree restrictions), and the matrices S(n, k) and s(n, k) form the

change of basis matrices for these two bases.
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Chapter 6

Congruences and Modular Arithmetic

6.1 Definitions and Fundamental Results

We now embark on a study of congruences. Given an m € N, there are m possible remainders that occur
when we divide a general integer by m. Intuitively, congruences are a way of grouping together integers
that leave the same remainder. Formally, we will define them in terms of a certain divisibility condition.
Despite the fact that congruences can always be translated into divisibility relationships, it turns out that
this change in perspective opens many new doors. We start with the formal definition.

Definition 6.1.1. Let m € NT*. We define a relation =, on Z by letting a =,,, b mean that m | (a — b).
When a =,, b, we say that a is congruent to b modulo m.

Proposition 6.1.2. Let m € NT. The relation =,, is an equivalence relation on Z.
Proof. We need to check the three properties:
o Reflexive: Let a € Z. Since a —a = 0 and m | 0, we have that m | (a — a), hence a =, a.

e Symmetric: Let a,b € Z with a =, b. We then have that m | (a — b). Thus m | (=1)(a — b) by
Proposition 1.5.3, which says that m | (b — a), and so b =,, a.

o Transitive: Let a,b,c € Z with a =, b and b =, ¢. We then have that m | (a — b) and m | (b — ¢).
Using Proposition 1.5.3, it follows that m | [(a —b) 4 (b—c¢)], which is to say that m | (a —c¢). Therefore,
a=,,c.

Putting it all together, we conclude that =, is an equivalence relation on Z. O

By our general theory of equivalence relations, we know that =,,, partitions Z into equivalence classes. We
next determine the number of such equivalence classes, together with a canonical choice of representatives
from the equivalence classes.

Proposition 6.1.3. Let m € NT and let a € Z. There exists a unique b € {0,1,...,m — 1} such that
a =p b. In fact, if we write a = qm + r for the unique choice of q,r € Z with 0 < r < m, then b =1 is the
unique such choice.

Proof. As in the statement, fix ¢,r € Z with a = ¢gm + r and 0 < r < m. We then have a — r = mgq, so
m | (a —r). It follows that a =, r, so we have proven existence.

Suppose now that b € {0,1,...,m — 1} and a =,,, b. We then have that m | (a — b), so we may fix k € Z
with mk = a — b. This gives a = km + b. Since 0 < b < m, we may use the uniqueness part of Theorem
2.3.1 to conclude that k = ¢ (which is unnecessary) and also that b = r. This proves uniqueness. O

129
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In other words, given m € N, the proposition says that every integer is related to something in the set
{0,1,2,...,m — 1}, and furthermore that no two distinct elements of the set {0,1,2,...,m — 1} are related
to each other. Thus, =, splits up Z into exactly m equivalence classes. To help understand the equivalence
classes, we prove the following simple result.

Proposition 6.1.4. Let m € N*. Under the equivalent relation =,,, we have @ = {a +mk : k € Z} for all
a€Z.

Proof. Let a € Z be arbitrary. We give a double containment proof that @ = {a + mk : k € Z}.

o aC{a+mk:keZ}: Let beabe arbitrary. We then have that a =, b, so m | (¢ —b). By definition,
we can fix £ € Z with a — b = mf. We then have b = a — mf = m(—{) + a, so since —¢ € Z, it follows
that b € {a + mk : k € Z}.

o {a+mk:keZ} Ca Let b€ {a+mk:k € Z} be arbitrary. By definition, we can fix k € Z with
b = a+ mk. We then have a —b = —mk = m(—k), so m | (a — b). Therefore, a =, b, and hence b € a.

Putting the containments together, we conclude that @ = {a + mk : k € Z}. O
For example, if m = 5, then we have the following equivalence classes:

{...,-10,-5,0,5,10,...} = {bk : k € Z}.

{..,-9,-4,1,6,11,...} = {1+ 5k : k € Z}.
e 2=1{...,-8,-3,2,7,12,...} = {2+ 5k : k € Z}.

{..,-7,-2,3,8,13,...} = {3+ 5k : k € Z}.

{-..,—6,-1,4,9,14,...} = {4+ 5k : k € Z}.

Notice that
6={6+5k:keZ}

by Proposition 6.1.4, but since 1 =5 6, we know from Theorem 1.3.7 that 1 = 6. Thus, we can also write
6={1+5k:kez}.

Of course, it’s also possible to just prove that {6 + 5k : k € Z} = {1+ 5k : k € Z} directly, but why not
use our theory? Always keep in mind that =, breaks up Z into m different equivalence classes, but we can
choose infinitely many different representatives from each equivalence class.

So far, we’ve used the notation a =,, b to denote the relation because it fits in with our general infix
notation for relations. However, for both historical reasons and because the subscript can be annoying, one
typically uses the following notation.

Notation 6.1.5. Given a,b € Z and m € N, we write a =b (mod m) to mean that a =, b.

Definition 6.1.6. Let m € N*. Given distinct by, ba, ..., by, € Z, we say that {by,bs, ..., by} is a complete
residue system modulo m if for every a € Z, there exists a unique ¢ with 1 < ¢ < m such that a = b;
(mod m).

In other words, a complete residue system modulo m is a way of choosing exactly one representative
from each of the equivalence classes modulo m. Since we know that there are m equivalence classes, we
know that every complete residue system modulo m has exactly m elements, which explains why we put m
many b; in the definition. As we saw above, {0,1,2,3,4} is a complete residue system modulo 5. In general,
Proposition 6.1.3 tells us that {0,1,2,...,m — 1} is complete residue system modulo m. This is often the
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most natural choice, but it is sometimes extremely useful to pick use different complete residue systems. For
example, {—2,—1,0, 1,2} is also a complete residue system modulo 5, and it has an appealing symmetry
that is lacking in {0,1,2,3,4}. In order to establish a simple criterion for when a given set is a complete
residue system, we start with a lemma.

Lemma 6.1.7. Let m € NT. Given any m + 1 integers, it is always possible to find two whose difference is
divisible by m.

Proof. Let A be a set of m + 1 integers, so A = {ag,a1,...,am,}. For each i, we can use division with
remainder to fix ¢;,7; € Z with 0 < r; < m and
a; =mgq; + 1;-

Notice then that r; € {0,1,2,...,m — 1} for all 7. Since we have m + 1 many number r¢,r1,..., 7y, each of
which takes on one of m possible values, we must have a repeated number in our list. Thus, we can fix i # j
with r; = ;. We then have

a; —aj = (mq; + ;) — (mq; +1;)
m(q; — qj) + (ri —5)
=m(g; — q5) (since r; —r; = 0),

som | (a; — aj). O

Proposition 6.1.8. Let m € Nt and let by, bs,..., by, € Z. If b; # b; (mod m) whenever i # j, then
{b1,b2,...,b;} s a complete residue system modulo m.

Proof. Let a € Z be arbitrary. If a # b; (mod m) for all ¢, then that by, bs,..., by, a would be a list of
m~+ 1 numbers with the property that m does not divide the difference of any two, contrary to Lemma 6.1.7.
Therefore, there must exist an ¢ with a = b; (mod m). Now if there existed ¢ # j with both a = b; (mod m)
and a = b; (mod m), then we would have b; = b; (mod m) by Proposition 6.1.2, a contradiction. Therefore,
we have uniqueness as well. O

Recall that equivalence relations give a kind of generalization of equality. With this in mind, we would
like to understand which operations can be performed on both sides of a congruence without affecting truth.
Our first result along this line is the following.

Proposition 6.1.9. Let m € Nt and let a,b,k € Z. We have a =b (mod m) if and only if a +k =b+k
(mod m).

Proof. Notice that (a + k) — (b+ k) =a—b,s0 m | (a —b) if and only if m | [(a + k) — (b + k)]. O
When we turn to multiplication, we encounter an interesting wrinkle.

Proposition 6.1.10. Let m € NT and let a,b € Z.
1. Ifk€Z and a =b (mod m), then ka = kb (mod m).
2. If k € Z is such that ka = kb (mod m) and ged(k,m) =1, then a =b (mod m).

Proof.

1. Suppose that a = b (mod m) and k € Z. We then have m | (a — b), so m | k(a — b) by Proposition
1.5.3. It follows that m | (ka — kb), and therefore ka = kb (mod m).
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2. Let k € Z, and suppose that ka = kb (mod m) and ged(k,m) = 1. We then have m | (ka — kb), so
m | k(a—"b). Since ged(k, m) = 1, we can use Proposition 3.2.5 to conclude that m | (a —b). Therefore,
a ="b (mod m).

O

Notice that 3-4 = 3-2 (mod 6) because 6 | (12— 6), but 4 # 2 (mod 6). Therefore, we can not drop the
assumption that ged(k,m) = 1 in the second part of this proposition. The fact that we can multiply both
sides of a congruence by a common value, but in general can not divide both sides by a common nonzero
value, is a fascinating new feature of congruences that distinguish them from our usual number systems. We
will have a great deal more to say about this in time.

Although we can not naively “divide” both sides of a congruence by a common factor, we can “divide”
all three values (including the modulus) by a common positive factor, as we now show.

Proposition 6.1.11. Let m,k € Nt and let a,b € Z. We have a = b (mod m) if and only if ka = kb
(mod km).

Proof. Suppose first that a = b (mod m). We then have m | (a — b), so we can fix ¢ € Z with mec = a — b.
Multiplying both sides by &, we have kmc = ka — kb, so since ¢ € Z, it follows that km | (ka—kb). Therefore,
ka = kb (mod km).

Suppose conversely that ka = kb (mod km). We then have km | (ka — kb), so we can fix ¢ € Z with
kmec = ka — kb. Now k € N*, so k # 0. Thus, we can divide both sides by k to conclude that mc = a — b.
Since ¢ € Z, it follows that m | (a — b), so a = b (mod m). O

We can also “reduce” the modulus to a divisor.
Proposition 6.1.12. Let m,d € N* and let a,b € Z. Ifa=b (mod m) and d | m, then a =b (mod d).

Proof. Suppose that a = b (mod m) and that d | m. Since d | m and m | (a — b), we can use Proposition
1.5.2 to conclude that d | (a — b). Therefore, a = b (mod d). O

With all of this background in hand, we now ask a more subtle question. In Proposition 6.1.9 and
Proposition 6.1.10, we showed that if a = b (mod m), then we can add/multiply both sides of the congruence
by the same number (although we can not necessarily “divide”). Can we generalize this to adding/multiplying
both sides by congruent numbers, rather than the same number?

For example, consider the case where m = 7. Notice that 2 = 23 (mod 7) and that 10 = 3 (mod 7). Can
we add/multiply these two congruences to arrive at another correct congruence relation? In other words,
are 24+ 10 =234 3 (mod 7) and 2 - 10 = 23 - 3 (mod 7) both true? In this simple case, you can directly
check that both 12 =26 (mod 7) and 20 = 69 (mod 7) are true. But can we do this generally? Consider:

={...,-5,2,9,16,23,30,...}

{..,—4,3,10,17,24,31,...}.
Now the question before us is the following. If we pick a,c € 2 and we pick b,d € 3, do we get the “same
answer” if we add a + b as we do if we add ¢+ d? Now by “same answer”, we do not mean the exact same

number, but only that we land in the same equivalence class. We now check that this is indeed always the
case.

Proposition 6.1.13. Suppose that m € NT and a,b,c,d € Z are such that a = ¢ (mod m) and b = d
(mod m). We then have the following:

1. a+b=c+d (mod m).
2. ab = cd (mod m).
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Proof. Since a = ¢ (mod m) and b =d (mod m), we have m | (a — ¢) and m | (b — d).

1. Notice that
(a+b)—(c+d)=(a—c)+ (b—d).
Since m | (a — ¢) and m | (b — d), it follows from Proposition 1.5.3 that m | [(a — ¢) + (b — d)] and so
m | [(a 4+ b) — (¢ + d)]. Therefore, a +b = c+d (mod m).

2. Notice that

ab —cd = ab — bc+ bec — cd
=(a—c)-b+(b—d) - c

Since m | (a —¢) and m | (b —d), it follows from Proposition 1.5.3 that m | [(a —¢) - b+ (b —d) - ¢] and
so m | (ab — ed). Therefore, ab = c¢d (mod m).

O
Corollary 6.1.14. If a =b (mod m), then a* = b* (mod m) for all k € N.

Proof. By induction on k. For the base case when k = 0, the statement is trivial because a® = 1 = v°.
Suppose know that the statement is true for k, i.e. assume that a* = b* (mod m). Since a* = b* (mod m)
and a = b (mod m), we can use Proposition 6.1.13 to conclude that a* -a = b* - b (mod m), so a**1 = pF+1
(mod m). The result follows by induction. O

For example, notice that 4 = 1 (mod 3), so by the corollary we know that 4* = 1* (mod 3) for all k € N,
from which we conclude that 4¥ = 1 (mod 3) for all k € N. Therefore, 3 | 4 — 1 for all k € N, which gives
another proof of Proposition 2.1.4.

By combining all of these results, we obtain the following, which says that if we plug equivalent values
into a polynomial with integer coefficients, then the outputs of the polynomial are equivalent.

Corollary 6.1.15. If f(z) = apa™ + ap_12" 1 + -+ + a1x + ag where each a; € Z, and b = ¢ (mod m),
then f(b) = f(c) (mod m).

Proof. For each k with 0 < k < n, we have b* = ¢* (mod m) by Corollary 6.1.14. Thus, for each k with
0 < k < n, we have aib® = ac® (mod m) by Proposition 6.1.10. We can now apply Proposition 6.1.13
repeatedly to conclude that

anb™ + an 10" N+ ab+ag = anc® + ap_1¢" + - +ajc+ ag (mod m),
so f(b) = f(c¢) (mod m). O

For another nice consequence of these results, let’s establish a simple test for determining divisibility by
3: A positive natural number n is divisible by 3 if and only if the sum of its decimal digits is divisible by 3.
To see this, let n € Nt be arbitrary, and write 7 = @,,@m—1 . .. @100 in decimal notation, where each a; € N
and 0 < a; < 9. By definition of decimal notation, we have

n=am-10™+am_1-10"" 4+ +a;-10+ ao.

Now since 10 = 1 (mod 3), we know that 10¥ = 1* (mod 3), and hence 10* = 1 (mod 3) for all £ € N by
Corollary 6.1.14. Therefore,

U 10™ + 1 - 10 4o day 10+ a0 =am - 14+ a1 -14+--4ay-1+ag (mod 3),
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and so
n=dam+ amo1+--+a+ap (mod 3).

Alternatively, we can view this argument as looking at the polynomial f(z) = a;,z™ + apm_12™ 1+ -+ +
a1z + ag, and noting that since 10 = 1 (mod 3), we have that f(10) = f(1) (mod 3) by Corollary 6.1.15.
Regardless of which path you take, we have shown that

3| (n—(am~+ am—1+- -+ a1 +ap)),

from which it follows that
3|n<=3|(am+am-1+-+a+ag).

A completely analogous argument gives the same test for divisibility by 9. That is, a positive natural number
n is divisible by 9 if and only if the sum of its decimal digits is divisible by 9. We need only notice that
10 =1 (mod 9), and then carry out the above argument with 3 replaced by 9.

We can also obtain a slightly twisted version of this idea to develop a test for divisibility by 11. Although
10 # 1 (mod 11), we do have that 10 = —1 (mod 11). Now if we follow the above argument with n =
AmAm_1 - - - a1aq in decimal notation, then we obtain

1 |n<=11](-)mam + (-1)" " a™ +.-- —ay +ap),
i.e. that 11 divides a positive natural number if and only if it divides the alternating sum of its decimal digits.

We now turn to the idea of solving simple linear equations in the world of congruences. Notice that given
two numbers a and ¢, then solving a linear equation ax = ¢ for x is equivalent to finding roots of the degree
1 polynomial ax — ¢. Now if we working with numbers in Q or R (or any place where we can always divide
by nonzero numbers), then as long as a # 0, there always exists a unique z with ax = ¢, namely x = £. In
7, the situation is more interesting. For example, there does not exist x € Z with 2x = 1. In fact, we defined
divisibility as a way to denote when we can solve such equations in Z. That is, given a,c € Z, we defined
a | ¢ to mean that there exists z € Z with azx = c.

What happens when we move to the world of modular arithmetic? That is, given a,c € Z and m € N7,
we want to know whether there exists € Z with axz = ¢ (mod m). For example, does there exist x € Z
with 5z =4 (mod 7)? That is, can we find an = € Z with 7 | (52 — 4)? A little bit of trial and error shows
that 5 works, i.e. 5-5 =4 (mod 7). Now 5 is not the only integer that works, because we know that if a = b
(mod m) and k € Z, then ka = kb (mod m). Thus, if b =5 (mod 7), then 50 = 5-5 (mod 7), so 50 = 4
(mod 7) as well. In other words, every element of 5 is also a solution to 5z =4 (mod 7). It is also possible
to show that these are the only solutions (we will develop general theory to help here later). Thus, although
there are infinitely many = € Z such that 5z =4 (mod 7), there is only one solution up to equivalence.

By working through the possibilities, it turns out that we can always solve 5z = ¢ (mod 7) for each
choice of ¢ € Z:

e 5-0=0 (mod 7
e 5-3=1 (mod 7
6=2 (mod 7

).

).
¢ 5. ).
« 5-2=3 (mod 7).
« 5-5=4 (mod 7).
« 5-1=5 (mod 7).
« 5-4=6 (mod 7).
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For ¢ < 0 or ¢ > 6, we know that ¢ is congruent to an element of {0, 1,2,3,4,5,6}, so the above choices will
cover these cases by transitivity of =7.

Although we were able (surprisingly) to solve all of the above examples, we can not solve every linear
congruence ax = ¢ (mod m). A trivial example is when m | a but m { ¢. In this case, we will have ax = 0
(mod m) for all x € Z, so ax # ¢ (mod m) for all € Z. This is completely analogous to letting a = 0 and
¢ # 0 when trying to solve ax = ¢ in Q or R. However, there are also much more interesting examples. For
example, suppose that we are trying to solve 4z =1 (mod 6). We have the following;:

e 4-0=0 (mod 6).
e 4-1=4 (mod 6).
e 4-2=2 (mod 6).
e 4-3=0 (mod 6).
e 4-4=4 (mod 6).
e 4-5=2 (mod 6).

Since every x € Z is congruent to one of 0, 1,2, 3,4, 5 modulo 6, it follows that there is no x € Z with 4z = 1
(mod 6). Alternatively, we can simply notice that there is no z € Z with 6 | (4x — 1) because 6 is even and
4z — 1 is always odd.

The next theorem completely classifies when we can solve linear congruences.

Theorem 6.1.16. Let a,c € Z and m € NT. The following are equivalent:
1. There exists x € Z with ax = ¢ (mod m).
2. There exists x,y € Z with ax + my = c.
3. ged(a,m) | c.

Proof.

o (1) = (2): Suppose that (1) is true, and fix k € Z with ak = ¢ (mod m). By definition, we then have
that m | ak — ¢, so we can fix ¢ € Z with mf = ak — c. We then have that ak — m{¢ = ¢, and hence
ak +m(—{) = c. Since k,{ € Z, we have shown that (2) is true.

e (2) = (3): Suppose that (2) is true. We then have that ¢ € {ak +ml: k, £ € Z}, so ¢ € {n-ged(a,m) :
n € Z} by Corollary 3.1.10. Fixing n € Z with ¢ = n - gcd(a, m), we conclude that ged(a, m) | c.

e (3) = (1): Suppose that (3) is true, and fix n € Z with n - ged(a, m) = ¢. By Corollary 3.1.10, we can
fix k, ¢ € Z with ak+mf = c¢. We then have ak —c =m-¥, so m | (ak —¢), and hence ak = ¢ (mod m).

O

We now immediately obtain the following result, telling us which numbers have multiplicative inverses
modulo m.

Corollary 6.1.17. Let a € Z and m € NT. There exists x € Z with ax = 1 (mod m) if and only if
ged(a,m) = 1.
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This gives another “explanation” for why we can cancel a common k € Z when ka = kb (mod m) and
ged(k,m) = 1. In that case, our corollary tells us that we can fix £ € Z with k¢ =1 (mod m), and we can
then multiply both sides of ka = kb (mod m) by £ and use the fact that k¢ = 1 (mod m) to conclude that
a = b (mod m). In other words, if k£ has a multiplicative inverse modulo m, then we can use that inverse
in the exact same way that we would “divide” by k£ in something like Q or R. Of course, in Q and R, the
number 0 does not have a multiplicative inverse, but every other element does. In our setting, there can
be other nonzero elements without multiplicative inverse. For example, if we are working modulo 6, then
1 and 5 have multiplicative inverses because they are relatively prime to 6, but 0, 2, 3, and 4 do not have
multiplicative inverses.

How do we find these multiplicative inverses? For small values of m, we can simply perform an exhaustive
search. However, for large values, the answer lies in the proof of the above theorem, where we found an x
with az = ¢ (mod m) by finding z,y € Z with ax + my = ¢. Recall that given a,b € Z, we can always find
k,¢ € Z with ak + bl = ged(a,b) by “winding up” the Euclidean Algorithm. For example, in Problem 2 on
Homework 4, you showed that ged(471,562) = 1, so by the above theorem, we know that there exists « € Z
with 4712 =1 (mod 562). To find such an z, we look back to the solution to that homework problem, where
we showed that

(—105) - 471 + 88 - 562 = 1.

Therefore,
562 - (—88) =471 - (—105) — 1,
SO
562 | 471 - (—105) — 1,
and hence
471-(=105) =1 (mod 562).
Therefore, z = —105 is a multiplicative inverse for 471 modulo 562. Now any integer that is equivalent to

—105 modulo 562 will also work, so if you want your integer to be from the standard complete residue system
{0,1,2,3,...,561}, then we can choose —105 4 562 = 457. We then have

471-457=1 (mod 562),
so 457 is a multiplicative inverse for 471 modulo 562.

Notice that when the modulus is prime, we are in a particularly nice situation.

Corollary 6.1.18. Let p be prime. For each a,c € Z with p{ a, there exists x € Z with ax = ¢ (mod p). In
particular, for each a € Z with p { a, there exists x € Z with axz = 1 (mod p), so every “nonzero” element
has a multiplicative inverse.

Proof. Let a,c € Z be arbitrary with p f a. We know that ged(a,p) is a common divisor of p and a. Now
the only positive divisors of p are 1 and p, so since p t a, we must have ged(a, p) = 1. Thus, we trivially have
ged(a, p) | ¢, and so there exists ¢ € Z with az = ¢ (mod p) by Theorem 6.1.16. O

To see how we can visualize this theorem, consider the prime p = 5. Suppose that we choose a complete
residue system modulo 5, and for simplicity here, suppose that we choose {0,1,2,3,4}. We can form a
multiplication table of these residues, where we always return to this residue system upon multiplication.
For example, we have 2 -3 = 6, which is not in our residue system, but 2-3 =1 (mod 5), so in our table we
will put 1 in the position corresponding to 2 - 3. With this in mind, we obtain the following table:
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[ [oJ1]2]3[4]
0[[0[0][0]0]0
1[o[1]2[3]4
202413
3[[0[3[1[4]2
Alfo[a[3]2]1

Now the above corollary says that every element of {0,1,2,3,4} will appear in each nonzero row (because the
row corresponding to 2, say, is obtained by multiplying 2 by each x). Since multiplication is commutative,
every element of {0,1,2,3,4} will also appear in each nonzero column. Moreover, in each case, a number
will appear exactly once in each nonzero row and column, because every surjective function from a finite set
to itself must be bijective (or alternatively we can use Proposition 6.1.10 to argue that cancel the common
factor to argue that we can not have any repeats in a given nonzero row). We can form a similar table for
p = 7, using the complete residue system {0, 1,2,3,4,5,6} as follows:

[ Jof1[2[3]4[5]6]
0 0[0][0]0][0]0]0
1] 0[1[2[3]4]5]6
20246135
30[3(6]2(5]|1]4
10[4[1]5]2]6]3
510531642
60654321

Now if our modulus is not prime, then the tables are less pretty. For example, consider when m = 6, using
the complete residue system {0, 1,2,3,4,5}:

L

|

[en] Hen) Hen) Hen) Hen) Nen) | Ran}
Y | W N O~
=N O | N O N
W O W O W O w
N O N | O
=N W | O Off Ot

QY| WIN O

In this case, since 1 and 5 are relatively prime to 6, every residue does appear in each of their rows and
columns, but this is not the case for the other residues.

6.2 Modular Powers and Fermat’s Little Theorem

We begin this section by asking a simple, but at first seemingly pointless, question. What is the remainder
when we divide 2239 by 31? We certainly do not want to actually compute 2239, because it is an incredibly
large number. Instead, the idea is to look for a pattern in the remainders when we divide successively larger
powers of 2 by 31. To determine the remainder when dividing 2* by 31, we want to the find the unique
natural number r with 0 < r < 31 such that 28 = r (mod 31). We start as follows:

o« 20=1.
o« 21 =29
o« 224,
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o« 23 =28,
. 21 =16.
e 2°=132502°=1 (mod 31).

o Instead of computing 2% directly, we multiply both sides of the previous congruence by 2 to conclude
that 26 =2 (mod 31).

Now that we have found a repeated remainder, it looks like we will continually repeat the cycle 1,2,4, 8,16
of remainders as we continue to multiply by 2. It is possible to prove this by induction in order to answer
our original question, but we can instead argue directly as follows. Notice that we have 2° = 32, s0 2° = 1
(mod 31). Using Division with Remainder, we have

239 =5-47+4.
Since 2° =1 (mod 31), we can use Corollary 6.1.14 to conclude that
(25)%" =117 (mod 31),

and so it follows that
2235 =1 (mod 31).

Multiplying both sides by 2%, we conclude that
223521 =21 (mod 31),

SO
2239 =16 (mod 31).

Therefore, the remainder when we divide 2239 by 31 is 16.

In the above example, we started with 1, and repeatedly multiplied by 2, reducing to a residue in
{0,1,2,...,30} at each step. In this process, we eventually reached 1 again. Does this always happen? If
we are working modulo m, then we will certainly have a repeat within the first m + 1 steps, because there
are only m possible residues. Furthermore, once we find a repeat, we will forever stay in the resulting cycle.
However, it turns out that we might not return to 1. Here are some examples:

e Suppose that we are looking at powers of 2 modulo 12. We start with 1,2, 4,8 as above. However, we
have 8 -2 =4 (mod 12), which is our first repetition. We then have 2 -4 = 8, so we return to 8, and
then forever will bounce between 4 and 8. Thus, the sequence of residues of powers of 2 modulo 12
looks like 1,2,4,8,4,8,4,8,....

e Suppose that we are looking at powers of 6 modulo 15. We start with 1 and 6, but then a funny thing
happens. We have 6 -6 = 36, and so 6 - 6 = 6 (mod 15). Thus, after the first 6 we see another 6, and
thereafter will keep getting 6’s. Thus, the sequence of residues of powers of 6 modulo 15 looks like
1,6,6,6,....

Note that in each of these two examples of repeatedly multiplying by an a € Z modulo m, the act of falling
into a cycle before returning to 1 demonstrated the fact that multiplication by a was not injective modulo
m. When multiplying by 2 modulo 12, the repetition of 4 shows that 2-2 = 28 (mod 12), but we have
2 £ 8 (mod 12). When multiplying by 6 modulo 15, the repetition of 6 shows that 6 -1 =6-6 (mod 15),
but we have 1 # 6 (mod 15). In contrast, when we look at the original example of this section where we
were multiplying by 2 modulo 31, then multiplication is injective by Proposition 6.1.10. That is, using the
fact that ged(2,31) = 1, we know that if 2-b = 2 ¢ (mod 31), then b = ¢ (mod 31). In other words, the
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row corresponding to 2 in the multiplication table modulo 31 is a permutation of the residues. As a result,
we must eventually return to 1, rather than fall into a different pattern of repetition.

In fact, we can say even more about when we reach 1. In the remainder of this section, we consider the
case when our modulus is a prime p. In this situation, we know that given any a € Z with p { a, we have
that a has a multiplicative inverse modulo p, and so the corresponding row will be a bijection. Thus, we
expect that some positive power of a will be congruent to 1 modulo p, and moreover this should occur in
the first p — 1 powers (since no power will be congruent 0 modulo p because p t a, and so we must reach a
repeat in the p — 1 many powers from the set {1,2,3,...,p — 1}). Our first major theorem confirms this,
and says that p — 1 will serve as one such power that works.

Theorem 6.2.1 (Fermat’s Little Theorem). Let p € N be prime.
1. For all a € Z with p{a, we have a?~! =1 (mod p).
2. For all a € Z, we have a? = a (mod p).

Notice that Fermat’s Little Theorem does not claim that p — 1 is the smallest positive power of a that
is congruent to 1 modulo p. For example, in the case where a = 2 and p = 31 given above, we have 2° = 1
(mod 31). Of course, we also have 2 = 1 (mod p), which follows from raising both sides to the 6! power.

We will give several proofs of this fundamental result below, but we first argue that the two versions of
Fermat’s Little Theorem are equivalent.

Proof of Equivalence.
e (1) = (2): Suppose that (1) is true. Let a € Z be arbitrary. We have two cases:

— Suppose that p  a. By (1), we then have a?~! = 1 (mod p). Multiplying both sides by a, we
conclude that a? = a (mod p).

— Suppose that p | a. We then have that p | a? trivially, so p | (a? — a), and hence a? = a (mod p).
Thus, a? = a (mod p) in either case.

e (2) = (1): Suppose that (2) is true. Let a € Z be arbitrary with p { a. By (2), we know that o = a
(mod p), so a-aP~! =a-1 (mod p). Since p{a and p is prime, we know that ged(a, p) = 1, so we can
apply Proposition 6.1.10 to conclude that a?~* =1 (mod p).

O

Our first argument proves the first version of Fermat’s Little Theorem by thinking about multiplication
of a as a bijection of the (nonzero) residues. As alluded to above, the key idea is that if p | a, then the
nonzero elements of the row corresponding to a in the multiplication table modulo p is a permutation of the
residues {1,2,3,...,p—1}.

Proof 1 of Fermat’s Little Theorem. We prove the first version. Let a € Z be arbitrary with p 1 a. We know
that {0,1,2,...,p — 1} is a complete residue system modulo p. Since p { a and p is prime, we have that
ged(a,p) = 1. Therefore, by Proposition 6.1.10, if b,c € {0,1,2,...,p — 1} with b # ¢, then a-b Z a- ¢
(mod p). Using Proposition 6.1.8, we conclude that {a-0,a-1,a-2,...,a-(p—1)} is also a complete residue
system. Now we trivially have a-0 = 0, so every element of {a,2a,3a,...,(p—1)a} is congruent to a unique
element of {1,2,...,p — 1}, and no two distinct elements of {a,2a,3a,...,(p — 1)a} are congruent to the
same element of {1,2,...,p — 1}. Applying Proposition 6.1.13, it follows that

a-2a---(p—1a=1-2---(p—1) (mod p),

and hence
(p—1)-a’ ' =(p—1) (mod p).
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Now p is prime, and p does not divide any of the p — 1 factors in (p — 1)!, so p4 (p — 1)! by Corollary 3.2.7.
Since p is prime, we have ged(p, (p — 1)!) = 1, and hence we can apply Proposition 6.1.10 to conclude that

a*”'' =1 (mod p).
O

Our second proof will be by induction. In order to make it work, we will need to express (a + 1)? in
terms of a”. Of course, we can expand the former using the Binomial Theorem. The key fact that will make
the induction work is the following interesting observation. It does not hold generally because, for example,

4
(5) =6 but 416.

Lemma 6.2.2. Let p € Nt be prime. For allk € N with 1 <k <p— 1, we have p | (Z)

Proof. Using our formula for (i), notice that

Pl = (2) K (p— k)L

Now p | p! trivially, so p must divide the right-hand side. However, p does not divide any factor of k!, and p
also does not divide any factor of (p— k)!. Therefore, by Corollary 3.2.7, it must be the case that p | (}). O

Proof 2 of Fermat’s Little Theorem. We prove the second version for all ¢ € N by induction. For the base

case, we trivially have 0P = 0 (mod p). Now assume that a € N has the property that a? = a (mod p). By
the Binomial Theorem, we have

(a+1)P = zp: (Z) k. 1Pk

p—1
:“’”FHZ(];) s
k=1

Since p | () for all k with 1 <k < p—1 by the lemma, we have

(Z) -a® =0 (mod p)
for all k£ with 1 < k < p — 1. Therefore, we have
(a+1)’P=a’+1 (mod p),
and since a? = a (mod p) by induction, we conclude that
(a+1)’=a+1 (mod p).
Thus, the statement is true for a + 1. By induction, we conclude that a? = a (mod p) for all a € N. Since

every negative number is congruent to some nonnegative number modulo p, it follows that a? = a (mod p)
for all a € Z as well. O
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We next give a combinatorial argument. The idea is take an arbitrary a € NT, and think about coloring
a p-spoke wheel with a many colors, but we will consider two colorings to be the same if we can rotate one
coloring into the other. Since we have p spokes and a possible colors, there are a? many total colorings. Now
if we color all of the spokes the same, then that coloring is only equivalent to itself. But it turns out that
every other coloring will be equivalent to exactly p many colorings. Using this idea, we can argue directly
that p | a? — a.

Proof 8 of Fermat’s Little Theorem. We prove the second version for all @ € NT by a combinatorial argu-
ment. Let a € N be arbitrary. Consider the set [a]P of all sequences (co, c1, ..., cp—1), where each ¢; is a
natural number with 1 < ¢; < a. Notice that there a? many such sequences. Consider two such sequences
to be equivalent if we can cyclically shift one to the other. It is straightforward to check that this is an

equivalence relation. Notice that for each ¢ € [a], the sequence (¢, ¢,...,c) is only equivalent to itself, giving
a many equivalence classes of size 1.

Now consider an arbitrary sequence (co,c1,- - ,cp—1) such that there exists ¢ < j with ¢; # ¢;. Our key
claim is that all p of its cyclic shifts are distinct. To do this, we need to show that if two nontrivial cyclic
shifts of (cop,c1, - ,cp—1) are equal, then ¢y = ¢1 = -+ = ¢p—1. Suppose then that two nontrivial cyclic
shifts, say by di and d2 with 0 < d; < d2 < p—1, of the sequence (cg,c1,- - ,cp—1) are equal. We then have
that (co,c1,...,cp—1) cyclically shifted by do — di must equal the original sequence (cg,¢1,...,cp—1). Let

d = dy — dy, and notice that 1 < d < p — 1. We then have that

(607617 A ')cpfl) = (Cd7cd+1’ A '7cp717007 A '7cd71)'

From here, we can immediately conclude that ¢ = ¢g. Next, notice that cg = ca4, S0 ¢g = c24. By continuing
this logic (and “wrapping around” as necessary), we see that co = ¢; whenever there exists k € N with kd =
(mod p). But notice that since ged(d,p) = 1 (because p is prime), there exists such a k for each ¢ with
0 <i<p-—1. Thus, ¢; = ¢ for all 4.

We have shown that if (cg,c1,---,¢p—1) is not a constant sequence, then it is equivalent to p distinct
sequences. Let ¢ be the number of equivalence classes of size p. Now the equivalence classes partition [al]?,
and we have a total equivalence classes of size 1, so the set [a]? is partitioned into a equivalence classes of
size 1, and ¢ equivalence classes of size p. Since |[a]?| = a?, it follows that a? = a + ¢p. Thus, pf = a? — a,
so p | a? — a, and hence a? = a (mod p). O

Let’s go back and look to examine our first proof of Fermat’s Little Theorem. In that argument, a factor
of (p — 1)! appeared on both sides, and we are argued that p t (p — 1)!, allowing us to cancel it from both
sides. It turns out that we can say more about what (p — 1)! is modulo p. We will need the following result.

Proposition 6.2.3. Ifp € N* is prime and a®> = 1 (mod p), then either a =1 (mod p) ora = —1 (mod p).
Proof. Exercise (see Homework). O

Theorem 6.2.4 (Wilson’s Theorem). If p € Z is prime, then (p —1)! = —1 (mod p).

Proof. Consider the complete residue system {0,1,2,...,p — 1}. Notice that (p — 1)! is the product of the
nonzero elements of this residue system. From Corollary 6.1.18, we know that whenever a £ 0 (mod p),
there exists b € Z with ab =1 (mod p). Thus, for each a € {1,2,...,p— 1}, there exists b € {1,2,...,p— 1}
with ab = 1 (mod p). Furthermore, the choice of b is unique for each such a by Proposition 6.1.10. Now if
we try to pair each element of {1,2,...,p — 1} with its unique such inverse, then the elements 1 and p — 1
are the only elements that pair with themselves by Proposition 6.2.3 (since p—1 = —1 (mod p)). Therefore,
when we perform this pairing on the remaining elements, we see that

(p—1)!'=1-(p—1) (mod p)
=(p—1) (mod p)
=—-1 (mod p).
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O

6.3 The Euler Function

When we were working modulo a prime p in the last section, we relied extensively on the fact that every a
with 0 < a < p had a multiplicative inverse modulo p, which followed from Corollary 6.1.17 together with
the fact that ged(a,p) = 1 whenever 0 < a < p. When we move to a modulus m that is not prime, it is no
longer the case that ged(a,m) = 1 whenever 0 < a < m. Our first order of business is to determine how
many elements of {1,2,...,m — 1} do have a multiplicative inverse.

Definition 6.3.1. We define a function ¢: N* — N as follows. For each m € N*, we let
e(m) = |{a € [m] : gcd(a,m) = 1}].
The function ¢ is called the Fuler ¢-function, or Euler totient function.

Notice that if m > 1, then ged(m,m) = m > 1, so ¢(m) is also just the number of elements of [m — 1]
that are relatively prime to m. For example, we have the following;:

e (1) =1 because ged(1,1) = 1.

o ¢(4) = 2 because 1 and 3 are the only elements in [4] that are relatively prime with 4.
o ©(5) =4 because 1, 2,3, 4 are all relatively prime with 5, but ged(5,5) # 1.

o ¢(6) =2 because 1 and 5 are the only elements in [6] that are relatively prime with 6.
e o(p) =p —1 for all primes p because if 1 < a < p, then ged(a,p) = 1.

In general, it is difficult to compute ¢(m), although we will eventually derive a formula in terms of the
prime factorization of m. As we’ve just noted, the value of ¢(m) is easy to determine when m is prime. The
next target is when m is a power of a prime. For some intuition, consider 125 = 5%. To determine ((125),
we count the complement. That is, we determine which numbers in {1,2,3,...,125} are not relatively prime
to 125. Now we know from Proposition 3.3.1 that Div™(125) = {1,5,25,125}, so if ged(a, 125) # 1, then we
must have 5 | a. From here, it follows that the set of numbers in [125] that are not relatively prime to 125
equals

{5,10,15,20,...,125} = {5k : k € [25]}.
Since we are counting the complement, we conclude that ¢(125) = 125 — 25 = 100. We now generalize this
example.

Proposition 6.3.2. If p € N is prime and k € NV, then

o(p*) =p* —p"!

=p"p—1)
e

A={aep]: ged(a,p*) =1}.
By definition, we have that (p*) = | A|, so we need to count how many elements are in A. To this, we count
the complement. In other words, we determine the cardinality of

B =" \A={a € [p: ged(a,pt) # 1}.

Proof. Let
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Our claim is that
B={pm:1<m<p"1}.

We first show that {pm : 1 <m < p"" '} C B. Let a € {pm : 1 < m < p*~!} be arbitrary, and fix m € N
with 1 < m < p*~1 such that a = pm. Notice that since 1 < m < p*~!, we have p < pm < pp®~1, which is
to say that p < a < p¥, so a € [p¥]. Now we clearly have that p | a because a = pm, and we also have p | p*
because p = pp*~! and k — 1 > 0, so ged(n,p*) # 1 (as p > 1 is a common divisor). It follows that a € B,
and since a was arbitrary we conclude that {pm :1<m < p*~'} C B.

Conversely, let a € B be arbitrary. Let d = ged(a, p*), so since a € B, we know that d > 1. Now we
know from Proposition 3.3.1 that Divt(pF) = {1,p,p?,...,p*}, so since d | p and d # 1, we know that
d € {p,p? ...,p*}. Since p divides every element of this set, it follows that p | d. Now we also know that
d | a, so by transitivity of the divisibility relation it follows that p | a. Thus, we fix m € Z with a = pm.
Notice that m > 0 because a > 0 and p > 0. Finally, we must have m < p*~! because otherwise m > p#~!
and so a = pm > p¥, contradicting our assumption that a € B. Therefore, B C {pm : 1 < m < pF=1}.

We have shown that B = {pm : 1 < m < p*~'}. Now the set on the right has p*~! many elements (one
for each choice of m), so |B| = p*~1. Tt follows that

p(*) = |[p*\B| = p" —p* "
The latter two formulas are now just simple algebra. O

With prime powers in hand, we next turn to the simplest example of a number that is divisible by more
that one prime. Suppose then that n = pq, where p and ¢ are distinct primes. Notice that if a € [n] with
ged(a,n) # 1, then a must be divisible by either p or ¢ (or both) because Div*(pq) = {1,p,q,pq}. There
are 1;—‘1 = ¢ many elements of [pq] divisible by p (namely p,2p, 3p, ..., gp), and % = p many elements of [pq]
divisible by ¢ (namely q,2q,3q,...,pq). Also, there is one element, namely pq, that is divisible by both.
Thus, there are p + ¢ — 1 many elements divisible by at least one of p or ¢, and hence

o(pg) =pg—(p+q—1)
=pg—p—q+1
=@-1D—-1).

Notice that we used a simple version of Inclusion-Exclusion here, and that ¢(pq) = ¢(p) - ©(q).
Before moving on, we recall the following result.

Proposition 6.3.3. Let a,b,c € Z. Ifa|c, b| ¢, and ged(a,b) =1, then ab | c.
Proof. See Problem 6 on Homework 4. O
For a more interesting example, consider
504 =2%.3%. 7.
Thus, the prime divisors of 504 are exactly 2, 3, and 7. Let
S ={a € [504] : gcd(a,504) = 1}.

To count the number of elements in S, we instead count the number of elements in the complement, i.e. we

determine the cardinality of [504]\S. Now given a € [504], we claim that a ¢ S if and only if at least one of

the primes 2, 3, or 7 divides a. The right-to-left direction is clear. For the left-to-right direction, let a ¢ S

be arbitrary, and let d = ged(a,504) > 1. By Proposition 3.2.2, we can fix a prime divisor p of d. We then

have that both p | @ and p | 504. Since 504 = 23-32 .7, we can use Corollary 3.2.7 to conclude that p divides

one of 2, 3, or 7, and hence must equal one of 2, 3, or 7. Therefore, at least one of 2, 3, or 7 divides a.
With this is mind, we define the following sets:
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o Let Ay ={ae[504]:2]a}.
o Let Ay ={a € [504] : 3| a}.
o Let A3 ={a € [504]: 7| a}.
Now an element of [504] is not in S exactly when it is in A; U A3 U A3, so
[504]\S = A1 U A2 U As.

We have 504 504 504

because, for example, Ay = {3k : 1 < k < 168}. To determine A; N As, notice that if 2 | a and 3 | a, then
6 | @ by Proposition 6.3.3 (since ged(2,3) = 1). Since the converse is trivially true, it follows that

AlﬂAQ:{a€[504]:6|a}

and so A1 N Ay = {6k : k € [84]}. Following the same argument for the other double intersections, we see

that 504 504 504

Finally, we can apply Proposition 6.3.3 twice together with Corollary 3.2.11 to conclude that A;NAsN A3z =
{a € [504] : 42 | a}, and hence

|41 N As| =

504
AiNANA3l = — =12.
|A1 N Ay N Ajs| o

Using Inclusion-Exclusion, it follows that

|A1 U As U Az| = |A1| + |Ao| + |As| — [Ay N As| — [A; N As| — |As N Az| + | A1 N Ag N A
=252+ 168472 -84 —36 —24+ 12
= 360.

Subtracting these 360 many elements from the 504 many elements in [504], we conclude that
|S] = 504 — 360 = 144.
We now generalize this proof to give a formula for ¢(n) in terms of its prime factorization.

Theorem 6.3.4. Suppose that n € N with n > 2. Write n = p]flpgz . ~p§[ where the p; are distinct primes
and each k; > 0. We then have

SD(n):n.(1_2)11).<1_Z)12)...<1—pl)
—ph (1;1) Py’ (1;2)”'277 <1ple>

=Py (pr = 1) - (e — 1) py T (pe — 1)
= o(pt') - o(P52) - o(p}").
Proof. For each i € [¢], let
A;={a€n]:p;|a}.

We first claim that
AiUAs U UA; ={a € [n]:ged(a,n) #1}.
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To see this, first let a € A1 U Ay U --- U Ay be arbitrary. Fix ¢ € [¢] with a € A;. We then have that p; | a
by definition of A;. We also trivially have that p; | n, so p; is a common divisor of a and n. Therefore,

ged(a,n) # 1.

Conversely, let a € [n] with ged(a,n) # 1 be arbitrary. Let d = ged(a,n) > 1. By Proposition 3.2.2,
we can ﬁx a prime g with ¢ | d. We then have that ¢ | a and ¢ | n. Since n = p’flpgz x ~p’ge, we know that
q | 101 p2 - -p?g, so we use Corollary 3.2.7 to fix an ¢ with ¢ | p;. Now p; is prime, so must have ¢ = p;.
Since ¢ | a, it follows that a € A;.

We now calculate
|A1 U A U--- U Ay

using Inclusion-Exclusion. For each ¢, we have
n
[Ail = —
b
because A; = {kp; : 1 <k < pﬂ} Whenever i < j we have
A;NA; ={a€[n]:pp;|a}

by Proposition 6.3.3 and Corollary 3.2.11, so

|4; N A =
pzp]
Similarly, if ¢ < j < k, then
A;NA;NA ={a€[n]:pipjpr | a}

and hence n
|A; NA; N A, = .
PiP;iPk
Therefore n
|[AJUAU- - U A, = Z*—Z + > -
icy PiPi 52y PiPiPk

It follows that

=n- Z Yy

i<y Dipj i<j<k Pngpk
1
S (B EO S
i<i Dipj i<i<k DiP;Pk

()6 2)

We can now use this formula directly to calculate ¢(504). For example, we have

©0(504) = (23 -3%-7)

= ¢(2%) - (3%) - ¢(7)
—4(2-1)-33-1)-(7T—1)
=4.6-6

— 144.
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Although we have established a formula for ¢(m), the fact that we can break down ¢ to its values on prime
powers suggests that ¢ has the following property: Whenever m,n € Nt with ged(m,n) = 1, we have
p(mn) = p(m) - (n). In other words, it appears that ¢ has the same property as the divisor function d
that we established in Corollary 3.3.6.

In fact, we can prove that p(mn) = ¢(m)-¢(n) whenever ged(m,n) = 1 directly, and then use this result
to give another derivation of the above formula. Before working out the general details, we look at a few
examples that illustrate an interesting general phenomenon.

Suppose that we want to compute p(12). Of course, we can just compute that

{a €12 : ged(a,12) = 1} = {1,5,7,11},

so p(12) = 4. But let’s think about factoring 12 into the product of two relatively prime natural numbers.
We have 12 = 4 - 3 where ged(4,3) = 1. Suppose that we arrange the first 12 positive natural numbers in a
the following 4 x 3 table:

1 2 3
4 5 6
7T 8 9
10 11 12

Now let’s highlight only those numbers that are relatively prime to 12:

1 — =
- 5 _
7 - —
- 11 -

Notice that in the last column, each of the numbers is divisible by 3, so none of the numbers is relatively
prime to 12. In the other two columns, we see that exactly 2 of the four numbers survive, and that ¢(4) = 2.
In other words, exactly ¢(3) many columns have elements in them, and in each of those, there are exactly
©(4) many such elements.

Alternatively, we could have instead switched the role of 3 and 4. In this case, we have the following
3 x 4 table

1 2 3 4
5 6 7 8
9 10 11 12

and if we only keep the elements that are relatively prime to 12, then we are left with

1 - — —
5 — 7 -
- - 11 =

In this case, notice that nothing appears in the second and fourth columns, which correspond to numbers
that are not relatively prime to 4. In the other two columns, corresponding to numbers that are relatively
prime 4, we see that exactly ¢(3) = 2 many numbers survive. In other words, exactly ¢(4) many columns
have elements in them, and in each of those, there are exactly ¢(3) many such elements.

For another example, consider 20 = 4 - 5. If we arrange the first 20 natural numbers in a 5 x 4 table, and
only keep those relatively prime to 20, we obtain the table

1 - 3 -
- - 7 _
9 — 11 -
13 - - -

17 - 19 -
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Note that exactly ¢(4) = 2 columns have elements, and in each of those, there are exactly ¢(5) = 4 many
such elements. Furthermore, notice that columns that do not have elements are the second and fourth, which
correspond to the numbers that are not relatively prime to 4.
If we instead arrange the first 20 natural numbers in a 5 x 4 table, and only keep those relatively prime

to 20, we obtain

1 - 3 - -

- 7 - 9 -

1 - 13 - -

- 17 - 19 -

Again, exactly ¢(5) = 4 columns have elements, and in each of those, there are exactly ¢(4) = 2 many such
elements. Furthermore, notice that column that does not have elements is the fifth, which correspond to the
number that is not relatively prime to 5.

Before jumping into the general proof, we establish a few results.

Proposition 6.3.5. Ifa,b € Z and m € NT are such that a = b (mod m), then ged(a, m) = ged(b,m).

Proof. Exercise (see Homework). O

Proposition 6.3.6. Suppose that a,b € Z, that m € N, and that gcd(a,m) = 1. We then have that
{bja+b,2a+b,...,(m—1)a+ b} is a complete residue system modulo m.

Proof. Let k,£ € {0,1,2,...,m — 1} be arbitrary such that b+ ka = b + fa (mod m). Subtracting b from
both sides, we have ka = fa (mod m). Since ged(a,m) = 1, we can cancel a from both sides to conclude
that k = ¢ (mod m). Since k,£ € {0,1,2,...,m — 1}, it follows that k = /.

Therefore, if k,¢ € {0,1,2,...,m — 1} with k # ¢, then b + ka #Z b+ fa (mod m). Since |{b,a + b,2a +
b,...,(m—1)a+b}| = m, we can apply Proposition 6.1.8 to conclude that {b,a+b,2a+b,...,(m—1)a+b}
is a complete residue system. O

Proposition 6.3.7. Let a,b,c € Z. If ged(a,b) = 1 and ged(a, ¢) = 1, then ged(a, be) = 1.
Proof. Exercise (see Homework). O
Theorem 6.3.8. If m,n € Nt and gcd(m,n) = 1, then o(mn) = p(m) - p(n).

Proof. Let m,n € NT be arbitrary with ged(m,n) = 1. We consider the first mn positive natural numbers,
and arrange them in the following table:

1 2 3 n
n+1 n+2 n+3 ... 2n
2n+1 2n +2 2n+3 s 3n

(m—1n+1 (m—1n+2 (m—1)n+3 ... mn

Let k € {1,2,3,...,n} be arbitrary, and consider the k' column of this table, i.e. consider the set {k,n +
k. 2n+k,...(m —1)n+ k}. We have two possibilities:

o Case 1: Suppose that ged(k,n) # 1: Let d = ged(k,n). Since d | n, we have d | ¢n for all ¢ € Z, and
hence d | ¢n + k for all £ € Z. Also, since d | n, we have d | mn. Therefore, d > 1 is a common divisor
of mn and each element of the this column. It follows that no element of the k** column is relatively
prime to mn.
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o Case 2: Suppose that ged(k,n) = 1: First notice that for all £ € Z, we have ¢n + k = k (mod n), so
ged(fn +k,n) = ged(k,n) = 1 by Proposition 6.3.5. In other words, all elements of the k' column are
relatively prime to n. Now since ged(m,n) = 1, we know that {k,n + k,2n+k,...(m—1)n+ k} is a
complete residue system modulo m by Proposition 6.3.6. Recall that {1,2,3,...,m} is also a complete
residue system modulo m, so using Proposition 6.3.5 together with the fact that exactly ¢(m) of the
elements of {1,2,3,...,m} are relatively prime to m, we conclude that exactly m elements of the set
{k,n+k,2n+k,...(m — 1)n+ k} are relatively prime to m. Now the elements of this column that
are not relatively prime to m are also not relatively prime to mn (because a common divisor of such
an element and m is certainly a common divisor of such an element and mn). However, the ¢(m)
many elements of this column that are relatively prime to m are also relatively prime to n (since every
element of the column is), and hence are relatively prime to mn by Proposition 6.3.7. Thus, exactly
¢(m) many elements of the k" column are relatively prime to mn.

Putting it all together, the elements of {a € [mn] : ged(a,m) = 1} appear in only ¢(n) many columns
(since there are ¢(n) many k that belong to Case 2), and each of those columns contains exactly ¢(m) many
elements. Therefore, ¢(mn) = ¢(m) - o(n). O

We can now use Theorem 6.3.8, Proposition 6.3.2, and Corollary 3.2.11 to give another proof of our
formula for ¢(n) in terms of the prime factorization of a natural number n > 2. That is, given n € N and
n= p’fl p’2€2 e plgz where the p; are distinct primes and each k; > 0, then

o(n) = o(p}'ps> - - pp*)
= (") - p(p5?) - - o(p}*)
=y 1 — 1) 5 (e — 1) gt (pe — 1).

Recall that a complete residue system modulo m is a choice of exactly one element out of each equivalence
class of =,,. By Proposition 6.3.5, we know that the elements of any one equivalence class all have the
same greatest common divisor with m. By definition of ¢, we know that exactly ¢(m) of the elements of
{1,2,3,...,m} are relatively prime to m, so since {1,2,3,...,m} has exactly one element in each equivalence
class, we conclude that exactly ¢(m) equivalence classes have at least one (and hence every) element that is
relatively prime to m. We give a special name to sets that choose exactly one element out of each of these
special equivalence classes.

Definition 6.3.9. Let m € N*. Given distinct by, b, ... by € Z, we say that {b1,by,... by} is a
reduced residue system modulo m if ged(b;,m) = 1 for all i, and if for every a € Z with ged(a,m) = 1, there
exists a unique i with 1 <i < @(m) such that a = b; (mod m).

Proposition 6.3.10. Let m € N*, and let by, by, ... by € Z. If ged(bs,m) = 1 for all i, and b; # b,
(mod m) whenever i # j, then {b1,ba,...,bymm)} is a reduced residue system modulo m.

Proof. Assume that ged(b;,m) = 1 for all ¢, and that b; # b; (mod m) whenever i # j. The former
assumption implies that the b; each come from an equivalence class where least one (and hence every) element
that is relatively prime to m. The latter assumption implies that the b; come from distinct equivalence classes.
Since there are exactly ¢(m) many equivalence classes that contain elements that are relatively prime to m,
it follows that every a € Z with ged(a, m) = 1 must be equivalent to some b; modulo m. O

With these concepts in hand, we can now generalize Fermat’s Little Theorem to any modulus. Notice that
we make two changes to the statement. One change is that in the first version of Fermat’s Little Theorem,
we assumed that p ta. Since p was prime, this is equivalent to saying that ged(a,p) = 1, and in the general
setting we need to adopt this latter version. The second change is that we replace the exponent p — 1 by
p(m). Of course, when m is prime, then p(m) = m — 1, so everything matches up in this special case.
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Theorem 6.3.11 (Euler’s Theorem). Let m € N*. For all a € Z with ged(a,m) = 1, we have a?™ = 1
(mod m).

Proof. Let a € Z be arbitrary with ged(a,m) = 1. Let {c1,ca,...,Cu(m)} be the subset of {1,2,3,...,m}
consisting of those elements that are relatively prime to m, and notice that {cy,ca,...,cum)} is a reduced
residue system modulo m. Since ged(a,m) = 1 and ged(c¢;,m) = 1 for all ¢, we can apply Proposition 6.3.7
to conclude that ged(ac;, m) = 1 for all . Also, notice that if 4, j € {1,2,...,¢(m)} and ac; = ac; (mod m),
then since ged(a, m) = 1, we can use Proposition 6.1.10 to conclude that ¢; = ¢; (mod m), and hence i = j.
Therefore, ac; # ac; (mod m) whenever i # j. Using Proposition 6.3.10, it follows that {acy,aca, . .., acy(m) }
is also a reduced residue system modulo m. Thus, each element of {acy,aca, ..., acy ()} is congruent modulo
m to a unique element of {c1,cz,...,¢cym)}, and no two distinct elements of {aci,acy,...,acy@n)} are
congruent to the same element of {ci,ca,...,Cu(m)}, 50

AC1 - AC * + -+ ACp() = C1 " C2* -~ C (mod m).

p(m)

and hence
a?™eicy - Co(m) = C1C2 - Cy(m)  (mod m).

Now we know that ged(c;, m) = 1 for each i, so we can repeatedly apply Proposition 6.3.7 to conclude that
ged(ciea -+ - cp(m), m) = 1. Finally, using Proposition 6.1.10, we cancel c1¢z - - - € () from both sides to arrive
at

a?™ =1 (mod m).

O

Given n € NT, recall that ¢(n) counts the number of elements a € [n] such that ged(a,n) = 1. Now if
we look at the set {gcd(a,n) : a € [n]}, then we notice that every element of this set is a divisor of n, so

{ged(a,n) : a € [n]} € Divt(n).
In fact, we have
{gcd(a,n) : a € [n]} = Div*(n)

because for any d € N* with d | n, we have d € [n] and gcd(d,n) = d. Given d € Nt with d | n, what if we
wanted to count the number of elements a € [n] such that ged(a,n) = d? For example, consider n = 20. We
saw about that ¢(20) = 8, so

|{a € [20] : ged(a,20) = 1} = 8.

Now 2 | 20, so suppose we want to determine
[{a € [20] : ged(a, 20) = 2}].
Of course, in this small example, we can simply work through each value to determine that
{a € ]20] : gcd(a,20) = 2} = {2,6, 14,18},
and hence
{a € [20] : ged(a,20) = 1}| = 4.

However, if we look at the above set more closely, we notice something interesting. Of course, every element
is divisible by 2, and it we divide each of the elements by 2, we end up with the set {1,3,7,9}, which is just
the set of elements relatively prime to 10. In other words, there is a natural bijection between

{a € [10] : gcd(a,10) =1}  and  {a € [20] : ged(a, 20) = 2},

obtained by multiplying every element of the first set by 2, and thus |[{a € [20] : gcd(a, 20) = 2}| = ¢(10) = 4.
The key fact that makes this work is that ged(2a, 2b) = 2 - ged(a, b) for all a,b € NT. In fact, this generalizes
to the following.



150 CHAPTER 6. CONGRUENCES AND MODULAR ARITHMETIC
Proposition 6.3.12. For all a,b,c € NT, we have ged(ca, cb) = ¢ - ged(a, b).

Proof. See Problem 3 on Homework 5. O
Proposition 6.3.13. For all d,n € NT with d | n, we have |{a € [n] : ged(a,n) = d}| = p(n/d).

Proof. Let
S =A{ben/d:ged(bn/d) =1},

and notice that |S| = ¢(%) by definition. We claim that
{a € [n]:ged(a,n) =d} ={db:be S}.
We now prove each containment:

o Let a € [n] be arbitrary with ged(a,n) = d. We then have that d | a, so we can fix b € Z with a = db.
Notice that b > 1 because a > 1 and d > 1. Also, since a < n, we must have b < %, and hence
b€ [n/d]. Now

d = ged(a,n)
= ged(db,d - (n/d))
=d-ged(b,n/d) (by Proposition 6.3.12).

Dividing both sides by d > 1, it follows that ged(b,n/d) =1,s0 b € S. Thus, a € {db:b e S}.

o Conversely, let b € S be arbitrary. Since b € S, we know that 1 < b < n/d, so d < db < n, and hence
db € [n]. We also have

ged(db,n) = ged(db, d - (n/d))
=d-ged(b,n/d) (by Proposition 6.3.12).
=d-1
= d,
Thus, db € {a € [n] : gcd(a,n) = d}.

Since {a € [n] : ged(a,n) = d} = {db : b € S}, and since dby # dbs whenever by, by € S with by # bg, it
follows that
{a € [n] : ged(a,n) = d} = [S] = p(n/d).

Corollary 6.3.14. For all n € NT, we have

n= ng(d).

d|n

Proof. We know that the greatest common divisor of each element of [n] with n is a divisor of n. Furthermore,
for each d such that d | n, we know that there are exactly ¢(n/d) many elements of [n] whose ged with n is
d. Since |[n]| = n, it follows that

n= Z p(n/d).

d|n

Now we just notice that
Divt(n) = {n/d:d € Divt(n)},
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(which can be shown by a simple double containment argument), so

> p(n/d) = e(d).
d|n

dln

Therefore,

n = ng(d).

d|n

Notice that the above proposition gives a recursive way to calculate ¢(n) because

p(n) =n—">_ o(d).
d
d<n

For example, suppose that we want to compute ¢(12), and that we have already computed (k) for all k
with 1 < k < 19. Now Div*(20) = {1,2,4,5,10,20}, and we are assuming that we already computed the
following:

p(1)=1 p(2)=1 p@4)=2 ¢(5)=4 ¢(10)=4.
Then since
20 = (1) + ¢(2) + p(4) + @(5) + »(10) + ¢(20),
it follows that

©(20) =20 — (1) — ¢(2) — ¢(4) — »(5) — ©(10)
=20-1-1-2-4—4
=20—12
=8.

6.4 Systems of Congruences

Can we find an integer x € 7Z that leaves a remainder of 1 when dividing by 6, and leaves a remainder of 8
when divided by 107 Stated in terms of congruences, this question is asking whether there exists an x € Z
such that both x =1 (mod 6) and = 8 (mod 10). In other words, does the system of congruences

z=1 (mod6) and =8 (mod 10)

have a solution? In this case, the answer is no. To see this, suppose instead that there was a solution. We
can then fix an x € Z such both 6 | (x — 1) and 10 | (x — 8). Since 2 is a common divisor of 6 and 10, we
then have that both 2 | (x — 1) and 2 | (z — 8), and therefore 2 would divide (x — 1) — (z — 8) = 7, which is
a contradiction. Thus, no such x exists. Notice that we used the fact that 6 and 10 had a common divisor
larger than 1 in order to gain extra information from the existence of a solution, which led to a contradiction.

Suppose instead that we want to try find an integer = € Z that leaves a reminder of 13 when divided by
28, and leaves a remainder of 7 when divided by 33. That is, we want to know if the system of congruences

x=13 (mod 28) and =7 (mod 33)

has a solution. Since ged(28,33) = 1, we can not find a contradiction using the same logic as in the previous
example. Now through an exhaustive search, it’s possible to determine that x = 601 is a solution. However,
it turns out that there will always exist a solution when the two moduli are relatively prime.
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Theorem 6.4.1 (Sun-Tzu Remainder Theorem - Two Moduli). Let m,n € Nt be relatively prime, and let
a,b € Z. There exists v € 7 such that

z=a (modm) and x=b (modn).

Furthermore, if g € Z is one solution to the above congruences, then an arbitrary x € Z is also a solution
if and only if v = xo (mod mn).

Proof 1 of Theorem 6.4.1 - Nonconstructive. Notice that since congruence is transitive, that {0,1,2,...,m—
1} is a complete residue system modulo m, and that {0,1,2,...,n — 1} is a complete residue system modulo
n, we can assume that a € {0,1,2,...,m — 1} and that b € {0,1,2,...,n — 1}.

Let S ={0,1,2,...,mn — 1}. We define a function f: S — {0,1,2,...,m — 1} x {0,1,2,...,n — 1} as
follows. Given ¢ € S, let f(c) = (i, ) for the unique choice of i € {0,1,2,...,m—1}and j € {0,1,2,...,n—1}
with ¢ =4 (mod m) and ¢ = j (mod n). We claim that f is injective. To see this, let ¢,d € S be arbitrary
with f(c) = f(d). Fix (4,5) € {0,1,2,...,m —1} x {0,1,2,...,n — 1} such that (i,5) = f(c) = f(d). We
then have that ¢ =4 (mod m) and d =4 (mod m), so since congruence is an equivalence relation, it follows
that ¢ = d (mod m). Similarly, we have ¢ = d (mod n). Thus, we have both m | (¢ — d) and n | (¢ — d),
so as ged(m,n) = 1, we can apply Problem 6 on Homework 4 to conclude that mn | (¢ — d). Now since
¢,d €{0,1,2,...,mn— 1}, we know that —mn < ¢ —d < mn. Therefore, it must be the case that ¢ —d = 0,
and hence ¢ = d.

Since f is injective and we have |S| = mn = |[{0,1,2,...,m — 1} x {0,1,2,...,n — 1}|, it follows that
f must be surjective as well. Thus, there must exist z € S with f(x) = (a,b). We then have that x = a
(mod m) and x = b (mod m).

We now verify the last statement. Suppose that xg is one solution. Suppose first that = zg (mod mn).
Since m | mn and n | mn, we then have that © = g = a (mod m) and * = z¢ = b (mod n), so z is also a
solution. Suppose conversely that * = a (mod m) and £ = b (mod n). We then have that z = z¢ (mod m)
and x = z¢ (mod n), so m | (x —xo) and n | (z — zg). Since ged(m,n) = 1, we can apply Problem 6 on
Homework 4, to conclude that mn | (x — x¢), and hence z = zy (mod mn). O

Thus, without exhaustively searching, we know that there does exist an zg € Z with
2o =13 (mod 28) and z9g=7 (mod 33),

and moreover we know that a unique such z exists with 0 < 2y < 924 (since 28 - 33 = 924). Now we could
exhaustively search to find that zyp = 601. We can now use the theorem to conclude that any z € Z with
x =601 (mod 924) is also a solution. In other words, any x € Z of the form x = 601 + 924k with k € Z is
also a solution.

Of course, it would be nice to be able to find a solution like 601 without resorting to an exhaustive search.
One approach is the following. We know that the solution set of the congruence z = 13 (mod 28) is the set
{13 +28¢ : ¢ € Z}. Since each number in this set is a solution to the first congruence, it suffices to find a
¢ € Z with

13+28¢=7 (mod 33).

Subtracting 13 from both sides (and adding 13 from both sides to go backwards), this is equivalent to finding
¢ € Z with
28¢= -6 (mod 33),

which is equivalent to finding ¢ € Z with

28¢ =27 (mod 33).

Now ged(28,33) = 1, so since 1 | 27, we can use Theorem 6.1.16 to conclude that there exists ¢ € Z making
this last congruence true. How would we actually compute it? We would first use the Euclidean Algorithm
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to find k, ¢ € Z with 28k + 33¢ = 1, and then since we want 27 instead of 1, we could multiply through by
27 to find that 28 - (27k) 4+ 33 - (27¢) = 27. Thus, we have 28 - (27k) = 27 (mod 33), so we can take ¢ = 27k,
and hence can take xrqg = 13 +28-27 - k.

Although this certainly works, it turns out that we can streamline the core ideas above so that we can
do one computation based on m and n, and then use it to solve the system for any a and b. The key idea is
to think about solving the system with the simplest possible choices of a and b. Of course, a = 0 = b is the
easiest, but it is too trivial. Suppose then that ged(m,n) = 1, and we’re trying to solve

z=1 (mod m) and =0 (mod n).

As in the previous example, since ged(m,n) = 1, we can use the Euclidean Algorithm to find k, ¢ € Z with
km + ¢n = 1. Notice then m | ¢n — 1, so fn =1 (mod m). We also have n | ¢n trivially, so n =0 (mod n).
Thus, ¢n is a solution to the above system. Notice that km is a solution to

=0 (modm) and a=1 (modn)

by a completely analogous argument. Thus, we’ve solved the two most basic systems using just one compu-
tation involving the Euclidean Algorithm on m and n. What if we wanted to solve the system

=3 (modm) and =0 (modn)?

Since we can multiply both sides of a congruence by 3, we should of course just take 3 times the solution to
our original congruence! In other words, 3¢n should be a solution. And if we wanted to solve

=0 (modm) and x=7 (modn),

then we would just take 7 times the solution to our second, i.e. 7Tkm is a solution. Finally, it seems reasonable
to hope that if we wanted to solve

=3 (modm) and =7 (modn),

then we can just take 3 times our first solution plus 7 times our second. Thus, we might hope that 3{n+7km
is a solution, and we now check that this is indeed the case in our second proof.

Proof 2 of Theorem 6.4.1 - Constructive. Since ged(m,n) = 1, we may fix k,£ € Z with km + fn = 1. We
then have n | km — 1 and m | fn — 1, so km = 1 (mod n) and ¢n =1 (mod m). Let zy = aln + bmk. We
check that x( satisfies the above congruences:

e Since fn = 1 (mod m), we have aln = a (mod m). Now bkm = 0 (mod m), and by adding these
congruences we conclude that o = a (mod m).

e Since km = 1 (mod n), we have bkm = b (mod n). Now afn = 0 (mod n), and by adding these
congruences we conclude that 2o = b (mod n).

The verification of the last statement is identical to the proof above. O
For example, suppose that we want to find all € Z which simultaneously satisfy
z=3 (mod14) and =8 (mod)Y).

Notice that 2-14 + (—3) - 9 = 1 which can be found by inspection or by the Euclidean Algorithm:

14=1-94+5
9=1-5+4
5=1-4+41

4=4-140.
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Therefore, working backwards, we have
1=5—-4
=5-(9-5)
=(-1)-942-5
=(-1)-942-(14-9)
=2-14+(-3)-9.

The above proof shows that 29 =3-(—3) -9+ 8-2- 14 = 143 is a solution. Thus, the complete solution set
is the set of all x € Z that satisfy z = 143 (mod 126), i.e. all € Z such that = 17 (mod 126).

We can extend Theorem 6.4.1 to the case of more than two congruences. However, we first need to make
an important distinction. Given a triple of natural numbers (a, b, ¢), it is natural to call the triple relatively
prime if the only positive natural number that divides all three is 1. With this definition, the triple (6, 10, 15)
is relatively prime. However, notice that any pair of distinct numbers in this triple is not relatively prime,
as we have ged(6,10) = 2, ged(6,15) = 3, and ged(10,15) = 5. We can not extend Theorem 6.4.1 to the
situation where the whole triple is relatively prime, as congruence modulo 6 will affect congruence modulo
10 (for example, there is no number congruent to 0 modulo 6 and congruent to 1 modulo 10). Thus, we need
to adopt the stronger assumption that our moduli are pairwise relatively prime, i.e. that any pair of distinct
moduli are relatively prime.

Theorem 6.4.2 (Sun-Tzu Remainder Theorem). Suppose that my,ma, ..., mg € NT are pairwise relatively
prime (i.e. ged(m;, m;) =1 whenever i # j) and a1, as,...,a¢ € Z. There exists v € Z such that

x=a; (modm;)

for alli. Furthermore, if xg € Z is one solution to the above congruences, then an arbitrary x € Z is also a
solution if and only if x = xg (mod mimg - --my).

Proof. There are many possible arguments. One is to use induction together with the two moduli version.
Another is to adapt the first nonconstructive proof by defining a corresponding function from

{0,1,...,m1m2---mg—1}

to
{0,1,...,my — 1} x{0,1,...,mo — 1} x--- x {0,1,...,mp — 1},

and use the pairwise relatively prime assumption to argue that the function is injective. Finally, it is also
possible to adapt the last constructive proof. I leave the details to you. O

6.5 Quadratic Residues

The most basic algebraic equations are linear equations, and we learned when linear equations have solutions
within the context of modular arithmetic in Theorem 6.1.16. Moreover, we determined an efficient way to
solve such congruences using the Euclidean Algorithm. The next natural level of complexity comes from
quadratic equations, and the most basic such situation is determining when an element is a square.

Definition 6.5.1. Let m € NT and let a € Z. We say that a is a quadratic residue modulo m if there exists
x € Z with ¥?> = a (mod m).

To understand the quadratic residues modulo m, it suffices to determine which elements of {0,1,2,...,m—
1} are quadratic residues modulo m. Let’s explore a couple of examples for prime values of m. We square
each of the number in {0,1,2,...,m — 1}, and determine which element of {0,1,2,...,m — 1} these squares
are congruent to modulo m. Here is the what happens when m = 7, where we put the numbers on the first
line, and corresponding squares on the second line:
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And here is m = 11:

0j1(2[3[4]5[6]|7]8]9]10
0114195335941

Notice the symmetry in each of these tables, and the fact that every nonzero number that occurs in the
second row occurs exactly twice. When m is not prime, we still have some symmetry, but the situation does
become more complicated. Here is m = 9:

0Oj1(2|3|4|5|6]|7
0Oj1(4(0|7|7|0(4|1

Note that 0 appears twice in nonzero positions. And here is m = 12:

0123456789 ]10]11
01419141014 (9] 4|1

We will only study quadratic residues modulo primes in this course. However, it is possible to show that for
an odd prime p, we have that a is a quadratic residue modulo p¥ if and only if a is a quadratic residue modulo
p (the situation for p = 2 is a bit more complicated). Moreover, one can use knowledge of the quadratic
residues modulo p* together with the results of the previous section to understand quadratic residues modulo
a general m.

Suppose then that we are working with a prime p. Our first result, and its proof, shows that some of the
patterns we saw above for 7 and 11 continue for all odd primes p.

Proposition 6.5.2. Let p € Nt be an odd prime. Exactly % of the elements of {1,2,...,p — 1} are
quadratic residues modulo p.

Proof. Since a? = (—a)? (mod p) for all a € Z, we have a®> = (p—a)? (mod p) for all a € Z, so to determine

the squares modulo p it suffices to consider the following squares:

1222 32 . (BF)?
We claim that none of these numbers is congruent to 0 modulo p, and that there are not two distinct numbers
in this list that are congruent modulo p. For the first of these claims, note that if a®> = 0 (mod p), then
p | a?, so p | a by Corollary 3.2.6, and hence a = 0 (mod p). For the second suppose that a,b € Z and that
a’? = b? (mod p). We then have p | (a® — b?), so p | (a — b)(a + b), hence either p | (a —b) or p | (a +b)
by Corollary 3.2.6. It follows that either a = b (mod p) or a = —b (mod p). However, for any distinct
a,be{l,2,..., pT_l}, we have a Z b (mod p) and also a # —b (mod p). O

We start a deeper investigation of quadratic residues modulo primes by asking the following question.
For which primes p does there exist a € Z with a?> = —1 (mod p)? That is, if we work with the world of
arithmetic modulo a prime p, when does that world have a square root of —17 We start by noticing that
12 = —1 (mod 2), that 22 = —1 (mod 5), that 52 = —1 (mod 13), and that 4> = —1 (mod 17). However, it
is possible to check by exhaustive search that there is no a € Z with a®> = —1 (mod p) when p € {3,7,11,19}.
It turns out that we can classify the odd primes that have this property in a very elegant way (the only even
prime is 2, which we handled above). The key idea is to use Wilson’s Theorem to construct the element a.
For example, consider the case when p = 13. By Wilson’s Theorem, we know that

12!= -1 (mod 13),
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S0
12-11-10-9-8-7-6-5-4-3-2-1=-1 (mod 13).

Now the left-hand side might not look like a square, but we can view it in another way. Intuitively, when we
are working modulo a number m, we “wrap around” when we reach m. With this in mind, we have 12 = —1
(mod 13), that 11 = —2 (mod 13), etc. Thus, we can rewrite the above line as

(=1)-(-2)-(-3)-(-4)-(=5)-(-6)-6-5-4-3-2-1=—-1 (mod 13),
and hence
(-1)%-(6)*= -1 (mod 13).
Since 6 is even, it follows that
(61)? = —1 (mod 13),

and thus we can take a = 6!. Notice that this argument will work whenever % is even, because pT_l is the

number of pairs that we have, and thus will be the exponent of —1. We now carry out the general argument.

Theorem 6.5.3. Let p € Nt be an odd prime. There exists an a € Z with a*> = —1 (mod p) if and only if
p=1 (mod 4).
Proof. Suppose ﬁrst that there exists an a € Z with a> = —1 (mod p), and fix such an a. Notice that p{a

because otherwise a? = 0 # —1 (mod p). By Fermat’s thtle Theorem, we have a?~! =1 (mod p). Thus
1=a’' (mod p)
= (a®)"T  (mod p)
=(-1)"  (mod p).

Since p > 3, we have 1 Z —1 (mod p) and thus ”2;1 must be even. Fixing k& € Z with 2k = %7 we then

have 4k =p—1,s04 | (p — 1) and hence p =1 (mod 4).
Suppose conversely that p = 1 (mod 4). We then have that 4 | (p — 1), so p—;l is even. Let ¢ = %. By
Wilson’s Theorem we have
(p—1D!'=-1 (mod p).

Now —k =p — k (mod p) for all k, so we can replace the latter half of the elements in the product (p — 1)!
by the first £ negative numbers, i.e. the numbers in the list

L+1,44+2,....p—2,p—1
are each equivalent modulo p to exactly one number in the following list:
—4,—(=1),...,—-2,—1.
Therefore, working modulo p, we have
-1=(p-1)! (mod p)
=12 (0= 1)L (C+1)-((+2)--(p—2) - (p—1) (mod p)
=12 (=1)-L- (=) - (=(£=1))---(=2) - (=1) (mod p)
(-1)f1-2---(=1)-£-£-(L—1)---2-1 (mod p)
(=1)*- (£)?*  (mod p)
= ()?  (mod p),

where the last line follows because ¢ = % is even. Therefore, there exists a € Z with a®> = —1 (mod p),

namely a = (! = (%)!. O
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Before moving on to other questions about quadratic residues, we pause to use Theorem 6.5.3 to help
us understand the primes. Recall that there are infinitely many primes by Proposition 3.2.3. Now the only
even prime is 2, so of course there are infinitely many odd primes. Now every odd number is congruent to
either 1 or 3 modulo 4, so we can ask whether there are infinitely many primes p with p =1 (mod 4), and
whether there are infinitely many primes p with p = 3 (mod 4). We can answer the latter the of these two
questions by making some tweaks to our proof of Proposition 3.2.3. The key idea is build an n > 1 from our
given finite list of primes such that n is not divisible by any prime in our list, and where some prime divisor
of m must be congruent to 3 modulo 4.

Proposition 6.5.4. There exist infinitely many primes p € NT with p = 3 (mod 4).

Proof. We know that 3 is prime, so there is at least one such prime. We will take an arbitrary given finite
list of primes congruent to 3 modulo 4, and show that there exists a prime with this property that is omitted.
Suppose then that p1,ps,...,pr is an arbitrary finite list of prime numbers with k£ > 1 and where p; = 3
(mod 4) for each i. We show that there exists a prime ¢ =3 (mod 4) not in the list. Let

n=4pipsy---pr — 1.

We have n > 1, so by Proposition 3.4.1, we can write

n=4q192""-qe.

for some primes qi,q2,--.,qe. Note that ¢; # 2 for all ¢ because n is odd. Also, we cannot have ¢; = 1
(mod 4) for all ¢, because then we would have gi1g2---q =1 (mod 4), but n = —1 =3 (mod 4) and 1 # 3
(mod 4). Thus, we can fix a j with ¢; =3 (mod 4). Suppose, for the sake of obtaining a contradiction, that
q; = p; for some 7. We then have that ¢; | n and also ¢; | pips - - - Pk, 50 q; | (4p1p2 - - - p — n). However, this
implies that ¢; | 1, so |g| < 1 by Proposition 1.5.4, a contradiction. Therefore ¢; # p; for all 4, and we have
succeeded in finding a prime congruent to 3 modulo 4 that is not in the list. O

If we try to prove that there are infinitely primes p with p = 1 (mod 4) using a similar strategy, we run
into a problem. Given such primes p1,ps,...,pr, we might naturally consider n = 4p1ps---pgr + 1. This
number can be written as a product of primes, and none of those primes can equal any of the p;. However,
unlike the previous argument, it does not seem possible to argue that one of the primes in the factorization
of n must be congruent to 1 modulo 4. While n =1 (mod 4), the issue is that if ¢ =3 (mod 4) and g = 3
(mod 4), then ¢1g2 =1 (mod 4). Thus, it is conceivable that all of the primes in the prime factorization of
n are congruent to 3 modulo 4, and that there are just an even number of such primes. Overcoming this
obstacle requires some cleverness, and we make use of Theorem 6.5.3.

Proposition 6.5.5. There exist infinitely many primes p € N* with p =1 (mod 4).

Proof. We know that 5 is prime, so there is at least one such prime. Suppose then that py,po,...,pg is an
arbitrary finite list of prime numbers with k£ > 1 and where p; =1 (mod 4) for each i. Let

n=(2pipa--pr)® + 1.

We have n > 1, so we can fix a prime ¢ € NT with ¢ | n by Proposition 3.2.2. Not that ¢ is odd because n

is odd. We then have that q | (2p1p2---pr)? +1, s0 (2p1p2 - --pr)? = —1 (mod q), and hence ¢ =1 (mod 4)
by Theorem 6.5.3. Now if ¢ = p;, then ¢ would divide n — (2p1ps - - - px)? = 1, a contradiction. Thus, q # p;
for all 4, and we have established the existence of a prime ¢ =1 (mod 4) such that ¢ # p; for all 1. O

In fact, the following much stronger result is true, although we do not have the tools to prove it in this
course.
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Theorem 6.5.6 (Dirichlet’s Theorem on Primes in Arithmetic Progressions). Letm, k € NT with ged(k,m) =
1. There exist infinitely many primes p € NT with p =k (mod m).

Suppose that p € Nt is an odd prime and a € Z with p { a. We know from Fermat’s Little Theorem

that a?~! = 1 (mod p). Now p — 1 is even because p is odd, and we have (apz;l)2 = 1 (mod p), so either
p—1

az =1 (mod p) or a7 =1 (mod p) by Proposition 6.2.3. Our next result says that the two situations
characterize when «a is a quadratic residue modulo p.

Theorem 6.5.7 (Euler’s Criterion). Let p € N be an odd prime, and let a € Z with p 1 a.
e If a is a quadratic residue modulo p, then

a?™ /2 =1 (mod p).

e If a is not a quadratic residue modulo p, then

a?™V/2 = _1  (mod p).

Proof. Suppose first a is a quadratic residue modulo p. Fix b € Z with b> = a (mod p). Note that p { b
because otherwise we would have p | a. We have

aP—1/2 = (bQ)(p—l)/2 (mod p)
=b""' (mod p)
=1 (mod p),

where the last line follows from Fermat’s Little Theorem.

Suppose that a is not a quadratic residue modulo p. We know from Wilson’s Theorem that (p—1)! = —1
(mod p). But we now think about (p — 1)! differently. For each b € {1,2,...,p — 1}, we have ged(b,p) = 1,
so there is a unique ¢ € {1,2,...,p — 1} with b¢c = a (mod p) by Proposition 6.1.16 and Proposition 6.1.10.
Moreover, for each b € {1,2,...,p — 1}, the unique such ¢ must satisfy ¢ # b because a is not a quadratic
residue modulo p. Consider pairing off each b € {1,2,...,p — 1} with the corresponding ¢ in the product
p—1)!=p-(p—1)---2-1. We then have prl pairs, and the product of each of these pairs is congruent
to a modulo p. Thus, we find that (p — 1)! = a®1/2 (mod p). Combining this observation with Wilson’s
Theorem and the fact that congruence modulo p is transitive, we conclude that a?~1/2 = —1 (mod p). O

We can use this Euler’s Criterion to give another proof of Theorem 6.5.3. Suppose that p is an odd prime.
p—1

We then have that —1 is a quadratic residue modulo p if and only if (—1)"2 =1 (mod p), which is if and
only if % is even. Now this is equivalent to saying that 4 | p — 1, which is the same thing as saying that
p=1 (mod 4).

Euler’s Criterion establishes an important characterization for when a given a € Z is a quadratic residue
modulo an odd prime p. But beyond its theoretical interest, it also provides an efficient computational test
to determine whether a given a € Z is a quadratic residue modulo p. The trick is to figure out how to
compute powers of a modulo a given m quickly. In the past, we looked for a repeat in the early powers to
find a pattern, or used Fermat’s Little Theorem/Euler’s Theorem to know that powers will eventually cycle
back around to 1. However, in those cases, the power was significantly larger than the modulus. Here, the
power is less than the modulus, and both numbers might be quite large, so there is no guarantee that a
pattern will emerge quickly.

So if n is large, and we have an a € Z, how can we determine compute a™ modulo a given m quickly? If
we just repeatedly multiply by a, then we have to do n — 1 many multiplications, which is prohibitive. But
we can do much better. Let’s start by thinking about how to compute a*. Of course,

at=a-(a-(a-a)),
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so we can compute a* with 3 multiplications. However, there is a simple way to improve this. We first
compute a’? using one multiplication, and then we notice that a* = a2 - a?, so we only need one more
multiplication. From here, we can compute a® with just one more multiplication. In general, by repeated
squaring, we can compute a" using just k multiplications. But what if we do not have a power of 2 in
the exponent? For example, suppose that we want to compute a*!. By repeated squaring, we compute the

following:

a17a27a47a87 alG’GSZ'

Now we notice that 41 = 32 + 8+ 1, so

and hence we can obtain a*! using just two more multiplications once we have the powers of 2. In general,

to compute a™, we can write n in base 2 (where 41 = 101001), square repeatedly until we reach the largest
power of 2 less than n, and multiply the powers of 2 that correspond to the positions of the 1’s in the base
2 representation. Instead of using n — 1 many multiplications, this process uses roughly 2 - logy(n) many
multiplications, which is exponentially better.

Although we can compute a” with many fewer multiplications, notice that the numbers a* become very
large. However, if we want to compute a” modulo m, we can always keep reducing the values that we
compute to an equivalent value in {0,1,2,...,m — 1}. In other words, we know that {0,1,2,...,m — 1} is
a compute residue system modulo m, so we can define a function f,,,: Z — {0,1,2,...,m — 1} by letting
fm(b) equal the unique element of {0,1,2,...,m — 1} that is congruent to b modulo m. With this notation,
we want to compute f,,(a™). Notice that f,, has the following properties:

o fm()=0bforallbe{0,1,2,...,m—1}.
o fm(b) = fi(fin (D)) for all b € Z.
o fin(be) = fin(fm(D) - fin(c)) for all b, ¢ € Z (from Proposition 6.1.13).

Intuitively, as we are computing powers of a, we can “reduce” any value that is greater than m — 1 to a value
in the set {0,1,2,...,m — 1}. In this way, we can avoid dealing with the very large numbers a™ directly.

Using all of these ideas, we can describe a very efficient recursive algorithm for computing f,,(a™) that
avoids dealing with base 2 representations of n, and avoids working with the large values a* directly. We
assume that we have an efficient way to compute the function f,,, which takes an input, and outputs the
remainder upon division by m (the naive algorithm is sufficiently fast for our purposes). With that in hand,
given m € NT, a € Z, and n € N, here is how we compute f,,(a"):

e If n =0, then output 1.
o Ifniseven, then find k € N with n = 2k, recursively determine f,,(a*), and output fo,,(fm(a*)-fm(a®)).
o If n is odd, then recursively determine f,,(a"~ 1), and output fo,(fm(a)- fm(a™1)).

Using the above properties of f,, it is straightforward to show that this algorithm correctly computes f,,(a™)
by induction on n. Notice that after 2 steps of the algorithm, we have reduced n by at least a factor of 2, so
the process will terminate in at most 2 - log,(n) many steps.

Using this algorithm together with Euler’s Criterion, we obtain a satisfactory computational solution
for determining whether a is a quadratic residue modulo p that is significantly more efficient that simply
trying all of the squares. However, there is much more that can be said, including important structural
connections about when a number a is quadratic residue modulo various primes. We first introduce the
following notation.
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Definition 6.5.8. Let p € NT be an odd prime. For any a € Z we define

ifpla,
a

<) =<1 if pta and a is a quadratic residue modulo p,

P —1 ifpta and a is a quadratic nonresidue modulo p.

This notation is called the Legendre symbol.

Corollary 6.5.9. Suppose that p is an odd prime and a € Z. We have

(a) =a® Y2 (mod p).

p

Proof. When p{ a, this is immediate from Euler’s Criterion. When p | a, we have p | a®~1/2 and (%) =0,

so the statement is still true.

The following result is very useful for manipulating the Legendre symbol in order to determine whether
a number is a quadratic residue modulo a prime.

Proposition 6.5.10. Let p be an odd prime.

1. For any a € Z with pta, we have

2. We have

3. Ifa=b (mod p), then

5)-¢)
2)-6)6)

Proof. For part (1), note that p{a? (by Corollary 3.2.6), and that a? is trivially a square. From here, part
(2) follows because p f 1 and 1 = 12, For (3), first note that p | a if and only if p | b. Now if p { @ and
p | b, then for any ¢ € Z, we have ¢? = a (mod m) if and only if ¢> = b (mod m) because congruence is an
equivalence relation.

We now prove (4). If p = 2, then one can just verify it directly by considering the various cases. Suppose
then that p is an odd prime and that a,b € Z. Using Corollary 6.5.9, we have

(6;5’) = (ab)®D/2  (mod p)

4. For any a,b € Z, we have

= qP—1/2  plp=1)/2 (mod p)

2)(2) i

Therefore, the two values are congruent modulo p. Since both values are in {—1,1}, and 1 #Z —1 (mod p),
they must be equal. O



6.5. QUADRATIC RESIDUES 161

Part (4) of the preceding proposition is quite surprising. If p is an odd prime, then it says that the
product of two quadratic residues is a quadratic residue, that the product of two quadratic nonresidues is
a quadratic residue, and that the product of a quadratic residue and a quadratic nonresidue is a quadratic
nonresidue. For example, if p is an odd prime and we know that

- = ()
2)-()-)

Using these ideas, we can take an a € Z, write its prime factorization as a = q’fl ~~~qf, and then use our

proposition to write
k
(a) R B
p p p

ki
4 =1
p
whenever k; is even (by part (1)), and that
p p p p
whenever k; is odd. Thus, if we can find the prime factorization of a given a, then it suffices to understand

)

for primes q. The next two results help one answer these questions, but they are best left to a more advance
number theory course.

then

Now we know that

Theorem 6.5.11. If p € NT is an odd prime, then

D -1 ifp=3 (mod8) orp=5 (mod 8).

(;) _ (cn)ss,

Theorem 6.5.12 (Quadratic Reciprocity). Let p and q be distinct odd primes. We have

GIOREES

(p> B (%) if eitherp=1o0orq=1 (mod 4),
- (1> if bothp=3 and ¢ =3 (mod 4).

(2)_{1 ifp=1 (mod8) orp=7 (mod 8),

Stated more succinctly, we have

In other words
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(5r)

Let’s use these results to compute

We have
B-6)6)
. (621> . (é”) . (671> (since 61 =1 (mod 4))

i
1.(1).<631>.(671) (since 61 =5 (mod 8))
- (5) (%) (since 61 =1 (mod 4)
)

o (2)

—1-(-1-1-(}) (since 5=1 (mod 4))
e (2)

1 (1)1 (1) (since 5= 5 (mod 8))
1

Therefore —42 is a quadratic residue modulo 61.

6.6 Primality Testing

Suppose that we have a number m € N with m > 2, and we want to determine whether it is prime. The
naive method is to exhaustively check each number 2,3,4,...,m — 1 in turn to see if any of them divide
m. If we find such a number, then m is not prime, while if we exhaust the entire list without finding such
a divisor, then m is prime. Although this certainly works, the procedure is very slow on moderately sized
inputs. For example, if m has about 10 decimal digits, then this procedure checks about 109, i.e. about 10
billion, numbers. We can improve this brute-force search somewhat by using Proposition 5.4.1, which says
that it suffices to check each number 2,3,4,...,[y/m] in turn to see if any of them divide m. If m has a
about 10 decimal digits, then this procedure checks about v/1010 = (10'°)/2 = 10° many numbers, which
is certainly feasible with modern computers. We can even do a bit better by cutting out every even number
except 2, bringing it down to about % -10°.

Even with these improvements, such a method is still quite slow. For example, if m has 40 decimal
digits, then we need to check about 10%° (or maybe % -10%° if we omit the evens) many numbers, and such
a procedure can not be carried out in any reasonable amount of time on any modern computer. To start
thinking about other approaches, we turn to some of the theoretical results in this chapter. We start with
Fermat’s Little Theorem, which says that if m is prime, and if a € N with 0 < a < m (so m { a), then
a™~ 1 =1 (mod m). Thus, if we have a natural number m, and we can find an a € N with 0 < a < m such
that a™~! # 1 (mod m), then m is not prime. As in the last section, let f,,: Z — {0,1,2,...,m — 1} by
letting fi,(b) equal the unique element of {0,1,2,...,m — 1} that is congruent to b modulo m. We learned
how to compute f,, quickly in the last section through repeated squaring.
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By the homework, we know that if m is not prime, then there must exist some choice of @ with 0 < a <m
such that f,,(a™~!) # 1. Thus, a naive idea is to try all possible a with 0 < a < m. However, there are
m — 2 many such a, and so this procedure is no better than exhaustively searching for divisors. Instead,
we can think about trying several random values of a. Now if any of these test values of a come back
with f,,(a™~1) # 1, then we know that m is not prime. But what if they all come back equal to 17 We
might think that we have strong evidence that m might be prime, but in order to quantify this, we are
led to the following question: If m is not prime, what fraction of the a € {1,2,3,...,m — 1} have the
property that f,,(a™~1) = 1?7 Unfortunately, it turns out that there are some composite numbers, known as
Carmichael numbers, where the vast majority of the values of a € {1,2,3,...,m — 1} have the property that
fm(a™™1) = 1. For these numbers, it turns out that f,,,(a™~1) = 1 for all values of a with 0 < a < m that
satisfy ged(a,m) = 1. And, in general, the fraction of values of a with 0 < a < m that satisfy ged(a,m) # 1
can be quite small.

With that in mind, we try to enhance our above procedure. Fermat’s Little Theorem provided the
structure for our previous test, and now we look to another result about prime numbers. Recall that if p
is prime, then Proposition 6.2.3 says that b2 = 1 (mod p) if and only if either b = 1 (mod p) or b = —1
(mod p). Suppose then that m > 3 is odd, and we have found an a € {1,2,3,...,m—1} with f,,(a™ 1) =1,
i.e. with a™~1 =1 (mod m). Since m is odd, we know that m — 1 is even, so 2 | m — 1. Consider the value
a7 . Notice that

(am’;l)z =1 (mod m).

Now if m is prime, then Proposition 6.2.3 says that we must have either

m—1 m—1

a2z =1 (modm) or a2z =-1 (modm),

i.e. we must have either f,,(a™Z ) = 1 or fn(a™> ) = m—1. Thus, instead of only checking that f,,(a™~1) =
1, we can perform another check in this case to test whether fm(am;) € {1,m — 1}. If not, then m is not
prime.

For example, suppose that we are trying to determine whether 91 is prime. If we choose a = 3 as our test
case, then we noted above that fo;(3%?) = 1, so 3 passes this simple test. However, if we compute fg;(3%°),
we see that fo1(3%°) = 27. From here we can immediately conclude that 272 = 1 (mod 91), so since 27 # 1
(mod 91) and 27 # —1 (mod 91), we can use Proposition 6.2.3 to conclude that 91 is not prime.

Now if fm(amT_l) =1, and mT’l is even, then we can continue the process of dividing by 2. For example,
consider m = 561, which happens to be the first Carmichael number. We have fs51(2°6°) = 1, and if we
divide 560 by 2, we can also compute that fse1(22%°) = 1. At this point, we have no evidence from either
Fermat’s Little Theorem or Proposition 6.2.3 that 561 is not prime. However, if we divide the exponent in
2 again, we can compute that fse1(2'4°) = 67. As a result, we must have 672> = 1 (mod 561), but 67 # 1
(mod 561) and 67 # —1 (mod 561), and hence 561 is not prime. Therefore, if we divide the exponent by
enough factors of 2, we can sometimes find a violation of Proposition 6.2.3 using a value of a that passes the
test imposed by Fermat’s Little Theorem.

Instead of computing f,,(a™~!) and working backwards by dividing the exponent repeatedly by 2, we
can instead work in the other direction and repeatedly square up to the exponent m — 1. We first need to
figure out how many times we can divide m — 1 by 2. To that end, we perform the following procedure.
Suppose that m > 3 is odd. Fix k,d € N with m — 1 = 2% - d, where d is odd. Notice that since m is odd,
we know that m — 1 is even, and hence k£ > 1. Furthermore, we can compute k and d by repeatedly dividing

m — 1 by 2, as long as the result is even. Now given any a € {1,2,3,...,m — 1}, we first compute f,,(a?),
and then repeatedly square the result, reducing to a value in {0,1,2,...,m — 1} as necessary, to form the
sequence:

Fn@®), Fu(@®®), f@®D), ooy @@ ), f(a® ).

Notice that the last value in this sequence is simply f,,(a™1).
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Suppose now that m > 3 is an odd prime, and a € {1,2,3,...,m —1}. By Fermat’s Little Theorem, the
last element of this sequence will be 1. Now previous elements of this sequence might also be 1. However,
if there is an element that does not equal 1, then the last element of the sequence that is not a 1 must be
m — 1 by Proposition 6.2.3.

With this in mind, we form the following primality test. Let m € N with m > 3 be odd (it is trivial to
check if an even number is prime). Compute k,d € N with m — 1 = 2% . d, where d is odd. Pick some value
a€{1,2,3,...,m— 1} to use as a test, and start computing the sequence:

Fn(@®), fn(a®®), (@), oo fu(a® )

(notice that we cut off the last value). We proceed down the sequence with the following rules. We begin
by examining the first element:

o If we find that f,,(a?) = 1, then a passes the test (notice that all elements of the original sequence will
then equal 1 because 12 =1 (mod m)).

o If we find that f,,(a?) = m — 1, then a passes the test (notice that the rest of the elements of the
original sequence will then equal 1 because (m —1)? = (=1)?2 =1 (mod m)).

Suppose then that f,,(a?) ¢ {1,m — 1}. Work down the sequence in order by repeated squaring, reducing
to a value in {0,1,2,...,m — 1} as necessary, while looking for either m — 1 or 1.

o If we find the value m — 1 at any point in the truncated sequence, then a passes the test (notice that
the rest of the elements of the sequence will then equal 1 because (m — 1)? = (—=1)?2 =1 (mod m)).

o If we instead find the value 1 before discovering m — 1, then a fails the test, as we have found a value
be{2,3,...,m— 2} with b2 =1 (mod m), so m is not prime by Proposition 6.2.3.

Finally, if we make it through the entire truncated sequence up to f7n(a2k71d) without finding the value 1
or m — 1, then a fails the test. Notice that in this situation, either f,, (and) # 1, demonstrating that m is
not prime by Fermat’s Little Theorem, or fm(azkd) = 1, in which case fm(aﬁfld) serves as a value distinct
from 1 and m — 1 whose square is 1 modulo m, so m is not prime by Proposition 6.2.3.

Although it takes a bit of thought to work through all of the cases, notice that if m is prime, then every
a € {1,2,3,...,m — 1} will pass this test. Thus, if we find a value of a that fails this test, then we can
conclude with certainty that m is not prime. Also, if a fails the Fermat test, then it is also fails this test. The
question is whether enough values of a will fail the test when m is not prime. That is, are there analogues
of Carmichael numbers here? The answer lies in the following result.

Theorem 6.6.1 (Monier, Rabin). For each odd composite m € Nt with m > 9, the number of values
a€{1,2,3,...,m — 1} that pass the above test is at most i(p(m).

In particular, since we trivially have ¢(m) < m, at most 25% of the test values will pass when m > 9 is
an odd composite number. How do we find one of the (at least) 75% that work? The idea is pick several test
values of a at random, and try them. If any fail the test, then we know with certainty that m is composite.
If they all pass, then we are very confident that m is prime. Moreover, it is possible to precisely quantify
how confident we are, assuming that we are really are using random test values. In fact, by using just
20 test values, we can be (much) more that 99.999999999% confident that the the number is prime. This
randomized algorithm is known as the Miller-Rabin primality test.

6.7 Cryptography

The basic goal of cryptography is to encode messages in such a way that only the intended recipients are
able to decipher the original contents. Mathematically, we can view an encoding as a function h: A — B,
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where A is the set of possible messages that we might send, and B is the set of possible encodings. Typically,
we use the same “alphabet”, so we work in the case where A = B. For example, we might let A and B both
be the set {a,b,c,...,z}* of all finite sequences from our usual collection of letters. We can include numbers
or special characters as well, or we might do something as simple as letting A = B = {0,1}* be the set
of all finite sequences of 0’s and 1’s (since we can code any reasonable object in such a way - see modern
computers). We might also choose to work with finite sets, like {a,b,c,...,z}% or {0, 1}25% for simplicity.

Suppose then that we have a set A, and we want to devise an encoding function h: A — A. What
properties should i have? We certainly need h to be injective, because it must be possible to unambiguously
decipher an encoded message. Now if A is a finite set, then any injective h: A — A is bijective. Assuming
then that we work with a finite set A, the following properties of h would be desirable in any encoding
scheme:

1. A should be reasonably fast to compute.

2. h~! should be reasonably fast to compute for the intended recipient.

3. h~! should be very difficult to determine (or very hard to compute) for any eavesdropper.

4. h should look “random”. Ideally, if we change the input a little, the output might change dramatically.

As an initial basic example, let C' = {a,b,c,...,z} be the letters of the standard alphabet, and let A = C'1%°
be the set of sequences of length 100 from this alphabet. Fix a bijection g: C' — C, to serve as a way
of mixing up the letters. Define h: A — A by letting h(cica...c100) = g(c1)g(c2) - -+ g(c100), i-e. we simply
apply the fixed bijection of the characters to each character in turn. For instance, we might choose g: C — C'
to be a cyclic shift by 3, so g(a) =d, g(b) =e, g(c) =1f..., g(x) = a, g(y) = b, and ¢g(z) = c. For example,
we have

h(mathrulez) = g(m)g(a)g(t)g(h)g(r)g(w)g(l)g(e)g(z)
= pdwkuxohc.

This simple encryption scheme is known as the Caesar cipher. Although it works against your average 3-year
old, it is not terribly secure.

More generally, we might start with a random looking bijection g: C' — C (not just a simple shift).
Since there are 26! many such bijections, it might seem reasonable to believe that such a random looking
bijection might provide a robust encryption scheme. If you code ¢ and ¢~! as simple look up tables, then
with those in hand, both h and h~! are reasonably fast to compute. Notice that the fourth condition
above fails, as changing one letter of the input will only change one letter of the output, but you might not
find that essential. However, there is a much more serious problem with this system. Although one might
naively believe that somebody intercepting the encoded message would have to try all 26! many bijections
to determine which one was used, it turns out that there are other attacks on this system. In fact, these
encryption schemes are typically used as puzzles in newspapers. The basic idea is to use frequency analysis.
In natural languages like English, some letters occur more frequently than others. Thus, with a sufficiently
long encoded message, or with many short encoded messages, it is possible to mount an attack by noticing
the most frequently occurring letter, and guessing that it might be the encoding of the letter e. From here,
an attacker can make other educated guesses, and slowly learn the function g.

Historically, the response to this frequency analysis was to change the function g based on the position.
For example, we might have three different bijections g1, g2, g3: C' — C, and then we would define h: A — A
by letting

h(cicacsescscs - - - cio0) = g1(c1)ga(c2)gs(cs)gi(ca)ga(es)gs(cs) - - - ga(co9)gi(cio0)-

Although this makes frequency analysis more difficult, if an eavesdropper knows (or guesses) that the bi-
jections cycle with a period of 3, then it is possible to mount a frequency analysis attack by pulling out
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the corresponding letters. Of course, it’s conceivable that one could use 100 different bijections, but then it
becomes difficult to keep track of it all, and hence to compute h and h~' quickly. In order to accomplish
this task, machines like the Enigma were built that mechanically cycled through thousands of bijections.
In a given state, the Enigma machine encoded a bijection g, but once a key was pressed, certain rotors in
the machine turned so that the machine now encoded a different bijection. In order to make this scheme
work, it was helpful to set up the machine in such a way that each encoded g was its own inverse, so that if
somebody typed the encoded message into a machine with the same initial setup, then the original message
would be produced. Now all that is needed is a way for the intended recipient to know the initial state of
the message, and then they would be able to type in the encoded message in order to compute the inverse.

Although the above system seems reasonably secure, it does have some issues. The fourth condition above
still fails, as changing one letter of the input will still only change one letter of the output. Moreover, a
system would need to be devised in order for the intended recipient to know the initial state of the encoding
machine (so that they can decode the message). Elaborate books of such initial states of machines were
produced during World War II in order to accomplish this task. So one way to defeat the system is to steal
the codebooks that describe the initial states of the machines on a given day. Beyond that, there are other
sophisticated attacks that one can mount by exploiting some weaknesses (like the fact that each g was its
own inverse). Unfortunately, working out the cryptanalysis would take us too far afield.

Modern encryption schemes avoid working character by character in isolation in order to bypass these
issues. In this way, we can develop schemes that can satisfy the fourth condition above. Thus, we want to
define a bijection h: A — A all at once, without breaking it into small pieces. At first, it seems difficult
to think about how to define such a bijection that can be computed quickly, but which is also nontrivial.
The fundamental idea is to use modular arithmetic. That is, instead of working with a set like A =
{a,b,c, ...,z we will work with a set like A = {0,1,2,...,m — 1} for some large natural number m. For
example, if we pick m = 2°°0, then we can code code any short to medium length message using a number.
For instance, if we use a simple binary encryption scheme by letting a — 00000, b — 00001, etc., then
any element of {a,b,c,...,z}% can be coded by a sequence of 500 zeros and ones, which in binary codes a
number less than 250,

Suppose then that we have settled on a way to code our messages as numbers, and that we have picked
a large enough value of m € N so that all of our possible messages are in the set A = {0,1,2,...,m — 1}.
We now want to define a bijection h: A — A to serve as our encryption scheme. As above, define f,,: Z —
{0,1,2,...,m — 1} by letting f,,(b) equal the unique element of {0,1,2,...,m — 1} that is congruent to b
modulo m. The simplest idea is to adapt the Caeser cipher, except we operate on the entire message at
once (rather than character by character). Thus, we pick some k € A to be our shift amount, and define
h: A — A by letting h(a) = fm(a + k), i.e. we shift by &, and cycle back around as necessary. We then
have that h is a bijection since its inverse is given by g: A — A defined by g(a) = f,.(a — k). Although this
simple scheme bypasses an attack based on frequency analysis, it is terrible, so we won’t say more about it.

How can we define a more interesting bijection? Instead of performing modular addition, we can perform
modular multiplication. That is, we some k € Z, and define h: A — A by letting h(a) = fp(ka). Unlike
modular addition, not all such functions are bijections. For example, if m = 6 and k = 2, then we have

Thus, we need to think about what values of k will produce a bijection. For injectivity, we can rephrase
the question in terms of modular arithmetic: Which values of k& € Z have the property that whenever
ka = kb (mod m), we have a = b (mod m)? From this perspective, Proposition 6.1.10 immediately tells
us that whenever ged(k,m) = 1, the function h is injective. Suppose then that we choose m,k € NT
with ged(k,m) = 1, and use this as our encryption scheme. How do we decrypt? That is, given ka, how
do we determine the original a? The answer lies in Corollary 6.1.17 and the discussion afterwards. Since
ged(k,m) = 1, we can fix £ € Nt with k&£ =1 (mod m), and we can compute such an ¢ using the Euclidean
Algorithm (and shifting it to be in {0,1,2,...,m — 1}, if necessary). The function g: A — A defined by
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g(b) = ¢b is an inverse for h because for all a € Z, we have

g(h(a)) = lka (mod m)
=1-a (modm)

=a (mod m)
and

h(g(a)) = kla (mod m)

=1-a (modm)

a (mod m).
Taken together, here is the total encryption scheme:

o Fix some m € NT that is large enough to code any message you want to send. Then pick some k € N*
such that ged(k, m) = 1. We can find such a k through trial and error using the Euclidean Algorithm.

o To encode a message, compute h(a) = fp,(ka), i.e. h(a) is the unique element of A that is congruent
to ka modulo m.

o For decoding, we first compute an £ € Nt with k¢ = 1 (mod m), which we can find through the
Euclidean Algorithm. Then, given an encoded message, we compute g(b) = f,,(¢b) to decode the
message.

This scheme works reasonably well. Tt doesn’t “jumble” the contents particularly well (if you increase a by
1, then the output always increases by k), but it does a decent job in other regards. Of course, as in previous
schemes, the two parties need to agree on both m and k in advance. If anybody is able to get their hands on
m and k, then they can perform the Euclidean Algorithm to determine £, enabling them to decode messages.

In order to finally deal with the fourth condition, we turn to functions defined by modular exponentiation.
As above, our first question is the following: given m and k, when is the function h(a) = f,,(a*) a bijection?
In order to get a handle on this question, we start by looking at the simplest case, which is when m is prime.
Looking at the possible values in the case where m = 11, we see that the values of k € {1,2,...,11} that
give a bijection are precisely the values of k in the set {1,3,7,9}. Notice that these are the precisely the
elements of [10] that are relatively prime to 10. Moreover, it turns that the inverse of h(a) = f,,(a®) is the
function g(a) = f,n(a”). To see this, notice that for any a € Z with 11 1 a, we have

g(h(a)) = (@*)"  (mod 11)
a*' (mod 11)
=a-a® (mod 11)
a-(a'®)?  (mod 11)
=a-12 (mod 11)
=a (mod 11),

where the second to last line follows from Fermat’s Little Theorem. Moreover, if a € Z and 11 | a, then we

trivially have 11 | ®!, and so a?! = a (mod 11). We now generalize this example.

Proposition 6.7.1. Let p € Nt be prime and let A =1{0,1,2,...,p—1}. Let k € N* with ged(k,p—1) = 1.
The function h: A — A given by h(a) = f,(a*) is a bijection. Moreover, if { € N is such that k{ = 1
(mod p — 1), then the function g: A — A given by g(b) = f,(b) is an inverse of h.
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Proof. Suppose that ged(k,p — 1) = 1. By Corollary 6.1.17, we can fix £ € N* with £/ = 1 (mod p — 1)
(notice that we choose a positive such £ by finding an equivalent value in the set {1,2,...,p — 1}). By
definition, have p—1 | k/—1, so we can fix n € Z with (p—1)n = kf—1. Since k,¢ € N, we have k{—1 > 0,
and hence n > 0. Notice that k¢ = 1+ (p — 1)n. Now for any a € Z with pt a, we have

g(h(a)) = (a*)*  (mod p)
=d* (mod p)

I+(p—1)n (mod p)

=a
a-a® D" (mod p)
a- (@) (mod p)

=a-1" (mod p)

=a (mod p),
where the second to last line follows from Fermat’s Little Theorem. Moreover, for any a € Z with p | a,
we trivially have p | a**, so a** = a (mod p), and hence g(h(a)) = a (mod p). A completely analogous
argument shows that h(g(a)) = a. Therefore, g is an inverse of h, and so h is bijective. O

Taken together, here is the total encryption scheme based on modular exponentiation relative to a prime
modulus:

o Fix some prime p € NT that is large enough to code any message you want to send. We can find
such a large prime using the methods of the previous section. Then pick some k € Nt such that
ged(k,p — 1) = 1. We can find such a k through trial and error using the Euclidean Algorithm.

o To encode a message, compute h(a) = f,(a¥), i.e. h(a) is the unique element of A that is congruent
to a* modulo p. Notice that we can do exponentiation modulo p quickly (as described in the previous
section).

o For decoding, we first compute an ¢ € NT with k¢ = 1 (mod p — 1), which we can find through
the Euclidean Algorithm. Then, given an encoded message, we compute g(b) = f,(b%) to decode the
message.

This encryption scheme works nicely, and does a good job of looking “random”. Notice that small changes in
the input can produce dramatically different outputs. However, as above, both parties need to agree on both
p and k in advance. If anybody is able to get their hands on p and k, then they can perform the Euclidean
Algorithm to determine ¢, enabling them to decode messages.

Can we generalize the above construction to moduli that are not prime? At first, such a generalization
might just appear to be an unnecessary complication. However, we will see that the added generality makes
an enormous qualitative difference. When we move to a modulus that is not prime, it is natural to try to
use Euler’s Theorem in place of Fermat’s Little Theorem. By doing so, we can mimic the above argument
with one caveat: We will only be able to apply Euler’s Theorem to those a € Z with ged(a,m) = 1, and this
could be a much smaller fraction of the integers. We start by stating this simplified version.

Proposition 6.7.2. Let m € NT and let A = {0,1,2,...,m — 1}. Let k € NT with ged(k,o(m)) = 1, and
let £ € Nt be such that k¢ =1 (mod p(m)). Define h,g: A — A by letting h(a) = fn(a®) and g(b) = f,,, (b°).
For all a € Z with gcd(a, m) = 1, we have g(h(a)) = a and h(g(a)) = a.

Proof. Suppose that ged(k, p(m)) = 1. By Corollary 6.1.17, we can fix £ € NT with k¢ = 1 (mod ¢(m))
(notice that we choose a positive such ¢ by finding an equivalent value in the set {1,2,...,m — 1}). By



6.7. CRYPTOGRAPHY 169

definition, have p(m) | k¢ — 1, so we can fix n € Z with ¢(m) -n = kf — 1. Since k,¢ € N, we have
k¢ —1 >0, and hence n > 0. Notice that k¢ = 1+ ¢(m) - n. Now for any a € Z with ged(a,m) = 1, we have

g(h(a)) = (a*)*  (mod m)

=d" (mod m)

a'tem e (mod m)

a-a?™™  (mod m)
a- (™)™ (mod m)
a-1" (mod m)

a (mod m),

where the second to last line follows from Euler’s Theorem. A completely analogous argument shows that
h(g(a)) = a. O

Again, note that this argument only works for those a € Z with ged(a,m) = 1. However, if m is the
product of two primes, then it is possible to show that every a works.

Proposition 6.7.3. Let m = pq for two distinct primes p,q € NT, and let A = {0,1,2,...,m — 1}. Let
k € Nt with gcd(k, o(m)) = 1. The function h: A — A given by h(a) = f.(a®) is a bijection. Moreover, if
¢ € Nt s such that k¢ = 1 (mod @(m)), then the function g: A — A given by g(b) = f,,(b°) is an inverse
of h.

Proof. By the previous result, we need only check the values of a € Z such that ged(a,m) # 1. The proof in
this case is an exercise (see the Homework). O

In fact, this proposition is true whenever m is a product of distinct primes, which is the same as saying
that m is square-free (i.e. m is not divisible by the square of any natural number greater than or equal to
2). However, it is not true for all m € NT.

To summarize, here is the encryption scheme in this case:

« Fix two distinct primes p, ¢ € N so that m = pq is large enough to code any message you want to send.
We can find such large prime using the methods of the previous section. Then pick some k € N* such
that ged(k, ¢(m)) = 1. We can find such a k through trial and error using the Euclidean Algorithm,
so long as we know ¢(m).

« To encode a message, compute h(a) = fn,(a¥), i.e. h(a) is the unique element of A that is congruent to
a® modulo m. Notice that we can do exponentiation modulo m quickly (as described in the previous
section).

 For decoding, we first compute an ¢ € NT with k¢ = 1 (mod ¢(m)), which we can find through
the Euclidean Algorithm (so long as we know ¢(m)). Then, given an encoded message, we compute
g(b) = fm(b?) to decode the message.

At first sight, everything seems completely analogous to the previous situation. However, there is one major
difference, which is why we added the phrase “so long as we know ¢(m)” in two places above. Notice that
since p and ¢ are distinct primes, we have

@(m) = »(pq)
= p(p) - p(q)
={@-1(-1),
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so we can indeed compute ¢(m) if we know both p and ¢. Thus, if we know both p and ¢, then we can
compute such a k and / as described. Suppose that somebody, let’s call her Alice, is setting up this encryption
scheme, and does the hard work of generating two primes p and ¢ in order to form m. Of course, Alice has
access to p and ¢, so can compute both k£ and £. Now if Alice wants somebody, let’s call him Bob, to send
her encrypted messages, then Alice can tell Bob the values of m and k. Notice that with only knowledge
of m and k, Bob is able to encrypt and send the result to Alice. Since Alice knows ¢, she can perform the
necessary decryption.

However, think about what an eavesdropper would try to do in order to decrypt. In the past, any
eavesdropper who knew both m and k would be able to compute £ using the Euclidean Algorithm. However,
in this scenario, it seems that an eavesdropper would first want to compute ¢(m) = (p — 1)(¢ — 1). In order
to do that, the eavesdropper apparently needs to factor m in order to recover both p and ¢q. But that seems
difficult! We do not know of any efficient way to take a large number and factor it into primes!

Thus, even if Alice broadcasts both m and k to the world, thus providing anybody a means to encrypt
messages to her, it seems computationally infeasible for anybody other than Alice to figure out £. Think
about how this can be used in practice. If you want to transmit sensitive information over the internet (say
your credit card number or other financial information), then the organization that wants that sensitive
information can play the role of Alice, and transmit instructions to you about to send an encrypted message.
Even if somebody is monitoring the line and sees these instructions, that eavesdropper will not be able to
determine ¢ in any reasonable amount of time, and so apparently can not decrypt the sensitive information!
This is amazing!

The above encryption scheme is known as RSA, which is named after Rivest, Shamir, and Adleman, the
first people to publicly discover and popularize the ideas (it turns out that GCHQ in England had discovered
the essential ideas several years earlier, but the information was classified). RSA is part of a family of so-
called public-key encryption schemes. In all the encryption methods we discussed earlier, the sender and the
recipient needed to keep certain “keys” completely private. For example, they could not tell anybody the
values of m and k, as anybody with knowledge of those values (and sufficient knowledge of number theory)
could then determine how to decrypt messages. In contrast, Alice can shout her “keys” m and k publicly,
and just keep the value of ¢ private. As mentioned, it seems that anybody who wants to recover £ would
need to factor m, which is computationally infeasible (to the best of our knowledge).

Although we have covered the fundamental theoretical background for basic RSA encryption, there are
many subtleties and pitfalls that arise when implementing it, and there other practical considerations and
issues. However, those interesting aspects are for another course and time.



Chapter 7

Growth Rates of Number-Theoretic
Functions

In this chapter, we begin a study of the the growth rate of some simple functions. Our first task will be
to define what we mean when we say that two functions grow at the same rate. Notice that if f(z) = 2,
and g(z) = z, then we trivially have f(z) > g(x) for all x > 1, but we mean more than that when we say
that f(z) grows much faster than g(z). For example, we have 22 > 22 — 1 for all z, but f(z) = z? and
g(z) = 2% — 1 are “essentially the same” for large values of x. In other words, simple inequalities will not

suffice.

7.1 The Factorial Function

Define f: N — N by letting f(n) = n!l. How fast does this factorial function grow? The short answer is
“very fast”. But what if we try to approximate it by another function, such as an exponential function? We
have the simple lower bound that n! > 2"~! for all n > 2 because

nl=n-(n—1)-(n—2)---3-2-1
>2.2.2...2.2.1
:27171

for all n € NT. In fact, for n > 4, it’s easy to check that n! > 2" because we get an extra factor of 2 from
the 4. On the upper bound side, the best that we can immediately conclude is that

nl=n-n—-1)-(n—2)---3-2-1
Sn.n.n...n.n.n
=n".

Therefore, for all n > 4, we have
2" < nl < n".

Are either of these bounds “close”? No. For example, given any a € N, it seems that n! > o™ for any
sufficiently large n, because eventually the leading terms in the product of n! will dominate the repeated
factors of a.

How do we formalize the intuition that the above bounds are bad? In order to compare the growth rates
of the functions f and g whose domain is some unbounded subset of R (like N or R), and whose codomain

171
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R, the idea is to look at the quotient %. For example, when comparing f(z) = 22 and g(x) = x, we have
that

2
f@) _ 2 _
glz) =
so for large values of x, the quotient % is also large. More precisely, we have
1 M = lim z = o0
z—o0 g(T T—00
and similarly
im 49 g Lo

Notice instead that if we consider f(z) = 22 — 1 and g(x) = 22, then we have

2

-1
lim M = lim a:
z—oo g(x) oo T2

1
= lim (1 — )
Z—00 T

1
= lim 1— lim —
T—00 T—00 I
=1-0
=1.

In order to compare two functions and f and g, the idea then is to look at the value of 5 Ejg for large inputs
x. We can then categorize growth rates with the following ideas:

.

o If lim £

z-300 9(T)

= 0, then g grows much faster than f.

o If lim g E;:; = o0, then f grows much faster than g.
T—>00 -+

o If lim g (;) = ¢ for some positive number ¢, then f grows at roughly the same rate as g, i.e. within a

multiplicative constant.

o If lim £ — 1 then f and g grow at the same rate.

z-300 9(%)

f(=z)
9(z)
1 and 3. However, we will focus on the simpler cases here (see Analysis for tools that allow one to understand

more complicated situations).

It is also possible that

does not approach a limit. For example, the values might forever oscillate between

Definition 7.1.1. Given two functions f and g with domain some unbounded subset of R, and codomain
R, we write f ~ g to mean that
f(z)

lim —= =1.
T—>00 g(x)
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Let’s return to our above example, and compare the function f(n) with the function g(n) = n™. For any
n € Nt we have

n! 1-2-3-
nt onen-n--en
1 2 3 n
nnon n
1
<--1-1---1
n
1
=
Therefore,
n! 1
0<—< -
nr n
for every n € N. Since
lim 0=0
n—oo
and 1
lim — =0,
n—oo N

it follows from the Squeeze Theorem that lim

n—oo
faster than f(n).
It’s desirable to get a better idea of just how quickly n! grows (for both theoretical and computational
reasons, and also just for kicks). Since n! is the product of the first n natural numbers, it seems that ()"

1 . . .
7 = 0. Thus, using our above characterization, g(n) grows

is a plausible guess, since we are somehow “averaging out” the n factors 1,2,...,n and replacing them all
by 5. However, this doesn’t work. It turns out that
n/2)"
lim 7( /2) =

b
n—00 nl

so (3)" grows too fast. It is possible to argue this carefully once we obtain some better bounds on n!.
However, the intuition is as follows. Consider

200=20-19-18-17-16-----5-4-3-2-1.

If we reorder the product so that we pair the largest with the smallest factor, then the second largest with
second smallest, etc., we obtain

20! = (20-1)-(19-2) - (18 -3) - - - - (13-8)-(12-9) - (11-10).

Now if compare this to (22)%0 = 10%° = (10?)'° = 100'°, we see that although a few of the pairings are
slightly greater than 100 (the last 3), several of the early pairing are much less than 100, and these drag
down the product. However, it’s also true that

lim 7(71/3)”

n—oo nl

:07

so ()" grows too slow. Interesting... Again, it is possible to argue this carefully using some of the estimates
below

In order to get some actual bounds, perhaps we should try to find some strategy that is better than blind
guessing. To that end, notice that n! is a product of n numbers, and we have few direct tools (at this point)
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to estimate such products. It is often easier to approximate the value of a sum than that of a product, so
the idea is to use logarithms to turn the product into a sum. And if we can get a handle on In(n!), then we
use the exponential function to help us understand n!. We start by noticing that

Now the sum on the right can be viewed as a Riemann sum approximating fln Inx dz.
In order to obtain inequalities, rather than approximations, we notice that the function f(z) =Inz is an
increasing function on (0,00). Let n € NT. We have

In(n!)=Inl14+mn2+mn3+---+Inn
=In2+m3+.---+1lnn (since In1 =0)
=1-In241-In34+---+1-1lnn,

and we can view this last sum as using the right-hand endpoints in a Riemann sum with Az = 1, we can
use the fact that f(z) = Inz is increasing to conclude that

/ Inzdr<1-ln2+1-In3+---+1-Inn
1

= In(n!).
On the other hand, we can also notice that

In(n!)=Inl1+mn2+mn3+---+Inn
=Inl+mn2+mn3+---+In(n—1)+1nn
=(1-In1+1-n2+1-In3+---+1-ln(n—1)) +Inn.

Viewing the sum in parentheses as using the left-hand endpoints in our Riemann sum, and using the fact
that f(z) = Inx is increasing on (0, c0), it follows that

In(n)=(1-In14+1-n2+4+1-n3+---+1-ln(n—1))+1nn

< (/ Inz dx) + Inn.
1

Combining this two inequalities, it follows that
n n
/ Inz dxgln(n!)glnn—&—/ Inx de.
1 1

Now using integration by parts with v = Inz and dv = dz, we have du = % dr and v =z, so

/lnxdac:xlanL—/ 1dx
1 1

=nlnn—1lnl— (z|})

=nlon—(n—1)

=nlnn—-n+1.

Therefore,
nlnn—n+1<In(n!) <lnn+nlnn—n+ 1.
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Since the function g(x) = e is increasing, it follows that

el Inn—n+1 <

n S 6ln n+nlnn—m-+1 .

Using basic exponent rules, it follows that
(elnn)n e e1 S n! S elnn . (elnn)n e 61,

SO

n —n

n".e"e<nl<n-n"-e" e

n\" n\"
e-<7) Sn!gen-<7> .
e e

Therefore, it looks like (2)™ is a much better approximation to n! than either ()" or ()". Notice that the
upper bound grows much faster than the lower bound, because

and hence

lim M = lim n=0oc
n\n :

Thus, although we’ve sandwiched n! between these two values, it’s unclear if n! is closer to the lower estimate,
to the upper estimate, or if it is somewhere in the middle. It turns out that the lower bound grows slower than
n!, and the upper bound grows faster. The core of the problem with our approximations is that Riemann
sums use flat-topped rectangles to approximate the area under the curve f(z) = Inz. We can do better with
the Trapezoid Rule, which approximates fln In x dz using the sum

1 1 1
51n1+1n2+ln3+~--+1n(n—1)+§lnn:ln2+ln3+-~-+ln(n—1)+§1nn.

Using the fact that f(z) = Inz is concave down on (0,00), it turns out that the straight lines at the top of
the trapezoids are below the graph of f(z) = Inz, so

1 n
ln2+ln3+~~~+ln(n71)+§1nn§/ Inz dz.
1

Thus
In(n!)=lnl4+mn2+mn3+---+In(rn—1)+1nn

1 1
:ln2+ln3+~~~+ln(n—1)—|—§lnn+§1nn

IN

1 n
flnn—i—/ Inx dzx
2 1

1
= §lnn+nlnnfn+1.

With this in hand, we can take the exponential of both sides, and refine our upper bound to be

(1/2) Inn+nlnn—n+1

g

n! <

_ (elnn)(1/2) . (elnn)n e 61
n

n —n

1
=n?2 - e -e

Il
o
B
—
|3
N
3
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Combining this with the above lower bound, it follows that

(2) <o ()

Since the trapezoidal approximation appears to be losing much less information, it is reasonable to hope
that this upper bound grows at the same rate as n!. In fact, it does turn out that
n
evn- (%)

lim —¢&¢~—
n—soo n!

n

does exist and is a positive constant. However, the constant is not 1, so n! % e\/n - (%)n In order to remedy
that, we just need to replace the constant e in front of /n by the appropriate constant, and shockingly it
turns out the correct value is v/27.

Theorem 7.1.2 (Stirling’s Approximation to n!). We have

lim 727”1. (g)

n— o0 n!

n n
n! ~\2mn - (7> .
e

Unfortunately, we have neither the tools nor the time to prove this remarkable fact.

=1

SO

7.2 Average Number of Divisors

Although we had some success approximating n!, the exact growth rate that appears in Stirling approximation
is complicated. To completely solve a problem of this type, we turn to a different number-theoretic function.
Recall the function d: Nt — N* defined by letting d(n) be the number of positive divisors of n. Now
the function d oscillates quite a bit. For example, since there are infinitely many primes, we know that
{n € NT : d(n) = 2} is infinite. Since d(2") = n+ 1 for all n € N (see Corollary 3.3.5), the set {n € N* :
d(n) = logy(n) + 1} is also infinite.

Instead of talking about the growth rate of the function d, we examine the function g: N* — R defined

by letting
> d(k).
k=1

That is, g(n) is the average number of divisors of the elements up to, and including n. By performing this
averaging, we “smooth out” the function d, making it have some more regular properties. Here is table of
some values of these functions:

g(n) =

3=

[ n Tdw) 34 dB [ g ]
1 1 1 1
2 2 3 1.5
3 2 5 ~ 1.6667
4 3 8 2
5 2 10 2
10 4 27 2.7
50 6 207 4.14
100 9 482 4.82
1000 16 7069 7.069
10000 25 93668 9.3668
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Look closely at the value g(10), g(100), g(1000), and g(10000). Between each of these, when we multiply
the input by 10, we add a bit more than 2 to the output of g. Since multiplicative factors turn into additive
factors, it is reasonable to suspect that the growth rate of g is logarithmic. In fact, it turns out that
g(n) ~ Inn. In order to prove this, we start by finding another way to evaluate the third column of the
above table.

Proposition 7.2.1. For any n € Nt, we have

Proof. Let
P ={(a,b) e Nt x N : ab < n}.

We count |P| in two different ways as follows:
o For each k with 1 < k < n, let Sy = {(a,b) € P : ab = k}. Notice that the Sy are pairwise disjoint,

and that
P=SUSyU---US§,.
k

Now given any k with 1 < k < n, the function fi: Div* (k) — Sy defined by letting fi(a) = (a, 2) is
a bijection, so |Sg| = |Div*t (k)| = d(k). Therefore, by the Sum Rule, we have

[Pl=" 1Skl =) d(k).
k=1 k=1

o For each k with 1 <k <mn, let T, = {(a,b) € P : a = k}. Notice that the Ty are pairwise disjoint, and
that |Ty,| = | %] for each k (since we can pair k with any value in the set [[ ] to obtain a product less
than or equal to n). It follows that

n

|P|=§|Tk|=Z[ZJ.

k=1

Therefore, we have
n n

S dk)y=1P=Y" [%J

k=1

~
Il
-

The idea now is to approximate

k=1

using an integral. However, the floor function is a nuisance in this regard. In order to get rid of it, notice
that we trivially have x — 1 < |z| < z for all € R. Hence, we have

islil=x

for all n, k € N. It follows that
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for all n € N*. Using the above proposition, we conclude that

i(%—l) <Y dky <Y

k=1 k=1 k=1

k=1 k=1 k=1
SO
—1 —-< - d(k) < -
+Z k—n Z (k) < k’
k=1 k=1 k=1
ie.
"1 "1
k=1 k=1

We now obtain bounds on the sum >, _, k by computing the integral fl ;; dz. We begin by noticing that
the function f(z) = 1 is a decreasing function on (0,00). Since

i1—1+1+1+ +l
kzlk* 2 3 n

1 1 1
=1 o141+
+<2 +g Lt )

and we can view the sum in parentheses as using the right-hand endpoints in a Riemann sum with Az =1,
we can use the fact that f(z) = % is decreasing to conclude that

"1 1 1 1
— =1 R [ I |
,;:1"3 +<2 gl )

"1
< 1—|—/ — dz
1 X
=1+ Inn.
On the other hand, we can also notice that
"1 1 1
Y =1 + +L+ -
n

k:k 3

—11+11+11+ + 1 1+1
o 2 3 n—1 n’

Viewing the sum in parentheses as using the left-hand endpoints in our Riemann sum, and using the fact
that f(z) = 1 is decreasing on (0, 00), it follows that

"1
> %
k=1

1 1 1 1
1- 1+f 1+ 1+-~+~1>+
n—1

( 3 ;
SURE

Y

Inn.
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Combining this two inequalities, it follows that
— —|— Inn < Z 1 1+Inn.
T~k

Recalling that

n

1 "1
1y T <gm <y
k=1 k=1

we conclude that .
(-1)+—4+Inn<g(n) <l+lnn.
n

If n > 2, we can divide through by Inn > 0 to conclude that

1 1 1 g(n)

- +1<fl <11
Inn  nlnn nn Inn
Since
lim — =0
n—oo Inn
and
lim =0,

we have both

1 1
lim [ —— + +1] =1
n—00 Inn  nlnn
and
. 1
lim ( + 1) =1.
n—oo \ Inn
Using the Squeeze Theorem, we establish the following result.

Theorem 7.2.2. Define g: NT — N7T by letting

g(n) = d(k)
k=1
We then have that g(n) ~ lnn, i.e. that
AL
n—oo Inmn

7.3 Counting the Number of Primes

Definition 7.3.1. We define a function m: R — N by letting 7w(x) be the number of primes less than or
equal to x.

For example, we have w(0) = 0, m(2) = 1, n(3) = 2, 7(10) = 4, and «(w) = 2. Initially, it might seem
strange to extend the domain of 7 to be all real numbers (rather than just N and N*t), but it turns out to
be useful. We know that there are infinitely many primes, so

$1L\rgo m(z) = oo.
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However, it is not at all clear how quickly 7(z) grows. To get a sense of the growth rate, it might be easier
to think about the function f(z) = me) Now given n € N, we have that f(n) is the fraction of elements
in [n] that are prime. Notice that we trivially have that 0 < f(n) <1 for all n € N*.

Since there is only one even prime, we expect that f(n) < % for all moderately sized values of n (notice
that f(3) = 2 and f(5) = 2 are both greater than ). Indeed, since 9 is the first odd number (other than 1)
that is not prime, it balances out the 2, and so it straightforward to show that f(n) < % for all n € N with
n > 8. Now as n becomes larger, we expect f(n) to become smaller still. For example, we know that 3 is
the only prime that is a multiple of 3. So we might think that we can subtract % from our upper bound on
f. However, since we have already eliminated the even numbers, we now only eliminate the odd multiples
of 3. Using this idea, it’s possible to show that f(n) < 1— % — L = 1 for all sufficiently large n. Playing
this game a little more, it seems reasonable to expect that f(n)

-3
in terms of the function m(x), it is natural to conjecture that

=

pproaches 0 for large values of n. Stated

SN

lim —= =0.
r—o0 I

Indeed, this is true, and it will follow easily from some more sophisticated estimates that we carry out below.
In order to determine the growth rate of m(x), we need to ask how quickly n(z) goes to 0. The answer to

T

this difficult question is given by the celebrated Prime Number Theorem, which says that

The theorem is usually stated in the following form.
Theorem 7.3.2 (Prime Number Theorem - Hadamard, de la Vallée Poussin). We have

7(x)

T—00 x/ Inx -

s0
* and L(x) 1

W(x)wﬂ T Nlnx'

The original proofs of the Prime Number Theorem occurred in 1896, and used sophisticated ideas from
complex analysis. As a result, we will not be able to prove it here. However, we will prove the following
weaker version.

Theorem 7.3.3. There exist c,d € R with 0 < ¢ < 1 < d such that

n n
< <d. —
¢ Inn <m(n) < Inn

for allm e N withn > 2.

w(n)
n/lnn

In other words, we will be able to bound the quotient
m(n)
n/Inn
forever), but it does show that - is the correct general order of growth.

As you will show on the homework, there are arbitrary large gaps in the primes. Although these gaps
grow as we move further out, it is reasonable to expect that there are no large gaps too “early”. One way to
make this precise is the following fundamental result.

between two positive numbers. Notice that

this weaker result does not even suffice to argue that approaches a limit (it could conceivably oscillate

Theorem 7.3.4 (Bertrand’s Postulate). For all n € NT, there exists a prime p with n < p < 2n.
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Notice that in the language of the function 7(z), Bertrand’s Postulate is equivalent to showing that
7(2n) — 7(n) > 0 for all n € N*. It turns out that the ideas that go into the proof of Bertrand’s Postulate
correspond with the ideas that we use to prove Theorem 7.3.3. Suppose then that we want to think about
how we could attack Bertrand’s Postulate. Start by thinking about the smallest number you can create that
is divisible by all of the primes between n and 2n. Of course, (2n)! is such a number, but it is divisible by
all primes less than or equal to 2n. If we only want the primes between n and 2n, we would do better to

consider the number
(2n)!

n!

3

which is the product of all numbers in this range. In fact, we can do even better. We know that

2n\  (2n)!
n/) nl-nl
is a natural number, and it is reasonable to believe that it is divisible by all the primes between n and 2n,
because nothing in the denominator will be able to cancel these primes. We will soon argue that this belief

is in fact true (see Lemma 6.2.2 for an analogous result). In fact, we’ll soon examine the prime factorization
of (2:) in much more detail. To obtain a sense of these factorizations, consider the following examples:

10
=22.32.7¢
(5)

22.11% 131 .17 - 19!

f—
(=]

-32.50 .17t .19 - 231 . 29!

N
(e

/\/\Q/\
ot O

N
I
\G]
B

2.32.50. 71111 131 . 231 . 291 . 311 . 37!

[N}
S
Il
I\

[}
o

23.32.72.131 .29 . 311 . 371 . 411 . 43" . 47!

25

(gg) =2%.7 .11t 17t 19 - 31 - 371 411 - 431 471 . 531 . 59!

There is a great deal to unpack here, but the fundamental takeaway is that (2:) looks like the product of the
primes between n and 2n, with some extra small primes thrown in. Why is this helpful? The fundamental
reason is that we can obtain some simple bounds on the size of (27?) using some combinatorial reasoning.

Proposition 7.3.5. For all n € NT, we have

on < 4" o <2”) <47
2n n

Proof. Let n € NT be arbitrary. We first show that

<2n> <4,
n

Notice that 4™ = 22", so 4™ counts the number of all subsets of [2n]. Since (
of [2n] with exactly n elements, this inequality follows immediately. Alternatively, we can notice that (27:1)
is just one of the positive summands when we expand (1 + 1)?" using the Binomial Theorem.

2n

n) counts the number of subsets
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4mn 2n
z < ,
2n — ( n)

N N k

k=0

To see that

we begin by recalling that

by Corollary 5.2.3. By the homework, we know that (25) < (27:1) for all k. Now there are 2k + 1 many

summands, but we know that
2 2 2
(5)+ () =rer=2=(7)
0 n n

because {1,2,...,n} and {n +1,n+2,...,2n} are both subsets of [2n] with n elements. Combining these
two terms into one, we have a sum of 2n many terms on the right-hand side above, each of which is at most

2n) | Therefore
(n) ’
2n
n 2n (2n
! ‘Z<k><2” (n)

k=0

Dividing both sides by 2n, we obtain our inequality.

Finally, we need only prove that 2" < % for all n € N*. We start by noticing that m < 2™~ for all
m € N (which is easily shown by a simple induction). Since n < 277!, we can multiply both sides by 2 to
conclude thﬁt 2n < 2". Now 2" = (%)” = g—n, so 2n < 37. Multiplying both sides by g—n > 0, we conclude
that 2" < 4-. O

In order to determine properties of the the prime factorization of (277), we need to understand the prime
factorization of n!. Given a prime p, how do we determine the power of p in the prime factorization of n!?
To help understand this, we first introduce a definition.

Definition 7.3.6. Let p € N* be prime. Define a function ord,: N* — N as follows. Given a € N*, let
ord,(a) be the largest k € N such that p* | a.

For example, we have ords(45) = 2 and ords(10) = 0. The most important fact about ord, that we will
need is that it has the fundamental property of logarithms in that in converts multiplication into addition.

Proposition 7.3.7. Let p € N be prime. For all a,b € N, we have ord,(ab) = ordy(a) + ord,(b).

Proof. Let p,a,b € Nt be arbitrary with p prime. For notational purposes, let k& = ord,(a) and let ¢ =
ord,(b). By definition, we have p* | a and p* | b, so we can fix m,n € Z with a = p*m and b = p’n.

We first claim that p { m and p 1 n. To show the former, assume instead that p | m. By definition, we
can fix ¢ € Z with m = pe. Plugging this into a = p*m, we have a = p*pc = p**1c. Since ¢ € Z, this implies
that p**1! | ¢, contradicting the fact that k = ord,(a) is the largest exponent of p that produces a divisor of
a. Therefore, we must have p t m. Similarly, we have p { n.

We next claim that ord,(ab) > k + £. To see this, notice that we have

ab = pFmp'n
= pFp'mn
=p"*mn,

so since mn € Z, we have p*** | ab. Since ordy(ab) is the largest exponent of p that produces a divisor of
ab, we conclude that ordy(ab) > k + .
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Finally, we need to show that ord,(ab) < k + £. Assume instead that ord,(ab) > k + ¢. We can then fix
j > k + ¢ such that p’ | ab, and from here fix ¢ € Z with p’c = ab. Since we know that ab = p**mn, we
conclude that

ple=p"*mn.
Now j > k + ¢, so dividing both sides by p**, we conclude that

j—k—1{

P c=mn,

and hence

j—k—0—1

p-p c=mn.

Now j—k—£—1> 0since j > k+¢,so p? *~*~lc € Z, and hence p | mn. Using Corollary 3.2.6, we conclude
that either p | m or p | n, both of which contradict our first claim above. It follows that ord,(ab) < k + £.

Since we have shown both ordy,(ab) > k + ¢ and ord,(ab) < k + ¢, we conclude that ord,(ab) = k + ¢,
i.e. that ordy,(ab) = ordy(a) + ord,(b). O

In order to understand the prime factorization of n!, we want to be able to calculate ord,(n!) for various
primes p. Let’s look at an example. Suppose that we want to calculate ords(30!). Using our proposition, we
have

30
ords(30!) = Z ords(k).
k=1

Now several terms in this sum equal 1. For example, we have ords(3) = 1,0rd3(6) = 1,0rd3(12) = 1, etc.
We also have ords(9) = 2, ords(18) = 2, and ordz(27) = 3. To evaluate sums like this more generally, we
need to determine the number of summands of each value.

Proposition 7.3.8. Let n,p € Nt with p prime. We have

ordy) = 2]+ | 5+ | 5]+

1)
2l

k=1

Proof. Since ord,(ab) = ord,(a) + ord,(b) for all a,b € NT, we know that
ordy(n!) = Z ordpy(m).
m=1

Notice that exactly BJ many numbers in [n] are divisible by p, and hence exactly BJ many terms in the
sum are greater than or equal to 1. In general, for any k& € N, exactly L}%J many numbers in [n]| are

divisible by p*, and hence exactly | 2 | many terms in the sum are greater than or equal to k. Thus, for the
P
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each k € N*, the number of summands exactly equal to k is L%J — L#J It follows that

ordy(n!) = Z ordy(m)
m=1

(LD (31 L+ (31- L
c[e]- g 3
ENERER

Finally, given k& € Nt notice that we have p* < n if and only if In(p*) < Inn (since f(z) = Inx is an
increasing function), which is if and only if & - Inp < Inn, which is if and only if k < 11?1—;. Therefore, we can

cut off the above sum at “‘;—ZJ O

Using this result, we can compute the prime factorization of n!. Now in order to determine the prime

factorization of
2n\  (2n!)
n) nal-nl

it appears that we need to square the powers of the primes in n!, and subtract the result from the powers
of the primes in (2n)!. In order to determine the fallout of this process, we will need the following simple
result.

Lemma 7.3.9. For any x € R, we have |2z] — 2|z| € {0,1}.

Proof. Let z € R be arbitrary. Let m = || € Z, and let z =z —m, so 0 < z < 1. We then have x = m + z,
and hence 2x = 2m + 2z. We now consider two cases:

e Case 1: Suppose that 0 < z < % We then have 0 < 2z < 1. Since 2x = 2m + 2z and 2m € Z, it
follows that |2z| = 2m. Now |z| = m, so [2z] — 2|z] = 2m — 2m = 0.

e Case 2: Suppose that % < z< 1. We then have 1 <2z <2,800<2z—1< 1. Since

20 =2m + 2z
=2m+ 14 (22 -1),

and 2m + 1 € Z, it follows that |2z] = 2m 4+ 1. Now |2| =m, so [22| —2|z] =2m +1—-2m = 1.
Therefore, we have |2z —2|z] € {0,1} in either case. O
We can now state our fundamental theorem about the prime factorization of (2:)

Theorem 7.3.10. Let n € NT and let N = (27?)

1. For all primes p, we have ord,(N) < hﬁ?g) . and hence p° P (N) < 9p.

2. For all primes p with p > +/2n, we have ord,(N) < 1.
3. Ifn>3 and %n <p<mn, then ord,(N) = 0.

4. If n < p <2n, then ord,(N) = 1.
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Before jumping into the proof, let’s pause to analyze what the theorem is saying in the context of an
example. We noted above that

@g) =2%.3%.72.13" . 29" . 31" . 37" - 41" - 43! - 47"
The first part of the above theorem is saying the following: If we take any prime, the value of the corre-
sponding prime power in the factorization will be at most 50. For example, 23 = 8, 72 = 49, and 43' = 43
are all less than or equal to 50. Moving on, the second statement says that only very small primes can occur
to a power larger than 1. In the above example, we have v/50 ~ 7.07, so any prime larger than 7 must occur
to the zeroth or first power only. Moreover, the fourth statement guarantees that all primes between n and
2n really do appear. Finally, the third statement (which is not needed until later) promises the existence of
a nontrivial gap: any prime in this range will not appear at all in the factorization. In our example with
50

n = 25, we have %n = % &~ 16.67, so any prime p with 17 < p < 25 (which in this case are the primes 17,

19, and 23) do not appear in the above factorization. We now turn to the proof.

Proof. Since

we have

Therefore, for each prime p € N, we have
ordy(n!) + ord,(n!) + ord,(N) = ord,((2n)!),

and hence
ord,(N) = ordy((2n)!) — 2 - ord,(n!).

Using Proposition 7.3.8, it follows that

| niem |

ordy (V)= 3 (1] -2 1))

for each prime p € N*. Using this expression, we now prove the four statements.

1. Let p € Nt be an arbitrary prime. By Lemma 7.3.9, each term in the above sum is either 0 and 1.

Therefore, ord,(N) < 111122;). Multiplying both sides by Inp > 0, we see that (Inp) - ord,(N) < In(2n),

so since f(xz) = e is an increasing function, it follows that

e(lnp)-ordp(N) < eln(2n).

Therefore,
(eln p)o’r'dp (N) < eln(Zn) ,

and hence
pm“dp(N) < 2n.

2. Let p € Nt be prime with p > v/2n. Squaring both sides, it follows that p? > 2n. Since f(r) = Inx is
an increasing function, it follows that In(p?) > In(2n), so 2Inp > In(2n), and thus lnlfg) < 2. Using
part 1 and the fact that ord,(N) € N, it follows that ord,(N) < 1. (Alternatively, since p? > 2n and

we know that p°"%(N) < 2n by part 1, it follows that we must have ord,(N) < 1.)
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3. Suppose that n > 3 and let p € N* be prime with %n < p < n. Notice that since p > %n and n > 3,
we have p > % -3 =2, so p > 3. Multiplying both sides of %n < p by 3, we see that 2n < 3p. Now

since p > 3, it follows that 2n < 3p < p?. As in the proof of part 2, it then follows that % < 2.
Examining the above sum, we conclude that it only has one term, and so

wuin-[2]-2 5]

t 2n

Since %n < p, we can multiply through by % to conclude tha < 3. Also, since p < n, we have

2p < 2n,s0 2 < 2?". Therefore, 2 < 27" < 3, and hence {%”J = 2. Multiplying through by %, we see

that 1 < % < %, SO {%J = 1. Therefore, ord,(N)=2-2-1=0.

4. Let p € Nt be prime with n < p < 2n. Since p > 2, we have 2n < 2p < p?, so as in part 3 we have

% < 2 and hence
2
wa= 3] -2 )

Now multiplying n < p < 2n < 2p through by %, we see that % <1< % < 2. Thus, we have LZ?”J =1

and {%J =0,s00rdy(N)=1-2-0=1.
O

Using information about the prime factorization of (277) , we can now obtain the following number-theoretic
bounds.

Corollary 7.3.11. For all n € NT, we have

nﬂ'(Zn)ffr(n) < (2n> < (2n)ﬂ'(2n)
n
Proof. Let N = (2:) Let N = p’f1p§2 .- -p;fz be the prime factorization of IV into distinct primes with k; > 0
for all 3.
For each prime p € Nt we know that p @ (M) < 2n by Theorem 7.3.10, so pfi < 2n for all 4. Furthermore,
since p; < 2n for each i, we have that ¢ < m(2n). Therefore,

N =piiph? -t < (20)70".

On the other hand, for each prime p with n < p < 2n, we know that p | N by Theorem 7.3.10, so there exists
an ¢ with p = p;. Now there are m(2n) — m(n) many such primes, and since each of them is greater than n,
it follows that

nﬂ'(2n)—7‘r(n) < N.

O

We can now combine Proposition 7.3.5 and Corollary 7.3.11 to obtain some useful bounds on the function
.

Corollary 7.3.12. For all n € NT, we have

n

m(2n) > 1n2- m2n)

and

n
2n) — <2In2. —.
m(2n) —7(n) < 2In -
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Proof. Let n € NT be arbitrary. Using Proposition 7.3.5 and Corollary 7.3.11, we have

on < (2n> < (2n)7C™),
n

Taking the natural logarithm of both sides, using the fact that  — Inx is increasing, it follows that
nln2 < w(2n)In(2n).
Dividing both sides by In(2n) > 0, we conclude that

n
>n2 — .
w(2n) > In2 n(2n)

Using the other inequalities from Proposition 7.3.5 and Corollary 7.3.11, we also have

nﬂ'(Qn)—-rr(n) < (2n> <4n,
n

Taking the natural logarithm of both sides, using the fact that  — Inx is increasing, it follows that

(m(2n) —w(n)) -Inn < nlnd,

SO
(2n) — w(n) <lnd-
T T - Inn
—2ln2. -
. Inn

O

In order to use these results to obtain bounds on 7(n) for general n, we need to grapple with the fact
that the previous result only gives us information about 7 on even values. However, for the lower bound, we
can patch in the odd values of n using a straightforward argument.

Theorem 7.3.13. For all n € N with n > 2, we have

(n) > In2 n
m(n) > —  —.
— 2 lan
Proof. We first prove this in the case where n is even. Suppose then that n € N is even, and fix m € N with
n = 2m. Using Corollary 7.3.12, we have

m
2m) > In2 -
m(2m) 2 In In(2m)’
» m2 2
n m
o9m) > ——
m(2m) = 2 In(2m)

Thus, the statement is true whenever n is even. Now suppose that n > 2 is odd, and fix m € N with m > 2
and such that n = 2m — 1. Notice than 2m is an even number greater than or equal to 4, so 2m is not prime,
and hence m(2m — 1) = m(2m). We therefore have

m(n) =m(2m —1)
=7(2m)
In2 2m
>

2 In(2m)’
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Now notice that the function f(z) = £ is increasing for z > 3 because

_lnx—l

f ({E) - (11137)2 ’

which is greater than 0 for > 3. Since 2m — 1 > 3, it follows that

f—  —
2 In(2m) — 2 In(2m-—-1)’
0
In2 n
> 0
mn) = 2 Inn

The upper bound is trickier, as the inequality

m(2n) —w(n) <2In2- ﬁ

only gives us information about 7(2n) in terms of information about m(n). We can, of course, iteratively
apply this inequality so long as we can continue to divide out factors of 2. The easiest numbers to consider
from this persepctive are powers of 2, so we first prove an upper bound on 7(2™) using this result together
with induction.

Proposition 7.3.14. For all m € NT, we have

m

N}

2M < 3. —.
m(2™) <3 —

Proof. The proof is by induction on m.

e Base Case: We handle the cases when m < 5:

— When m = 1, the left-hand side is 7(2) = 1 and the right-hand side is 3 - % =6.
— When m = 2, the left-hand side is w(4) = 2 and the right-hand side is 3 - % =6
) = 4 and the right-hand side is 3- § = 8.

(

(
— When m = 3, the left-hand side is 7(8
— When m = 4, the left-hand side is 7(16) = 6 and the right-hand side is 3 - 1& = 12.
(

— When m = 5, the left-hand side is 7(32) = 11 and the right-hand side is 3 - ‘5—52 = 95—6 > 19.

o Inductive Step: Suppose that m > 5 and that the statement is true for m. We then have 5(m + 1) =
5m + 5 < 5m 4+ m = 6m, so dividing both sides by 2m(m + 1) > 0, we conclude that

5o 8
2m — m+1
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Using induction and Corollary 7.3.12, it follows that

(2™ = (2™ — x(2™) + 7(2™)

m Qm

<2ln2- - —
=2 ln(2m)+3 m

2m 2m
=2n2. ——+3. —
. mln2+ m
2m 2m
=2. — +3- —
m m
2m
—5.2_

completing the induction.

O

Although our proposition only directly applies to powers of 2, we can now prove an upper bound on m(n)
by simply going up to the next power of 2.

Theorem 7.3.15. For all n € N with n > 2, we have

n
<6In2.- —.
m(n) < 6In Inn

Proof. Let n € N be arbitrary. Let m € NT be least with n < 2™. We then have 27! < n, so 2™ < 2n.
Using Proposition 7.3.14, it follows that

m(n) < w(2™)
2m
<3

=3In2- 2

mln?2
2771
In(2m)
2n
nn
n

=3In2-

§31r12-1

=6In2- .
Inn

Combing our lower and upper bounds, we conclude that

In2 n n
-t D < < A
2 Inn <m(n) <6In2 Inn

for all n € N with n > 2.
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Chapter 8

Graph Theory

8.1 Graphs, Multigraphs, Representations, and Subgraphs

Definition 8.1.1. A graph G is a pair (V, E) of sets such that:
e V is a nonempty set.

e E is a (possibly empty) set such that each element is subset of V' of cardinality 2. In other words,
E CPy(V).

Elements of V' are called vertices, and elements of E are called edges. We say that G is finite if V is finite
(in which case E must be finite as well).

For example, if we let
vV =1{1,2,3,4,5}
E={{1,2},{1,3},{1,5},{3,5}},
then G = (V, E) is a graph.
Definition 8.1.2. Let G = (V, E) be a graph.

e Given an edge e € E, we call the elements of e the endpoints of e, and we say that e is incident to
these vertices.

o Ifu,w eV and {u,w} € E, then we say that v and w are adjacent or linked.

We can also view graphs as certain types of relations. Recall that a relation on a set V is a subset of V2,
i.e. a set of ordered pairs, while edges in a graph are sets with 2 elements. However, if we consider symmetric
relations, then we can just ignore the fact that edges are unordered because whenever we have the ordered
pair (u,w) we also have the ordered pair (w,u). We need one other condition as well.

Definition 8.1.3. A relation R on a set A is irreflexive if (a,a) ¢ R for all a € A.

Notice that irreflexive does not mean “not reflexive” (if (a,a) € R some a € A and (a,a) ¢ R for some
other a € A, then the relation is neither reflexive nor irreflexive). From this point of view, a graph can be
described as a nonempty set V together with a relation on V' that is symmetric and irreflexive. For example,
we can interpret the above graph as follows:

V ={1,2,3,4,5}
R={(1,2),(2,1),(1,3), (3,1),(1,5), (5,1), (3,5), (5,3)}

191



192 CHAPTER 8. GRAPH THEORY

Definition 8.1.4. Let G be a finite graph with n vertices vy,va, ..., v, listed in some order. We define an
n X n matriz A called the adjacency matrix of G by letting

1 if v, is adjacent to v;
@ =
! 0 otherwise

For the above example with vertices listed in order 1,2, 3,4, 5, we have the adjacency matrix

011 01
10 0 0 0
A=11 0 0 0 1
0 0 00O
1 01 00

If we change the order of the vertices to be 4,3,5,2, 1, then we have the adjacency matrix

0 00 0O
0 01 01
A=]10 1 0 0 1
0 00 01
01110

Notice that the adjacency matrix A of any finite graph is symmetric (i.e. a;; = a;, for all ¢ and j, or
alternatively A is equal to its transpose), has each entry equal to either 0 or 1, and has all diagonal entries
equal to 0. Furthermore, it’s not hard to see that every matrix with these properties arises as the adjacency
matrix of some finite graph.

Definition 8.1.5. Let G be a finite graph with n vertices vy,va, ..., v, and m edges ey, e, ..., e, each listed
in some order. We define an n x m matrixz B called the incidence matrix of G by letting

1 ifv; is an endpoint of e;
bij = .,
0 otherwise

For the above example with vertices listed in order 1,2,3,4,5 and edges as {1,2},{1,3},{1,5},{3,5}, we
have the incidence matrix

1110
1 0 00
B=]01 0 1
0 0 00
00 11

Notice that incidence matrix has each entry equal to either 0 or 1, and has exactly two 1’s in each column.
Furthermore, it’s not hard to see that every matrix with these properties arises as the incidence matrix of
some graph.

Definition 8.1.6. We define the following graphs.
e For each n € Nt let K,, be the graph with vertex set V = [n] and edge set
E={{i,j}:1<i<n,1<j<n, andi#j}

equal to the set of all subsets of V' of cardinality 2, i.e. every pair of distinct vertices are linked. We
call K,, the complete graph on n vertices.
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e For eachn € NT | let P, be the graph with verter set V = [n] and edge set
E={{i,i+1}:1<i<n-—-1}.
We call P, the path graph on n wvertices.
e For eachn € NT with n > 3, let C,, be the graph with vertex set V = [n] and edge set
E={{i,i+1}:1<i<n—-1}U{{1,n}}.
We call C,, the cycle graph on n vertices.
e For each m,n € Nt let K, ,, be the graph with vertex set V = [m + n] and edge set
E={{ij}:1<i<mandm+1<j<n}
We call K,, , a complete bipartite graph.

In our definition of a graph, given any two vertices, either they are linked by one edge or they are not.
Also, in a graph, edges always have two distinct endpoints, so there are no “loops” By relaxing these
conditions, we define a broader class of objects that we’ll call multigraphs. Since two distinct vertices can
have many different edges linking them in this context, the definition is more involved.

Definition 8.1.7. A multigraph G is a triple (V, E, f) of sets such that:
e V is a nonempty set.
e F is a set disjoint from V.

e fis a function with domain E such that f(e) is a subset of V of cardinality either 1 or 2 for each
e € E. In other words, f: E — P1(V)UPy(V).

Elements of V are called vertices, and elements of E are called edges. We say that G is finite if both V and
E are finite (notice that it possible that V is finite but E is infinite).

Definition 8.1.8. Let G = (V, E, f) be a multigraph.

e Given an edge e € E, we call the elements of f(e) the endpoints of e, and we say that e is incident to
these vertices.

o Ifu,w €V and there is an edge e € E with f(e) = {u,w}, then we say that v and w are adjacent or
linked.

e We call an edge e € E aloop if f(e) has only 1 element (i.e. if e has only 1 endpoint).

For example, let

vV =4{1,2,3}
E ={a,b,c,d, e}

and define f by letting:
e fla)={1,2}.
« f(b)={1,3}
« fle)={3}
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fld)={1,2}
fle) ={1,2}

We then have that G = (V, E, f) is a graph. Intuitively, we can think of this graph as follows. There are
three vertices labeled 1, 2, and 3. We have one edge linking vertices 1 and 3, three edges linking vertices 1
and 2, and one edge that is a loop at vertex 3 (so both of its endpoints are vertex 3).

Although the definitions of graphs and multigraphs are fundamentally different, we can interpret every
graph as a multigraph. For example, recall our graph

V =1{1,2,3,4,5)
E= {{1’2}7{173}7{175}7{375}}a

We can interpret this as a mutligraph by letting keeping V, letting E' = {ey1, ea, €3, €4}, and define f by
{1,2}
{1,3}
{1,5}
{3,5}

Alternatively, and much more simply, we can keep both V and F, and just let f: E — P2(V) be the function
where f(e) = e (since, after all, in a graph an element of E is a subset of V' of cardinality 2). This always
works as long as V and F are disjoint.

One can define analogues of the adjacency and incidence matrices for multigraphs, but there there is not
a standard way to deal with loops.

€1

f(
fez
f(

€3

)
)
)
)

fles

o If G is a finite multigraph, and we’ve listed the vertices in order as vy, va,...,v,, then we define the
n x n adjacency matrix A as follows. If i # 7, let a; ; be the number of edges with endpoints v; and
v;. For the diagonal entries, it is natural to let a;; be the number of loops at v;, but there is also a
strong argument for letting a;; be twice the number of loops at v; (so we’re counting the endpoint as
having “multiplicity” 2).

e If G is a finite multigraph, and we’ve listed the vertices and edges in order as wvi,vs,...,v, and
€1,€2,...,6en, then we define the n x m incidence matrix B as follows. If e; is not a loop, let

b 1 if v; is an endpoint of e;
w 0 otherwise

as in the case for graphs. If e; is a loop with single endpoint v;, then we define by, ; = 0 for all k # ¢,
and we let b; ; equal either 1 or 2, depending on our preference (as in the adjacency matrix case).

Since we won’t be dealing with adjacency and incidence matrices of multigraphs very often, we’ll just stipulate
which version we are using

Definition 8.1.9. Let G be a multigraph and let v € V. The degree of v, denoted by d(v), is the number of
edges incident to v, where each loop incident to v is counted twice.

Proposition 8.1.10. If G is a finite multigraph with m edges, then

Z d(v) = 2m

veV
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Proof. Every edge has two endpoints (if we count the unique endpoint of any loop twice), so contributes 2
to the sum on the left hand-side. The result follows. O

Corollary 8.1.11. A finite multigraph has an even number of vertices of odd degree.
Proof. Let G be a finite multigraph with m edges. Proposition 8.1.10 tells us that

Z d(v) = 2m,

veV

Z d(v)

veV

SO

is even. If there were odd number of vertices of odd degree, then this sum would be odd, which is a
contradiction. O

Definition 8.1.12. Let G = (Vg, Eg) and H = (Vy, Eg) be graphs. We say that H is a subgraph of G if
VH - VG and EH - EG,
Definition 8.1.13. Let G = (V, E) be a graph.

o For any subset F C E, we let G — F be the subgraph of G with vertex set equal to V' and edge set equal
to E\F. If F = {e}, we write G — e instead of G — {e}.

o For any subset U CV with U # V', we let G — U be the subgraph of G with vertex set VAU and edge
set equal to {e € E : Both endpoints of e are elements of V\U}. If U = {u}, we write G — u instead
of G — {u}.

o For any subset U C V with U # 0, we let G[U] be the subgraph of G with vertex set U and edge set
equal to {e € E : Both endpoints of e are elements of U}. Notice that G[U| = G — (V/U). We call
G[U] the subgraph of G induced by U.

Thus, G — F is obtained by deleting all of the edges in F', while G — U is obtained by deleting all of the
vertices in U as well as all edges incident to some vertex in U. Intuitively, an induced subgraph of G is one
obtained by only deleting vertices (and all of their associated edges), whereas a general subgraph of G is one
obtained by deleting vertices (and all of their associated edges) along with possibly deleting additional edges
whose endpoints are still alive. There can exist subgraphs of a graph G that are not induced subgraphs,
such as the result of deleting one edge.

Definition 8.1.14. Let G = (Vg,Eq, fa) and H = (Vg,Eq, fu) be multigraphs. We say that H is a
submultigraph of G if Vg C Vg, Eg C Eg, and fg is the restriction of fg to the set Eg.

One can similarly define G — F, G — U, and G[U] for multigraphs.

Definition 8.1.15. Let Gy = (V1, E1) and Go = (Va, Es) be graphs. An isomorphism from Gy to Gs is a
bijection g: Vi — Va such that for all u,w € Vq, we have that {u,w} € E; if and only if {g(u), g(w)} € Es.

For example, consider the following two graphs. Let Gy be the graph where
1 ={1,2,3,4,5}
By ={{1,2},{1,3},{3,4},{3,5}, {4,5}}
and let G2 be the graph where
Vo ={a,b,c,d, e}
Ey = {{a,c},{a,d}, {a, e}, {b, e}, {c, d}}
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We then have that the function g: Vi — V5 defined by

g(1)=e
9(2)=b
9(3) =a
g(4) =c
9(5) =d

is an isomorphism.

Definition 8.1.16. Given two graphs G1 = (V1, E1) and Gy = (Va, E2), we say that Gy is isomorphic to
G, and write G1 = Go, if there exists an isomorphism from Gy to Gs.

Intuitively, two graphs GG; and G4 are isomorphic when it is possible to relabel the names of the vertices
so that the graphs look the same, and the function g is precisely the “translation” between the names of the
vertices on each side. In terms of pictures, saying that G; = G5 is the same as saying that it is possible to
draw the graphs in identical fashions, provided we can place the vertices anywhere that we would like.

Definition 8.1.17. Let G1 = (Vi1, F1, f1) and Gy = (Va, Ea, f2) be multigraphs. An isomorphism is a pair
of bijections g: Vi — Vo and h: Ey — Es such that for all e € Ey, if fi(e) = {u,w}, then fa(h(e)) =
{9(u), g(w)}, and if fi(e) = {v}, then fa(h(e)) = {g(v)}

8.2 Walks, Paths, Cycles, and Connected Components
Definition 8.2.1. Let G = (V, E, f) be a multigraph.

o A walk in G is a sequence vy, €e1,v1,€2,Va,...,Vp_1, €k, Vg wWhere each v; € V, each e; € E, and where
f(e;) = {vi_1,v;} for all i (i.e. the endpoints of e; are v;—1 and v;). We allow walks to consists of a
single vertexr vg and no edges.

e A trail in G is a walk with no repeated edges, i.e. where e; # e; whenever i # j.

e A path in G is a walk with no repeated vertices, i.e. where v; # v; whenever i # j.

o A closed walk in G is a walk is a walk where vg = vi. Similarly, a closed trail is a trail where vg = vy.

o A u,w-walk in G is a walk with vo = w and vy, = w (similarly for a u,w-trail and a u, w-path).

Definition 8.2.2. Let G be a multigraph. Given a walk in G, we define the length of the walk to be the
number of edges it contains, counting repetition. In other words, the length of the walk

V0, €1, V1, €2,V2, « ., Vp—1, €k, Vk
is k (which is one less than the number of vertices).
Proposition 8.2.3. Let G be a multigraph.

o FEvery path in G is a trail.

o FEvery trail in G is a walk.
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Proof. Clearly every trail in G is a walk because a trail is by definition a walk. We need to prove that every
path in G is a trail. Suppose then that

Vo, €1,V1,€2,V2,...,Vk—-1, €k, Vk

is a path in G. We need to show that this is a trail, so suppose for the sake of obtaining a contradiction that
e; = e; where i < j. Since e; = e;, we have that e; and e; have the same endpoints, which is to say that
{vi—1,v:} = {vj_1,v;}. It follows that either v;_1 = vj_1 or v;_1 = v;. Since i —1 < ¢ < j —1, in either case
we have violated the definition of a path because we have found a repeated vertex. This is a contradiction,
so our path must be a trail. O

Proposition 8.2.4. Let G be a multigraph and let u,w € G. The following are equivalent.
1. There is a u, w-walk in G.
2. There is a u,w-trail in G.
3. There is a u,w-path in G.

Proof. (3) = (2) = (1) are immediate from the previous proposition. We now prove that (1) = (3). Suppose
that there is a u, w-walk in G. Fix a u, w-walk in G of shortest possible length, say it is:

Vo, €1,V1, -+, Vk—1, €k, Uk

where vg = u and vy = w. We argue that this walk is a u,w-path. Suppose for the sake of obtaining a
contradiction that some vertex is repeated, say v; = v; where ¢ < j. We then have that

V0,€1,V1,-++,Vi—1,6€4,V4,€541,Vj41,...Vk—-1,€k, Vg

is a u, w-walk because v; = v; (so the set of endpoints of e;;1 equals {v;,v;j41} = {vs,v;j41}). Furthermore,
this walk has length

it k- =k—(j—i) <k

Thus, we have produced a u,w-walk in G of shorter length, which is a contradiction. It follows that our
above u, w-walk is in fact a u, w-path in G. O

Proposition 8.2.5. Let G be a multigraph. Define a relation ~ on V by letting u ~ w mean that there is a
w, w-walk in G. We then have that ~ is an equivalence relation.

Proof. We check the properties.
e Reflexive: For any u € V, we have that the single vertex u is a u, u-walk in G, so u ~ u.
e Symmetric: Suppose that u ~ w. Fix a u, w-walk, say it is:
U = Vg, €1,V1,€2,V2,...,Vk_1,Ck, Vg = W

‘We then have that
W = Vg, €k, Vg—1,--.,V2,€2,V1,€1,V0 = U

is a w,u-walk in G, so w ~ u.
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e Suppose that u ~ w and w ~ y. Fix a u, w-walk

U = V0, €1, V1, €2,V2,...,Vk_1, €k, Vg = W
and a w, y-walk
w = To, f1,%1, fo, T2, ..., To_1, fe,Te =Y
We then have that
U= V0, €1,V1,...,Vk_1,Ck Vg =W = T, f1,T1,...,Tp—1, [, Te =Y

is a u, y-walk in G, so u ~ y.
O

Definition 8.2.6. Let G be a multigraph and let ~ be the above relation on V. We know from our general
theory of equivalence relations that the equivalence classes of ~ are subsets of V' that partition V. A connecting
component of G is a subgraph of G of the form G[U] for some equivalence class U of ~.

We know that each vertex of a multigraph G appears in a unique connected component of G' because the
equivalence classes of ~ partition V. We now show that the same is true for edges.

Proposition 8.2.7. Let G be a multigraph. Every edge of G appears in a unique connected component of

G.

Proof. Let e € E be arbitrary. Let v and w be the endpoints of E. Since u, e, w is a u, w-walk in GG, we have
u ~ w. Thus, if we let U = @ be the equivalence class of u, then u, w € U, and hence e € G[U]. Furthermore,
since the equivalence classes partition V', the vertices u and w are not in any other equivalence class, and
hence e is not an element of any other connected component. O

Definition 8.2.8. A multigraph G is connected if it has one connected component. In other words, G is a
connected if there exists a u, w-walk in G for all u,w € V.

Proposition 8.2.9. If G is a multigraph, then every connected component of G is a connected graph.

Proof. Let G be a multigraph, and let U C V' be an equivalence class of ~. Let u,w € U be arbitrary. Since
u and w are elements of the same equivalence class, we have u ~ w, and hence we can fix a u, w-walk

U = "vp,€1,V1,€2,02,...,Vk—-1,€k,Vp =W
in G. Notice that for each 7 with 1 <4 < k, we have that
Vp,€1,V1,€2,V2,...,0V;-1,€;,U;

is a walk in G, so u ~ v;. It follows that v; € U for all 4 with 1 <14 < k. Now given any 7 with 2 <7 < k, we
have that both v;_1 € U and v; € U, so ¢; is an edge of G[U]. It follows that the walk

U ="v9,€1,V1,€2,V2,...,V—-1,€k,Vp = W

is also a u, w-walk in G[U]. We have shown that for any two vertices u,w € U, there is a u, w-walk in G[U],
so G[U] is connected. O

Proposition 8.2.10. Let G be a graph with vertices v1,vs,...,v, and let A be the adjacency matrixz. For
all k € Nt the (i,4) entry of the matriz AF equals the number of v;, vj-walks in G of length k.

Proof. We prove the result by induction on k.
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e Base Case: Since

1 if v; is adjacent to v;
@ =
I 0 otherwise

and a walk of length 1 consists of a single edge, it follows that a;; is the number of v;,v;-walks of
length 1 in G.

o Inductive Step: Suppose then that the result is true for k. Letting B = A*, we then have that bi ; is
the number of v;, vj-walks of length k in G. Let C = A**1 = A¥A = BA. Fix i and j, and let

L ={l € [n]: v is adjacent to v;}

We have

n
Cij = E bieas,;
=1

= Z b eae ; (since ag; =01if £ ¢ L)
el

= Z bi ¢ (since ap; =1if ¢ € L)
leL

Now given any v;, v;-walk of length k + 1, the second to last vertex in the sequence must be a vertex
adjacent to v;, hence must equal vy for some ¢ € L. Thus, since G is a graph (i.e. not a multigraph),
a v;,v;-walk of length k 4 1 is completely and uniquely determined by choice of v, for some ¢ € L
as the second to last vertex, together with a wv;, v, walk of length k. By induction, adding up the
number of such walks amounts to calculating the last sum above. Therefore, ¢; ; is the is the number
of v;,vj-walks of length £+ 1 in G. The result follows by induction.

O

Above, we defined the cycle graphs C,, for each n € Nt with n > 3 as follows. Given n € N* with n > 3,
we let C), be the graph with vertex set V = [n] and edge set

E={{i,i+1}:1<i<n—-1}U{{1,n}}.
For n =1 and n = 2, we can also define multigraphs C7 and Cs as follows.
o (1 is the multigraph with vertex set [1] = {1} and one edge that is a loop at 1.

o (5 is the multigraph with vertex set [2] = {1,2} and two edges, each of which have endpoints 1 and 2
(so there is one double edge).

Together together, the C,, for n € N* form the cycle (multi)graphs. We now define cycles within graphs.

Definition 8.2.11. Let G be a multigraph. A cycle in G is a submultigraph of G that is isomorphic to C,
for some n € Nt

Although cycles are certain subgraphs of G, we often find them by finding closed walks without repeated
vertices or edges.

Proposition 8.2.12. Let G be a multigraph.
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1. Suppose that k > 1 and that

V0,€1,V1y+ -+, Vk—1,€k, Vk

is a closed walk in G without repeated edges and without repeated vertices other than vg = vy, (i.e. where
e; # e; whenever 1 <i < j <k and v; # v; whenever 0 <i < j<k). If welet U = {vo,v1,...,05-1}
and F = {ey,ea,...,ex}, then H = (U, F) is a submultigraph of G that is isomorphic to Cy, so
H = (U,F) is a cycle.

Conversely, suppose that H = (U, F) is a cycle of G. It is then possible to list the vertices of U as
Vo, V1, - - -, Vp—1 and list the edges of F' as ey, ea, ..., e, in such a way that

Vo,€1,V1y.-.,Vk—-1,€L, Vg

is a closed walk without repeated edges and without repeated vertices other than vy = vy (i.e. where
e; # e; whenever 1 <1< j <k and v; # v; whenever 0 <i < j<k).

Proof. 1. We prove the result when k& > 3 (the cases for kK = 1 and k = 2 are similar, but there we need

to treat Cj as a multigraph). Let

V0, €1,V1, -+, Vk—1, €k, Uk

be a closed walk in G without repeated edges and without repeated vertices other than vy = vi. Define
a function g: Vi, — U by letting g(i) = v; for all 4. Also, define a function h: E¢, — F by letting
h({i,i +1}) = e; for all ¢ with 1 <4 < k — 1, and letting h({1,k}) = ex. We then have that g and h
are bijective because the v; and e; are distinct. These functions give an isomorphism of H = (U, F)
with Cy, so H is a cycle.

Suppose that H = (U, F') is a cycle of G. Fix bijections g: Vi, — U and h: E¢, — F that form an
isomorphism. Let v; = g(4) for all ¢ with 1 <14 < k, and let vg = g(k). Also, let e; = h({i,i + 1}) for
all 7 with 1 < i < k, and let e, = h({1,k}). Since g and h are bijections, it follows that the e; are
distinct and the v; are distinct, other than vy = vg. Furthermore, since g and h form an isomorphism,
we have that

V0o, €1,V1, .-+, Vk—1, €k, Uk

is a closed walk. This completes the proof.
O

Since walks are easier to understand and work with than isomorphisms, one may ask why we do not

define cycles as these closed walks. The answer is that certain distinct closed walks give the “same” cycle.
For example, consider the graph G = (V, E) where:

vV ={1,2,3,4}
E={{1,2},{1,3},{2,3},{3,4}}

Although this graph only has one cycle, the following three closed walks are all distinct even though the
“trace” the same cycle:

e 1,{1,2},2,{2,3},3,{1,3},1
e 2,{2,3},3,{1,3},1,{1,2},2

« 3,{2,3},2,{1,2},1,{1,3},3
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There are 3 other possible such closed walks as well! Thus, if we want to count cycles, then our definition is
superior.

The previous proposition lets us view cycles as arising from closed walks without repeated edges or
vertices. One may ask whether we need this restriction. We certainly do not want to allow edges to repeat,
because if we retrace our steps then that should not be a cycle (and the result will not be isomorphic to C),).
Simply saying that the edges do not repeat is also not enough. For example, consider the graph G = (V, E)
where:

V ={1,2,3,4,5}
E={{1,2},{1,3},{2,3},{3,4},{3,5},{4,5}}

This graph looks like a bow tie. If we follow the natural walk around this bow tie shape, then we do not
repeat edges, but we do repeat the vertex 3 in the middle (in addition to the starting/ending vertex 1). This
graph is not isomorphic to C5, so we do not count it as a cycle.

How about if we only enforce that there are no repeated vertices? In trivial cases, this is not enough. For
example, if G is a graph, and e € F is an edge with distinct endpoints v and w, then u, e, w, e, u is a closed
walk without repeated vertices (other than the beginning/end), but it is not a cycle. However, for closed
walks of length k£ > 3, having no repeated vertices automatically gives that there are no repeated edges.

Proposition 8.2.13. Let G be a multigraph. Suppose that k > 3 and that
V0, €1, V1, -+ -, Vk—1, €k, Vk

is a closed walk without any repeated vertices other than vy = vi. We then have that e; # e; whenever
1 <i<j<k Thus if welet U = {vg,v1,...,0p-1} and F = {e1,ea,...,ex}, then H = (U,F) is a
submultigraph of G that is isomorphic to Cy, so H = (U, F) is a cycle.

Proof. Notice that
V0, €1,V15 -+ ,€k—1,Vk—1

is a path in G, so it is a trail in G by Proposition 8.2.3. Hence e; # e; whenever 1 <i < j <k —1. We also
have that

V1,€2,...,Vk—-1,€k, Vg
is a path in G, hence a trail, and so e; # e; whenever 2 < i < j < k. Finally, notice that e; # e, because
v1 is an endpoint of eq, vip_1 is an endpoint of ey, and vy # vi—1 because k —1 > 2 (as k > 3). The last
statement now follows from Proposition 8.2.12. O

Despite the fact that a closed walk of length at least 1 without repeated edges, i.e. a closed trail of length
at least 1, need not be a cycle (as in our bow tie example), it turns out that if G' contains such a closed trail,
then G also contains a cycle.

Proposition 8.2.14. If G contains a closed trail of length at least 1, then G contains a cycle.

Proof. Fix a shortest possible closed trail of length at least 1, say it is:
Vo, €1, V1, .-+, Vk—1, €k, Uk

Notice that if k = 1, then we have the closed trail vy, e1, vg, which is a cycle (it is a loop and is isomorphic
to C1), so we are done. Suppose then that £ > 2. We claim that the vertices in the list vg,v1,...,vk—1
are all distinct. Suppose, for the sake of obtaining a contradiction, that this is not true. Fix i and j with
0 <i < j<k—1such that v; = v;. We then have that

Vi, €i+1, Vit1, .-+, Vj—1,€5,Vj
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is a closed trail of length j —i. Since 1 < j—14 < k—1, this would give an example of a nontrivial closed trail
of length strictly less than k, which is a contradiction. Thus, the vertices in the list vy, v1,...,v5_1 are all
distinct. Furthermore, since vy = vg, we have that v; # vy whenever 1 < i < k — 1. Therefore, the vertices
in our closed trail

V0, €1,V1, .-+, Vk—1, €k, Uk

are all distinct (except for vy = vi). Using Proposition 8.2.12, we conclude that G contains a cycle. O
Proposition 8.2.15. Let G be a multigraph with the following properties:

1. 'V is finite.

2. E#0.

3. d(v) #£1 forallveV
We then have that G contains a cycle.

Proof. If G has any loops or multiple edges, then it trivially has a cycle. Suppose then that G is a graph.
Since V is finite, any path must have length at most |V, and hence we may fix a longest possible path in G:

Vo,€1,V15.-.,Vk—-1,€L, Vg

Since this is a path, no vertex is repeated, and so no edge is repeated either (because paths are trails). We
also have k£ > 1 since G has at least one edge, and this edge is not a loop. Since e; has vy as an endpoint,
we conclude that d(vg) > 1. Now e is not a loop, so there must be an edge f # e; such that f is incident
to vg. As f is not a loop, we know that f is incident to a vertex other than vy. Let w be the other endpoint
of f, so w # vg. Now we must have that w = v; for some 7 with 0 < i < k, because if w # v; for all ¢ with
0 <i<k, then
W, fL00,€1,V1, ..., Vk_1,Chk,Vk

would be a longer path in G, contradicting our choice of a longest possible path in G. Thus, we can fix ¢
with 0 < ¢ < k such that w = v,. Notice that £ # 0 because w # vg. Also, w # v; because f # e; and we
are assuming that G does not have multiple edges. Thus, we must have that £ > 2. Now since the v; are
distinct, we know that that w # v; whenever 0 < i < ¢. Therefore,

w, fa V0, €1,V1,--.,V¢—1,€¢,V¢

is a closed walk in G without repeated vertices (other than w = vy). Furthermore, since £ > 2, this closed
walk has length at least 3, we may use Proposition 8.2.13 to conclude that G contains a cycle. O

Proposition 8.2.16. Let G be a connected multigraph and let e be an edge of G. The following are equivalent.
1. G — e is connected.
2. G has a cycle containing e.

Proof. (1) = (2): Suppose that G — e is connected. First notice that if e is a loop, then G certainly has a
cycle containing e. Suppose then that e is not a loop. Let the endpoints of e be u and w. Since G — e is
connected, we can fix a u,w-path

U = vp,€1,V1,€2,0V2,...,0k—-1,€L,Vp = W
in the graph G — e. We then have that

Vo, €1,V1,€2,V2,...,Vk—-1, €k, Vg, €, V0
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is a closed walk in G without repeated edges of vertices. Using Proposition 8.2.12, it follows that G has a
cycle containing e.

(2) = (1): Suppose that C is a cycle of G containing e. Let z and y be the endpoints of e (it is possible
that © = y if e is a loop). Let ~ denote the connectivity relation in G — e. Now let u,w € V be arbitrary.
We will show that v ~ w. Since G is connected, we may fix a u, w-path in G, say

U = Vg, €1,V1,-..,Vk—-1,C€k, Vg = W.

Now if e # e; for all 4, then this u, w-path exists in G — e, and we have u ~ w. Suppose instead that e = ¢;
for some ¢. Since this is a path, it is also a trail by Proposition 8.2.3, and hence there is a unique ¢ with
1 < /¢ < k such that e = ey. Now the endpoints of e are x and y, so either x = vy_; and y = vy, or x = vy
and y = vy_1. We consider these two cases:

e Suppose first that £ = vy,_; and y = vy. Since e # e; whenever 1 <i < ¢ — 1, we have that
U= V0, €1,V1,. 01,001 =X
is a u, z-walk in G — e, so u ~ x. Similarly, since e # e; whenever £ + 1 < i < k, we have that
Y = Vg1, €2, Vo2, - -+ €y Vg = W

is a y, w-walk in G — e, so y ~ z. Finally, since e lies in a cycle of G containing e, we see that x ~ y
by following such a cycle around in the other direction. Combining u ~ x, y ~ w, and x ~ y with the
fact that ~ is an equivalence relation, we conclude that v ~ w. Thus, there is a u,w-walk in G — e.

e Suppose now that £ = vy and y = vy,_;. Arguing as in the previous case, we have that u ~ y, x ~ w,
and y ~ z, so u ~ w. Thus, there is a u, w-walk in G — e.

We have show that there is a u, w-walk in G — e for all vertices v and w, so G — e is connected. O

8.3 Trees and Forests

Definition 8.3.1. A tree is a connected acyclic graph.
Definition 8.3.2. A forest is an acyclic graph.

Although we’ve defined a trees and forests as certain types of graphs, notice that we can also define it as
a connected acyclic multigraph because the lack of cycles rules out loops and multiple edges.

Proposition 8.3.3. If G is a forest, then every connected component of G is a tree.

Proof. Let H be a connected component of G. We know that H is connected by Proposition 8.2.9. Further-
more, H is acyclic, because a cycle in H would be a cycle in G. Therefore, H is a tree. O

Proposition 8.3.4. If T is a tree with at least 2 vertices, then no vertex of T is isolated, i.e. no vertex of
T has degree 0.

Proof. Let v € V be arbitrary. Since T has at least 2 vertices, we can fix w € V with w # v. Now T is
connected, so there exists a v, w-path in T'. The first edge of this path must be incident to v, so d(v) > 1. O

Definition 8.3.5. Let T be a tree. A leaf of T is a vertex of degree 1.

Proposition 8.3.6. If T is a finite tree with n > 2 vertices, then T has a leaf.
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Proof. Let T be a finite tree with n > 2 many vertices. Since T is connected and n > 2, we must have that
E # ( by Proposition 8.3.4. Now if d(v) # 1 for all v € V, then Proposition 8.2.15 would imply that T'
contains a cycle, which is a contradiction. Therefore, there must exist v € V with d(v) = 1, and such a v is
a leaf. O

Proposition 8.3.7. Ifv is a leaf of a tree T, then T — v is a tree.

Proof. Let T be a tree, and let v be a leaf of T. Let e be the unique edge incident to v. Since T'— v is a
subgraph of T, it follows that T — v is acyclic (a cycle in T'— v would be a cycle in T'). Let v and w be
arbitrary vertices of T'— v. Since T is connected, we can fix a u,w-path in T'. Notice that e and v can not
occur on this path (because e is the the only edge incident to v, and so such a purported path would need
to use e twice). Therefore, there is a w, w-path in 7' — v. Thus, T'— v is connected. O

The above two results allow one to prove results about finite trees by induction on the number of vertices.
This is an extremely powerful tool.

Theorem 8.3.8. If T is a tree with n vertices, then T has exactly n — 1 edges.

Proof. By induction on n, i.e. we prove the statement that “Every tree on n vertices has exactly n — 1 edges”
by induction. If n = 1, this is trivial. Suppose that n € N* and we know the result for n. Let T be a tree
on n + 1 vertices. Fix a leaf v and the unique edge e incident to it. We then have that T'— v is a tree on n
vertices, so has n — 1 edges by induction. Since T has one more edge that T'— v, we conclude that T has
(n—1)41=n=(n+1)— 1 many edges. The result follows. O

Corollary 8.3.9. If T is a finite tree with n > 2 vertices, then T has at least two leaves.
Proof. Let T be a finite tree with n > 2 vertices. By Theorem 8.3.8, we know that T has exactly n — 1 edges.
Thus

> d(v) =2(n—1)=2n-2.

veV
Now if there is only one leaf, then d(v) > 2 for all other vertices v by Proposition 8.3.4, so

Zd(v)Zl—I—Q(n—l)

veV
=2n—-1
> 2n — 2,
a contradiction. Thus, T' must have at least two leaves. O

Proposition 8.3.10. If G is a finite forest with n vertices and k connected components, then G has n — k
edges.

Proof. Let the components of G be Hy, Hs, ..., Hi. Suppose that H; has m; many vertices for each i. Since
each vertex lies in a unique connected component (recall that the vertices of a connected component are
equivalence classes of ~), we have

k
E m; =n.
i=1

Now each H; is a tree by Proposition 8.3.3, so we know that H; has m; — 1 many edges for each i by Theorem
8.3.8. Since every edge is in a unique H; by Proposition 8.2.7, it follows that the number of edges in G equals

k k
Z(TI’Lz — 1) = <Zmz> —k

i=1
=n—k.
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This completes the proof. O
Definition 8.3.11. Let G be a connected graph. A spanning tree of G is a subgraph T of G such that:

o Vp =Vg (i.e. T is obtained from G by only deleting edges).

e T is a tree.
Proposition 8.3.12. Every finite connected graph has a spanning tree.

Intuitively, we can argue this as follows. Suppose that G is a finite connected graph. If G has no cycles,
then G itself is a spanning tree of G, and we are done. If G contains a cycle, then we pick an arbitrary edge
e in a cycle, and notice that G — e is a connected subgraph (by Proposition 8.2.16) with one fewer edge. If
this subgraph of G has no cycles, then it is a spanning tree of G. Otherwise, if we remove another edge from
a cycle in G — e, then the result is a connected subgraph with two fewer edges than G. Continue this process,
and notice that we must stop because G has only finitely many edges. More formally, we can bypass this
“continue” argument in the following way.

Proof. Let G be a finite connected graph. Notice that there is at least one connected subgraph H of G with
Viu = Vg, namely G itself. Amongst all such connected subgraphs H of G with Vg = Vi, choose one with
the least possible number of edges, and call the resulting subgraph 7. We then have that Vp = Vi and
that T is connected by definition. If T' contained a cycle, then we could fix an arbitrary edge e in such a
cycle, and notice that T' — e is a connected subgraph of G (by Proposition 8.2.16) with one fewer edge, a
contradiction. Therefore, T is acyclic as well. It follows that T is a tree, and hence a spanning tree of G. [

Corollary 8.3.13. If G is a finite connected graph with n vertices, then G contains at least n — 1 edges.

Proof. Fix a spanning tree T' of G. We then have that T' contains n — 1 edges, so G contains at least n — 1
edges. O

Theorem 8.3.14. Let G be a finite graph with n vertices. The following are equivalent.

1. G is a tree.

2. G is a connected graph with n — 1 edges.

8. G is an acyclic graph with n — 1 edges.

4. G is connected, but G — e is disconnected for every edge e.

5. G is acyclic, but G + e has a cycle for any new edge e having both endpoints in Vg.
Proof. e (1) = (2): Immediate from the definition of a tree and Theorem 8.3.8.

e (1) = (3): Immediate from the definition of a tree and Theorem 8.3.8.

e (1) = (4): Immediate from the definition of a tree and Proposition 8.2.16.

o (1) = (5): Suppose that G is a tree, and that e is a new edge. Since (G + €) —e = G is connected, e
must be an element of some cycle of G + e by Proposition 8.2.16. In particular, G 4 e has a cycle.

e (2) = (4): Immediate from Corollary 8.3.13.

e (4) = (1): Since G — e is disconnected for every edge e, Proposition 8.2.16 implies that no edge of G
is contained in a cycle. Thus, G is acyclic.
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o (3) = (1): Since G is acyclic, it is a forest. Let k be the number of connected components of G. By
Proposition 8.3.10, we know that G has n — k edges. It follows that n — k = n — 1, hence k = 1.
Therefore, G is connected, and hence a tree.

e (5) = (1): We need to argue that G is connected. Let e be a new edge with endpoints u,w € V. By
assumption, we know that G + e has a cycle, and since G is acyclic it must have a cycle containing e.

Fix such a cycle, and walk around it the other way to obtain a u,w-path in G.
O

We now embark on a quest to count the number of trees of a given size. In other words, given n € N7,
how many trees are there with vertex set [n]? Let’s consider the case when n = 4. To determine what
we want to count, we first need to deal with a potential source of ambiguity in the question. For example,
consider the trees Ty and T each with vertex set [4], where the edge set of T} is

{{1,2},{1,3}, {1, 4}}

and the edge set of T5 is
{{1,2},{2,3},{2,4}}.

It is straightforward to check that these are each trees. At first sight, they clearly look different because the
edge sets are distinct. However, it’s not hard to see that the trees Ty and T, are isomorphic (intuitively,
we can draw 77 by putting 1 in the middle with 3 edges out to to other vertices, and we can draw T by
putting 2 in the middle with 3 edges out to the other vertices). Thus, we need to ask whether we are actually
counting the number of trees with vertex set [n], or the number is isomorphism types of trees with vertex set
[n]. Although both questions are interesting, we are going to do the former here. That is, we will consider
the above two trees as different.

Suppose now that we want to count the number of trees with vertex set [4]. There are 16 such trees, and
we give two ways to count this.

1. There are two isomorphism types for a tree with vertex set [4]. First, we can have a tree with a vertex
of degree 3 that is adjacent to all other vertices (so there are 3 leaves). Second, we can have a tree
with exactly 2 leaves and two vertices of degree 2 (recall that a tree on at least 2 vertices has at least
2 leaves, and that the sum of the degrees will be 2- (4 — 1) = 6), and it’s straightforward to check that
such a tree is isomorphic to P;. We now count the number of trees of each isomorphism type.

e There are exactly 4 trees of the first type, because they are completely determined by the choice
of the vertex of degree 3.

e We now argue that there are exactly 12 trees of the second type. We can choose the two leaves
in (3) = 6 ways. This then determines the vertices of degree 2 (which will be adjacent to each
other). To determine the tree, we now need only pick which of these two is adjacent to the smaller
leaf, and we have 2 choices. Thus, the number of such trees is 4 -2 = 12.

2. Here is another argument. A tree with vertex set [4] will have exactly 4 — 1 = 3 edges. Since there
are (3) = 6 many possible edges, there are (g) = 20 many graphs with vertex set set [4] having exactly
3 edges. However, some of these will fail to be trees because they are not connected. This happens
exactly when the graph consists of a cycle of length 3 and an isolated vertex, and there are 4 such
graphs (because there are 4 choices for the isolated vertex). It follows that there are 20 = 4 = 16 many
trees with vertex set [4].

Counting the number of trees with vertex sets [n] for other small values of n is also reasonably straightforward:

1. There is 1 tree with vertex set [1].
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2. There is 1 tree with vertex set [2].

. There are 3 trees with vertex set [3] (we need only the pick the unique vertex of degree 2).

=~ W

. There are 16 trees with vertex set [4] (as seen above).

5. There are 125 trees with vertex set [5], which can be argued through a slightly more complicated
analysis than the one for [4].

As we move toward larger values of n, the above method become unwieldy. However, there is a natural
pattern in the above numbers, and we will indeed prove the following result using a more sophisticated
approach

Theorem 8.3.15 (Cayley’s Formula). For each n € Nt the number of trees with vertex set [n] is n"~2.

In order to prove this, we will “code” each tree by a sequence of numbers of length n — 2, where each
element of the sequence is an integer between 1 and n (inclusive). Given a tree T' with vertex set [n], we
know that it has n — 1 edges. Consider the following tree:

w— 0o
—_— =

The edge set of this tree is
{133, {1,5},{1,7},{2,4}, {3,4},{3,6}}.

Of course, the edge set is a set, so we can reorder it any way we like without affecting the edges, and we can
also reorder the two endpoints of an edge. Our first task will be to give an ordering to the edge set in a way
that reflects the “structure” of the tree. To do this, given n > 2 and a tree T on [n], we define two sequences
(a1,az2,...,an—1) and (p1,pa,...,Pn—1) in the following way. Since T is a tree with at least two vertices, we
know that T has a leaf by Proposition 8.3.6. Let a; be the smallest label of a leaf, and let p; be its unique
neighbor. Now if we delete a1 from 7', then we know from Proposition 8.3.7 that T'— a; is also a tree. If this
tree has at least two vertices, then let as be the smallest label of a leaf, and let py be its unique neighbor.
Continue until we end with a unique vertex. Once we have completed this process, list the sequences on top
of each other as follows:

ap az asg --- Gp—2 Qnp-1

pP1r p2 pP3 - Pn-2 Pn-1

Notice that the n — 1 edges of T will be:

{alap1}7 {G'Q,p?}a ey {anflapnfl}-

For example, given our tree

w— 0o
—_— =

2 - 4 -

we obtain the following two sequences:

= DN
W
— ot
w
—
EN

For another example, given the tree

I/
AN
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we obtain the following two sequences:

N
S W
NSRS
NN Ot
N O
- N

We have the following properties:
Proposition 8.3.16. Let T be a tree with vertex set [n].

1. ay,a9,...,a,_1 is a permutation of [n — 1].
2. Pn—1 =M.
3. For all k € [n], d(k) is the number of times that k occurs in ai,ag,...,0n-1,P1,P2, -« Dn—1-

4. For all k € [n], d(k) equals one plus the number of times that k occurs in p1,pa,...,Dn—2.
Proof. We have the following;:

1. Certainly every number appears at most once as an a; because it gets deleted after appearing there.
Furthermore, at each stage we have a tree on at least 2 vertices, so it has at least 2 leaves by Corollary
8.3.9, and thus we never pick n.

2. Since there is no i with a; = n, it follows that after n — 2 stages we have two vertices, one of which is
n. We pick the other as a,,_1, and thus p,_; = n.

3. Since the edge set of T is
Har,pi}, {az,p2}, .- {an—1,pn-1}},
we see that d(k) equals the number of times that k occurs in the two lists.

4. This follows immediately from part (3) because every k € [n] occurs exactly once in a1, as, ..., an—1,Pn-1
by parts (1) and (2).

O

There is some unnecessary information in the two sequences. As we’ve seen, we don’t need p,,_1 because
we know what it will be. In fact, we also don’t need the a; at all, because we can recover them from the

sequence (P1,P2, - Pn—2)-

Definition 8.3.17. Given a tree T with vertex set [n], we call the sequence (p1,pa,...,Pn—2) the Priifer
code of T'.

To see that we can recover the a; from the Priifer code, let’s first consider an example. Suppose that T
is a tree with and we know the following values:
? 77
5 1 7 5 2 7
Since there are 6 entries in each row, we know that T is a tree with vertex set [7]. We know that ps = 7, so

we can fill that in:
7?7 7?2 77

5 1. 7 5 27

Next, a; will be the smallest leaf. Using Proposition 8.3.16, we know that the degree of any vertex equals
one plus the number of times that k& occurs in 5,1,7,5,2. Thus, we are looking for the least number that
does not occur in this list. It follows that a; = 3, and we have:

R O A
5 1 7 5 27

To carry this forward, consider the following table:
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[vert [O[1]2[3[4]5]
1 2121 |x|x]|x
2 21212121211
3 1l x[x|x|x|X
4 1|1 |x|x|x|x
5} 31212121 |x
6 1111 |x]|x
7 2121211111

In the column labeled 0, we have put the degree of each vertex by adding 1 to the number of times that
it occurs in 5,1,7,5,2. Since 3 is the smallest leaf of T' (as discussed above), and we know that its unique
neighbor is 5, then when we delete vertex 3 from the tree, we also decrease the degree of 5 by one. The
column labeled 1 gives the degrees after this deletion. The smallest leaf remaining can now be seen to be 4,
which gives the value of ay. Since the unique neighbor of 4 in that tree is 1, we decrease the degree of 1 by
one after deletion to form the next column. Continuing this process, we arrive at the following sequence:

341 6 5 2

5 1 7 5 27
The above procedure illustrates the following result.
Proposition 8.3.18. Let T be a tree with vertez set [n]. From p1,pa,...,pn—2, we can completely determine
Prn—1 along with ay,as, ... ,an—1. Thus, if T and S are two trees with vertex set [n] that have the same Priifer
code (p1,p2, ..., Pn—2), then they have same values for p,_1,a1,az,...,a,—1 as well, so they have the same

edge set and hence are the same tree. It follows that the function that takes a tree with vertex set [n] and
produces the Priifer code (p1,p2,...,pn—2) of T is injective.

Proof. Since T is a tree with vertex set [n], know that p,_1 = n. Using Proposition 8.3.16, we can compute
d(k) for each k € [n]. Since a; is the smallest leaf, we know that a; must the smallest element of [n] that is
not in the set {p1,pa,...,Pn—2}. In constructing these sequences, after we write down a; and p;, we delete
the leaf a; together with the unique edge incident to it. In the resulting tree, we no longer have a; as a
vertex, and the degree of p; will be reduced by 1. Thus, the leaves of the resulting tree T — a; are then
the numbers other than a; which do not occur in the list ps,ps,...,pn_2. In other words, as must be the
smallest element of [n] that is not in the set {a1} U {pa,ps,...,pn—2}. Now we delete ay and hence reduce
the degree of ps by 1, so a3 must be the smallest element of [n] that is not in the set {a1,a2}U{ps,...,pn—2}.
In general, we can recursively reconstruct the sequence ai,as,...,a,—1 because a; is the smallest element of
[] not in the set

{alaa% . '7ai*1} U {piapi+1a cee 7pn72};

which must exist since there are at most n — 2 many numbers in this set. Therefore, we can reconstruct p,_1
along a1, as,...,a,—1. The remaining statements follow. O]

We've shown that every sequence (p1,p2,...,Pn_2) occurs as the Priifer code of at most one tree with
vertex set [n]. We now show that every such code arises. Given any sequence (p1,pa,...,Pn—2), the idea
is to define the number p,_; and ai,as,...,a,_1 as in the proof of the previous result, and check that the
resulting graph is a tree that produces the given code.

Proposition 8.3.19. Letn € NT, and suppose that (q1,qz, - - ., qn—2) is a sequence of integers with1 < ¢; <n
for alli. Let g,—1 = n and define by, ba, ..., b,_1 recursively by letting b; be the smallest element of [n] not
in the set

{b1,b2, ..., bi1} U{qisGit1,- -, Gn—2}
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(which must exist since there are at most n — 2 many numbers). If we let T be the graph with vertex set [n]
and edge set

{{blv (11}7 {va (12}7 ey {bnflv Qn—l}},
then T is a tree with Prifer code (q1,q2,-..,qn—2)-

Proof. Notice that if ¢ < j, then b; # b; by the recursive definition of the sequence b1, bs, ... ,b,—1 (because
b; will be an element of the set {b1,bs,...,b;—1}. Thus, there are no repeated elements in the sequence
b1,ba,...,b,_1. Furthermore, since for each i, the set

{b1,b2, ... bic1 }U{Gi, Gig1, -+ s Gn—2}

has at most n — 2 many elements, and we choose b; to be the smallest element of [r] not in this set, it follows
that b; € [n — 1] for all i. Putting these facts together, we conclude that by,bs,...,b,—1 is a permutation
of [n —1]. Now b; # ¢; for all ¢ by the recursive definition. Also, if i < j, then {b;,¢;} # {bj,q;} because
b; # b; from above and b; # g; by the recursive definition. Thus, we can let T be the graph with vertex set
[n] and edge set

{b1, a1}, {b2, g2}, -+ {bn—1,qn-1}}

Since {b;,¢;} # {b;,¢;} whenever ¢ < j, it follows that 7" has n — 1 many edges. We now show that T is
acyclic. To see this, think about adding the edges of T" in reverse order, i.e. add

{bn—17Qn—1}a {bn—Qa Qn—Q}a ey {b27q2}a {b17QI}

one at a time. At each stage, we claim that the resulting graph is acyclic. This is certainly true for the
graph with just the single edge {b,—1,¢n—1}. Suppose that the we know that the graph with edge set

{{bnfla qnfl}v {bn72a Qn72}7 ) {bi+1a qi+1}}

is acyclic. Now b; ¢ {biy1,...,bn—2,b,_1} from above, and b; & {¢i+1,-..,qn—2,qn—1} by definition. Thus,
in the graph with edge set

{H{bn-1,@n-1}{bn—2,qn—2}, ..., {bit1, Gi+1}, {bi ¢} },

we see that b; has degree 1. Now any cycle in this graph would have to include the new edge, but such a
cycle would have to include the vertex b;, which is impossible because the degree of b; is 1 in this graph.
Therefore, the graph with the new edge is acyclic. By induction, it follows that T is acyclic. Since T is an
acyclic graph with n vertices and n — 1 edges, Theorem 8.3.14 implies that T is a tree.

Now that we know that T is a tree, we just need to check that the process of constructing the sequences
to obtain the Priifer code (i.e. finding the smallest leaf, deleting it, etc.) to produce

ay az az -+ Ap—2 Qp—1

pP1r P2 P3 - Pn-2 Pn-1
results in our sequences

by by b3 -0 byp2 by

g1 492 43 - QGn-2 {n-1
Since the edge set of T' equal {{b;,¢;} : 1 <i <n—1}, we know that the degree of a vertex is just the number
of times that it occurs in by, bo,...,bp_1,41,92,...,qn_1. Furthermore, since we know that ¢,_1 = n and
that by, b, ..., b,—1 is a permutation of [n — 1], it follows that the degree of any vertex is 1 plus the number
of times that it occurs in g1, ¢2, - . ., gn—2. Now by definition of our recursive sequence, we have that b; is the

smallest element of [n] not in the set {q1,qo, - .., gn—2}, which means that by is the smallest vertex of degree
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1, and hence the smallest leaf. It follows that a; = b; and hence p; = ¢ (because {b1,¢1} is an edge of T)).
Since by is a leaf of T, we have that T — by is a tree, and we know that it has edge set

{{b27q2}7{b37q3}7"'7{bn—17Qn—1}}~

In the resulting tree, we no longer have b; as a vertex, and the degree of ¢; will be reduced by 1. Thus,
the leaves of the resulting tree T — by are then the numbers other than b; which do not occur in the list
42,93, - - - ,qn—2. By definition of by, we conclude then that by will be the smallest leaf in T" — b;. Thus,
as = by and po = go. Now delete by and hence reduce the degree of ¢ by 1, and a similar argument shows
that b3 will be the smallest leaf in the resulting tree. In this way (or by induction), it follows that a; = b;
and p; = ¢; for all i. O

We can now prove Cayley’s Formula.

Proof of Theorem 8.3.15. Let n € NT. If n = 1, then there is trivially only 1 tree with vertex set [1], and we
have 1172 = 1. Suppose then that n > 2. Define a function from trees with vertex set [n] to {1,2,...,n}""?2
(i.e. the set of sequences of integers between 1 and n of length n —2) by assigning to each tree its Priifer code.
Notice that this function is injective by Proposition 8.3.18 and is surjective by Proposition 8.3.19. Therefore,
the function is a bijection. Since [{1,2,...,n}" 72| = n"~2, there are n"~2 many trees with vertex set [n]. O

8.4 Minimum Weight Spanning Trees and Kruskal’s Algorithm

Let RZ% = {r € R : r > 0}. Suppose that G is a graph, and w: E — R2? is a function. Given e € E, we call
w(e) the weight of the edge e, and we think about it as the “cost” of including edge e in our graph G. Based
on these costs, we can choose to either include an edge or not. A natural question is how to include enough
edges so that that we still have a connected graph, but so that we minimize the resulting cost. Since we will
only think about deleting edges, we consider subgraphs H of G with Vi = V5. Now given such a subgraph
H = (Vg, En) of G, we define

ecFEy

to be the sum of the weights of the edges that are in H. Notice that if our connected subgraph H includes
a cycle, then we know that we can remove an edge of that cycle and still have a connected subgraph by
Proposition 8.2.16. Since the weight of every edge is nonnegative, deleting such an edge does not increase
the cost. In other words, we want what is called a minimum weight spanning tree of G. This leads to the
following problem.

Question 8.4.1. Given a connected graph G and a function w: E — RZ9, how do we build a spanning tree
T of G such that w(T) is as small as possible?

There are (at least) two natural attempts to build such a spanning tree by making a series of choices
that seem reasonable:

1. Idea 1: Start with no edges, and include edges from G one at a time. We then have to ask ourselves
which edge to include next. Since we start with no edges, the idea is to include one edge at a time
without ever introducing a cycle. Since we are tying to minimize cost, we should pick the cheapest
edge that does not introduce a cycle at each stage.

2. Idea 2: Start with all of the edges of G, and delete edges one at a time. We then have to ask ourselves
which edge to delete next. We should only delete edges in cycles because we want a connected graph at
the end. Since we are trying to minimize cost, we should pick the most expensive edge that is included
in a cycle at each stage.
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Notice that each of these are greedy algorithms. In other words, at each step we are picking a choice that
looks best locally at that moment, without any assurance that it will produce a globally optimal solution in
the end. In general, greedy algorithms do not produce globally optimal solutions. For example, if you want
to climb a mountain, and you do it by always taking the one step that will increase your elevation most,
then you may end up at the top of a tiny hill close by instead (because climbing the mountain may involve
going down at some points). For another example, looking only one step ahead in chess may result in a move
that looks excellent (say you kill a queen with your pawn), but it may be a globally bad move in that your
opponent can checkmate you in the next move. We will see more precise examples of the failure of greedy
algorithms in later sections. However, for the minimum weight spanning tree problem, it turns out that both
of the above procedures do indeed produce minimum weight spanning trees!

We will study Idea 1, which as known as Kruskal’s algorithm, because it is faster in practice (as we discuss
below). However, let’s first formalize this procedure more carefully. Suppose that we have a connected graph
G and a function w: E — RZ°. We build a sequence Hy, Hy, Hs, ..., H,_, of subgraphs of G with the
following properties:

e Vi, = Vg for each i.
e H; has i edges for each .
e H, is acyclic for each 1.

We start by letting Hy be the subgraph of G consisting of all of the vertices of G, but no edges. Suppose
that we have constructed H; with the above properties. Let

Si={e€ Eg:e¢ Ey, and H; + e is acyclic}.

We pick an element of S; such that w(e) is as small as possible (if there are multiple such edges in .S;, we
pick an arbitrary one), and we let H;11 = H; + e. Once we’ve proceeding through each of the stages, we
then take H,_; as our answer. Although this ends the description of Kruskal’s algorithm, there are several
extremely important questions:

1. Why does Kruskal’s algorithm never get stuck? In other words, why is each S; nonempty?
2. Why is H, 1 a spanning tree of G?

3. Assuming that H,,_; is a spanning tree of G, why is it a minimum weight spanning tree? In other
words, why is it the case that w(H,_1) < w(T) for all spanning trees T of G?

4. How do we implement it efficiently? After all, determining the elements of S; by going through each
edge e and checking if there is a cycle in H; + e seems to be costly.

In order to prove (1), and eventually to given efficient methods to answer (4), we use the following result.

Proposition 8.4.2. Let G be a graph. Let u,w € V be distinct vertices that are not adjacent. Let e be a
new edge with endpoints u and w.

1. If u and w are in the same connected component of G, then e is an element of a cycle of G + e.
2. If G is acyclic and v and w are in distinct connected components of G, then G + e is acyclic.

Proof. 1. Since u and w are in the same connected component of G, we can fix a u, w-path

uaflvvlaf25v27"'afk7w
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in G. Since this is a path, it is also a trail, and hence there are no repeated vertices or edges. We then
have that

U7f17’01,f2,’l}2,...,fk,w,€7u

is a closed walk with no repeated vertices or edges (because e ¢ Fg and hence e # f; for all i), so
Proposition 8.2.12 implies that e is an element of a cycle of G + e.

2. We prove the contrapositive. Let G be an acyclic graph, and suppose instead that G + e has a cycle
C. Since G is acyclic, the cycle C must include the edge e. Using Proposition 8.2.12; there exists
a closed walk without repeated vertices and edges corresponding to this cycle. By shifting the walk
appropriately, we can write this closed walk as

w7€7u7f1;1}17f27’023'"7fkaw

Notice that f; # e for all ¢ because the walk has no repeated edges. It follows that

u7f17vlaf2av27"'7fk7w

is a u, w-walk in G, so w is in the same connected component of G.
O

Corollary 8.4.3. Suppose that in the above algorithm we are at a stage i with 0 < i < n — 2 where we have
that H; is acyclic, has i edges, and satisfies Vi, = V. We then have the following:

1. Si={e € Eg:e ¢ Ey, and the endpoints of e are in distinct connected components of H;}.
2. 8, 44
3. Hi11 is an acyclic graph with © + 1 edges.

Proof. 1. This follows immediately from the previous proposition and the fact that H; is acyclic.

2. Notice that |Vy,| = |Vg| =n, and |Ey,| = ¢ < n — 2, so H; is not connected by Corollary 8.3.13. Fix
vertices u and w that are in distinct connected components in H;. Since G is connected, there is a
u, w-path in G, say

u = o, f1,01, f2,02,. .., [k, Uk = w.

Since w and u are not in the same connected component in H;, there is a smallest ¢ > 1 such that v;
and u are not in the same connected component in H;. We then have that v;_; and u are in the same
connected component of H;. Thus, v;_; and v; are in distinct connected components in H;, and so
fi € Si. Therefore, S; # 0.

3. By construction, there exists an edge e € S; with H;11 = H; + e. We know that H;; is acyclic by
definition of S;. Since H; has i edge, it follows that H;;q has i + 1 edges.
O

We've now seen that S; # () for each i, so the above algorithm never gets stuck and results in an acyclic
subgraph H,,_; of G with n — 1 edges, and such that Vg, , = V. Since H,_; is an acyclic graph with
n — 1 edges, Theorem 8.3.14 implies that H,_; is a tree. Therefore, H,,_; is a spanning tree of G. We now
answer the third question about why it is a minimum weight spanning tree.

Theorem 8.4.4. H,_1 is a minimum weight spanning tree of G.
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Proof. We first prove by induction on ¢ that H; is contained in some minimum weight spanning tree of G
(i.e. we argue that at each stage there is still the possibility of extending to a spanning tree of minimum
weight). For the base case of i = 0, we have that Hy has no edges, so certainly Hy is contained in a minimum
weight spanning tree.

For the inductive step, suppose that 0 < i < n—2 and the statement is true for 4, i.e. that H; is contained
in some minimum weight spanning tree of G. Fix a minimum weight spanning tree T of G such that H; is
contained in T'. Suppose that the algorithm picks edge e, so e € S; and w(e) < w(f) for all f € S;. We need
to argue that H;,1 = H; + e is contained in some minimum weight spanning tree of G. We have two cases:

e If eis an edge of T, then H; + e is contained in 7', which is a minimum weight spanning tree of G.

e Suppose that e is not an edge of T. By Theorem 8.3.14, the graph T + e has a cycle. Fix such a cycle
C of T + e, and notice that e must be an edge of C' because T is acyclic. Now H; + e is also acyclic
because e € S5;, so C must contain an edge f that is not an edge of H; + e. Since f # e, it follows that
f must be an edge of T. Since f is an element of a cycle of the connected graph T + e, we may use
Proposition 8.2.16 to conclude that 7'+ e — f is connected. Combining this with the fact that T'+e— f
has the same number of edges as T, which is n — 1, we conclude that T'+ e — f is a spanning tree of
G by Theorem 8.3.14. We also have that H,,_; + f is a subgraph of T, so H; + f is acyclic, and hence
f € S; as well. Therefore, we must have

w(e) < w(f).
Thus w(e) — w(f) < 0, and hence

w(T + e~ f) = w(T) + w(e) - w(f) < w(T).
Now T is a minimum weight spanning tree, so we must have w(T + e — f) = w(T), and hence that
T + e — f is also a minimum weight spanning tree. Since H;1; = H; + e is contained in T+ e — f, this
completes the inductive step.

Since H; is contained in a minimum weight spanning tree of G for all ¢ with 0 < ¢ < n — 1, it follows that
H,,_; is contained in some minimum weight spanning tree T of G. We already know from above that H,,_1
is a spanning tree of G. Thus, by Theorem 8.3.14, H; + e is not a tree for any new edge e. It follows that
H,,_1 =T, and hence H, 1 is a minimum weight spanning tree of G. O

We've finally answered our first three questions about Kruskal’s Algorithm, so we know that it does
indeed produce a minimum weight spanning tree of G. How do we implement it efficiently? As mentioned
above, the difficult part is computing the sets S;. We know from Corollary 8.4.3 that

S; ={e € Eg : e ¢ Ep, and the endpoints of e are in distinct connected components of H;},

so rather than checking whether an edge introduces a cycle, we can instead check if the endpoints are in
distinct connected components of H;. Of course, it is not immediately obvious how to do that. The essential
idea is that we can keep track of the vertices in each of the connected components of the H; throughout the
algorithm by using the next result.

Proposition 8.4.5. Let G be a graph, and let u,w € V be two vertices of G such that u and w are in distinct
connected components of G. Consider the graph G' = G + e where e is a new edge with endpoints u and
w. Let x ~g y mean that there is an x,y-walk in G and let x ~g' y mean that there is an x,y-walk in G’.
Moreover, for each v € V', let C, be the equivalence class of v under ~¢, and let C! be the equivalence class
of v under ~gs. Thus, C, consists of the vertices in the connected component of v in G, while C!, consists
of the vertices in the connected component of v in G'. We have the following:



8.4. MINIMUM WEIGHT SPANNING TREES AND KRUSKAL’S ALGORITHM 215
1. Ify¢ Cy andy ¢ Cy, then C) = C,.
2. If either y € Cy, or y € Cy, then C) = C, UCy,.

Proof. First notice that for any a,b € V| if a ~g b, then a ~g/ b because an a, b-walk in G is an a, b-walk in

G'.
1. Suppose that y ¢ C,, and y ¢ Cy, s0 y #g v and y g w.

o We first show that Cy C C'?’J. Let z € Cy be arbitrary. We then have that y ~¢ 2, so y ~g 2
from above, and hence z € C;.

» We now show that C; C C,. Let z € C, be arbitrary. We then have that y ~g’ 2z and so we can
fix a y, z-path P in G’. We claim that P does not contain the edge e. Suppose instead that P
does include the edge e. Notice that since P is a path, it is a trail, so it must include e only once.
Thus, either u or w occurs just before e on the path P, and if we cut off the path at this point,
then we would have either an y, u-path in G or a y, w-path in G. Thus, either y ~¢ u or y ~g w,
each of which contradict our assumption. Thus, e does not occur in P. It follows that P is an
Y, z2-path in G, so y ~g z and hence z € C,.

Combining these, we conclude that Cz// =Cy.
2. Suppose that y € Cy, so u ~¢g y.

e We first show that C,, UC\,, C C;. Let z € C, U C,, be arbitrary.

— Case 1: Suppose that z € C,,. We then have u ~¢g z. Since u ~¢ y, we can use symmetry
and transitivity of ~g to conclude that y ~g z. Therefore, y ~g/ z from above, and hence
z€Cy.

— Case 2: Suppose that z € C,,. We then have w ~g z, and so w ~g z from above. Since
u ~¢g Yy, we also have u ~g y from above. Finally, notice that u ~g/ w via the new edge e.
Using symmetry of ~g/, we have

Uaadel Radeltaade

By transitivity of ~¢, if follows that y ~¢ 2, so z € C.
Therefore, in either case we have z € Cy. It follows that C,, U C,, C Cy.

¢ We now show that C} C C, UC,,. Let z € C} be arbitrary. We then have that y ~¢ 2, so we
can fix a y, z-path P in G’.

— Case 1: Suppose that P does not include the edge e. We then have that P is a y, z-path in
G, so y ~g z. Since we also know that u ~¢ ¥y, we can use transitivity of ~¢ to conclude
that u ~g z. In follows that z € C,, and hence z € C,, U C,.

— Case 2: Suppose that P does include the edge e. Since P is path, we know that it is trail,
and hence e occurs exactly once. On this path, we then have that v and w occur immediately
before and after e. If w occurs immediately after e on P, then the portion of the path that
starts with v and goes to the end is a u, z-path in G, so u ~¢g 2z and hence z € C,,. Similarly,
if w occurs immediately after e on P, then we obtain a w, z-path in G, so w ~¢ z and hence
z € Cy. Thus, we have z € C, UC,.

Therefore, in either case, we have z € C,, U C,,. It follows that C} C C\,, U Cy,.

3. The case where y € C,,, then the argument that C} = C,,UC,, is completely analogous to the argument
in (2).
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We can use this result to efficiently implement Kruskal’s Algorithm as follows. Suppose that G is a finite
connected graph and w: E — R2% is a weight function. First, sort the edges by weight in increasing order,
and label all of the vertices with distinct numbers. Now go through the sorted list of edges in order once,
and do the following for each edge. Suppose that we are examining edge e with endpoints u and w. If w and
w have the same label, do nothing but move on to the next edge. Suppose that u and w have distinct labels.
We then have that v and w are in two distinct connected components of the current H;, so e € S;, and it is
straightforward to check that it will be an element of S; of minimum weight (because the edges are sorted
and we're going through them in order). Thus, we add e to H; to form H,.1, and update the labels so that
we “merge” all vertices that have a label equal to one of the labels of u and w (i.e. change all of the labels
of vertices that have the same label as w to now all have the same label as u).

8.5 Vertex Colorings and Bipartite Graphs

Definition 8.5.1. Let G be a graph and let k € N7,
e A function c: V — [k] is a k-coloring of (the vertices of) G.

e We say that a coloring c: V. — [k] is proper if c(u) # c(w) whenever u,w € V are distinct adjacent
vertices.

o We define x(G), the chromatic number of G, to be the smallest k € NT such that G has a proper
k-coloring.

If G is a graph and k € Nt then saying that x(G) < k is equivalent to saying that there is a proper
k-coloring of G. Notice also that if £ < ¢, then any proper k-coloring of a graph G is automatically a proper
¢-coloring of G. Thus, to prove that x(G) = k, we need to do two things:

o Show that there does indeed exist a proper k-coloring of G (this shows that x(G) < k).
o Show that there does not exist a proper (k — 1)-coloring G (this shows that x(G) £ k — 1).

Notice that x(G) = 1 if and only if G has no edges. For a more interesting example, the chromatic
number of a cycle graph on 5 vertices is 3, i.e. x(C5) = 3. To see that x(C5) < 3, consider the following
coloring c: [5] — [3] is a proper coloring of Cj:

. (1) =
. (2)=2
e c(3)=1
. c(4)=2
e c(5)=3

To show that x(C5) £ 2, we need to show that there is no proper 2-coloring of C5. Consider a supposed
proper coloring c: [5] — [2] of C5. We must have ¢(1) # ¢(2) and ¢(2) # ¢(3), so since the codomain of ¢
has 2 elements, we must have ¢(1) = ¢(3). Similarly, we have ¢(3) # ¢(4) and ¢(4) # ¢(5), so ¢(3) = ¢(5).
Therefore, we would need to have that ¢(1) = ¢(5), contradicting the fact that 1 and 5 are adjacent. Thus,
Xx(C5) £ 2, and hence x(C5) = 3.

How can we attempt to give a proper coloring of a finite graph G7 One idea is do a greedy coloring. That
is, fix an ordering vy, vs, ..., v, of the vertices of G, say vi,vs,...,v,. Now color the vertices in order by
giving vertex v; the least color that is possible. By formalizing this, we obtain the following result.
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Proposition 8.5.2. x(G) < A(G) + 1 for all finite graphs G, where A(G) is the largest degree of a vertex
of G.

Proof. Let G be a finite graph. Fix an ordering vy, vs,...,v, of the vertices. We now define a coloring
c: V — N* of the vertices in order recursively as follows. Let c(vy) = 1. At stage k + 1, once we’ve colored
V1,02, ..., Uk, let

Sk+1 = {i € [k] : v; and vi41 are adjacent},

and notice that |Sk41| < A(G). Define ¢(vi+1) to be the least element of
N+\{C(’l}i) 11 E Sk+1}.

By doing this, we obtain a proper coloring ¢ of G such that ¢(v;) < A(G) +1 for all i because at each stage,
the set {c(v;) : i € Sg41} that we’ve removed has at most A(G) many elements. Since ¢ is a proper coloring
of G using at most A(G) + 1 many colors, we conclude that x(G) < A(G) + 1. O

Notice that it is certainly possible that x(G) < A(G) + 1. For example, if G is a graph with vertex set
[n], where n is adjacent to all other vertices but there are no other edges, then A(G) =n —1 but x(G) = 2.
Thus, the above upper bound can be a very bad upper bound in some cases. One may object that the greedy
coloring described in the above proof does not necessarily use A(G) + 1 many colors. For example, in our
example G, a greedy coloring using any ordering of the vertices only actually uses 2 colors. This is true,
but there is an even deeper problem. Although the greedy coloring does indeed give a proper coloring of G
(and leads to above inequality), using the greedy coloring on a particular ordering of the vertices may not
produce a coloring using exactly x(G) many colors. For example, consider the graph P, having vertex set [4]
and edge set {{1,2},{2,3},{3,4}}. If one uses the ordering 1,2, 3,4 of the vertices, then indeed the greedy
coloring uses 2 colors. However, if one uses the ordering 1,4, 2,3 of the vertices, then the greedy coloring
uses 3 colors.

Definition 8.5.3. A graph G is bipartite if it has a proper 2-coloring, i.e. if x(G) < 2. FEquivalently, G is
bipartite exactly when it is possible to partition V into two disjoint sets A and B such that every edge of G
has one endpoint in A and one endpoint in B (so no edge of G has endpoints in the same set).

Theorem 8.5.4. Let G be a graph. The following are equivalent:
1. G is bipartite.
2. G has no cycles of odd length.
3. G has no closed walks of odd length.

Proof. e (1) = (2): Assume that G is bipartite, and fix a proper coloring c¢: V' — [2] of G. Suppose, for
the sake of obtaining a contradiction, that G has a cycle of odd length. Fix a closed walk

Vp,€1,V1,€2,V2,...,Vk—-1,€L, VL

without repeated edges or vertices (other than vy = vy) and such that & is odd. Note that & > 3 because
there are no loops in G, so we can fix m € N with £ = 2m + 1. We then must have c(vg) # c(v1)
and ¢(v1) # ¢(vs), so since the codomain of ¢ has 2 elements, it follows that ¢(vg) = ¢(v2). A similar
argument shows that c¢(ve) = ¢(v4), and hence we conclude that ¢(vg) = ¢(v4). In general, a simple
induction shows that ¢(vg) = ¢(ve¢) whenever 0 < ¢ < m. In particular, since 2m = k — 1, we conclude
that c(vg) = c(vg—1). Since v = vg, this implies that ¢(vg) = ¢(vk—1), contradicting the fact that c is
proper coloring of G. Therefore, G has no cycles of odd length.
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e (2) = (3): We prove the contrapositive. Suppose then G has a closed walk of odd length. Fix an odd
length closed walk of smallest possible length, say it is

Vo, €1,V1,€2,V2,...,V-1, €k, Uk
with vy = vi. Notice that k > 3 because G has no loops. We claim that there are no repeated vertices.

— Suppose that there exists ¢ with 0 < ¢ < k such that vg = v;. We then have v; = v, as well, so
V0,€1,V1y-+-,Vi—1,6€4,V;

and
Viy €i41,Vit1y- -5 Vk—1,€k, Vk

are both closed walks. Since the sum of the lengths of these walks is k, which is odd, either 7 is
odd or k — i is odd. In either case, we have produced a closed walk in G of shorter odd length,
which is a contradiction.

— Suppose that there exists ¢, j with 0 <4 < j < k and such that v; = v;. We then have that

Viy €i4+1,Vi41y---,Vj—-1,€5,U5

and

Vo,€1,VU1,y- .- ,vi_l,ei,vi,ej_,_l,vj_,_l, ooy Vk—1,€L, Vg

are both closed walks. Since the sum of the lengths of these walks is k, which is odd, either j — i
is odd or k — (j —4) is odd. In either case, we have produced a closed walk in G of shorter odd
length, which is a contradiction.

Both cases lead to a contradiction, so our shortest closed walk of odd length has no repeated vertices
and length at least 3. Therefore, G has a cycle of odd length by Proposition 8.2.13.

e (3) = (1): Suppose that G has no closed walks of odd length. We first show that each connected
component of G is bipartite. Consider an arbitrary connected component H of G. Fix some z € Vg,
and define a coloring c: Vi — [2] as follows. Given v € Vj, fix a shortest possible z,v-path in G, and
define c(v) = 1 if this path has even length, and ¢(v) = 2 if this path has odd length. We claim that
¢ is a proper coloring of H. To see this, suppose that u,w € Vg are adjacent and c(u) = c(w). We
then have that a shortest possible z, u-path in H and a shortest possible z, w-path in H both have the
same parity (either both even or both odd), so the sum of their lengths is even. Thus, if we follow
a shortest z,u-path, then take then edge {u,w} and then follow a shortest z,w-path backwards, we
obtain a closed walk in G of odd length, which is a contradiction. Thus, H is bipartite.

Since each of the connected components of G is bipartite, we can fix proper two colorings cgy: Vg — [2]
of each connected component H of G. If we define ¢: Vi — [2] by letting c¢(v) = cg(v) for the unique
connected component H containing v, then c is a proper coloring of G because two vertices in distinct
connected components are not adjacent. Therefore, G is bipartite.

O

We know that a graph with n vertices has at most (72’) = n(”;l) = "2; % many edges. How many edges
can a bipartite graph with n vertices have? A natural way to build a complete bipartite graph on n vertices
is to look at Ky, n—m for m € {0,1,...,n}. Each of these graphs is bipartite (by coloring the vertices
{1,2,...,m} one color and the vertices {m + 1,m +2,...,n} the other), and has all possible edges between
the two sets corresponding to the color classes, which is why we called K, ,, a complete bipartite graph. A

straightforward calculation shows that K, ,—» has m(n —m) many edges.
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More generally, suppose that G is a bipartite graph with n vertices. Suppose that we fix a proper 2-
coloring of G. Suppose that one of the color classes has size m. Then the other color class must have size
n —m, so the number of edges in G is at most m(n —m). Thus, in order to determine the maximum number
of edges that a bipartite graph with n vertices can have, we need only figure out that largest possible value
of m(n —m) as we let m € N vary between 0 < m < n.

Suppose that n € NT. If n is even and we write n = 2m, then K,, ,, is a bipartite graph with m? =

)2 = % many edges. If n is odd and we write n = 2m + 1, then K, 11 ,, is a bipartite graph with

(

N[

n—1 n+1_n271
2 2 4

&

many edges. We now argue that this is best possible.

m(m+1) =

many edges. Thus, in either case, we get

Theorem 8.5.5. Let n € NT.

o Ifn is even, say n = 2k with k € NT, then the mazimum number of edges that a bipartite graph with
n vertices can have is

o Ifn is odd, say n = 2k + 1 with m € N, then the mazimum number of edges that a bipartite graph with

n vertices can have s
n?—1

4

=K% + k.

Thus, in either case, the mazimum number of edges that a bipartite graph with n vertices can have is \_"TQJ

Proof. Let G be a bipartite graph with n vertices. Since G is bipartite, we can fix a proper 2-coloring of the
vertices of G. Let A be the set of vertices given one color, and and let B be the set of vertices given the
other color. Let m = |A|, so |B] = n —m. Each vertex in A is then adjacent to at most |B| many vertices,
so the number of edges in G is at most |A| - |B| = m(n —m). Thus, if we determine the maximum values of
m(n —m) as we let m vary in the set {0,1,2,...,n}, then we will have a bound on the number of edges in
any bipartite graph. In order to maximize this discrete function of m, we examine the continuous (indeed
differentiable) function f: R — R given by

f(z) =2(n —2) = nx — 22

We want to maximize f(x) on the closed interval [0,n]. We have

f(z) =n -2z,

so f'(x) >0on [0, 5] and f'(x) < 0on [§,n]. Thus, f(z) is increasing on [0, 7] and decreasing on on [F,n].
Now if n is even, then § € N with 0 < & < n, and so the maximum occurs at 5§ with

2
n n n n
i(5)=55=71

Suppose that n is odd. Although the maximum of f(x) occurs at %, this is not a natural number. However,

2= is that largest natural number in the closed interval [0, 2], so as f(z) is increasing on [0, 2], we conclude
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n

that the largest value of f at a natural number in the interval [0, 3] is

f<n—1>:n—1.n+1

2 2 2
_ n?—1
==
Similarly, 241 is that smallest natural number in the closed interval [2,n], so as f(z) is decreasing on [%, 7],
we conclude that the largest value of f at a natural number in the interval [F,n] is
f n+1\ n+1 n-—1
2 ) 2 2
- n?—1
4
Thus, the maximum value of m(n —m) across all m in the set {0,1,2,...,n} equals "24_1. O

Since the previous theorem gives an upper bound on the number of edges in a bipartite graph, it also
gives an upper bound on the number of edges in a graph that does not contain an odd cycle (so a 3-cycle, a
5-cycle, etc.). Somewhat surprisingly, if want to determine the maximum number of edges in a graph that
does not contain a triangle (i.e. a 3-cycle), we obtain the exact same upper bound. To prove this, we use a
different inductive approach.

Theorem 8.5.6. We have the following.

1. If k > 2 and G is a graph with n = 2k vertices and at least k> + 1 many edges, then G contains a
triangle.

2. If k> 1 and G is a graph with n = 2k + 1 vertices and at least k> +k + 1 many edges, then G contains
a triangle.

Proof. 1. We prove this by induction on k.

o Base Case: Suppose that k = 2. Let G be a graph with 4 = 2 - 2 vertices and at least 22 +1 =5
edges. We know that G is not bipartite by the previous theorem, so it has an odd cycle. Such a
cycle must have length 3 (because there are only 4 vertices), so G contains a triangle.

e Inductive Step: Suppose that the statement is true for a fixed k£ > 2. Let G be a graph with
2(k + 1) = 2k + 2 many vertices and at least (k + 1)2 + 1 many edges. Fix an edge in G, and
call its endpoints v and w. If v and w have a common neighbor in G, then we have a triangle
and we are done. Suppose then that v and w do not have a common neighbor in G. For each of
the other 2k vertices, at most one of u or w is adjacent to it, so there are at most 2k many other
edges incident to at least one of u or w, not counting the edge {u,w} itself. Thus, if we delete
the two vertices u and w to form G — {u,w}, then the resulting graph has at most 2k + 1 many
fewer edges than G. It follows that G — {u, w} has at least

(k+1)2+1—-2k+1) =k +2k+1+1-2k—1
=k2+1
many edges. By induction, G — {u,w} has a triangle, so G does.
The result follows by induction.

2. We also prove this by induction on k.
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e Base Case: Suppose that kK = 1. Let G be a graph with 3 = 2 -1 + 1 vertices and at least
1-241 =3 edges. We then have that G is a triangle, so we are done.

o Inductive Step: Suppose that the statement is true for a fixed k¥ > 2. Let G be a graph with
2(k+1) +1 = 2k + 3 many vertices and at least (k + 1)(k + 2) + 1 many edges. Fix an edge in
G, and call its endpoints v and w. If v and w have a common neighbor in G, then we have a
triangle and we are done. Suppose then that v and w do not have a common height in G. For
each of the other 2k + 1 vertices, at most one of u or w is adjacent to it, so there are at most
2k + 1 many other edges incident to one of u or w, not counting {u,w} itself. Thus, if we delete
the two vertices u and w to form G — {u,w}, then the resulting graph has at most 2k + 2 many
fewer edges than G. It follows that G — {u,w} has at least

k+1)(k+2)+1—-(2k+2)=k>+3k+2+1—2k—2
=k +k+1
=k(k+1)+1

many edges. By induction, G — {u,w} has a triangle, so G does.

The result follows by induction.

8.6 Matchings

Definition 8.6.1. A matching in a graph is a set of edges such that no two distinct edges have a common
endpoint.

We will often be interested in matchings in bipartite graphs. The idea is that one side represents people
and the other jobs/tasks.

Definition 8.6.2. Let G be a graph and let M be a matching in G.
o Let S C Vg. We say that M saturates S if every element of S is an endpoint of some edge in M.

o We say that M is a perfect matching if M saturates V, i.e. every vertex in G appears as an endpoint
of some edge in M.

e We say that M is a maximal matching in G if M U {e} is not a matching for every edge e € E\M.

o We say that M is a maximum matching if it has at least as many edges as any other matching, i.e. if
IN| < |M] for all matchings N of G.

Notice that any maximum matching in a graph G is a maximal matching. However, the converse is
not true. For example, consider the graph Py, so the vertex set is [4] = {1,2,3,4} and the edge set is
{{1,2},{2,3},{3,4}}. Notice that M = {{2,3}} is a maximal matching, but it is not a maximum matching
because M’ = {{1,2},{3,4}} is a matching with strictly more elements. Although it is relatively easy to
determine if a given matching is a maximal matching (simply look through all of the edges in turn and
check if each of their endpoints are saturated by M), it seems harder to determine if a matching is a
maximum matching. The following definition will be essential to help us efficiently determine if a matching
is a maximum matching.

Definition 8.6.3. Let M be a matching in a graph G.
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o An M-alternating path in G is a path

Vo, €1, V1, €2,V2,...,Vk-1, €k, Uk
in G where the e; alternate between elements of M and element of E\M (i.e. either e1,es,e5,... are
all elements of M and eq, eq, €, ... are all elements of E\M, or ey, es,es, ... are all elements of E\M
and e, €4, €, ... are all elements of M ).

o An M-augmenting path in G is an M -alternating path
Vo, €1, V1, €2,V2, ..., Vk—1, €k, Vk
in G where k > 1 and both vy and vy, are M-unsaturated (i.e. not the endpoint of any edge in M ).

Notice that in an M-augmenting path, the first and last edges e; and e must both be elements of E\M.
However, an M-augmenting path is more than just an M-alternating path with this property because we
require that no edge of M is incident to either vy or vg, not just e; and e themselves. Before establishing
our major theorem about M-augmenting paths, we first prove a useful lemma.

Lemma 8.6.4. Let G be a finite graph with d(v) < 2 for all v € G. We then have that every connected
component of G is either a path or a cycle.

Proof. Let H be an arbitrary connected component of G. Since G is finite, we know that H is finite, so we
can fix a longest possible path
Vo, €1, V1, €2,V2, ..., Vk—1, €k, Vk

in H (note that possibly k& = 0, in which case we have a trivial path). Since paths are trails, we know that
the edges in this path are all distinct. For each ¢ with 1 < i < n — 1, we have that v; is incident to the two
distinct edges e; and e; 1. Since d(v;) < 2 for each ¢ with 1 <7 < k — 1, it follows that v; is incident to no
edges of G, other than e; or e;11. We now have a few cases:

e Case 1: Suppose that vy and vy, are incident to no edges besides e; and e, respectively. We then have
H consists of the vertices and edges on this path, and no other vertices/edges, so H is a path.

e Case 2: Suppose then vg is incident to another edge f. Notice that the other endpoint of f must be
some v;, because otherwise we could extend our path to a longer one in H. Now this other endpoint
cannot be a v; with 1 <7 < k — 1 from above, so the other endpoint must be vy. We then have that

Vo, €1,V1,€2,V2,. .. 7’Ul€—1aek7vk7fa Vo

is a closed walk without repeated vertices/edges. Furthermore, no other edge can be incident to either
vg or vg because d(vg) < 2 and d(vg) < 2. We now have a cycle in H, and furthermore no other vertices
or edges can be in H. Therefore, H is a cycle.

e Case 3: Suppose then vy is incident to another edge f. Then following the argument in Case 2, the
other endpoint of f must be vy, and we conclude that H is a cycle.

O
We are now ready to prove our fundamental theorem about augmenting paths.
Theorem 8.6.5. Let M be a matching in a finite graph G. The following are equivalent:
1. M is a mazximum matching.

2. There is no M -augmenting path in G.
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Proof. We prove the contrapositive of each direction, so we show that M is not a maximum matching if and
only if there exists an M-augmenting path in G.
Suppose first that there does exist an M-augmenting path in G, say it is

V0, €1,V1,€2,V2,...,Vk—1,€k, Uk

with k& > 1. Since vy and vy, are both M-unsaturated, we know that e; € E\M and e, ¢ E\M. Since this
path is M-alternating (because it is M-augmenting), we must have that e, € E\M for all odd ¢, and ¢; € M
for all even ¢. In particular, it must be the case that k is odd. Let

M' = (M\{e; : i is even}) U {e; : i is odd}

Notice that if 1 <4 < k — 1, then v; is incident to a unique edge in M’ because it is incident to a unique
edge of M. Also, since vy and v, are both M-unsaturated, they are each incident to a unique edge in M’.
Finally, for any vertex u not equal to any v;, we have that u is incident to at most one edge in M’ because
it is incident to at most one edge in M. It follows that M’ is matching in G. Now since k is odd, we have
that |M'| = |M|+ 1, so M’ is matching in G with more elements than M. Therefore, M is not a maximum
matching.

Suppose conversely that M is not a maximum matching. Fix a maximum matching M’ in G, and notice
that |[M| < |M’|. Consider the subgraph H of G with vertex set Vg = Vi and edge set the symmetric
difference Ey = MAM', i.e. Eyg = (M\M') U (M'\M). Thus, an edge e € Eg appears in Ey when it is in
exactly one of M or M’. Notice that since |M’| > | M|, we have

|MAM| > [M\M’|.

For any v € Vg, we know that v is incident to at most one edge in M and at most one edge in M’, so
we have that dy(v) < 2 for all v € V. Thus, by Lemma 8.6.4, each connected component of H is either
a path or a cycle. Now any cycle in H must alternate edges between elements of M\M' and elements of
M\ M because no vertex is incident two edges in M, and no vertex is incident to edges in M’. Hence, each
connected component in H that is a cycle has even length and an equal number of edges in both M\M’
and M'\M. Therefore, since |M'\M| > |M\M'|, there must exist a connected component in H that is path
with strictly more edges in M\ M than in M\M’. Fix such a path

Vo, €1, V1,€2,V2,...,Vk—-1, €k, Vk

Since each vertex is incident to at most edge of M and at most one edge of M’, it follows that the e; alternate
between edges of M\ M and edges of M\ M’. Furthermore, since this path has strictly more edges in M\ M
than in M\M’, we must have ey, e, € M’\M. Thus, our path is an M-alternating path with ey, ey ¢ M.
Moreover, both vy and v must be M-unsaturated, because if either was incident to an edge in M, that edge
would be in M\M’ (since it is not e; and not ey), which implies that it would appear in H, contradicting
the fact that our path is a component in H. Therefore, we have shown the existence of an M-augmenting
path in G. O

In many cases of applied interest, we are looking for matchings in bipartite graphs. Suppose then that G
is a bipartite graph. Fix a proper 2-coloring of G, and let X and Y be the corresponding color classes. We
want to find a simple necessary and sufficient condition for when there is a matching G that saturates X.

Definition 8.6.6. Let G be graph. Given a set T C 'V, we define
N(T) = {v €V :v is adjacent to some element of T}.

In other words, N(T) is the set of neighbors of elements of T.
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Theorem 8.6.7 (Hall’s Marriage Theorem). Let G be a finite bipartite graph. Fix a proper 2-coloring of G,
and let X and 'Y be the corresponding color classes. There exists a matching of G that saturates X if and
only if |T| < |N(T)| for all T C X.

Proof. Suppose first that there exists a matching of G that saturates X, and fix such a matching M. Let
T C X be arbitrary. Since M saturates X and T' C X, we can define a function f: T — N(T) by letting
f(x) be the unique vertex that = is matched to in M. Since M is a matching, this function is injective, so
T < [N(T)].

Suppose conversely that there does not exist a matching of G that saturates X. We build a set 7' C X
with |T| > |N(T)|. First, fix a maximum matching M of G. Now M does not saturate X by assumption, so
we can fix an a € X that is M-unsaturated. Consider the set of all M-alternating paths whose first vertex
is a. Let B be the set of all endpoints of such paths that are elements of X, i.e.

B = {x € X : There exists an M-alternating a, z-path in G}.
Similarly, let C be the set of all endpoints of such paths that are elements of Y, so
C = {y € Y : There exists an M-alternating a, y-path in G}.

Thus, BC X, C CY, and a € B (because the trivial path of just a is an M-alternating path). We have the
following:

1. Every element of B\{a} is M-saturated and its matched partner is in C: Let b € B\{a} be arbitrary.
By definition of B, we can fix an M-alternating a, b-path P in GG. Notice that P has even length of at
least 2 because G is bipartite, a,b € X, and b # a. Since the edges of P alternate between elements of
E\M and M, and since P starts with an edge in E\M (because a is M-unsaturated), it follows that
the last edge of P is an element of M. Thus, b is M-saturated. Furthermore, the penultimate vertex
of P is matched to b, is an element of Y, and is the endpoint of the M-alternating path starting with
a that is obtained by deleting the last vertex and edge of P. Therefore, the matched partner of b is an
element of C'.

2. Every element of C' is M-saturated and its matched partner is in B\{a}: Let ¢ € C be arbitrary. By
definition of C, we can fix an M-alternating a,c-path P in G. Notice that P has odd length because
G is bipartite, a € X, and ¢ € Y. Since the edges of P alternate between elements of E\M and M,
and since P starts with an edge in E\M (because a is M-unsaturated), it follows that the last edge of
this path is an element of E\M. Furthermore, since M is a maximum matching, we know that P can
not be an M-augmenting path by Theorem 8.6.5. Now P is M-alternating, and a is M-unsaturated,
so it must be the case that c is M-saturated. Let b € X be the matched partner of c. Notice that b
does not occur on P because ¢ does not occur before the last vertex, and the last edge is an element of
E\M. Thus, if we add on the edge {c, b} and the vertex b to the end of P, we obtain an M-alternating
a,b-path in G, so b € B. Also, notice that b # a because a is M-unsaturated. Therefore, the matched
parter of ¢ is an element of B\{a}.

3. |C] = |B\{a}|: By (1), we can define a function from B\{a} — C sending an element to its matched
partner. This function is injective because M is a matching, so |[B\{a}| < |C|. Similarly, |C| < |B\{a}|
by (2). It follows that |C| = |B\{a}|.

4. N(B) C C: Let y € N(B) be arbitrary. Since y € N(B), we can fix b € B such that b is adjacent to y.
Since b € B, we can fix an M-alternating a,b-path P in G. If y is a vertex on P, then by cutting off
P at y we obtain an M-alternating a,y-path in G, so y € C. Suppose then that y is not a vertex on
P. Asin (1), notice that P has even length and the last edge of P is an element of M. Since y is not
a vertex on P, and we know that the penultimate vertex of P is the matched partner of b, it follows
that {b,y} ¢ M. Thus, if we add on the edge {b,y} and the vertex y to the end of P, we obtain an
M-alternating a, y-path in G, so y € C. It follows that N(B) C C.
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Combining (3) and (4), we have
IN(B)| < |C| = [B\{a}| = [B| -1

Therefore, we may let T = B. O

Instead of thinking about finding a large matching, we now move on to consider finding a “good” matching
in a certain sense. Suppose that we have two groups of n vertices and each one side has a ordering of the other
in terms of preference. Thus, we have the complete bipartite graph K, ,, where the vertex set is partitioned
into two sets U (think of uppercase letters) and L (think of lowercase letters) of size n such that every vertex
of U is adjacent to every vertex of L. Suppose furthermore that for each A € U, we have a permutation of
L, which we can think of as an ordering <4 of L. Similarly, for each z € L, we have a permutation of Y,
which we can think of as an ordering <, of U. These orderings codify the preferences of the vertices. For
example, if U = {A, B,C, D} and L = {w, z,y, 2}, we may have the following lists of preferences:

(A[BlC[D] [wle]y]=]
T |lw| 2z |z c|C|C|B
ylz|wl|w B|A|B|C
z|lyl|ly |z Al D|A|A
wl| z | x|y D|B|D|D

In this setting, there are of course many perfect matchings (in fact there are n! many of them). However,
we want to find a “good” matching. There are several ways one could define a notion of “good” (as many
vertices as possible are paired with their first choice, as few vertices as possible are paired with their last
choice, minimizing the sum of the ranks of the matched pairs, etc.), but we opt for a notion that tries to
avoid “rogue” pairs.

Definition 8.6.8. A matching is stable if there do not exist matched pairs {z,A},{y,B} € M (where
A, BeU and z,y € L) such that B <, A and x <. y, i.e. such thaty prefers A to B and also A prefers y
to x.

If we think of our matching as providing marriages between uppercase people U and lowercase people L,
then a stable matching is one where there does not exist two people who would prefer each other to their
current spouses, thus warding off infidelity. Does every list of preferences have a stable matching? If so, is
it unique? Also, how could we find one? There is a clever algorithm to form a matching that is useful in
answering all of these questions. The idea is to pick one side and have it do a sequence of proposals to the
other side. Say that we have the L vertices do the proposals to the U vertices. At the first stage, each L
vertex approaches their first choice of a vertex U and proposes. Each U vertex that now has a proposal tells
their favorite current suitor to return in the next round, and rejects the others, telling them to never return.
We call the resulting pair engaged. In the next round, each engaged element of L returns to their engaged
partner, and each element of L that is not currently engaged proposes to their highest choice of a vertex in
U that has not yet rejected them. At this point, each U vertex (even if they are currently engaged) that
now has a proposal tells their favorite current suitor/engaged partner to return in the next round, and also
rejects the others (possibly including the current engaged partner) telling them to never return. As before,
we call the resulting pairs engaged. We continue this process until we reach a round where everybody is
engaged, and we take this matching. For example, consider the above lists of preferences:

[z [y | =]

(A[B[C|D] |

Ol | Q| &
WO = Q| &
O | | Q=
Q| | Qf |

Yy | x
2 1Y
w | z

] |8
SHECNES
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With the elements of L proposing, we get the following run of the algorithm (where bold indicates the
engaged element of L):

’ Round H A \ B \ C \ D ‘
1 Z W, T,y
2 X y, 2 w
3 X y W,z
4 X | W,y Z
5 X,y | W z
6 X w Z y

Thus, we get the following matching:
{w,B} {z,A} {y,D} {zC}.

We can also switch and have elements of U proposing, giving the following run of the algorithm:

’ Round H w \ T \ Y \ z ‘
1 B A C,D
2 B,D A C
3 B A D C
4 B A D C

Notice that this results in the same matching. Of course, we now have a couple of questions. First, does this
procedure always terminate in a matching? For example, is it possible that an element of the proposing set
is rejected by everyone? If we know that the process does terminate in a matching, then the big question is
whether the resulting matching stable. We start with the termination question. Suppose that the elements
of L propose to the elements of U. By definition of the algorithm, we have the following properties:

1. If z € L is rejected by A € U, then = never proposes to A again.

2. If A € U is engaged to an element of L at stage k, then A is engaged to some (possibly different)
element of L at all later stages.

Furthermore, building on these facts, a closer look at the algorithm reveals that we also have the following
properties:

3. If we fix € L, then the sequence of elements of U that = proposes to each day is decreasing (not
necessarily strictly) through its preference list, and never skips over anybody on their list.

4. Tf we fix A € U, then the sequence of elements of L that A is engaged to might start out empty, but
then it is increasing (not necessarily strictly) though its preference list, and it might skip people on
the list.

Now if we ever reach a stage where each element of U has a current proposal by some element of L, then we
stop the algorithm and take the corresponding matching. With this in mind, we first argue that no element
of L can be rejected by every element of U. To see this, suppose that we are at a stage where a given x € L
gets rejected by the (n — 1)% person on their list. By property 3 above, it follows that z has now been
rejected by each of the first n — 1 elements of their list. Now using property 2, it follows that on the next
day, those n — 1 people will each have a suitor, and then z will propose to the n** person on their list. Thus,
each of the n elements of U have a suitor, and since L also has n elements, it follows that each element of
U has a unique suitor. Thus, the algorithm must terminate in a matching. Furthermore, since at least one
rejection happens at each stage that does not produce the final matching, the above argument shows that
algorithm terminates in at most n(n — 2) + 2 many steps (although this can be improved a bit). We now
prove the algorithm produces a stable matching.
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Theorem 8.6.9. Suppose that the elements of L propose to the elements of U. The matching produced by
the algorithm is stable.

Proof. Suppose that the matching produces pairs {z, A} and {y, B}. Suppose that y prefers A to B. Then
at some stage, y must have proposed to A by property 3 above. Since y is not paired with A, it follows
that A must have rejected y at some (possibly later) stage in favor of somebody that A preferred. Since the

sequence of engagements of A only increases by property 4, it follows that A prefers x to y. O
(AlB[C]D] [w]a[y]=]
r|lw| z | z Cc|D|C|B
y|lz|w|w B|A|B|C
z |z |y |z A|lC|A|A
wly | x|y D|B|D|D

With the lowercase letters proposing, we get the following run:

[Romd [A] B | C [D]

1 Z w,y | X
2 Y, Z w X
3 y Z w X

Thus, we get the following matching:
{w,C} {z,D} {y,A} {z B}.

If we run it in the other order, we get

’Round H w \ x \ Y \ z ‘
1 B A C,D
2 B,D A C
3 B A D C
4 B D A C

Thus, we get the following matching:

{w,B} {,D} {y,A} {zC}.

Both of these matchings are stable by the above argument. In particular, there can be more than one stable
matching. This lead to the question of whether there is a “best” stable matching.

Definition 8.6.10. Let x € L and let A€ U.

o We say that A is feasible for x if {x, A} occurs in some stable matching. Similarly, we say that x is
feasible for A if {x, A} occurs in some stable matching.

o We say that A is optimal for x if A is the highest element of x’s preference list that is feasible for
x. Similarly, we say that x is optimal for A if x is the highest element of A’s preference list that is
feasible for A.

Theorem 8.6.11. If L does the proposing, then for all x € L, the partner produced by the algorithm is
optimal for x.

Proof. We show that if x is rejected by A at some stage, then A is not feasible for . We do this by induction
on the stage of the construction:
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e Suppose that A rejects x at the first stage. We need to show that A is not feasible for x. Let M be an
arbitrary perfect matching containing {z, A}. Since A rejects z at the first stage, we know that A is
engaged to some y at the end of the first stage, and so A prefers y to z. Fix B such that {y, B} € M.
We then have that A prefers y to  (from above) and y prefers A to B (since A was y’s first choice as
this is the first round), so M is not stable. Thus, any matching containing {x, A} is not stable, so A
is not feasible for z.

e Suppose now that we are at stage k, and we know that whenever z € L has been rejected by some
C € U at a stage before k, then C' is not feasible for z. Suppose now that A rejects x at stage k. We
need to show that A is not feasible for . Let M be an arbitrary perfect matching containing {z, A}.
Since A rejects x at stage k, we know that A is engaged to some y at the end of stage k, and that A
prefers y to . Fix B such that {y, B} € M. If B is not feasible for y, then M is not stable definition.
Suppose then that B is feasible for y. Since y is engaged to A at stage k, we know that y was rejected
by all elements of U above A in earlier rounds, and hence no element above A is feasible for y by
induction. Since B is feasible for y, we must have that y prefers A to B. Combining this with the fact
that A prefers y to = (from above), we conclude that M is not stable. Thus, any matching containing
{z, A} is not stable, so A is not feasible for x.

We have shown that if x is rejected by A at some stage, then A is not feasible for x. Since x is matched with
the highest ranked element of U that does not reject x, it follows that the partner produced for x is optimal
for x. O

Thus far, we’ve been working in the graph K, ,, where each vertex on one side ranks the elements of the
others. Suppose instead that we work in Ks,, where each vertex ranks all other vertices. Think about this
as taking a group of 2n people and trying to pair off roommates. Although this problem superficially seems
completely analogous, the lack of two “sides” changes the situation dramatically. In fact, there may not be
a stable matching! For example, suppose that n = 2, so we have 4 people who rank the other 3 as follows:

(A[B]C|D]
B[C|A|A
C[A[B[B
D|[D|D|C

To see that there is no stable matching, simply look at who is matched with D (who is the lowest ranked
vertex for all others).

o If we match {4, D}, then we must match {B,C}, and then A and C form an unstable pair.
o If we match {B, D}, then we must match {4, C}, and then A and B form an unstable pair.
o If we match {C, D}, then we must match {A, B}, and then B and C form an unstable pair.

Therefore, there is no stable matching.

8.7 Planar Graphs

Definition 8.7.1. Let G be a graph. A planar embedding of G is way to draw G in the plane such that all
vertices are represented by points, all edges are represented by continuous paths, and no two distinct edges
cross (except at the endpoints). We say that G is planar if there exists a planar embedding of G.

One can make this definition more formal be representing edges by continuous functions g: [0,1] — R?
such that ¢(0) is one endpoint and g(1) is the other endpoint. A careful treatment of this material relies
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on some important properties of continuous functions, and hence relies on some analysis and topology. We
(obviously) don’t have those tools, so we will proceed a bit more intuitively. However, rest assured that all
of these results can be made very precise with the appropriate tools.

Definition 8.7.2. Given a planar embedding of a graph G, we divide the plane (minus the image of the
embedding) into regions that we call faces.

Theorem 8.7.3 (Euler’s Formula). Let G be a planar embedding of a connected planar multigraph. If this
embedding has n vertices, m edges, and c faces, then n —m + c = 2.

Proof. The proof is by induction on m.

e Base Case: Suppose that m = 0. Since G is connected, we must have n = 1 and hence ¢ = 1 as well.
Notice that 2 -1+ 1= 2.

e Inductive Step: Suppose the result is true for all connected planar multigraphs with m edges. Let G
be a connected planar multigraph with n vertices, m + 1 many edges, and ¢ faces. We have two cases:

— Case 1: G has no cycles, so G is a tree. We then have m = n — 1 by Theorem 8.3.8 and ¢ = 1
(because there are no cycles), so

n—m+c=n—(n—1)+1
=2

— Case 2: G has a cycle. Fix an edge e in a cycle, and let G’ = G — e. Notice that G’ is a connected
planar graph (using Proposition 8.2.16) with n vertices and m edges. Furthermore, G’ has ¢ — 1
many faces because the faces on opposing sides of e become one face. By induction, we have

n—m+(c—1)=2.

Therefore
n—(m+1)+c=2,

and hence the statement is true for G.
The result follows by induction.

O

Definition 8.7.4. Suppose we have a planar embedding of a connected multigraph G. Given a face f € F,
we define the length of f, denoted ¢(F) to be the length of the walk which traverses the boundary of the face.
Notice that if F' is on both “sides” of an edge, then that edge is counted twice.

Proposition 8.7.5. If G is a connected planar multigraph with m edges, then ) ;. €(f) = 2m.
Proof. Every edge has 2 “sides”, so is counted twice on the left. O

Proposition 8.7.6. Let G be a connected planar graph with n vertices and m edges. If n > 3, then
m < 3n — 6.

Proof. Suppose that n > 3. For each face f € F, we have £(f) > 3 because G is a connected graph with at
least 3 vertices. Using the previous proposition, we conclude that

2m = U(f) > 3c,

feF
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and hence ¢ < % -m. Now using Euler’s Theorem, we have

m+2=n+c
<n+?
n—+--m
- 3
It follows that .
—m<n-—2
3 m<n ,
and hence m < 3n — 6. O

Corollary 8.7.7. K5 is not planar.

Proof. Notice that Ky has 5 vertices and (g) 10 edges. Since 3-5 — 6 = 9, it follows from Proposition
8.7.6 that K35 is not planar. O

Proposition 8.7.8. Let G be a connected planar graph with n vertices, m edges, and no triangles (i.e. no
3-cycles). If n > 3, then m < 2n — 4.

Proof. For each face, we must have at least 4 edges on its boundary, so

2m =Y U(f) > 4c,

feF

and hence ¢ < % -m. Now using Euler’s Theorem, we have

m+2=n-+c
<n+--m
It follows that .
—m<n-—2,
2
and hence m < 2n — 4. O

Corollary 8.7.9. K33 is not planar.

Proof. Notice that K3 3 is bipartite so has no triangles. Now K3 3 has 6 vertices and 3 -3 = 9 edges. Since
2n —4=2-6—4 =8, it follows from Proposition 8.7.8 that K3 3 is not planar. O

Proposition 8.7.10. If G is a finite planar graph, then there exists v € V with d(v) < 5.

Proof. Since a graph is planar if and only if each of its connected components is planar, it suffices to prove
the result for connected finite planar graphs. So suppose that G is a connected finite planar graph with n
vertices and m edges. If n < 2, then this result is trivial. Suppose then that n > 3. If d(v) > 6 for all v € V|
then

2m = Z d(v) > 6n,

veV

so m > 3n, which contradicts Proposition 8.7.6. Therefore, there must exist v € V' with d(v) < 5. O]

Proposition 8.7.11. x(G) < 6 for every finite planar graph G.
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Proof. The proof is by induction on the number of vertices of G. Notice that if G has one vertex, then the
result is trivial. Suppose then that x(G) < 6 for all finite planar graphs G with n vertices. Consider an
arbitrary finite planar graph with n + 1 vertices. By Proposition 8.7.10, we can fix a vertex v with d(v) < 5.
Now the graph G — v is planar and has n vertices, so by induction we know that x(G —v) < 6. Fix a proper
6-coloring ¢: V\{v} — [6] of G — v. Now v has at most 5 neighbors in G, so we can fix ¢ € [6] such that
c(w) # i for all w adjacent to v. Thus, if we extend ¢ by letting c¢(v) = 4 for some such i, then we have a
proper coloring of G using at most 6 colors. The result follows by induction. O

In fact, with a little more work, we can prove the following.
Theorem 8.7.12. x(G) <5 for every planar graph G.

Proof. The proof is by induction on the number of vertices of G. Notice that if G has one vertex, then the
result is trivial. Suppose then that x(G) < 6 for all finite planar graphs G with n vertices. Consider an
arbitrary finite planar graph with n + 1 vertices. By Proposition 8.7.10, we can fix a vertex v with d(v) < 5.
Now the graph G — v is planar and has n vertices, so by induction we know that x(G —v) < 6. Fix a proper
6-coloring ¢: V\{v} — [5] of G —v. Now if there is an i € [5] such that c¢(w) # ¢ for all w adjacent to v,
then we obtain a proper 5-coloring of G as in the previous proposition.

Suppose then that all 5 colors occur on the neighbors of v. In some planar embedding of G, call the
neighbors wy, wa, w3, ws, ws in a clockwise circle around v. Consider the subgraph H; 3 of G — v induced
by the vertices currently colored 1 and 3. If wy and ws are in different connected components of H; 3, then
we can switch the colors 1 and 3 in the connected component of w; (so in particular w; is now colored 3),
which then allows us to obtain a proper coloring of G with 5 colors by coloring v with 1.

Suppose then that w; and ws are in the same connected component of H; 3. We can then fix a wy, ws-path
P in H, 3 of vertices alternating in color between 1 and 3. We now try the same strategy with ws and wy
by considering the subgraph H> 4 of G — v induced by the vertices currently colored 2 and 4. Notice that ws
and wy cannot be in the same connected component of Hj 4, because otherwise we would have ws, w4-path
in Hy 4 of vertices alternating in color between 2 and 4, which would have to cross P, contradicting planarity
(notice that the paths can’t cross at a vertex because the vertices on the paths have different colors). Since
wy and wy are not in the same connected component of Hj 4, we can switch the colors 2 and 4 in the
connected component of ws (so in particular we is now colored 4), which then allows us to obtain a proper
coloring of G with 5 colors by coloring v with 2. The result follows by induction. O

In fact, the following much (much) harder result is true.
Theorem 8.7.13 (Four Color Theorem, Appel-Haken). x(G) < 4 for every planar graph G.

We now examine convex regular polyhedra, which are 3-dimensional shapes each of whose faces is a
convex polygon with the same number of edges, and such that the number of faces that meet at any point
is equal throughout. These convex regular polyhedra can be viewed as graphs embedded on a sphere, but
notice that a graph can be embedded on the plane exactly when it can be embedded on the sphere. One can
see this by picking a point on the sphere (not hit by any vertex/edge) and doing a stereographic projection.
Thus, we can study these polyhedra by studying planar graphs such that d(v) is constant for all v € V', and
£(f) is constant for all f € F. Let d be the common degree of vertices, and let ¢ be the common length of
faces. Notice that d > 3, that £ > 3, and that

dn = 2m = lc.
Now using Euler’s Theorem, we conclude that

2=n—m+c
_2m 2m

g "t
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and hence
11 1 1
atiT2m
Since % > 0, it follows that
1 1 1
a + z > 5
Now we know that d > 3, so if £ > 6, then we would have
L1111
d ¢-3 6 2

1 n 1 < 1 . 1 1

d (-6 3 2
which is a contradiction. Therefore, we must have 3 < d < 5 and 3 < ¢ < 5. Furthermore, we can not have
both d > 4 and ¢ > 4 because this would imply that

Lol 1 11

d (=4 4 2

which is a contradiction.
This gives the following possible pairs (d, £):

(3.3) (34 (3,5 (43) (53)
Now from d and ¢, we can compute m using the equation

1 1 1 1

d + ¢ 2 + m’
Furthermore, once we have m as well, then we can determine n and ¢ from the equation
dn = 2m = lc.
Doing all the calculations, we conclude the following:
e d=3 and ¢ = 3: We then have m =6, son =4 and ¢ = 4.
e d=3 and ¢ = 4: We then have m = 12, son = 8 and ¢ = 6.
e d=3and ¢ =>5: We then have m = 30, son =20 and ¢ = 12.
e d=4and ¢ = 3: We then have m =12, son =6 and ¢ = 8.

e d=>5and ¢ = 3: We then have m = 30, so n = 12 and ¢ = 20.

(m[n]c]  poly |
3 6 4 4 tetrahedron
41 12 | 8 6 cube

51 30 | 20 | 12 || dodecahedron
3

3

12 | 6 8 octahedron
30 | 12 | 20 icosahedron
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8.8 Ramsey Theory

We begin with the following result.

Proposition 8.8.1. Given any coloring of the edges of K¢ using two colors, there always exists a triangle
such that all edges have the same color.

Proof. Consider an arbitrary coloring of the edges of Kg with two colors. Call the colors red and blue. Pick
an arbitrary vertex u. Since u is incident to 5 total edges, either w is incident to at least 3 red edges or u is
incident to at least 3 blue edges. We now have two cases:

e C(Case 1: Suppose that u is incident to at least 3 red edges. Fix 3 such edges, and call the other endpoints
of these edges wy, wsz, and ws. Now if the 3 edges with endpoints amongst the w; are all blue, then
w, we, and ws form a blue triangle. On the other hand, if any edge with endpoints w; and w; where
i # j is red, then we obtain a red triangle by looking at the vertices u, w;, and wj.

e (Case 2: Suppose that u is incident to at least 3 blue edges. Fix 3 such edges, and call the other
endpoints of these edges w1, wo, and ws. Now if the 3 edges with endpoints amongst the w; are all
red, then wy, wo, and w3 form a red triangle. On the other hand, if any edge with endpoints w; and
w; where 7 # j is blue, then we obtain a blue triangle by looking at the vertices u, w;, and wj.

Thus, we always obtain either a red triangle or a blue triangle (or possibly both). O

Is 6 best possible? In other words, is it true that every coloring of the edges of Kg with two colors always
has a monochromatic (i.e. either all red or all blue) triangle? Or is there a coloring of the edges of Kj
with two colors such that there are no monochromatic triangles? It turns out that the latter is true, so 6 is
indeed best possible. To see this, consider K5 with vertex set [5] = {1,2,3,4,5}. Think about these vertices
as forming an outer 5-cycle in order. Color the edges of this cycle RED and color all edges BLUE. More
formally, let

RED = {{1,2},{2,3},{3,4},{4,5}, {1,5}}.
BLUE = {{1,3},{1,4},{2,4},{2,5}, {3,5}}.

Since any 3-element subset of the five vertices will contain at least one “consecutive” pair of numbers (where
we consider 1 and 5 to be “consecutive”), and at least one that is not “consecutive”; it follows that this
coloring has no monochromatic triangle.

Can we generalize these ideas? If we color the edges of Kjg, can we always find four vertices such that
all edges between them have the same color, i.e. can we always find a monochromatic (or homogeneous)
subgraph isomorphic to K;? What if we color the edges of Ky instead?

Definition 8.8.2. Let k,¢ € NT. Define R(k,() to be the least n € N (if it exists) such that whenever all
of the edges of K, are colored with either red or blue, either there exists a subset A C'V with |A| = k such
that all edges having both endpoints in A are red, or there exists a subset B CV with |B| = £ such that all
edges with both endpoints in B are blue.

In other words, R(k,¢) is the least n € NT such that whenever all of the edges of K,, are colored with
either red or blue, either there is a subgraph of K, isomorphic to Kj in which all edges are red, or there is
a subgraph of K, isomorphic to K, in which all edges are blue. For example, we have the following simple
facts:

e R(k,1)=1and R(1,¢) =1 for all k,¢ € NT. To see why R(k,1) = 1, notice that for the trivial graph
with vertex set [1] and no edges, we may take B = {1}, which satisfies the definition. The other is
symmetric.
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o R(k,2) =k and R(2,¢) = ¢ for all k,¢ € N*. To see why R(k,2) < k, notice that for the given any
coloring of the edges of K}, either there is at least blue edge whose endpoints we can take for B, or
all edges are red and we can let A = [n]. Also, we have R(k,2) > k — 1 because if we color all edges of
K1 red, then no such A or B exist. Thus, R(k,2) = k, and similarly R(2,¢) = ¢.

e R(3,3) =6 from above.
o In general, we have R({, k) = R(k,{) because we can switch the role of red and blue.

It is not at all obvious that R(k, ) exists for each k,¢ € NT, but we will come up with a recursive upper
bound for these values shortly. To prepare for this result, we first prove the following special case.

Proposition 8.8.3. R(4,3) exists, and in fact R(4,3) < 10.

Proof. Consider an arbitrary coloring of the edges of K7o with red and blue. Pick an arbitrary vertex u.
Since u is incident to 9 total edges, either w is incident to at least 6 red edges or u is incident to at least 4
blue edges (otherwise, u would be incident to at most 5 + 3 = 8 many edges). We now have two cases:

e C(Case 1: Suppose that u is incident to at least 6 red edges. Fix 6 such edges, and call the other endpoints
of these edges wi,ws,...,ws. Now look at the subgraph of Kjy induced by these 6 vertices. Since
R(3,3) = 6 from above, either there is a red triangle amongst these vertices, or there is a blue triangle
amongst these vertices. If there is a blue triangle, then we are done by letting B be the corresponding
three vertices. Otherwise, there is a red triangle amongst the w;, and then we can include v with the
3 vertices that make up the red triangle to obtain a subset A C [10] with |A| = 4 such that all edges
having both endpoints in A are red.

e (Case 2: Suppose that wu is incident to at least 4 blue edges. Fix 4 such edges, and call the other
endpoints of these edges wy, wo, w3, wy. Now if the 6 edges with endpoints amongst the w; are all red,
then we can take A = {wy, ws, w3, ws}. Otherwise, there is a blue edge amongst the w;, and we can
include u with 2 endpoints of this edge to obtain a set B C [10] with | B| = 3 such that all edges having
both endpoints in B are blue.

This completes the proof. O
This idea generalizes to the next inductive argument.
Theorem 8.8.4. For all k,¢ € Nt we have that R(k, () exists, and in fact R(k,¢) < R(k—1,0)+ R(k,{—1).

Proof. We prove this by induction on the value of k +¢. We know from above that R(k,1) and R(k,2) exist
for all k € NT, and also that R(1,£) and R(2,/) exist for all £ € N*. Now let k,¢/ € N with k,¢ > 2 and
assume that both R(k — 1,¢) and R(k, ¢ — 1) exist. Define the following numbers:

e c=R(k-1,0).
e d=R(k,0—1).
e n=R(k—-14)+R(k,(—-1)=c+d.

We show that if we color all of the edges of K, with red/blue, then either there exists a subset A C V with
|A|] = k such that all edges having both endpoints in A are red, or there exists a subset B C V' with |B| = ¢
such that all edges with both endpoints in B are blue.

Consider then an arbitrary coloring of the edges of K,, with red and blue. Pick an arbitrary vertex wu.
Since w is incident to n — 1 = ¢+ d — 1 total edges, either u is incident to at least ¢ red edges or w is incident
to at least d blue edges (otherwise, u would be incident to at most c—1+d—1=c+d— 2 =n — 2 many
edges). We now have two cases:
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e (Case 1: Suppose that u is incident to at least ¢ red edges. Fix ¢ such edges, and call the other
endpoints of these edges wi,ws, ..., w.. Now look at the subgraph of K, induced by these ¢ vertices.
Since ¢ = R(k — 1,¢), either there is a subset A of these vertices with |A| = k — 1 such that all edges
having both endpoints in A are red, or there exists a subset B of these vertices with |B| = £ such that
all edges with both endpoints in B are blue. In the latter case, we are done by taking B. In the former
case, we can let A’ = AU {u} and notice that |A’| = k and A’ has the required properties.

e (Case 2: Suppose that u is incident to at least d blue edges. Fix d such edges, and call the other
endpoints of these edges wy,ws, ..., wys. Now look at the subgraph of K,, induced by these d vertices.
Since d = R(k,£—1), either there is a subset A of these vertices with |A| = k such that all edges having
both endpoints in A are red, or there exists a subset B of these vertices with |B| = ¢ — 1 such that all
edges with both endpoints in B are blue. In the former case, we are done by taking A. In the latter
case, we can let B’ = B U {u} and notice that |B’| = ¢ and B’ has the required properties.

This completes the proof. O]

Notice that using this result, we can immediately conclude that
R(4,3) < R(3,3)+ R(4,2)=64+4=10
as we showed in the special case above. Working in the other direction, we have the following.
Proposition 8.8.5. R(4,3) > 9.

Proof. We exhibit a coloring of the edges of Kg with red and blue such that there is no red K, and no blue
K3. Take Ky an label the vertices clockwise with the numbers from [8]. Color the edge {i,j} with i < j blue
if j —i € {1,4,7}, and color it red otherwise. Thus, we color {i,;j} with i < j red if j —i € {2,3,5,6}.

We first argue that there is no blue triangle. Suppose one exists, and let the smallest vertex be i. We
would then need to choose two of the three potential vertices {i + 1,i + 4,7 + 7} (where we “wrap around”
beyond 8 if necessary) to add to it. This is impossible, because 4 —1=3,7—4 =3, and 7— 1 = 6.

We now argue that there is no red K4. Suppose one exists, and let the smallest vertex be i. We would
then need to choose three of the four potential vertices {i+2,i43,i+5,i+6} to add to it. This is impossible,
because we can’t choose both ¢ + 2 and ¢ + 3, and we also can’t choose both ¢ + 5 and ¢ + 6. O

In fact, we can improve the upper bound R(4,3) < 10 with a little work.
Proposition 8.8.6. R(4,3) <9.

Proof. In the proof of Proposition 8.8.3, we argued that in an arbitrary red/blue coloring of the edges of
K, if we take an arbitrary vertex u, then either u is incident to at least 6 red edges or w is incident to at
least 4 blue edges. We now argue that in an arbitrary red/blue coloring of the edges of Ky, there exists a
vertex u that is incident to either at least 6 red edges of at least 4 blue edges. From here, we can follow the
proof of Proposition 8.8.3.

Suppose then that we have an arbitrary red/blue coloring of the edges of Ky. Since every vertex is
incident to 8 edges, if there is no vertex w that is incident to either at least 6 red edges of at least 4 blue
edges, then every vertex must be incident to exactly 5 red edges and exactly 3 blue edges. Thus, if we
look at the subgraph of Kg containing all of the vertices but only the red edges, then each of the 9 vertices
has degree 5. Thus, the resulting graph would have an odd number of vertices of odd degree, which is a
contradiction. O

Combining the two previous results, we conclude that R(4,3) = 9. Using Theorem 8.8.4, it follows that

R(4,4) < R(3,4) + R(4,3)
=9+9
= 18.
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In fact, it can be shown that R(4,4) = 18. To conclude this, we need to show that there is a coloring of
the edges K17 with red/blue such that there is no monochromatic K4. This is possible as follows. Given
i,7 €{0,1,2,...,16} with ¢ < 7, color the edge {i,j} with ¢ < j red if j — i is a quadratic residue modulo
17 (i.e. if some perfect square has j — i as a remainder upon division by 17). In other words, we color {i,;}
red if j —i € {1,2,4,8,9,13,15,16}, and blue otherwise. Using some number theory, one can show that this
coloring has the required properties.

Here is a table with many of the known values of R(k,¢), along with bounds on the numbers that we still
do not know.

(KNe2]3] 4 [ 5 | 6 7
2 27 3 4 5 6 7
3 [[3]6 9 14 18 23
4 4] 09 18 25 35-41 49-61
5 [[5]14] 25 43-49 | 5887 | 80-143
6 | 6] 18| 35-41 | 5887 | 102-165 | 113-298
7 [ 71237 49-61 | 80-143 | 113-298 | 205-540

In addition to the results of this table, it is also known that R(3,8) = 28 and R(3,9) = 36. However, the best
current bounds for R(3,10) are that 40 < R(3,10) < 43. Asymptotically, it is known that R(3,k) = .

logk*
Theorem 8.8.7. For any k,¢ € N with k,¢ > 2, we have

R%J)g(kzgzz)

Proof. We prove the result by induction on the value of k + /.
o Base Case: Suppose that k + ¢ = 4. We then have that k = 2 and £ = 2. Now R(2,2) = 2, and we

have
2+2-2\  [(2\ _ 9
2—-1 ) \1) 7
Thus, the statement is true when k + ¢ = 4.

e Assume that m > 4 and that we know that the statement is true whenever k + ¢ = m. Suppose now
that we have values of k,/ € N with k > 2, £ > 2, and K+ ¢ = m + 1. Notice that if £ = 2, then

R(2,0) = ¢ and
240-2\ _ (0 _,
2-1 ) \1) 7
so the statement is true. Also, if £ = 2, then R(k,2) = k and
2+k—2 k
(257) =) =

so the statement is true. Suppose now that £ > 3 and ¢ > 3. We then have that £k — 1 > 2, that
£—1> 2, that (k—1)+¢ = m, and that k4 ({—1) = m. Therefore, using Theorem 8.8.4 and induction,
we have

R(k, ) < R(k —1,0) + R(k,£ — 1)
<(—1;% 2>+<h+i:?—2>
B (kzé 3) (kzzz?,)
<k2£—2>’

IN
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where the last line follow from Proposition 5.2.1.

The result follows by induction. O

Corollary 8.8.8. For any k € N with k > 2, we have
2k —2
R(k, k) < .
Proof. Immediate from the previous result. O

Corollary 8.8.9. For any k € N with k > 2, we have R(k, k) < 481
Proof. Let k € N with £ > 2. We know from Corollary 5.2.3 that

2k — 2 N 2k — 2 - 2k — 2 - 2k — 2 T
0 1 E—1 2%k —2) ’

Since every term in the above sum is nonnegative, it follows that

2k -2 < 22]@72
k—1)~
— (22)k—1
= 4k=1,

The result now follows from the previous corollary. O

Theorem 8.8.10. For all k > 3, we have R(k,k) > 2¥/2.

Proof. Let n € Nt and suppose that we color the edges of K,, with two colors randomly, by flipping a fair
coin for each edge. Given a subset S of [n] with |S| = k, what is the probability that S is monochromatic?
There are 2(3) many ways to color the edges with endpoints in S, and only two of them are monochromatic.
Thus, the probability that S is monochromatic is

2
2(3)

But this value is just the probability that our one particular set .S is monochromatic. What is the probability

that some such S is monochromatic? There are (Z) many subsets S, so since the probability of the union is

bounded by the sum of the probabilities, the probably that some subset of [n] of size k is monochromatic is

al IILOSt
<n> o(%)
k; 2(k2)

Now if this number is less than 1, then we know that there is some positive probability that no monochromatic
set of size k exists. So is the above value less than 17 If n < 2”“/27 then we have

(Z> ' 2(2’2") = %]: . 2(2’5)

< onk
R

o.M
=2l ok(k—1)/2

2k2/2
<2 Ll . 9k(k—1)/2"
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Since

we get

n\ 2 2k?/2
. — <2 —
(k) NG) kI - 2k(k—1)/2
2. 2k/2

K
which is certainly less than 1 if £ > 3 (by a trivial induction). O
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